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Preface to Sixth Edition & 


In this edition the text has been revised to cover the common core of the new 
syllabuses of the major Examining Boards. The text has also been extended 
where possible to deal with some options or further topics but specialist books 
listed by the Boards must be consulted. 

Important formulae, laws and main points have been highlighted throughout 
the text. This should help the student in his or her understanding and in revision. 
In addition, many worked examples on all branches of the subject have been 
given to illustrate basic points. The exercises contain a selection of updated 
questions. 

It is hoped that the general treatment of all branches of the subject will 
continue to assist students who intend to specialise in a science or in medicine or 
in allied subjects. 

Some of the more important points in the text are as follows: 


Mechanics The new syllabus has allowed a fuller treatment of fundamental 
points, which should help the non-mathematical student, and many worked 
examples are preceded by an analysis of the problem. In dynamics, the emphasis 
is on vectors and components, on the relation between force and momentum 
and conservation of momentum, and on energy. In equilibrium of forces, the 
polygon of forces and couples have been discussed. In gravitational theory, field 
strength and potential have been applied to the earth-moon system. Rotational 
dynamics and fluid motion are now in a separate chapter. 


Solid Materials has been extended and I am very much indebted to Dr. M. 
Crimes, head of science, Woodhouse Sixth Form College, London, for his 
valuable contribution. 


Electricity Field strength and potential in the electric field, and their relation, 
have been compared with corresponding concepts in the gravitational field. 
Charge-discharge in C-R circuits is given prominence. In current electricity, 
circuits include Kirchhoff's laws and in electromagnetic induction the inductor- 
resistor circuit is fully discussed. 


Optics Geometrical optics has been reduced in accordance with the new 
syllabuses but lenses and optical instruments have been included. Optical fibres 
and their applications in telecommunications have been added. 


Waves The general properties of waves are fully covered. In diffraction of light, 
special consideration has been given to the resolving power of optical and radio 
telescopes. 


Heat Gas equations and the kinetic theory are followed by an introduction 
to thermodynamics, including the Carnot cycle, entropy changes and their 
statistical interpretation. 


Electronics A new chapter on basic analogue and digital circuits has been 
added to cover the new syllabuses. I am very much indebted to I. Lovat, senior 
physics master, Malvern College, Worcestershire, for his valuable contribution. 


Atomic Physics There is now a more straight-forward account of energy levels 
and the wave-particle duality is again given prominence. 
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I am grateful to the following for their kind assistance with this edition: 
Dr. M. Crimes for new exercise questions; Professor R. S. Ellis, University of 
Durham, for arranging to provide a photograph showing the use of optical 
fibres in astronomy and to Dr. P. Gray, Anglo-Australian Observatory, for 
the photograph and caption; Professor R. S. Shaw, Royal Free Hospital, 
Hampstead, London, for a photograph illustrating the use of ultrasonics.in 
medical physics. I am also indebted to Dr‘. Jaffar, Quaid-l-Azam University, 
Pakistan, and other correspondents abroad for helpful comments, and to 
A. Gee, Queens' College, Cambridge, for assistance. 

I also acknowledge with thanks the expert advice and unfailing courtesy of 
the editor Shirley Cooley, of Stephen Ashton, Richard Gale, Louise Rice and 
Trevor Hook of the Publishers, and of George Hartfield for illustrations. 

I am also very grateful to the following for their considerable assistance with 
preparation of the previous editions: J. H. Avery, formerly Stockport Grammar 
School: M. V. Detheridge, William Ellis School, London; S. S. Alexander, 
formerly Woodhouse School and The Mount School for Girls, Mill Hill, 
London; Dr. M. Crimes, Woodhouse School, London; Rev. M. D. Phillips, 
Ampleforth College, Ampleforth; Mrs. J. Pope, formerly Middlesex Polytechnic; 
C. F. Tolman, Whitgift School, Croydon;,D. Deutsch, formerly Clare College, 
Cambridge; P. Betts, Barstable School, Basildon, Essex; R. D. Harris, Ardingly 
College, Sussex; R. Croft, The City University; M. P. Preston, Lewes; N. Phillips, 
Loughborough University; and Dr. L. S.Sulien, University of Surrey. 


Note to Reprint 


In this reprint, I have taken the opportunity.to add some basic matter on Energy 
and Telecommunications in a section on ‘Further Topics’ at the back and to 
include some recent A-level questions. : 

l am indebted to Dr. J. M. R. Graham, Department of Aeronautics, Imperial 
College of Science and Technology, London, for his expert advice on the Wind 
Power section, to Dr. D. Lane and Dr. R. J. Taylor, Energy Technology Support 
Unit, Harwell, for information on Wave Power, and to Dr. M. Crimes, 
Woodhouse Sixth Form College, London, and M. V. Detheridge, Highgate 
School, London, for their generous assistance with this section. I am also very 
grateful to K. Danks, Brunel Technical CoHege, Bristol, for revision of points in 
the Materials section. à 


Publisher's Note 


Since the first publication of Advanced Level Physics, the revisions for reprints 


and new editions have been undertaken by Mr. Nelk i f; 
seh y elkon owing to the death of 


Contents 


Part One: Mechanics, Solid Materials 


4 Dynamics 3 


Linear motion. Velocity. Acceleration. Vectors, scalars. Equations of motion. 
Free-fall, g. Graphs. Vector addition and subtraction. Components. Projectiles. 

Laws of motion. Inertia, mass, weight. Force. Gravitational force. F = ma. 
Linear momentum. Impulse. Action, reaction in systems. Conservation of 
momentum. Inelastic and elastic collisions. 

Work, energy power. Work calculations. Power of engine. Kinetic, and 
gravitational potential, energy. Gravitational momentum and energy changes. 
Dimensions. 


2 Circular Motion, Gravitation, S.H.M. 48 


Circular motion Angular speed. Acceleration in circle. Centripetal forces. Banked 
track. Conical pendulum. Bicycle motion. 

Gravitation Kepler’s laws. Newton’s law of gravitation. G and measurement. 
Earth-moon system. Weightless. Earth satellites. Parking orbit. Earth density. 
Mass of Sun. Gravitation potential. Velocity of escape. Satellite potential and 
kinetic energy. 

Simple harmonic motion Formula for acceleration, velocity, displacement. 
Graphs of kinetic and potential energy. Oscillations in spring-mass system. 
Potential and kinetic energy exchanges. Springs in series and parallel. Simple 
pendulum. Oscillation of liquid in U-tube. 


3 Forces in Equilibrium, Forces in Fluids 94 


Forces in equilibrium Adding forces—vector and parallelogram methods. 
Resolved components. Couple and moment. Triangle and polygon of forces. 
Equilibrium of forces. Centre of mass, centre of gravity. 

Forces in fluids Pressure formula. Atmospheric pressure. Density. Archimedes’ 
principle and proof. Flotation. Stokes’ law. Terminal velocity. 


4 Further Topics in Mechanics and Fluids 114 


Rotational Dynamics Torque and angular acceleration. Rotational kinetic 
energy. Work done in rotation. Angular momentum. Conservation of angular 
momentum and applications. Rolling motion down inclined plane. 

Fluid Motion Bernoulli principle. Filter pump, aerofoil lift, carburettor, 
Venturi meter. Pitot-static tube principle. 


vill Contents 


Pi 


5 Elasticity, Molecular Forces, Solid Materials 133 


Elasticity Proportional and elastic limits. Hooke's law. Elastic limit. Yield point. 
Breaking stress. Young modulus measurement. Force in bar. Energy stored. 
Energy per unit volume. : 

Molecular Forces Molecular separation. Intermolecular forces and potential. 
Properties of solids— Hooke's law, thermal expansion. Latent heat of vaporisa- 
tion. Bonds between atoms and molecules. 

Solid Materials Crystalline, amorphous, glassy, polymeric solids. Imperfec- 
tions in crystals. Dislocations. Elastic and plastic deformation. Ductile and 
brittle substances. Slip plane. Work hardening. Annealing. Cracks and effect. 
Toughness and hardness. Composite materials. Polymers. Structure and 
mechanical properties. Branching and cross-linking. Thermosets and thermo- 
plastics. Hysteresis of rubber. Wood. 


Part Two: Electricity 
6 Electrostatics j i177 


Coulomb's law. Permittivity. Field strength (intensity) and field patterns. Point 
charge, sphere, parallel plates. Gauss's law and applications. Potential and 
values for conductors. Potential gradient. Relation to field strength. Equi- 
potentials. 


7 Capacitors 212 


Parallel-plate formula. C by vibrating reed and high impedance voltmeter. 
Dielectric and relative permittivity and polarisation. Capacitors in series and 
parallel. Connected capacitors. Energy formulae. Charging and discharging in 
C-R circuit. Time-constant. 


B Current Electricity 241 


| Current Electricity Charge carriers in materials. I = nAve. Ohmic and non- 


ohmic conductors, Circuit laws—series and parallel. Kirchhoffs laws, E.m.f., 
internal resistance, Terminal p.d. Maximum power in load. 
Energy, Power. Heating effect of current. Thermoelectricity. 


9 Measurements by Potentiometer and Wheatstone Bridge 280 


«Potentiometer Principle of comparing and measuri ibrati 
of ammeter and voltmeter. Compara "Euh E 


son of resistances. The: i 
Wheatstone bridge Network an aes honk 


d relation between resistances. Resistivi 
j r c sistivity. 
perature coefficient of resistance. Thermistor and application. r 


Contents - ix 


10 Magnetic Field and Force on Conductor 301 


Magnetic Fields Magnetic flux and flux-density B of solenoid, straight con- 
ductor, narrow circular coil. 

Force on Conductor F = BI1. Torque = BANI. Application to moving-coil 
meter, simple motor. Force on charge, F = Bev. Hall voltage. Hall probe 
applications, 


11 Magnetic Fields of Current-Canying Conductors 323 


Value of B for infinite and finite solenoid. Straight conductor. Narrow circular 
coil, Helmholtz coils. Fields and force between parallel currents, Ampere 
definition. Ampere balance. Biot-Savart law for B-values. Ampere's law. 


12 Electromagnetic Induction 342 


Flux linkage. Faraday, Lenz laws. E = Blv. Dynamo, transformer. Lorenz 
method for R. Charge aad flux linkage. Current in L, R circuit. Self and mutual 
inductance. Energy in coil. 


* 


13 AC. Circuits 383 


Peak, r.m.s. values in sine and square-wave voltages. Single components, 
R,C,L — phase. Series circuits—impedance, phase. Resonance in L,C,R circuit. 
Power in circuits. Parallel circuit. Bridge rectifier. 


Part Three: Geometrical Optics, Waves, 
Wave Optics, Sound Waves 
| 


44 Geometrical Optics 411 


Reflection —spherical and paraboloid mirrors. Refraction at plane surface. 
nsini = constant. Total internal reflection, critical angle. Refraction through 
Prism. Maximum and minimum deviation. Spectrometer. Dispersion by prism. 

Optical fibres. Monomode, multimode, optical paths. Maximum incidence. 
Absorption and dispersion. Conversion of light signal to sound. 


15 Lenses, Optical Instruments 435 


Lenses Converging, diverging lenses. Images. Calculations. 
Optical Instruments Refractor and reflector telescopes. Magnifying power. 
Eye-ring. Simple microscope. 


(Sey pes Um 


Compound microscope, lens camera— f-number, depth of field. Spherical and 
chromatic aberrations. 


‘ 


17 Oscillations and Waves 465 


Oscillations, resonance, phase. Ultrasonics. Longitudinal, transverse waves. 
Wave speed. Progressive and stationary (standing) waves in sound and light. 
Reflection, refraction, diffraction, interference, polarisation. Electromagnetic 
wave spectrum and properties. Speeds of matter and electromagnetic waves. 


48 Wave Theory of Light, Speed of Light 501 


Wave Theory Huygens’ principle. Reflection and refraction at surfaces. Refrac- 
tive index and speed. Critical angle on wave theory. 
Speed of light — Foucault, speed in liquid, Michelson method. 


19 Interference of Light Waves 515 


Principle of superposition. Coherent sources. Phase. Young's two-slit fringes. 
. Air-wedge fringes. Newton's rings. Blooming of lens. Colours in thin films. 


20 Diffraction of Light Waves 539 


Diffraction at single slit. Intensity variation. First minimum. Resolving power of 
telescope objective. 


Multiple slits. Diffraction grating and orders. Wavelength by diffraction 
grating. Hologram principle. 


Med LOMA MESURER Pes 
21 Polarisation of Light Waves 561 


y Polaroid. Polarisation by reflection. 


Brewster angle. Double refraction. Nicol prism. Electric vector and polarisation. 


Applications—stress-analysis. 


22 Characteristics of Sound Waves 


572 
Pitch, loudness, quality. Intensity of sound. Beats and application. Doppler 
principie in sound— linear and circular motion. Doppler principle in light. Red 
shift. 


Contents x 


23 Waves in Pipes and Strings 590 


Stationary (standing) waves. Nodes and antinodes. Waves in pipes. Displace- 
ment, pressure. Fundamental, overtones. End-correction. Speed of sound in 
pipe. , 
Waves in strings. Fundamental and overtones. Sonometer. A.c, mains 
frequency. Longitudinal wave in string. 


Part Four: Heat 


24 Introduction: Temperature, Heat, Energy 619 


Temperature, Heat, Energy. Temperature— types of thermometers and scales. 
Heat and temperature. Zeroth law. Heat and energy. Conservation of energy. 


25 Thermometry 625 


Fixed points, triple point. Gas thermometer and standard temperature. Constant 
volume gas thermometer. Thermoelectric thermometer. Platinum resistance 
thermometer. Calculations of temperature. Other thermocouples. 


26 Heat Capacity, Latent Heat 635 


Heat capacity. Specific heat capacity. Measurement by electrical method. 
Continuous flow method. Advantages. Newton's law of cooling. Heat loss and 
temperature fall. Cooling correction. 

Specific latent heat. Electrical method, method of mixtures. 


27 Gas Laws, Thermodynamics, Heat Capacities 65! 


Boyle’s law. Volume, pressure and temperature. Ideal gas law. pV = nR1 
Connected gas containers. Dalton’s law. Unsaturated and saturated vapours. 
Thermodynamics. Work done by gas. Internal energy of gas. First law c 
thermodynamics. Work from graphs. Reversible isothermal and adiabati 
changes. 
Heat capacities at constant volume and pressure. Enthalpy. 


28 Kinetic Theory of Gases 68 


Assumptions for ideal gas. Pressure formula. Root-mean-square speed. Ten 
perature and kinetic theory. Boltzmann constant. Graham's law of diffusio 
Maxwell distribution of molecular speeds. 


xt Contents 
29 Transfer of Heat: Conduction and Radiation 698 


i ivi ical analogy. 
rature gradient. Thermal conductivity. Electrica nalo; 
PA Eli in eodd and bad conductors. Measuring conductivity of 
d bad conductors. Double glazing. ý Rm ioe 
Lp ati and infra-red rays. Use of thermopile for absorption and at 
Black-body radiation. Energy distribution among wavelengths. Wien law. 
Stefan law and applications. Sun's temperature. 


` 30 Further Topics in Heat 732 


Kinetic Theory. Real Gases. Thermodynamics. Radiation. Kinetic Theory and 
degrees of freedom. Values of molecular heat capacities and ratios. Mean free 
path. Viscosity. : ;f 

— Real gases and critical phenomena. Andrews’ experiments on p-V curves for 
carbon dioxide. Critical temperature. Real gas laws. Boyle temperature. Joule- 
Kelvin effect. Van der Waals equation. 


Part Five: Electrons, Electronics, Atomic Physics 


31 Electron Motion in Fields, Cathode-Ray Oscilloscope 757 


The Electron. Oil-drop experiment, Millikan experiment. Thermionic emission. 
Properties of electron. Electron motion in magnetic field. Circular path, applica- 
tions. Electron motion in electric field. Parabolic path, energy gain. Charge-mass 
ratio measurenients. Electron mass. Helical path of electrons. 


Cathode-ray oscilloscope. Voltage supplies. Time-base. Focusing. Controls. 
Uses for a.c. voltage, frequency, phase, clock. 


32 Junction Diode. Transistor and Applications 786 


Energy bands in solids. Electron, hole carriers. Intrinsic, extrinsic semi- 
conductors. Effect of temperature. P-n junction, Barrier p.d. Rectification. Bridge 
rectifier. Zener diode. 

Transistor, n-p-n, p-n-p. Current flow. Common. 
Amplifier. Current gain. Phase chan 
Use as amplifier. Logic gate, 


-emitter characteristics. 
ge. Saturation, cut-off. Transistor switch. 


33 Analogue and Digital Electronics 809 
~ Analogue electronics. Voltage gain. Non-inverting and inverting amplification of 
| Opamp. Characteristics of Opamp—impedance, saturation, virtual earth. Power 
supplies. Off-set voltage. Frequency characteristic. Closed loop gain. Summing 
amplifier. Positive feedback. Square-wave oscillator. Astable multivibrator. Sine 
wave oscillator. Voltage comparator. Switching circuits. Integrator. 
Digital electronics. Logic gates—Nor, AND, NAND, OR, NOR. Use of NAND gates. 


EOR, ENOR gates. Heating control. Half-Adder. Full-Adder. Bistable. Clocked SR 
flip-flop. Binary four-bit counter. 


Contents zii 


34 Photoelectricity, Energy Levels, X-Rays, Wave-Particle Duality 844 


Photoelectricity. Demonstration. Intensity. Threshold value. Wave theory 
defect. Einstein photoelectric theory. Photons. Stopping potential. Experiment 
for Planck constant. Photocells. 

Energy levels of hydrogen. Excitation. Ionisation potential. Frequency values 
in spectrum. Emission, absorption. Fraunhofer lines. Laser principle. Bohr's 
theory of hydrogen atom. 

X-rays. Nature and properties. Crystal diffraction. Bragg law. Moseley law. 
X-ray spectrum. Minimum wavelength value. Absorption spectra. 

Wave-particle duality. Electron diffraction. De Broglie formula. Momentum 
and energy. Duality. Compton effect. 


35 Radioactivity, Nuclear Energy 879 


Geiger-Miiller tube. Count rate, voltage characteristic. Quenching. Solid state 
detector. Counter, Ratemeter. Experiments on alpha particles, beta particles and 
gamma rays. Nature of particles and rays. Half-life. Decay constant. Measuring 
long and short half-lives. Carbon dating. Cloud chambers. 

Nucleus. Geiger-Marsden experiment. Scattering law. Protons, neutrons. 
Radioactive disintegration. Nuclear reactions. Mass spectrometer. Isotopes. 

Nuclear energy. Einstein mass-energy relation. Mass unit. Binding energy, 
nuclear forces. Nuclear stability. Energy from isotopes. Nuclear fusion. Chain 
redction. Fission. Thermonuclear reaction. 


36 Further Topics 918 


Nuclear energy. Fossil fuels. Geothermal energy. Wind power. Tidal Power. 


Wave Power. 

Optical fibre telecommunications. LED. Semiconductor laser. Photodiode. 
Radio telecommunications. Aerials and standing waves. Types of aerials. 
Amplitude modulation. Sidebands. AM radio receiver. 


Answers to Exercises 929 


Index 


Acknowledgements 
Thanks are due to the following Examining Boards for their kind permission to 
reprint past questions. Answers are the sole responsibility of the author, and not 
of the appropriate examining boards. 


London University School Examinations (L.) 

Oxford and Cambridge Schools Examination Board (0. & C.) 
Joint Matriculation Board (JMB.) 

Cambridge Local Examinations Syndicate (C.) 

Oxford Delegacy of Local Examinations (O.) 

Associated Examining Board (AEB.) 

Welsh Joint Education Committee (W.) 


I am indebted to the following for kindly supplying photographs and 
permission to reprint them: 


The late Lord Blackett and the Science Museum, Fig. 35.18; Head of Physics 
Department, The City University, London, Figs. 19.14, 202, 21.5; Dr. B. H. 
Crawford, National Physical Laboratory, Fig. 17.20; R. Croft, The City Uni- 
versity, Figs, 19.6, 20.4, 20.17; Hilger and Watts Limited, Figs. 19.11, 19.15, 20.9, 
20.12; National Chemical Laboratory, Fig. 34.22(i); N. Phillips, Loughborough 
University, Fig. 20.20; late Sir G. P. Thomson and the Science Museum, Fig. 
34.22(ii); late Sir J. J. Thomson, Fig. 35.19; United Kingdom Atomic Energy 
Authority, Figs. 6.8, 35.24; The Worcester Royal Porcelain Company Limited 
and Tom Biro, Fig. 29.26. 


Part 4 | 
Mechanics. Solid Materials 


1 


Dynamics 


Linear Motion, Vectors, Free-fall, Graphs, 
Projectiles 


Dynamics is the science of motion. It deals with the velocity, 
acceleration, force and energy of large objects such as cars and 
aeroplanes and tiny objects such as the electrons in your 
television set which produce the pictures. Dynamics also helps in 
investigations on the motion of athletes or the motion of a ball 
bowled in cricket or hit in golf. 

Before you play a game like football or tennis, you need to 
learn the basic skills and how to apply them. In the same way, we 
start with the main points in dynamics and show how they are 
applied in velocity, acceleration, free-fall in gravity and motion 
graphs. 

"-] 


Plate 1À Steve Cram of England winning the 1500 metres in a new world record time of 
3 min 25.67 s at Nice, France, Said Aouita of Morocco is second. 
Associated Press Ltd 
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Motion in Straight Line, Velocity 
If a runner, moving in a straight line, takes 10s to run 100 m, the average velocity 
in this direction 
.distangoe 100m 
time 10s 
The term ‘displacement is given to the distance moved in a constant direction, 
for example, from L to C in Figure 1.1 (i). So 


= lO m/s or 1Oms 


velocity is the rate of change of displacement. 


or ‘change in displacement/time taken’. 

Velocity can be expressed in metre per second (m s ^!) or in kilometre per hour 
(km h ^ !). By calculation, 36km h^! = 10ms~'. 

If a car moving in a straight line travels equal distances in equal times, no 
matter how small these distances may be, the car is said to be moving with 
uniform velocity. The velocity of a falling stone increases continuously, and so is 
a non-uniform velocity. 

If, at any point of a journey, As is the small change in displacement in a small 
time At, the velocity v is given by » = As/At. In the limit, using calculus notation, 
ds 
dt 
We call ds/dt the instantaneous velocity at the time or place concerned. The term 
‘mean velocity’ refers to appreciable or finite times and finite distances. 


Vectors and Scalars 


Figure 1.1 Vectors 


Displacement and velocity are examples of a class of quantities called vectors 
which have both magnitude and direction. They may therefore be represented to 
scale by a line drawn in a particular direction, For example, Cambridge is 80km 
from London in a direction 20°E. of N. We can therefore represent the 
displacement between the cities in magnitude and direction by a straight line LC 
4cm long 20° E. of N., where 1 cm represents 20 km, Figure 1.1 (i). Similarly, we 
can represent the velocity u of a ball leaving a racket at an angle of 30* to the 
horizontal by a straight line OD drawn to scale in the direction of the velocity u 
the arrow on the line showing the direction, Figure 1.1 (ii). i 
Unlike vectors, scalars are quantities which have magnitude but no direction 

A car moving along a winding road or a circular track at 80kmh™! is said to 
ag Ra m 80km h- E ‘Speed’ is a quantity which has no direction but only 
Res s » kamaa or ‘density’ or ‘temperature’. These quantities are 


Byrds DIR LL Berri 


speed constant 
velocity different 


R C 


Figure 1.2 Velocity (vector) and speed (scalar) 


The distinction between speed and velocity can be made clear by considering 
a car moving round a circular track at say 80km h” !, Figure 1.2. At every point 
on the track the speed is the same—it is 80 km h ^ '. At every point, however, the 
velocity is different. At A, B or C, for example, the velocity is in the direction of 
the corresponding tangent AP, BQ or CR if we ‘freeze’ the motion of the car. So 
even though they have the same magnitude or size, the three velocities are all 
different because they point in different directions. i 


Acceleration in Linear Motion 
In a 100 metres race, sprinters aim to increase their velocity to a maximum in the 
shortest time, so they accelerate from starting blocks. This acceleration can have 
a very high value. 
The acceleration, symbol a, of an object is defined as the rate of change of 
velocity or 
OC UPS NS E co t Mec I E 
. velocity change 
. time taken 


So if a car accelerates from 15ms ^! to 35ms ^ ' in 5s, then 


(35—15)ms^! 

average acceleration, a = AGUA TA An 4ms 
Note carefully that the time unit for acceleration is 's ^?" because the time 
'second' is repeated twice. 

A car moving with constant (uniform) velocity has zero acceleration, from the 
definition. If a car brakes, its velocity may decrease from 30ms~' to 20ms^' in 
5s. In this case the car has a retardation or deceleration, or, mathematically, a 
negative acceleration. So 


-2 


Note carefully that 


acceleration is a vector. 
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The direction of the acceleration is that of the velocity change. For motion in a 
straight line, the acceleration is in the direction of that line. We see later, 
however, that the velocity of a car moving round a circular track keeps changing 
in direction and the velocity change or acceleration is then in a direction 
towards the centre of the track. 

With a finite very small chauge Av of velocity in a finite time At, the mean 
acceleration a — Av/At. As we make Av and At smaller and smaller, then, in 
terms of the calculus, the acceleration a is given by 


where dv/dt is the rate of change of velocity or the velocity change per second. 


Distance travelled with Uniform Acceleration, 
Equations of Motion ` 
If the velocity changes by equal amounts in equal times, no matter how small the 
time-intervals may be, the acceleration is said to be uniform. Suppose that the 
velocity of a car moving in a straight line with uniform acceleration a increases 
from a value u to a value v in a time t. Then, from the definition of acceleration, 


from which v—uca. J ¥ ; : 3 (1) 


Suppose a train with a velocity u accelerates with a uniform acceleration a for 


a time t and attains a velocity v. The distance s travelled by the object in the time 
tis given by 


5 — average velocity x t 


= Hu+v)xt 
But : v=u+at 
<. S = Mud ut at)t 
RO MOAR I ECC Eee uu T (2) 


Also, fm (v —u)/a from (1), then 


s = average velocity x t = 


v+ 
v S Qs aya 
2 
= (v?~u?)/2a 
Simplifying, v? — v? 4 2as 
Equations (1), (2), (3) are the equations of motion of 
Straight line with uniform acceleration. When 


deceleration or retardation, fo 
negative value, 


(3) 


an object moving in a 
an object undergoes a uniform 
r example when brakes are applied to a car, a has a 


Examples on Equations of Motion 
1 An aeroplane lands on the runway: with a velocity of 50ms~! and decelerates at 
, lOms ?toa velocity of 20 ms* t, Calculate the distance travelled on the runway. 


(Analysis No time is mentioned. So we use v! = u? + 2as) 
) Here u = S0ms^!,e = 20ms~!,a = —10ms~2 


— 


Dynamics qun ETE 


Using the formula v? = u? + 2as to find s, then 
20? = 50? +(2 x — 10 x s) = 50? — 20s 


So 400 = 2500 — 20s 
2500—400 . 2100 
s= i gaa = 7200 = 105m 


2 Acar moving with a velocity of 15 m s^! accelerates uniformly at the rate of 2ms~? 


to reach a velocity of 20m s~ !. 
Find (i)thetimetaken, (ii)the distance travelled in this time. 


(Analysis (i) We need time t. So we use v = u+at. (ii) We need distance s. 
Knowing t, we can use s = ut +4at? or, without t, use v? = u? + 2as) 


(i) Using v=u+at 
..20 = 15+2t 
infos dis 
(ii) Using s = ut - lat? 


s = (15x 2:5)+4 x2 x 2:5? 
= 37:5 +625 = 4375m 


Motion Under Gravity, Free-fall 
When an object falls to the ground under gravitational pull, experiment shows 
that the object has a constant or uniform acceleration of about 9-8 ms™? or 
10 ms? approximately, while it is falling. The numerical value of this accelera- 
tion is usually denoted by the symbol g. Drawn as a vector quantity, g is 
represented by a straight vertical line with an arrow on the line pointing 
downwards, Figure 1.3 (i). 


© ball falling u=0 
or rising 


g a-tg 20m 


(i) (ii) 


Figure 1.3 Motion under gravity — free-fall 


Suppose that a ball is dropped from a height of 20m above the ground, Figure 
1.3 (ii). Then the initial velocity u = 0, and the acceleration a = g = l0ms ? 
(approx) When the ball reaches the ground, s = 20m. Substituting in 
s = ut+4at?, then 


s = 0+4g1? = St? 
$220 = 5? Vor 4 = 2s 


So the ball takes 2 seconds to reach the ground. 
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If a cricket-ball is thrown vertically upwards, it slows down owing to the 
attraction of the earth. The magnitude of the deceleration is 9-8ms~?, or g. 
‘Mathematically, a deceleration can be regarded as a negative acceleration in the 
direction along which the object is moving; and so a = —9-8 ms”? in this case. 


Examples on Motion under Free-fall (Gravity) 
1 A ball is thrown vertically upwards with an initial velocity of 30ms~'. Find (i) the 


time taken to reach its highest point, (ii) the distance then travelled, (Assume 
g = l0ms^?) 


(Analysis (i) We need time t. So we can use v = u+at. (ii) We need distance s. 
So we can use s = ut + lat?) 


(i) Here u = 30ms^', v =O at highest point, since ball momentarily at rest, 


a= —g = —10ms™?. From v =u+at, 
0 = 30-+(—10) or 10t = 30 and sot = 3s 
(ii) Distance s = ut + Yat? 
= (30x 3)+4 x(—10) x 3? 
—90—45 = 45m 


2 A lift is moving down with an acceleration of 3m s- 2. A ball is released 1-7 m above 
the lift floor. Assuming g = 9-8 ms- 2, how long will the ball take to hit the floor? 


(Analysis We need time t. As we have distance 5, We can use s = ut + Jat?.) 
Acceleration of ball relative to lift, a = 9-:8—3 = 68ms- 2 
Here u = 0, a = 6:8 ms~?, s = 1-7m. From s = ut +4at? 
17 = 0+} x68 xt? = 3412 


So t? = 1-7/3-4 = 05. Then t = ,/05 =0-75 


i As 
velocity at E = — 
ya A: 


In the limit, then, when At approaches zero, the velocit 
the gradient of the tangent to the curve at E. Using calcul 


becomes equal to ds/dt (p. 4). So the gradient of t 
instantaneous velocity at E, 


y at E becomes equal to 
us notation, As/At then 
he tangent at E is the 


Velocity at E = gradient of s-t graph at E 


If the distance-time graph is a strai 
points; so the car is moving wit 


distance-time graph is a curve CAB, the gradient varies at d 
car then moves with non-uni 


velocity is zero, since the gradient at A of the curve CAB is z 
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T à uniform 
sf velocity 


Figure 1.4 Distance (s)-time (t) graphs (constant direction) 


When a ball is thrown upwards, the graph of the height s reached at any 
instant t is represented by the parabolic curve CXY in Figure 1.4. The gradient 
at X is zero, illustrating that the velocity of the ball at its maximum height is 
zero. From C to X the curve has a positive gradient (velocity upwards). From X 
to Y, as at P, the gradient is negative (velocity downwards). 


Velocity-Time Graphs, Acceleration and Distance 
When the velocity of a moving train is plotted against the time, a *velocity-time 
(v-t) graph’ is obtained. Useful information can be deduced from this graph, as 
we shall see shortly. 

If the velocity is uniform, the velocity-time graph is a straight line parallel to 
the time-axis, as shown by line (1) in Figure 1.5. If the train increases in velocity 
steadily from rest, the velocity-time graph is a straight line, line (2), inclined to. 
the time-axis. If the velocity change is not steady, the velocity-time graph is 
curved. In Figure 1.5, the velocity-time graph OAB represents the velocity of a 
train starting from rest which reaches a maximum velocity at A, and then comes 
to rest at the time corresponding to B. 


uniform 
acceleration 


(1) 


uniform 


Figure 1.5 Velocity (v)-time (t) curves 


Acceleration is the ‘rate of change of velocity’, that is, the change of velocity 
per second. The gradient to the curve at any point such as E is given by: 


velocity change — Av 
time ~ At 
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where Av represents a small change in v in a small time At. In the limit, the ratio 
Av/At becomes dv/dt, using calculus notation, or the gradient of the tangent 
at E. So 


acceleration at E — gradient of velocity-time graph at E 


At the peak point A of the curve OAB the gradient is zero, that is, the 
acceleration is then zero. From O to A, the gradient at any point such as E is 
upward or positive, so thc train is accelerating. 

At any point, such as G, between A, B the gradient to the curve is negative 
because the graph slopes downwards. Here the train has a deceleration or 
decrease in velocity with time. 


Distance Travelled 

We can also find the distance travelled from a velocity-time graph. In Figure 1.5, 
Suppose the velocity increases in a very small time-interval XY from a value 
represented by XC to a value represented by YD. Since the small distance 
travelled — average velocity x time XY, the distance travelled is represented by 
the area between the curve CD and the time-axis, shown shaded in Figure 1.5. 
By considering every small time-interval between OB in the same way, it follows 
that 


distance = AREA between v-t graph and time-axis 


This resultapplies to any velocity-time graph, whatever its shape. 


Example on Graphs 
A rubber ball is thrown vertically upwards from the ground and falls on a horizontal 
smooth surface at the groui. The bal! then bounces up and down with decreasing 
velocity. 
(a) Draw the velocity-time graph ofits motion. 
(b) From your graph, show how the maximum height of the ball can be found when it 
is initially thrown up and the distance it falls when it first reaches the ground. 


Figure 1.6 Velocit y-time graph 


(a) The graph is shown in Figure 1.6. The ball is thrown up wi i 
; + 1.6. P with a velocit 
which we shall take as«à positive velocity. As the ball rises, its Velocity 
decreases to zero at A along the straight line PA. 
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Having reached its maximum height, the ball now falls. Its downward 
velocity is a negative one and it falls with the same numerical value of 
acceleration g. So the gradient of AQ is the same as PA and PAQ is a 
straight line. ` 

At Q, the ball is about to hit the ground. A moment later the ball 
rebounds and its velocity is now high and positive. So the rebound velocity 
is represented by BR, where QBR is very nearly a vertical line. The velocity 
now varies along RSTV as explained. The lines PQ and RT are parallel 
because their gradients are equal to the acceleration g. The rebound velocity 
decreases as the ball continues to bounce, as shown. 


(b) The maximum height above the ground is the area of triangle OAP. The 
height or distance s it falls is the area of triangle AQB, since AQ is the 
velocity-time graph as the ball falls. 


Vector Addition 

Two vectors such as a velocity of 3ms~! and a velocity of 4ms™' can not be 
added without taking into account their direction. 

As an example, suppose a ship is moving with a velocity of 4ms " in a 
direction OA relative to the sea and a girl runs across the deck with a velocity of 
3ms-! ina direction OB at an angle of 60° to the ship's velocity. In one second 
the ship moves a distance OA which represents 4 m according to some scale and 
the girl then moves in the direction OB a distance of 3m. So the resultant 
velocity of the girl is in some direction OC between OA and OB. 


E 


R P 


resultant 


400 km h^* 


Q [9 
100 km h^' 
(i) (ii) 


Figure 1.7 Vector addition 


Two vectors can be added by drawing a parallelogram of the vectors. In 
Figure 1.7(i), we draw a line OA to represent to scalé 4m s^ ' and then draw OB 
at an angle of 60° to OA to represent 3ms~' on the same scale. The 
parallelogram OACB is now drawn. The diagonal OC through O represents the 
vector sum or resultant of the two velocities in magnitude and direction. Drawing 
or calculation shows that OC is about 6ms~' and is 37° to OB. This is the 
velocity of the girl relative to the sea as she runs across the deck. 

Another useful way of adding vectors is to draw the ship’s velocity OA to scale 
and then from A to draw the girl's velocity AC on the same scale. The line OC 
now fepresents the sum or'resultant of the two vectors. The result is the same as 
the parallelogram method but quicker. 
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An aeroplane travelling at 400 km h  ' in a direction OP is blown off-course 
by a wind of velocity 100kmh~! blowing in a direction OQ. Figure 1.7 (ii). 
To find the resultant velocity we add the two vectors OP (400 km h^!) and 
PR (100kmh~') as shown. The sum is OR in magnitude and direction. 
Otherwise, the parallelogram method can be used. 


Vector Subtraction 
The relative velocity of two cars is found by subtracting the two velocities. 
Suppose that a car X is travelling with a velocity v along a road 30° E. of N., 
and a car Y is travelling with a velocity u along a road due east, Figure 1.8 (i). 


a4— 
-u 
i B S. 73 A 
I 
[oes v* 
130 relative 
velocity 
1 > > 
l Y U xvu o 
(i) (ii) 


Figure 1.8 Subtraction of velocities 


Arrows above the velocity letters show they are vectors. So the velocity of X 
relative to Y = difference in velocities ="? —W =? *(—w) Suppose OA 
Tepresents the velocity, v, of X in magnitude and direction, Figure 1.8 (ii). Since Y 
is travelling due east, a velocity AB numerically equal to u but in the due west 
direction represents the vector (— T). The vector sum of OA and AB is OB, 
which therefore represents in magnitude and direction the velocity of X minus 


i Y. By drawing an accurate diagram of the two velocities, OB can be 
ound. ~ 


Example on Vector Subtraction 4 
A car is moving round a circular track with a constant speed v of 20ms~', Figure 1,9 (i). 
At different times the car is at A, B and C respectively. Find the velocity change 
(a) from A to C, 
(b) from A to B. 


(a) Velocity change from A to C = T — v4 = (+20)—(— 20) 
= 40ms~! in the direction of C 
(b) Velocity change from A to B = vp -0 = dp +( 74] 


In Figure 1.9(ii), PQ represents the vector 7 Li MA 
-T4 or20ms-!, p or 20ms ^ and QR represents 


So PR = tp —0f = \/20? +20? = 28ms~‘ (approx) 


and its direction 0 relative to Ug is 45°, 
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Figure 1.9 Vector subtraction 


Components of Vectors 
In mechanics and other branches of physics, we often need to find the component 
ofa vector in a certain direction. 

The component is the ‘effective part’ of the vector in that direction. We can 
illustrate it by considering a picture held up by two strings OP and OQ each at 
an angle of 60° to the vertical, Figure 1.10 (i). If the force or tension in OP is6N, 
its vertical component $ acting upwards at P helps to support the weight W of 
the picture, which acts vertically downwards. The upward component T of the 
6N force in OQ acting in the direction QT, also helps to support W. 


(ii) 


Figure 1.10 Components of vectors 


Figure 1.10(ii) shows how the component value of a vector F can be found in 
a direction OX. If OR represents F to scale, we draw a rectangle OPRQ which 
has OR as its diagonal. Now F is the sum of the vectors OP and OQ. The vector 
OQ has no effect in a direction OX at 90° to itself. So the effective part or 
component of F in the direction OX is the vector OP. 

If 0 is the angle between F and the direction OX, then 


OP/OR =cos@ or OP = ORcos0 = F cos0 
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So the component of any vector F in a direction making an angle 0 to F is 
always given by 


component = Fcos6 
In a direction OY perpendicular to OX, F has a component F cos (90* — 0) 
which is Fsin 0 


This component is represented by OQ in Figure 1.10 (ii). 
From Figure 1.10 (i), we can now see that 


vertical component $ of 6 N force in OP = 6cos60* = 3N 


This is also the value of the vertical component T of the 6 N force in OQ. Since 
the weight W of the picture is balanced by the two vertical components, then 


weight W =3N+3N=6N 


The acceleration due to gravity, g, acts vertically downwards. In free fall, an 
object has an acceleration g. An object sliding freely down an inclined plane 
ABC, however, has an acceleration due to gravity equal to the component of g 
down the plane, Figure 1.10 (iii). If the plane is inclined at 60° to the vertical, the 
acceleration down the plane is then gcos60° or 9-Rcos60* m s^? which is 
49ms^?, 3 

Since cos 60° = sin 30°, we can say that the acceleration down the plane is also 
given by g sin 30°, where the angle made by the plane with the horizontal is 30°. 


Projectiles 
Consider an object O thrown forward from the top of a cliff OA with a 
horizontal velocity u of 15ms- ', Figure 1.11. Since u is horizontal, it has no 
component in a vertical direction. Similarly, since g acts vertically, it has no 
component in a horizontal direction. : 


Figure L.11 Motion under gravity 


We may thus treat vertical and horizontal moti 

_ the vertical motion from O. If OA is 20m, the ball has an initial v 
of zero and a vertical acceleration of g, which i ~ 
mately). Thus, from s = ut + Vat, the time t 


Dvnamice o or ee 


given, using g = 10ms 2, by 
20 =4x10xt? = 5t: or t=2s 


So far as the horizontal motion is concerned, the ball continues to move forward 
with a constant horizontal velocity of 15ms~! since g has no component 
horizontally. In 2 seconds, therefore, 


horizontal distance AB = distance from cliff = 15 x 2 = 30m 


Generally, in a time t the ball falls a vertical distance, y say, from O given by 
y = 4gt?. In the same time the ball travels a horizontal distance, x say, from O 
given by x = ut, where u is the velocity of 15 ms '. If t is eliminated by using 
t = x/u in y = 4gt?, we obtain y = gx?/2u?. This is the equation of a parabola. It 
is the path OB in Figure 1.11. In our discussion air resistance has been ignored. 


: Motion of Projectiles andtheirRange — . 
In Figure 1.12, a ball at O on the ground is thrown with a velocity u at an angle 
a to the horizontal. We consider the vertical and horizontal motion separately in 
motion of this kind and use components. 
Vertical motion. The vertical component of u is ucos(90" — a) or using; the 
acceleration a = —g. When the projectile reaches the ground at B, the vertical 
distance s travelled is zero. So, from s = ut + fat”, we have 


Figurel.12 Motion of projectiles 


0 — usina.t—3gr? 


2usina 
t-——— 
g 


Thus (1) 


Horizontal motion. Since g acts vertically, it has no component in a horizontal 
direction. So the ball moves in a horizontal direction with an unchanged or 
constant velocity u cos x because this is the component of u horizontally. So 


Range R = OB = velocity x time 


2usinx — 2u^sina cosa 


= HCOSX X ——— 
g g 
u^ sin 2a 
Roses 
g 


The maximum range is obtained when sin 2a = 1, or 2x = 90°. So « = 45° for 
maximum range with a given velocity of throw u. In this case, the range is u?/g. 
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At the maximum height A of the path, the vertical velocity of the ball is zero. 
So, applying v = u +at in a vertical direction, the time t to reach A is given by 
O-usinx—gt or t=usina/g 
From (1), we see that this is half the time to reach B. 


1 Example on Projectiles 
A small ball A, suspended from a string OA, is set into oscillation, Figure 1.13. When the 
ball passes through the lowest point of the motion, the string is cut. If the ball is then 
moving with the velocity 0-8 ms ;' at a height 5 m above the ground, find the horizontal 
distance travelled by the ball. (Assume g = 10ms~ 2.) 


(Analysis (i) Horizontal distance = horizontal velocity (constant) x time 
(ii) Find time from vertical distance travelled, using g.) 

When A is at the lowest point of the oscillation, it is moving horizontally with 
velocity 0-8 m s~ '. The ball lands at B on the ground. 

To find the time of travel, consider the vertical motion. In this case the vertical 
distance s travelled is 5 m; the initial vertical velocity u = 0; and a = g = 10ms~? 
From s = ut + Jat?, we have 

5=4x10x?r? 
So P=) or-t=1s 

To find the horizontal distance travelled, consider the horizontal motion. The 
velocity is 0:8 ms ' and this is constant. So 


horizontal distance to B = 0:8ms^! x 1s = 08m 


ground B 


Figure 1.13 Projectile example 


Exercises 1A 
Linear Motion, Free-fall, Graphs 


(Assume g = 10ms~? or 10 N kg" ' unless otherwise given) 


1 Acar moving with a velocity of 10 m s^ ' accelerates uniformly at 1 ms"? until it 
reaches a velocity of 15m s~ '. Calculate | (i) the time taken, (ii) the distance 
travelled during the acceleration, (iii) the velocity reached 100 m from the place 
where the acceleration began 

2. A ball is thrown vertically upwards with an initial speed of 20ms^! 
(i) the time taken to return to the thrower, (ii) the maximum height reached 

3 A ball x UE Pi ce y caught by the thrower on its return. Sketch 
a graph of velocity (taking the upward directi itive) agai i 
whole of its motion, REES us resista Rod Mitt time forthe 


à > nce, How, fi 
i pan an estimate of the height reached by the ball (L) such a graph, would you 
‘A ball is dropped from a height of 20 m and rebounds with a velocity which į 
the velocity with which it hit the ground, What is the e e TY Which is 3/4 of 


first and second bounces? he time interval between the 


- Calculate 
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A ball is thrown forward horizontally from the top of a cliff with a velocity of 

10ms- !. The height of the cliff above the ground is 45 m. Calculate (i) the time 

to reach the ground, (ii) the distance from the cliff of the ball on hitting the ground, 

(iii) the direction of the ball to the horizontal just before it hits the ground. 

A tennis ball is dropped from the hand, falls.to the ground and bounces back at half 

the speed with which it hit the ground. Draw a velocity-time graph of its motion. 

Mark the point on the graph which corresponds to the ball hitting the ground. 
Indicate how, from the graph, 

(a) the distance the ball falls, and 

(b) the distance the ball rises, can be found. (L.) 

A projectile is fired with a velocity of 320 ms ' at an angle of 30° to the horizontal. 

Find (i) the time to reach its greatest height, (ii) its horizontal range. 

With the same velocity, what is the maximum possible range? 

A small smooth object slides from rest down a smooth inclined plane inclined at 30° 
to the horizontal, What is (i) the acceleration down the plane, (ii) the time to 
reach the bottom if the plane is 5m long? 

The object is now thrown up the plane with an initial velocity of I5 ms” L 
(iii) How long does the object take to come to rest? (iv) How far up the plane has 
the object then travelled? 

A stone attached to a string is whirled round in a horizontal circle with a constant 
speed of 10 ms" '. Calculate the difference in the velocity when the stone is (i)at 
opposite ends ofa diameter, (ii) in two positions A and B, where angle AOB is 90° 
and O is the centre of the circle. 

Two ships A and B are 4 km apart. A is due west of B. If A moves with a uniform 
velocity of 8 km h~’ due east and B moves with a uniform velocity of6kmh '' due 
south, calculate (i) the magnitude of the velocity of A relative to B, (ii) the closest 
distance apart of A and B. 

Define uniform acceleration. State, for each case, one set of conditions sufficient for a 
body to describe 

(a) a parabola, 

(b) a circle. 

A projectile is fired from ground level, with velocity 500 ms ! at 30° to the 
horizontal. Find its horizontal range, the greatest vertical height to which it rises, 
and the time to reach the greatest height. What is the least speed with which it could 
be projected in order to achieve the same horizontal range? (The resistance of the air 
to the motion of the projectile may be neglected.) (O.) 

A lunar landing module is descending to the Moon's surface at a steady velocity of 
l0ms- !. Ata height of 120 m, a small object falls from its landing gear. Taking the 
Moon's gravitational acceleration as 1-6 ms ?, at what speed, in ms^ 1 does the 
object strike the Moon? 


A 202 B22 C 196 D 168 E 10 (AEB, 1980.) 
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Laws of Motion, Force and Momentum 


In the last section, we discussed velocity and acceleration. If you 
kick a moving ball, or hit a ball with a tennis racket, you can see 
that the force produces a change in velocity or acceleration. The 
first part of the next section will deal with the force on objects 
such as cars, for example, and the acceleration produced. After 
this section, we shall discuss momentum of moving objects such 
as aeroplanes or trains, which is defined as*mass x velocity’ of a 
moving object. 


Newton's Laws of Motion 
In 1687 Sir Isaac NEWTON published a work called Principia, in which he set 
out clearly the Laws of Mechanics. He gave three ‘laws of motion’: 
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Law! Every body continues to be in a state of rest or to move with 
uniform velocity unless a resultant force acts on it. 
Law2 Thechange of momentum per second is proportional to the applied 
force and the momentum change takes place in the direction of the force. 
Law3 Action and reaction are always equal and opposite. 


Inertia, Mass 
Newton's first law expresses the idea of inertia. The inertia of a body is its 
reluctance to start moving, and its reluctance to stop once it has begun moving. 
Thus an object at rest begins to move only when it is pushed or pulled, i.e., when 
a force acts on it. An object O moving in a straight line with constant velocity 
will change its direction or move faster only if a new force acts on it, 
Figure 1.14 (i). 


s velocity change 


velocity 
change 


(i) (ii) 


Figure 1.14 Velocity changes: (i) magnitude, (ii) direction 


Passengers in a bus or car move forward when the vehi 

: F ; : ehicle stops suddenly. 
They continue in their state of motion until brought to rest 5 friction A 
collision. The use of safety belts reduces the shock. 
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Figure 1.14 (ii) illustrates a velocity change when an object O is whirled at 
constant speed by a string. This time the magnitude of the velocity v is constant 
but its direction changes. So a force due to the string acts on the object O. 

‘Mass’ is a measure of the inertia of a body. If an object changes its direction 
or its velocity slightly when a large force acts on it, its inertial mass is high. The 
mass of an object is constant all over the world; it is the same on the earth as on 
the moon. Mass is measuréd in kilogram (kg) by means of a chemical balance, 
where it is compared with standard masses based on the International Prototype 
Kilogram. 


Force, The Newton 
When an object X is moving it is said to have an amount of momentum given, by 
definition, by 


momentum — mass of X x velocity 4 [ s (1) 


Thus a runner of mass 50kg moving with a velocity of 10ms~! has a 
momentum of 500 kg m s~ +. If another runner collides with X his velocity alters, 
and so the momentum of X alters. 

From Newton's second law, a force F acts on X which is equal to its change 
in momentum per second. Using (1), it follows that if m is the mass of X, 


F oc m x change in velocity per second 
But the change in velocity per second is the acceleration a produced by the force. 
<. F o ma 
so F-kma . T A P t : (i) 


where k is a constant. 

With SI units, the newton (N) is the unit of force. It is defined as the force 
which gives a mass of 1 kg an acceleration of 1ms~7. Substituting F = 1N, 
m = 1 kg and a=1ms ? in the expression for F in (i), we obtain k = 1. Hence, 
with units as stated, k = 1. ‘ 
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which is a standard equation in dynamics. Thus if a mass of 0-2 kg is acted upon 
by a force F which produces an acceleration a of 4m s ^?, then, since m = 0:2 kg, 


F = ma = 0:2(kg) x4(ms^?) = 0-8N 


Weight and Mass 

The weight of an object is defined as the force acting on it due to gravitational 
pull, or gravity. So the weight of an object can be measured by attaching it to a 
spring-b::tance and noting the spring extension, as the extension is proportional 
to the force on it (p. 134). 

Suppose the weight of an object of mass m is denoted by W. If the object is 
released so that it falls freely to the ground, its acceleration is g. Now F — ma. 
Consequently the force acting on it, or its weight, is given by 


W — mg 
If the mass is 1 kg, then, since g = 9-8 ms™?, the weight W = 1 x 9:8 = 9-8 N. 


20 


The weight ofa 5kg mass is thus 5 x 9:8N or 49 N. Note that the weight ofa 
100g (0:1 kg) mass is about 1 N; the weight of an average-sized apple is about 
IN. 
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Gravitational Field Strength 
The space round the earth where the mass of an object experiences a gravita- 
tional pull or force due to gravity is called the gravitational field of the earth. 
Molecules of air, or this book or the reader, are all in the earth’s gravitational 
field. 

We can see that on the surface of the earth, the value of g may be expressed as 
about 9:8 Nkg~'. The force per unit mass in a gravitational field is called the 
gravitational field strength. On the moon's surface this is only about 1:6 N kg ~ 5 
so a mass of 1 kg has a gravitational pull on it of 1-6 N. 

The reader should note carefully that the mass of an object is constant all over 
the world, but its weight is a force whose magnitude depends on the value of g. 
'The acceleration due to gravity, g, depends on the distance of the place 
considered from the centre of the earth; it is slightly greater at the poles than at 
the equator, since the earth is not a perfectly spherical shape. It therefore follows 
that the weight of an object differs in different parts of the world. On the moon, 
which is smaller than the earth and has a smaller density, an object would have 
the same mass as on the earth but it would weigh about one-sixth of its weight 
on the earth, as the acceleration of free fall on the moon is about g/6. For this 
reason astronauts tend to ‘float’ on the moon's surface. 


Experimental Investigation of F = ma 

An experimental investigation of F — ma can be carried out by accelerating a 
trolley, mass m, down a friction-compensated inclined plane by a constant force 
F due to a stretched piece of elastic, and measuring the acceleration a with a 
ticker tape. Details of the experiment can be obtained from O-level texts, such as 
the author's Principles of Physics (Collins Educational, London). We assume the 
reader is familiar with the method. Figure 1.15 shows the results obtained. When 
the force is increased in the ratio 1:2:3, experiment shows that the acceleration 
increases in the ratio 2:4:4-8: 7:3, which is approximately 1:2:3. Thus ao F 
with constant mass. 


velocity 


ratio of forces = 3:2:1 
ratio of accelns. (gradients) 
CODE -73:48:24 

-Pensated) = 3:2:1 


Figure 1.15 | Investigation of acceleration and force (mass constant) 
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The mass m can also be varied by placing similar trolleys on top of each other 
and the force F can be kept constant. One experiment shows that with 1, 2 and 3 
trolleys the accelerations decrease in the ratio 7:5:4-9:2:5, which is 3:2:1 
approximately. Thus a oc 1/m when F is constant. 


Applications of F — ma 
The following examples illustrate the application of F — ma. It should be 
carefully noted that (i) if more than one force acts on a moving object, then F is 
the resultant force on the object, (ii) F must be in newtons (N) and m in 
kilograms (kg). Since F is a vector, the direction of the forces must be drawn in. 
the diagram. Remember mass (m) is a scalar so this has no direction. 


Examples 
1 Two forces A force of 200N pulls a sledge of mass 50kg and overcomes a constant 
frictional force of 40 N. What is the acceleration of the sledge? 


Resultant force F = 200—40 = 160N 
From F = ma, 
‘` 160 = 50 xa 
“.a=32ms? 
2 Lift problem An object of mass 2:00 kg is attached to the hook of a spring-balance, 
and the balance is suspended vertically from the roof of a lift. What is the reading on the 
spring-balance when the lift is (i) ascending with an acceleration of 02ms ?, (ii) 


descending with an acceleration of 0-1ms~*, (iii) ascending with a uniform velocity of 
015ms '(g = l0ms 7 or 10Nkg '). 


Suppose T is the tension (force) in the spring-balance in N, Figure 1.16 (i). 


(i) (ii) 


Figure 1.16 Examples on force and acceleration 


(i) The object is acted on by two forces: 
(a) the tension T in newtons in the spring balance which acts upwards, 
(b) its weight mg or 20 N, which acts downwards. 

Since the object accelerates upwards, T is greater than 20 N. So the net force, 
F, acting on the object = T—20N. Now 


16162. 
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F — ma 
where a is the acceleration in ms^?, 0:2 ms ?. 
-T—-2022xa22x02 
E204 Noes s: : : 2 (1) 
(ii) When the lift descends with an acceleration of 0:1 ms~?, its weight, 20 N, 
is now greater than T;, the new tension in the spring-balance. 
~. resultant force = 20— T, 
<. F =20-T, = ma=2x01 
<. Ti = 20—0:2 = 19:8 N 
(iii) When the lift moves with constant velocity, the acceleration is zero. Since 


the resultant force is zero, the reading on the spring-balance is exactly equal to 
the weight, 20 N. 


3 Inclined plane A car of mass 1000 kg is moving up a hill inclined at 30° to the horizontal. 
The total frictional force on the car is 1000 N. Figure 1.16 (ii). 
Calculate the force P due to the engine when the car is 
(a) accelerating at 2 ms ^ ?, 
(b) moving with a steady velocity of 15 ms. 


(Analysis. (a) Use F = ma. (b) There are 3 forces on the car—its weight 
mg, P and the frictional force. (c) Since the car is moving on an incline, we need 
to find the component of the weight mg, down the incline.) 


(a) Weight of car = mg = 10000 N 
Component downhill = mg cos @ = 10000 cos 60° = 5000 N 


So resultant force uphill, F = P — 5000 — 1000 
From F = ma, 
P —5000 — 1000 = 1000 x 2 = 2000 


So P = 8000N 
(b) Since velocity is steady, acceleration a — 0 
So resultant force F=0 
Then P = 5000+ 1000 = 6000 N 


To the Student If required, Exercise 1B, page 31, has questions on F = ma. 


Linear Momentum, Impulse 
Newton defined the force acting on an object as the rate of change of its 
momentum, the momentum being the product of its mass and velocity (p. 19). 
Momentum is thus a vector quantity; its direction is that of the velocity. 


Suppose that the mass of an object is m, its initial velocity due to a force F acting 
on it for a timet is v. Then 


change of momentum = mv — mu 


nd hence mom 


fe (ee ex 0 IS | 


The quantity F xt (force x time) is known as the impulse of the force on the 
object. From (1) it follows that the units of momentum are the same as those of 
Ft, that is, newton second (Ns). From ‘mass x velocity’, alternative units are 
‘kgm s~”. The impulse (F x t) is the ‘time effect’ of a force on an object. 


Force and Momentum Change 
A person of mass 50kg who is jumping from a height of 5 metres will land 


on the ground with a velocity = \/2gh = \/2x10x5 = 10ms~', assuming 
g = 10m s™? approx. If he does not flex his knees on landing, he will be brought 
to rest very quickly, say in {sth second. The force F acting is then given by 
Fea momentum change 
2 time 


This is a force of about 10 times the person's weight and the large force has a 
severe effect on the body. 

Suppose, however, that the person flexes his knees and is brought to rest much 
more slowly on landing, say in 1 second. Then, from above, the force F now 
acting is 10 times less than before, or 500 N. Consequently, much less damage is 
done to the person on landing. 


initial 
momentum . mi 
iomentui u 


final 
momentum 
3— sand ae 
— horizontal momentum = O 


final momentum belt wall 
PER i 


(i) (ii) 


Figure 1.17 Linear momentum changes 


Momentum is a vector. So we must always take account of its direction. 

Suppose sand is allowed to fall vertically at a steady rate of 100gs^! on to a 
horizontal conveyor belt moving at a steady velocity of 5cm s^ !, Figure 1.17 (i). 
The initial horizontal velocity of the sand is zero. The final horizontal velocity is 
5cms~*. Now in one second in a horizontal direction, 


mass = 100g = 0-1 kg, velocity gained = 5cms^! = 5x10 ?ms^! 
.. momentum change per second horizontally = 0-1 x 5 x 107? 
= 5x 107? newton 
— force on belt 
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Observe that this is a case where the mass changes with time and the velocity 
gained is constant. In terms of the calculus, force is the rate of change of 
momentum mv, which is v x dm/dt, and dm/dt is 100gs~! in this numerical 
example. 

Consider a molecule of mass m in a gas, which strikes the wall of a 
vessel repeatedly with a velocity u and rebounds with a velocity —u, Figure 
1.17 (ii). Since momentum is a vector quantity, the momentum change = final 
momentum — initial momentum = mu—(—mu) = 2mu. If the containing vessel 
is a cube of side /, the molecule repeatedly takes a time 2l/u to make a collision 
with the same side as it moves to-and-fro across the vessel. So. 


1 u 
2lu 21 
The average force on wall — n x one momentum change 


number of collisions per second, n — 


aS as mu? 
FAA Paraat 
The total gas pressure is the average force per unit area on the walls of the 
container due to all the gas molecules and is discussed in Heat. 
Suppose a ball of mass 0-1 kg hits a smooth wall normally with a velocity of 
l0ms ' four times per second, rebounding each time with a velocity of 
I0 ms t. Then each time, momentum change = 0:1 [10—(—10)] = 0-1 x 20. 


So average force on wall = 4 x momentum change per second 
=4x01x20=8N 


Force due to Water Flow 
When water from a horizontal hose-pipe strikes a wall at right angles, a force is 
exerted on the wall. Suppose the water comes to rest on hitting the wall. Then 


force = momentum change per second of water 
= (mass x velocity change) per second 
force = mass per second x velocity change 
Suppose the water flows out of the pipe at 2kgs~' and its velocity changes 
from 5ms~! to zero on hitting the wall. Then 


force F = 2x(5—0) = 10N 


Example on Force due to Water Flow 
A hose ejects water at a speed of 20cms^! through a hole of area 100 cm?. If the water 


strikes a wall normally, calculate the force on the wall in newtons, assuming the velocity 
of the water normal to the wall is zero after collision. 


The volume of water per second striking the wall = 100 x 20 = 2000 cm? 
<. Mass per second striking wall = 2000 gs"! =2kgs-! 
Velocity change of water on striking wall = 20—0 = 20 cms-1— 02ms^! 
-. momentum change per second = 2(kgs^!)x02(ms- )-04N 


-. Force on wall = 04 N 
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Newton's Third Law, Action and Reaction f 
Newton’s third law—action and reaction are equal and opposite—means that if 
a body A exerts a force (action) on a body B, then B will exert an equal and 
opposite force (reaction) on A. 

These forces are produced between objects by direct contact when they touch, 
or by gravitational forces, for example, when they are apart. Thus if.a ball is 
kicked upwards, the force on the ball by the kicker is equal and opposite to the 
force on the kicker by the ball. The initial upward acceleration of the ball is 
usually very much greater than the downward acceleration of the kicker because 
the mass of the ball is much less than that of the kicker. 

As the ball falls downwards towards the ground, the force of attraction on the 
ball by the Earth is equal and opposite to the force of attraction on the Earth by 
the ball. The upward acceleration of the Earth is not noticeable since its mass is 
so large. 

In the case of a rocket, the downward force on the burning gases from the 
exhaust is equal to the upward force on the rocket. This is one application of the 
reaction force. Another is a water-sprinkler which spins backwards as the water 
is thrown forwards. 

Action-reaction forces therefore always occur in pairs. It should be noted that 
the two forces act on different bodies. So only one of the forces is used in 
discussing the motion of one of the two bodies. In the case of a man standing in 
a lift moving upwards, for example, the upward reaction of the floor on the man 
is the force we need to take into account in applying F — ma to the motion of the 
man. The equal downward force on the floor is not required. 

This principle is also illustrated in the next example. 


Example on Truck and Trailer 
Figure 1.18 shows a truck A of mass 1000kg pulling a trailer of mass 3000kg. The 
frictional force on A is 1000 N, on B it is 2000 N, and the truck engine exerts a force of 
8000 N. A 
Calculate (i) the acceleration of the truck and trailer, (ii) the tension T in the 
tow-bar connecting A and B. ^ 


B A 
3000 ki La 1000 kg 800 
g —- ON 
eee o Ein G 
— qs 
2000N 1000N 


Figure 1.18 Example on truck and trailer 


For B only From F — ma, where F is the resultant force 
T2000 = S000 aucem d poer dios u^ ker eros f) 
For Aonly | 8000—1000— T = 1000a . (2) 
Adding (1) and (2) to eliminate T, then 
8000— 1000 — 2000 = 4000 a 
So 3 5000 = 4000a and a-125ms^? 
From (1), T = (3000 x 1-25)+ 2000 = 5750 N 
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When helicopter blades are rotating, they strike air molecules in a downward 
direction. The momentum change per second of the air molecules produces a 
downward force and by the Law of Action and Reaction, an equal upward force is 


Example on Rotating Helicopter Blades 
A helicopter of mass 500kg hovers when its rotating blades move through an area of 
30 m? and gives an average speed v to the air. 
Estimate v assuming the density of air is 1-3 kgm^?*andg = 10N kg^!. 


(Analysis (i) The reaction of the downward force on the air — weight of 
helicopter, (ii) downward force — momentum change per second of air swept 
down, (iii) mass of air per second moving downwards = volume per second x 
density = area Swept by blades x velocity of air x density.) 


Volume of air per second moving downwards = area x velocity v = 30v 
Mass of air per second downwards = 30v x 1-3 = 39v 
-. momentum change per second of air — mass per second x velocity change 


So 


= 39vx v = 397? 
So reaction force upwards = 3952 = helicopter weight 5000 N 
E 
39 


v= Pe = Ii ms"! (approx) 


At lift-off, the fuselage of the helicopter would turn round the o. 
the rotation of the blades, from Newton's law of. Action and Reac 
rotor on the tail provides a counter-thrust, 


PPosite way to 
tion. A vertical 


Conservation of Linear Momentum 
We now consider what happens to the linear momentum of objects which collide 
with each other, : 


Experimentally, this can be investigated by several methods: 


! Trolleys in collision, with ticker-tapes attached 
Linear air-track, using perspex 


graphy for measuring velocities, 
As an illustration of the 


t to-measure velocities, 
models in collision and stroboscopic photo- 


1 the experimental results, the following measurements 
were taken in trolley collisions (Figure. 1.19); 
EE 
ja eg 360cms B 620 g| 180 cm s~! 
©) I © - 


fore collision after collision 


Figure 1.19 Linear momentum experiment 
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Before collision 
Mass of trolley A = 615 g; initial velocity = 360cms ^ hs 


After Collision 
A and B coalesced and both moved with velocity of 180 cm s ^ '. 


Thus the total linear momentum of A and B before collision = 0-615 (kg) x 
3-6(ms~')+0 = 2:20kgms_' (approx.). The total momentum of A and B after 
collision = 1-235 x 1:8 = 220kgms  ! (approx.). 

Within the limits of experimental accuracy, it follows that the total momentum 
of A and B before collision = the total momentum after collision. 

Similar results are obtained if A and B are moving with different speeds after 
collision, or in opposite directions before collision. 


Principle of Conservation of Linear Momentum 
These experimental results can be shown to follow from Newton’s second and 
third laws of motion (p. 18). 


Figure 1.20 Conservation of linear momentum 


Suppose that a moving object A, of mass m, and velocity u;, collides with 
another object B, of mass m; and velocity u;, moving in the same direction, 
Figure 1.20. By Newton's law of action and reaction, the force F exerted by A on 
B is equal and opposite to that exerted by B on A. Moreover, the time t during 
which the force acted on B is equal to the time during which the force of reaction 
acted on A. Thus the magnitude of the impulse, Ft, on B is equal and opposite to 
the magnitude of the impulse on A. From equation (1), p. 22, the impulse is equal 
to the change of momentum. It therefore follows that the change in the total 
momentum of the two objects is zero, i.e., the total momentum of the two objects 
is constant although a collision had occurred. Thus if A moves with a reduced 
velocity v, after collision, and B then moves with an increased velocity v2, 


m,u,m;u,-m;v,-tm;v,; 


The principle of the conservation of linear momentum states that, if no external 
forces act on a system of colliding objects, the total momentum of the objects in a 
given direction before collision — total momentum in same direction after collision. 


Examples on Conservation of Momentum 
1 An object A of mass 2kg is moving with a velocity of 3ms_' and collides head on 
with an object B of mass 1 kg moving in the opposite direction with a velocity of 4ms ^ i 
Figure 1.21. After collision both objects stick, so that they move with a common velocity 


v. Calculate v. 


Advanced Level Physics 


4o 


Figure 1.21 Example 


Total momentum before collision of A and B in the direction of A 
-72x3—1x4-2kgms^! 
Note that momentum is a vector and the momentum of B is of opposite sign 
to A. 


After collision, momentum of A and B in the direction of A = 20+ 1p = 3p 
30262 
“v= ms! 
2 A bullet of mass 20g travelling horizontally at 100ms~', embeds itself in the centre 


of a block of wood mass 1 kg which is suspended by light vertical strings 1 m in length. 
Calculate the maximum inclination of the strings to the vertical. (Assume g9=%8ms~?), 


(Analysis (i) The angle of swing 0 depends on the velocity v of the bullet plus 
block, (ii) v can be found using the conservation of momentum.) 


Ate 
— NO congue MN DN MN 
Figure 1.22 Example 
Suppose A is the bullet, B is the block i i 
maximum inclination. to n [iy from a point O, and 0 is the 


vertical, If ums! is the common 
velocity of block and bullet when the bullet is brought to rest relative to the 


Led irn ^: the principle of the conservation of momentum, since 


(1-0-02)o = 0-02 x 100 


rr” * . 
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The vertical height risen by block and bullet is given by v? = 2gh, where 
g — 9:8ms^?^ and h = [—Icos = I(1—cos 0) 


7, v? = 2gl(1— cos 0) 


2 
on (S) = 2x98 x I(1—cos 0) 


1 1008. — 1 
<. 1 cos 0 (S X* 3x98 = 01962 
©. cos 0 = 0:8038, or 0 = 37° (approx.) 


3 A snooker ball X of mass 03 kg, moving with velocity 5m s ^ +, hits a stationary ball Y 
of mass 0:4 kg. Y moves off with a velocity of 2ms -1 at 30° to the'initialdirection of X, 
Figure 1.23. 

Find the velocity v of X and its direction after hitting Y. 


(Analysis We need two equations to find v and 0 for X. So apply the 
momentum conservation (i) along the initial direction of X, (ii) perpendicular 
to the initial direction, direction Z.) 


Figure 1.23 Example on collision 


(i) In initial direction of X, from conservation-of momentum, 
0:3r cos 0--0:4 x 2cos 30° = 0:3x 5 
So 03bcos0 = -5—08c0530 =08 . va AD) 
(ii) Along Z, 90° to initial X direction, initial momentum = 0. 
So in this direction, 
0:4 x 2sin 30° — 0:3 x vsin 0 = 0 


or O3vsnd=04  , . j Ur ue ata) 
Dividing (2) by (1), 

sin 0 04 

cos b. 08^ gs 
So 0 = 27° (approx.) 


UV lS Se EC 
553m. (s (approx.) 


Also, from (2) 
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Inelastic and Elastic Collisions 

In collisions, the total momentum of the colliding objects is always conserved. 
Usually, however, their total kinetic energy is not conserved. Some of it is 
changed to heat or sound energy, which is not recoverable. Such collisions are 
said to be inelastic. For example, when a lump of putty falls to the ground, the 
total momentum of the putty and earth is conserved, that is, the putty loses 
momentum and the earth gains an equal amount of momentum. But all the 
kinetic energy of the putty is changed to heat and sound on collision. 


Inelastic collision = collision where total kinetic energy is not conserved 
(total momentum always conserved in any type of collision.) 


If the total kinetic energy is conserved, the collision is said to be elastic. Gas 
molecules make elastic collisions. The collision between two smooth snooker 
balls is approximately elastic. Electrons may make elastic or inelastic collisions 
with atoms of a gas. As proved on p. 38, the kinetic energy of a mass m moving 
with a velocity v has kinetic energy equal to 4mv?. 


Elastic collision — collision when total kinetic energy is conserved. 


As an illustration of the mechanics associated with elastic collisions, consider 
a sphere A of mass m and velocity v incident on a stationary sphere B of equal 
mass m, Figure 1.24 (i). Suppose the collision is elastic, and after collision let A 
move with a velocity v, at an angle of 60° to its original direction and B move 
with the velocity v; at an angle 0 to the direction of v. 


R 
9 
mu Mva 
60° 
v 
02 Ze? ON 
P mv Q 
[] conservation of 
momentum 
V2 
(i) (ii) 


Figure 1.24 Conservation of momentum 


Since momentum is a vector (p. 22), we may represent the momentum niv of A 
by the line PQ drawn in the direction of v, F igure 1.24(i) Likewise, PR 
represents the momentum mv, of A after collision. Since momentum is conserv d, 
the vector RQ must represent the momentum mv, of B after collision, that is. m 


is 
mb = mé, +m, 
ence T2yus 


, 


Dynamics 3 


or PQ represents v in magnitude, PR represents v, and RQ represents v;. But if 
the collision is elastic, 


im? = 4mv,? +4mv,? 
Sa = 0,7 v5 


Consequently, triangle PRQ is a right-angled triangle with angle R equal 
to 90°. 


ess 
«`. Dy = vcos 60 wu 


3 
Also, 0 = 90* —60* = 30°, and v, = v cos 30° = vn 


Momentum and Explosive Forces 
There are numerous cases where momentum changes are produced by explosive 
forces. An example is a bullet of mass m — 50g say, fired from a rifle of mass 
M = 2kg with a velocity v of 100 ms +}. Initially, the total momentum of the 
bullet and rifle is zero. From the principle of the conservation of linear momen- 
tum, when the bullet is fired the total momentum of bullet and rifle is still zero, 
since no external force has acted on them. Thus if V is the velocity of the rifle, 


mv (bullet) -- MV (rifle) = 0 
-OMV - —mv or v= 


The momentum of the rifle is thus equal and opposite to that of the bullet. 
Further, V/v = —m/M. Since m/M = 50/2000 = 1/40, it follows that V = —v/40 
= 2:5ms  !. This means that the rifle moves back or recoils with a velocity only 
about 3th that of the bullet. 

If it is preferred, one may also say that the explosive force produces the same 
numerical momentum change in the bullet as in the rifle. Thus mv = MV, where 
V is the velocity of the rifle in the opposite direction to that of the bullet. 


The joule (J) is the unit of energy (p. 35). As we see later, 
the kinetic energy, E,, of the bullet = 3mv? = 4.0-05. 100? = 250J 
the kinetic energy, E; of the rifle = 4MV? =4.2.2:57? = 625] 


Thus the total kinetic energy produced by the explosion = 256-25 J. The kinetic 
energy E, of the bullet is then 250/256:25, or about 98%, of the total energy. This 
is explained by the fact that the kinetic energy depends on the square of the 
velocity. The high velocity of the bullet thus more than compensates for its small 
mass relative to that of the rifle. See also p. 38. 


Exercises 1B 
Force and Momentum 


(Assume g = 10ms~? or 10 N kg^ ' unless otherwise stated) 


1 Acar of mass 1000 kg is accelerating at 2 m s^ ?. What resultant force acts on the car? 
If the resistance to the motion is 1000 N, what is the force due to the engine? 

2 A box of mass 50kg is pulled up from the hold of.a ship with an acceleration of 
1ms_? bya vertical rope attached to it. Find the tension in the rope. 
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What is the tension in the rope when the box moves up with a uniform velocity of 
Ims? 
| 3 Aliftmoves (i)upand (ii) down with an acceleration of 2m s ^ ?. In each case, 


calculate the reaction of the floor on a man of mass 50 kg standing in the lift. 

4 A ball of mass 02 kg falls from a height of 45 m. On striking the ground it rebounds 
in 0-1 s with two-thirds of the velocity with which it struck the ground. Calculate 
(i) the momentum change on hitting the ground, (ii) the force on the ball due to the 
impact. ^ 

5.A ball of mass 0:05 kg strikes a smooth wall normally four times in 2 seconds with 
a velocity of 1Oms~!. Each time the ball rebounds with the same speed of 10ms ! 
Calculate the average force on the wall. 

Draw a sketch showing how the momentum varies with time over the 2 seconds. 

6 The mass of gas emitted from the rear of a toy rocket is initially 0-1 kgs~!. If the 
speed of the gas relative to the rocket is 50ms~ ' and the mass of the rocket is 2 kg. 
what is the initial acceleration of the rocket? 

7 A ball A of mass 0-1 kg, moving witha velocity of 6ms~', collides directly with a 
ball B of mass 0-2 kg at rest. Calculate their common velocity if both balls move off 
together. 

If A had rebounded with a velocity of 2 ms: ! in the opposite direction after 
collision, what would be the new velocity of B? 

8. A bullet of mass 20g is fired horizontally into a suspended stationary wooden block 
of mass 380 g with a velocity of 200 ms '. What is the common velocity of the bullet 
and block if the bullet is embedded (stays inside) the block? 

If the block and bullet experience a constant opposing force of 2 N, find the time 
taken by them to come to rest. 

| 9 A hose directs a horizontal jet of water, moving with a velocity of 20m s- 'ontoa 

vertical wall. The cross-sectional area of the jet is 5 x 10^ * m2. If the density of water 
is 1000 kg m~3, calculate the force on the wall assuming the water is brought to rest 
there. 

10 A cable-operated lift of total mass 500 kg moves upwards from rest in a vertical 

shaft. The graph below shows how its velocity varies with time, Fi igure 1A. 

(a) For the period of time indicated by DE, determine (i) the distance travelled, 
(ii) the acceleration of the lift. 

(b) Calculate the tension in the cable during the interval (i) OA, (ii) BC. Assume 
that the cable has negligible mass compared with that of the lift, and that friction 
between the lift and the shaft can be ignored. (JM B.) 


Figure 1B 
11 


the helium nucleus along BD and the angle 0 
n by drawing is acceptable.) 
1s pushed across a horizontal floor bya 
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force of 4-5 N. The motion of the box is opposed by (i) a frictional force of 1-5 N 
between the box and the floor, and (ii) an air resistance force kv?, where 

k= 60 x 10-2 kgm- ! and vis the speed of the box in ms +. 

Sketch a diagram showing the directions of the forces which act on the moving 
box. Calculate maximum values for 

(a) the acceleration of the box, 

(b) its speed. (L.) 

(a) A car of mass 1000 kg is initially at rest. It moves along a straight road for 20s 
and then comes to rest again. The speed-time graph for the movement is (Figure 
1C): (i) What is the total distance travelled? (ii) What resultant force acts on 
the car during the part of the motion represented by CD? | (iii) What is the 
momentum of the car when it has reached its maximum speed? Use this 
momentum value to find the constant resultant accelerating force. (iv) During 
the part of the motion represented by OB on the graph, the coustant resultant 
force found in (iii) is acting on the moving car although it is moving through air. 
Sketch a graph to show how the driving force would have to vary with time to 
produce this constant acceleration. Explain the shape of your graph. 

(b) If, when travelling at this maximum speed, the 1000-kg car had struck and 
remained attached to a stationary vehicle of mass 1500 kg, with what speed 
would the interlocked vehicles have travelled immediately after collision? 

Calculate the kinetic energy of the car just prior to this collision and the kinetic 

energy of the interlocked vehicles just afterwards. Comment upon the values 

obtained. 
Explain how certain design features in a modern car help to protect the driver of a 

car in such a collision. (L.) 


Ps) 


Figure 1C I Figure 1D 


14 Answer the following questions making particular reference to the physical 


principles concerned: . 

(a) explain why the load on the back wheels of a motor car increases when the 
vehicle is accelerating; 

(b) the diagram, Figure 1D, shows a painter in a crate which hangs alongside a 
building. When the painter who weighs 1000 N pulls on the rope the force he 
exerts on the floor of the crate is 450 N. If the crate weighs 250 N find the 
acceleration. (J M B.) 


15 (a) State Newton's laws of motion. Explain how the newton is defined from these 


laws. í 

(b) A rocket is propelled by the emission of hot gases. It may be stated that both 
the rocket and the emitted hot gases each gain kinetic energy and momentum 
during the firing of the rocket. 

Discuss the significance of this statement in relation to the laws of 
conservation of energy and momentum, explaining the essential difference 
between these two quantities. 

(c) A bird of mass 0-5 kg hovers by beating its wings of effective area 0-3 m?. 
(i) What is the upward force of the air on the bird? (g = 9-:8Nkg-!) (ii) What 
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is the downward force of the bird on the air as it beats its wings? (iii) Estimate 
the velocity imparted to the air, which has a density of 1:3 kg m ^ ?, by the 
beating of the wings. 
Which of Newton's laws is applied in each of (i), (ii) and (iii) above? (L.) 
In an elastic head-on collision, a ball of mass 1-0 kg moving at 4-0 m s^ ' collides 
with a stationary ball of mass 2-0 kg. Calculate the velocities of the balls after the 
collision indicating the directions in which they are then travelling. (A£ B, 1980.) 
Explain what is meant by a force. Define the SI unit in which it is measured. 

Distinguish carefully the conditions under which 
(a) linear momentum is conserved and 
(b) kinetic energy is conserved. 

A gun fires a shell with the horizontal component of its velocity equal to 
200ms~'. At the highest point in its flight, the sheil explodes into three fragments. 
Two of these fragments, which have equal mass, fly off with equal speeds of 
300 ms~! relative to the ground, one along the flight direction of the shell at the 
instant of fragmentation and the other perpendicular to it and in a horizontal plane. 
Find the magnitude and direction of the velocity of the third fragment immediately 
after the explosion, assuming its mass is three times that of each of the other two 
fragments. Neglect air resistance. 

: Tere and explain qualitatively the subsequent motion of the three fragments. 
0.&C): 
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Work, Energy, Power 


In this section we deal with the important topics of work, energy 
and power, which are applied to the performance of all kinds 
of engines or machines, such as in cars, aeroplanes or the 
human body. The efficiency, for example, of any machine can 
be calculated from the ratio work (or power) out/work (or 
power) in. 


Work. 
When an engine pulls a train with a constant force of 50 units through a distance 
of 20 units in its own direction, the engine is said by definition to do an amount 
of work equal to 50 x 20 or 1000 units, the product of the force and the distance. 
Thus if W is the amount of work, 
Du gU TERCER EE ie bas vc ELE M ed 
W — force x distance moved in direction of force 


Work is a scalar quantity; it has no property of direction but only magnitude. 
When the force is one newton and the distance moved is one metre, then the 
work done is one joule (J). Thus a force of 50N, moving through a distance of 
10m in its own direction, does 50 x 10 or 500J of work. 

The force to raise steadily a mass of 1 kg is equal to its weight, which is about 
10 N (see p. 19). Thus if the mass of 1 kg is raised vertically through 1 m, then, 
approximately, work done = 10(N)x 1 (m) = 10J. 


T 
work = F cos &.s 
F cos 0 
8 ——* 
o A 
REDS 5 


Figure 1.25 Work and displacement 


Before leaving the topic of ‘work’, the reader should note carefully that 
we have assumed the force to move an object in its own direction. Suppose, 
however. that a force F pulls an object a distance s along a line OA acting at an 
angle 0 to it. Fig. 1.25. The component of F along OA is F cos 0 (p. 14), and this is 
the effective part of F pulling along the direction OA. The component of F along 
a direction perpendicular to OA has no effect along OA. Consequently 


work dene = Fcos 0 x s 


In general, the work done by a force is equal to the product of the force and the 
displacement in the direction of the force. 


Energy and Work 
An engine does work when it pulls a train along a horizontal track. As a result of 
the work done. energy is transferred to the train. Assuming no energy losses, the 
«mount of energy of the moving train is equal to the work done. The moving 
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train has kinetic energy, or mechanical energy. Some of the chemical energy.of 
the fuel used by the engine, or some of the electrical energy used by the engine if 
it is driven electrically, is thus transferred to mechanical energy. 

When you wind a watch, you do some work. The work done is equal to the 


work done = 4(0 + 10)N x 0-01 m 
=5x0-01 = 0-055 
This is the energy gained by the stretched elastic. 


í Power 
When an engine does work quickly, it is said to be pperating at a high power, if it 
does work slowly it is said to be operating at a lower power. ‘Power’ is defined as 
the work done Per second, or energy Spent per second. So 


work done 


wer — — 
po time taken 


Suppose a car is moving steadily with a velocity of v metres per second and 
. the force due to the engine is F newtons. Then s 


engine power — work done per second 
= F x distance per second = F x y 
Power of engine = F xv 


‘ Examples on Power 
l (a) A car of mass 1000kg moving on'a horizontal road with a stead i 

[ m r y velocity of 

10ms~' has a total frictional force on'it of 400 N. Find th 
engine, Figure 1.26 (i). a (noie 

(b) The car now climbs a hill at an angle of 8° to the hori i ii 

Assuming the frictional force Stays constant at MON. n b. 
now needed to keep the car Moving at 10 ms 19 


, what engine Power is 


(Analysis (i) Power = F Xv, SO we need F due to ‘engine, (ii) In climbing the 


€——— METRI m 
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(i) (ii) 


Figure 1.26 Motion on inclined plane 


hill, the new force F, now has to overcome the component of the weight down 
the hill.) 
(a) Since velocity is steady, acceleration = 0. So resultant force on car = 0. So if 
F is engine force, 
F—400=0 or F=400N 
<. power = F x v = 400 x 10 = 4000 W = 4kW 
(b) Since velocity uphill is steady, acceleration uphill = 0 = resultant force 
uphill. j 1 
Now component of weight downhill = 10 000 sin 8° (or cos 82°) = 1390 N. 
So if new engine force uphill is F;, 
F,—400—1390— 0 or F,=1790N 
-.new power = F, x v = 1790 x 10 = 17900W = 179kW 
2 Sand drops vertically at the rate of 2kgs~ ! on to a conveyor belt moving horizontally 
with a-velocity of 0-I1ms~'. Calculate (i) the extra power needed to keep the belt 


moving, (ii) the rate of change of kinetic energy of the sand. Why is the power twice as 
great as the rate of change of kinetic energy? 


(i) Force required to keep belt moving = rate of increase of horizontal mo- 
mentum of sand = mass per second (dm/dt) x velocity change = 2 x 0-1 = 
0-2 newton. : 


«`. power = work done per second = force x rate of displacement 
= force x velocity = 0-2 x 0-1 = 0:02 watt 


(ii) Kinetic energy of sand = 4mv? 


3 dm . € 
<. rate of change of energy = 1v? x ay’ Since vis constant 


=4x0-1?x 2 = 0-01 watt 
Thus the power supplied is twice as great as the rate of change of kinetic 
energy. The extra power is due to the fact that the sand does not immediately 


assume the velocity of the belt, so that the belt at first moves relative to the sand. 
The extra power is needed to overcome the friction between the sand and belt. 


Kinetic Energy 
An object is said to possess energy if it can do work. When an object possesses 
energy because it is moving, the energy is said to be kinetic, e.g., a flying stone 
can break a window. Suppose that an object of mass m is moving with a velocity 
u, and is gradually brought to rest in a distance s by a constant force F acting 
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against it. The kinetic energy originally possessed by the object is equal to the 
work done against F, and hence 


kinetic energy = F x s 


But F — ma, where a is the deceleration of the object. Hence F x s = mas. From 
v? = u? + 2as (see P. —), we have, since v = O and a is negative in this case, 

u? 

0=u?—2as or as= > 


Was 
-`. kinetic energy = mas = mu? 
When m is in kg and u is in ms~*, then mu? is in joule J. Thus a car of mass 
1000 kg, moving with a velocity of 36 km h^! or l0ms- 1, has an amount W of 
kinetic energy given by 


W = imu? = 4x 1000 x 10? = 50000 J 


Kinetic Energies due to Explosive Forces 
Suppose that, due to an explosion or nuclear Teaction, a particle of mass m 
breaks away from the total mass concerned and moves with velocity v, and that 
the mass M left moves with velocity V in the opposite direction, 
The kinetic energy E, of the mass m is given by 


ang mE. pr 
E, = im? = ou os : ; : (1) 


where p is the momentum mv of the mass. Similarly, the kinetic energy E, of the 
mass M is given by : 


2 
-Mva P. x 
E, = }MV Pep ute Un (2) 


because numerically the momentum MV = mp = D, from the conservation of 
momentum. Dividing (1) by (2), we see that 


Hence the energy is inversely-proportional to the masses of the particles, that 
is, the smaller mass, m say, has the larger energy. Thus if E is the total energy of 
the two masses, the energy of the smaller mass = ME/(M + m). 

Suppose a bullet of mass m = 50g is fired from a rifle of mass M = 2kg = 
2000g and that the total kinetic energy produced by the explosion is 2050J, 
Since the energy is shared inversely as the masses, 


igs 2000 
kinetic energy of bullet = 2000-50 * 2050J 


2000 
= 2050 * 2050J = 2000 J 


So kinetic energy of rifle = 50J 


An a-particle has a mass of 4 units and a radium nucle! 
disintegration of a stationary thorium nucleus, mass 232, Produces an a-particle 


lease of energy of 4-05 MeV, where | MeV = 


us a mass of 228 units. If 
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16x 1071? J, then 


228 
-particle = ——— — x 4-05 = 3:98 MeV 
energy of a-particle 4-228) x 
So the a-particle travels a relatively long distance before coming to rest com- 
pared with the comparatively heavy radium nucleus, which moves back or 
recoils a small distance. 


Gravitational Potential Energy 

A mass held stationary above the ground has energy, because, when released, it 
can raise another object attached to it by a rope passing over a pulley, for 
example. A coiled spring also has energy, which is released gradually as the 
spring uncoils. The energy of the weight or spring is called: potential energy, 
because it arises from the position or arrangement of the body and not from its 
motion. In the case of the weight, the energy given to it is equal to the work done 
by the person or machine which raises it steadily to that position against the 
force of attraction of the earth. So this is gravitational potential energy. In the 
case of the spring, the energy is equal to the work done in displacing the 
molecules from their normal equilibrium positions against the forces of attrac- 
tion of the surrounding molecules. So this is molecular potential energy. 

If the mass of an object is m, and the object is held stationary at a height h 
above the ground, the energy released when the object falls to the ground is 
equal to the work done 


= force x distance = weight of object x h 


Suppose the mass m is 5 kg, so that the weight is 5 x 9-8 N or 49 N, and h is 
4 metre. Then 


gravitational potential energy, p.e. = 49 (N) x 4(m) = 196J 
Generally, when a mass m is moved through a height h, 


change in gravitational potential energy = mgh 


where m is in kg, h is in metre, g = 98 N kg" !. 

This formula assumes that ‘g’ is constant throughout the height h. Near the 
earth's surface ‘g’ is fairly constant. But if a mass such as a space vehicle is sent 
up from the earth to an orbit high above the earth, then the gravitational field 
strength varies appreciably throughout the height h and ‘mgh’ can not be used to 


find the gain in potential energy. We see later how the gain is calculated in this 
case. 


Conservative Forces 
Ifa ball of weight W is raised steadily from the ground to a point X at a height h 
above the ground, the work done is W . h. The potential energy, p.e., of the ball 
relative to the ground is thus W.h. Now whatever route is taken from ground 
level to X, the work done is the same—if a longer path is chosen, for example, the 
component of the weight in the particular direction must then be overcome ‘and 
so the force required to move the ball is correspondingly smaller. The p.e. of the 
ball at X is thus independent of the route to X. This implies that if the ball is 
poris ina d path round to X again, the total work done against the force of 
gravity is zero. Work or energy has been expende 
path, and regained on the Tennis part. E PN Edo 
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When the work done in moving round a closed path in a field to the original 
point is zero, the forces in the field are called conservative forces. The earth's 


gravitational field is an example of a field containing conservative forces, as we 
now show. 


[———Hnm 


Figure 1.27 Mechanical energy in å gravitational field 


Suppose the ball falls from a place Y ata 


height h to another X at à height of x 
above the ground, Figu 


te 1.27. Then, if W is the weight of the ball and m its mass, 
the potential energy pe. at X = Wx = mgx 
and the kinetic energy k.e. at X 


= jm? = 4, 2g(h—=x) = mg(h—x) 
using v? = 2gs = 2g(h—x). Hence 


p.e. +k.e. = mgx + mg(h — x) = mgh 


Thus at any point such as X, the total mechanical e 
€qual to the original energy at Y. The mechanical e 
conserved. This is the case for a conservative field. 


nergy of the falling ball is 
nergy is hence constant or 


If an electric 
mechanical energy, 140J 
Produced. This is called th 
of the key Principles in science. 


Momentum and Energy in Gravitational Attraction 
Consider a ball B held Stationary at a height above the e. 


other, the momentum and kinetic energy of B and E are 
Suppose the ball is now released. The gravitational force of E on B accelerates 

the ball. So its momentum increases as it falls, F 

momentum, the equal and 


ae 
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equal but opposite momentum on the earth. The earth is so heavy, however, that 
its velocity V towards B is extremely small. For example, suppose the mass m is 
0-2kg and the mass M of E is 107° kg, and the velocity v of the ball Bis 10ms~* 
at an instant. Then, from the conservation of momentum, 


MV = mv 
or V=—xv=— 


So the earth's velocity V is extremely small. 

The total energy of B and E remains constant while the ball B is falling, since 
there are no external forces acting on the system. When B hits the ground the 
force (action) of B on E is equal and opposite to the force (reaction) of E on B, 
and the forces act for the same short time. So the total momentum of B and E is 
conserved. Thus when the ball rebounds, B moves upward with a momentum 
change equal and opposite to that of E. As B continues to rise its velocity and 
momentum decreases. So the momentum of E decreases. When B reaches its 
maximum height its momentum is zero. So the momentum of E is then zero. 

Although momentum is conserved on collision with the earth, some mechan- 
ical energy is transformed to heat and sound. Hence the total mechanical energy 
of B and E is less after collision. As we showed on page 31, the ratio of the kinetic 
energy of the ball to the earth after collision is inversely-proportional to their 
masses. So with the above figures, 


kinetic energy ofearth — 02 
kinetic energy of ball — 1075 


z2x10-25 


Hence the kinetic energy of the earth after collision is extremely small. 
, Practically all the kinetic energy is transferred to the ball. 


| 


„Motion, Momentum and Energy Graphs in Gravitational Field 

Figure 1.28 shows roughly the variation with time t of the speed, velocity, 

, acceleration, distance, momentum and energy (kinetic and potential) of a ball 
thrown vertically upwards from the ground and then bouncing once on 
returning to the ground. See page 42. 

Note that (i)speed is a scalar but velocity isa vector, (ii) the deceleration of 
the rising ball and the acceleration of the falling ball are both numerically g; but 
on hitting the ground and rising, the acceleration changes at contact with the 
ground and becomes opposite in direction as shown, (iii) momentum is a 
vector, (iv)energy is a scalar. 


Dimensions ; 

By the dimensions of a physical quantity we mean the way it is related to the 
fundamental quantities mass, length and time; these are usually denoted by M,L . 
and T respectively. An area, length x breadth, has dimensions L x L.or L^; a 
volume has dimensions L?; density, which is mass/volume, has dimensions 
M/L? or ML ^5; an angle has no dimensions, since it is the ratio of two lengths. 

As an area has dimensions L?, the unit may be written in terms of the metre as 
m°. Similarly, the dimensions of a volume are L? and hence the unit is m°. 
Density has dimensions ML~?. The density of mercury is thus written as 
13600kg m^?. If some physical quantity has dimensions ML-'T ' !, its unit 
may be written as kgm ^! s !. 
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Figure 1.28 Motion, momentum and energy graphs 


The following are the dimensions of some quantities in Mechanics: 


displacement 


Velocity. Since velocity — : 
» i time 


, its dimensions are L/T or LT !. 


Acceleration. The dimensions are those of velocity/time, i.e., L/T? or LT^?. 
Force. Since force = mass x acceleration, its dimensions are MLT-?, 


Work or Energy. Since work = force x distance, its dimensions are ML?T^ E: 


Example 
a 
In the gas equation (rss) — RT, what are the dimensions of the constants 
aand b? 


p represents pressure, V represents volume. The quantity a/V? must represent 
a pressure since it is added to p. The dimensions of p = [force]/[area] = 
MLT^?/L? = ML^! T~?; the dimensions of V = L?. Hence 


S —-ML''T-? or [a] = ME'T? 
The constant b must represent a volume since it is subtracted from V. Hence 


[^] = L° 


Application of Dimensions, Simple Pendulum 
We can often use dimensions to solve problems. 
mass is suspended from a long thread so as to fo: 


p _ 


As an example, suppose a small 
rm à simple pendulum. We may 
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reasonably suppose that the period, T, of the oscillations depends only on the 
mass m, the length / of the thread, and the acceleration, g, of free fall at the place 
concerned. Suppose then that 


T = kmg. E . a i í (1) 


where x, y; z, k are unknown numbers. The dimensions of g are LT ^? from 
p. 42. Now the dimensions of both sides of (i) must be the same. 


zT MILX(ET 32) 
Equating the indices of M, L, T on both sides, we have 


x-0 
ytz- 
and —2z 21 
zz-—hioy-zh x-0 
Thus, from (i), the period T'is given by 
T = kiig^! 


or : rok |! 
g 


We cannot find the magnitude of k by the method of dimensions, since it is a 
number. A complete mathematical investigation shows that k = 2z in this case, 
and hence T = 2n,/lI/g. (See also p. 87.) Note that T is independent of the 
mass m. 


Velocity of Transverse Wave in a String 
As another illustration of the use of dimensions, consider a wave set up in a 
stretched string by plucking it. The velocity, c, of the wave depends on the 
tension, F, in the string, its length /, and its mass m, and we can therefore suppose 
that 
c=kF*Pm. 1 T h $ s (i) 


where x, y, z are numbers we hope to find by dimensions and k is a constant. 

The dimensions of velocity, c, are LT~', the dimensions of tension, F, are 
MLT~?, the dimensions of length, l, is L, and the dimension of mass, m, is M. 
From (i), it follows that 


LT^' = (MLT~ 2)" xL'xM* 
Equating powers of M, L, and T on both sides, 


SPOR eid igne ANNE UT 
Lt nal ee SAS FM ed 6. E 
and —-p--—2x : i É 4 . . (iii) 
Sx-hoz--h ys 
v6 k.Filim-! 


Æ cok ek [f ek f... Tension parit dà 
m m/l mass per unit length u 


where pw is the mass per unit length. A complete mathematical investigation 
shows that k = 1. 
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The method of dimensions can thus be used to find the relation between 
quantities when the mathematics is too difficult. It has been extensively used in 
hydrodynamics, for example. 


Exercises 1C 
Energy, Power, Dimensions 


(Assume g = 10ms~? or 10 N kg ^ ' unless otherwise stated) 


1 An object A of mass 10 kg is moving with a velocity of 6m s ^ '. Calculate its kinetic 
energy and its momentum. 

If a constant opposing force of 20 N suddenly acts on A, find the time it takes to 
come to rest and the distance through which it moves. 

2 An object A moving horizontally with kinetic energy of 800 J experiences a constant 
horizontal opposing force of 100 N while moving from a place X to a place Y, 
where XY is 2 m. What is the energy of A at Y? 

In what further distance will A come to rest if this opposing force continues to act 
on it? 

3 A ball of mass 0:1 kg is thrown vertically upwards with an initial speed of 20ms~!. 
Calculate (i) the time taken to return to the thrower, (ii) the maximum height 
reached, (iii) the kinetic and potential energies of the ball half-way up. 

4 A4kg ball moving with a velocity of 10-0 m s^! collides with a 16 kg ball moving 
with a velocity of 4-0 ms^' (i) inthe same direction, (ii) in the opposite 
direction. Calculate the velocity of the balls in each case if they coalesce on impact, 
and the loss of energy resulting from the impact. State the principle used to calculate 
the velocity. 

5 A ball of mass 0-1 kg is thrown vertically upwards with a velocity of 20 ms^ !. What 
is the potential energy at the maximum height? What is the potential energy of the 
ball when it reaches three-quarters of the maximum height while moving upwards? 

6 A stone is projected vertically upwards and eventually returns to the point.of 
projection. Ignoring any effects due to air resistance draw sketch graphs to show 
the variation with time of the following properties of the stone: (i) velocity, 

(ii) kinetic energy, (iii) potential energy, (iv) momentum, (v) distance from point 
of projection, (vi) speed. (AEB, 1982.) 

7 Astationary mass explodes into two parts of mass 4 units and 40 units respectively. 
If the larger mass has an initial kinetic energy of 100 J, what is the initial kinetic 
energy of the smaller mass? Explain your calculation. 

8 What is an elastic and an inelastic collision? Give one example of each type. A bullet 
of mass 10g is fired vertically with a velocity of 100 m s- ! into a block of wood of 
mass 190 g suspended by a long string above the gun. If the bullet comes to rest in 
the block, through what height does the block move? 

9 Acarofmass 1000kg moves at a constant speed of 20ms ^ ! along a horizontal 
road where the frictional force is 200 N. Calculate the power developed vy the 
engine. 

If the car now moves up an incline at the same constant speed, calculate the new 
power developed by the engine. Assume that the frictional force is still 200 N and 
that sin 0 = 1/20, where 0 is the angle of the incline to the horizontal. 

10 Which of the following are (i) scalars, (ii) vectors? Obtain the dimensions of each, 
A momentum B work C speed D force E energy F weight G mass 
H acceleration. 
11 A horizontal force of 2000 N is applied to a vehicle of mass 400 kg which is initially 
at rest on a horizontal surface. If the total force Opposing motion is constant at 
so M Se á p the Modan of the vehicle, (ii) the kinetic energy of the 
vehicle 5s after the force is first applied, (iii) th 
force is first applied. (AEB, 1985) Run ee Coa! developed 5s after the 
12 The volume per second of a liquid flowing through a horizontal pipe of length / is 
given by kpa*/In, where k is a constant, p is the excess pressure (force per ped area), 
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ais the radius of the pipe and 7 is a frictional quantity of dimensions ML 'T~ '. By 
dimensions, find the number x. 

The period of vibration t of a liquid drop is given by t = ka*p”)*, where kisa 
constant, a is the radius of the drop, p is the density of the liquid and 7 is the surface 
tension of dimensions MT 7. 

By dimensions, find the values of the indices x, y, z and the relation for t. 

Explain what is meant by Kinetic energy, and show that for a particle of mass m 
moving with velocity v, the kinetic energy is }mv’. 

A steel ball is 
(a) projected horizontally with velocity v, at a height h above the ground, 

(b) dropped from a height h and bounces on a fixed horizontal steel plate. 

Neglecting air resistance and using suitable sketch graphs, explain how the 
kinetic energy of the ball varies in (a) with its height above the ground, and in (b) 
with its height above the plate. (JMB.) 

Sand falls at a rateof 0-15 kgs ^ ' on to a conveyor belt moving horizontally at a 
constant speed of 2 ms ' '. Calculate 

(a) theextra force necessary to maintain this speed, 

(b) the rate at which work is done by this force, 

(c) the change in kinetic energy per second of the sand on the belt. 

Account for the difference between your answers to (b) and (c). (J MB.) 

A railway truck of mass 4 x 10*kg moving at a velocity of 3m s~ ' collides with 
another truck of mass 2 x 10* kg which is at rest. The couplings join and the trucks 
move off together. What fraction of the first truck's initial kinetic energy remains 

as kinetic energy of the two trucks after the collision? Is energy conserved 

in a collision such as this? Explain your answer briefly. (L.) 

A body moving through air at a high speed v experiences a retarding force F given 
by F = kApv*, where A is the surface area of the body, p is the density of the air and 
k is a numerical constant. Deduce the value of x. 

A sphere of radius 50 mm and mass 1-0 kg falling vertically through air of density 
I-2kgm ^? attains a steady velocity of 11-Oms_'. If the above equation then applies 
to its fall what is the value of k in this case? (L.) 

A ball falls freely to Earth from a height H and rebounds to a height h( < H). 
Discuss the linear momentum and energy changes that occur during (i) the fall, 
(ii) the rebound, with reference to the principles of conservation of momentum and 
energy. The mass of the Earth, though very large compared with that of the ball, 
should not be taken as infinite. (Detailed mathematical treatment is not required.) 

In a pile-driver a mass m falls freely from height H on to a vertical post of mass M 
and does not rebound. The ground exerts a constant force F opposing the motion of 
the post into the ground. The post is driven in a distance d. Find an expression for F 
(the motion of the earth due to the impact may be neglected). (O. & C.) 

An a-particle having a speed of 1-00 x 10° ms! collides with a stationary proton 
which gains an initial speed of 1-60 x 10° ms™" in the direction in which the 
a-particle was travelling. J 

What is the speed of the -particle immediately after the collision? How much 
kinetic energy is gained by the proton in the collision? 

It is known that this collision is perfectly elastic. Explain what this means. (Mass 
of a-particle = 6:64 x 107?" kg. Mass of proton = 1-66 x 10°?” kg.) (L.) 

Explain what is meant by an elastic collision and a completely inelastic collision. 

How much heat energy is produced 
(a) when 0-5 kg of putty falls from a height of 2 m onto a rigid floor, 

(b) when a ball of mass 0-5 kg falls from the same height onto the same floor and 
bounces to a height of | m? à 

5g of fine sand is poured at a steady rate over 20s onto the pan of a direct-reading 
chemical balance from a height of 0-25 m. Draw a graph showing how the reading of 
the balance varies with time, starting from the instant that pouring commences. 

How, if at all, would the graph change if (i) the heightwere doubled, — (i)the « 


^ time of pouring halved? (W..) 


(a) A particle of mass m, initially at rest, is acted upon by a constant force until its 


_ yelocity is v. Show that the kinetic energy of the particle is imr? 2 


AS ole rine Ee ten Velie Pe I INE le ee rms 


(b) A train of mass 2:0 x 10° kg moves at a constant speed of 72 kmh ^ ' upa 
straight incline against a frictional force of 1-28 x 10* N. The incline is such that 
the train rises vertically 1-0 m for every 100 m travelled along the incline. 
Calculate (i) the rate of increase per second of the potential energy of the 
train, (ii) the necessary power developed by the train. (J M B.) 

22 Explain what is meant by energy and distinguish between potential energy and 
kinetic energy. 

Define linear momentum and state the law of conservation of linear momentum. 
Describe an experiment to verify this law. 

A rocket of mass M is moving at constant speed in free space and initially has 
kinetic energy E. An explosive charge of negligible mass divides it into three parts of 
equal mass M/3 in such a way that one part moves in the same direction as the 
parent rocket with kinetic energy E/3, and the other two portions move off at an 
angle 60° to this direction. Determine the total energy W imparted to the parts of the 
rocket in the explosion. (0. & C.) 

23 Define linear momentum. 

Describe an experiment which can be performed to investigate inelastic collisions 
between two bodies moving in one dimension. Explain how the velocities of the 
bodies can be measured. Summarise the results which would be obtained in terms of 
kinetic energies and momenta of the bodies before and after impact. How would 
these summarised results differ if the collision were perfectly elastic? 

Two identical steel balls B and C lie in a smooth horizontal straight groove so 
that they are touching. A third identical ball A moves at a speed v along the groove 
and collides with B. Assuming that the collisions are al! perfectly elastic explain why 
it is impossible for 
(a) Ato stop while B and C move off together at speed v/2, 

(b) A to stop while B and C move off together at speed v/A/2. (L) 


Figure 1E 
24 As shown in the diagram, two trolleys P and Q of masses 0-50kg and 0-30 kg 
respectively arc held together on a horizontal track against a spring which is in a 
state of compression. When the spring is released the trolleys separate freely and P 
moves to the left with an initial velocity of 6 ms- !. Calculate 


IT 03019 
à © 


Spring 


Figure IF 


(a) the initial velocity of Q, 
(b) the initial total kinetic energy of the system. 

Calculate also the initial velocity of Q if trolley P is held still when the spring 
under the same compression as before is released. (JM B.) 

25 Define linear momentum and state the principle of conservation of linear 
momentum. Explain briefly how you would att t ify this princi 
meet empt to verify this principle by 

Sand is deposited at a uniform rate of 20 kilogram per second and with negligible 
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kinetic energy on to an empty conveyor belt moving horizontally at a constant 
speed of 10 metre per minute. Find 

(a) the force required to maintain constant velocity, 

(b) the power required to maintain constant velocity, and 

(c) the rate of change of kinetic energy of the moving sand. 

Why are the latter two quantities unequal? (O. & C.) 

What do you understand by the conservation of energy? Illustrate your answer by 
reference to the energy changes occurring 

(a) in a body whilst falling to and on reaching the ground, 

(b) in an X-ray tube. 

The constant force resisting the motion of a car, of mass 1500 kg, is equal to 
one-fifteenth of its weight. If, when travelling at 48 km per hour, the car is brought to 
rest in a distance of 50 m by applying the brakes, find the additional retarding force 
due to the brakes (assumed constant) and the heat developed in the brakes. (JM B.) 


Ru 15 A. 
Circular motion, Gravitation, 
Simple Harmonic Motion 


In the previous chapter we discussed the motion of an object 
moving in a straight line. There are many cases of objects 
moving in a curve or circular path about some point, such as 
bicycles or cars turning round corners or racing cars going round 
circular tracks. The earth and other planets move round the Sun 
in roughly circular paths. In place of speed in linear motion, we 
then have to use 'angular speed'. This helps to find the 'period' or 
time to go once round the circle. We shall also find that objects 
moving at constant speed round a circle have an acceleration 
towards the centre of the circle. 


Circular Motion 
Angular Speed 


Consider an object moving in a circle with a uniform speed round a fixed point O 
as centre, Figure 2.1. 


i zi 


Figure2.1 Circular motion 


If the object moves from A to B so that the radius OA moves through an 
angle 0, its angular speed, œ, about O is defined as the change of the angle per 
second. So if t is the time taken by the object to move from A to B, 

0 
emi ea Mi (1) 
Angular speed is usually expressed in ‘radian per second’ (rad s~'). From (1), 
0=ot . s 4 ; X d (2) 
which is analogous to the formula ‘distance = uniform velocity x time’ for 
motion in a straight line. It will be noted that the time T to describe the circle 
once, known as the period of the motion, is given by 
i 2n 
coo diete (3) 
since 2x radians is the angle in 1 revolution. 


Circular motion, Gravitation, Simple Harmonic Motion — ——— — —— 49 


If s is the length of the arc AB, then s/r = 0, by definition of an angle in 
radians. 
Jos r0 
Dividing by t, the time taken to move from A to B, 
0 


218 
ad Les 
t t 


But s/t — the speed, v, of the rotating object, and 0/t is the angular velocity. 
"u€-F0-. : I E > 2 (4) 


Example 
A model car moves round a circular track of radius 0-3 m at 2 revolutions per second. 
What is 
(a) the angular speed o, 
(b) the period T, 
(c) the speed v of the car? Find also 
(d) the angular speed of the car if it moves with a uniform speed of 2m s^! in a circle of 
radius 0:4 m. 


(a) For 1 revolution, angle turned 6 = 2n rad (360°). So. 


@=2x2n = 4nrads 


2n 2n 


(b) Period T = time for 1 rev = d a.d 0:5s.(Or, T = 1s/2rev = 05s.) 


(c) Speed v = ro = 03x 4r = 121 = 38ms ^ 
(d) From v = ro 


1 


v 2ms'! e 
dar i cdams Srads 
Acceleration in a Circle 


When a stone is attached to a string and whirled round at constant speed in a 
circle, one can feel the force (pull) in the string needed to keep the stone moving 
in its circular path. Although the stone is moving with à' constant speed, the 
presence of the force implies that the stone has an acceleration. 

The force on the stone acts towards the centre of the circle. We call it a 
centripetal force. The direction of the acceleration is in the same direction as the 
force, that is, towards the centre. We now show that if v is the uniform speed in 
the circle and r is the radius of the circle, 


2 
acceleration towards centre = —- ; 4 Selah) 
r 


é 


Or, since v = ra, 


E ro 
acceleration towards centre = — —ro? . . . 9 
r 


The dimensions of v are LT" ' and of r is L. So v?/r has the dimensions LT~? 
which is an acceleration. Also, the dimension of œ is T~!, so rw? has the 
dimensions LT~?, which is an acceleration. 
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Proof of V?/ror rœ? 

To obtain an expression for the acceleration towards the centre, consider an 
object moving with a constant speed v round a circle of radius r, Figure 2.2 (i). 
At A, its velocity v, is in the direction of the tangent AC; a short time At later at 
B, its velocity vg is in the direction of the tangent BD. Since their directions are 
different, the velocity vg is different from the velocity v4, although their 
magnitudes are both equal to v. Thus a velocity change or acceleration has 
occurred from A to B. 


Chara 


vector diagram 


R Ma Q 


D Ve 
ve np 
P 


velocity change 


(i) (ii) 


Figure 2.2 Acceleration in a circle 


The velocity change from A to B= vg—dx = dg+(—da). The arrows 
denote vector quantities. In Figure 2.2(ii), PQ is drawn to represent Dg in 
magnitude (v) and direction (BD); QR is drawn to represent (— 4) in magnitude 
(v) and direction (CA). Then, as shown on p.12, 

velocity change = vg +(— T4) = PR 


_ When At is small; the angle AOB or A0 is small. Thus angle PQR, equal to A6, 
is small. PR then points towards O, the centre of the circle. The telocity change 
^r acceleration is thus directed towards the centre. 

The magnitude of the acceleration, a, is given by 


7A velocity change _ PR 
time TA 


since PR = v. A6. In the limit, when At approaches zero, A0/At = d6/dt = w, 
the angular speed. But v = rc (p. 49). Hence, since a = vw, 
DES eL USD ORT ah AREE C 


PECCATUM UC NEUE RE AM S 
Thus an object moving in a circle of radius r with a constant 

s v has 
acceleration towards the centre equal to v?/r or ro?. oe E 
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gravitational 


S P force 
tension 


oe 


(i) (ii) 


Figure 2.3 Examples of centripetal forces 


Centripetal Forces 

The centripetal force F required to keep an object of mass m moving ina circle of 
radius r = ma = mv?/r. As already stated, it acts towards the centre of the circle. 
When a stone A is whirled in a horizontal circle of centre O by means of a string, 
the tension T provides the centripetal force, Figure 2.3(i). For a racing car 
moving round a circular track, the friction at the wheels provides the centripetal 
force. Planets such as P, moving in a circular orbit round the sun S, have a 
"entripetal force due to gravitational attraction between S and P (p. 59), Figure 
23 (ii). 


A 
B 
B f 
1 0 g 
mg mv? 
ic 035 
(T > mg) 
mg 
(i) (i) 


Figure 2.4 Circular motion 


Figure 2.4(i) shows an object of mass m whirled with constant speed v in a 
vertical circle of centre O by a string of length r. At A, the top of the motion, 
suppose T, is the tension (force) in the string. Then, since the weight mg acts 
downwards towards the centre O, 

2 


mv 
force towards centre, F = T, +mg = — 
r 


2 
So Ty = mg R joie at 


At the point B, where OB is horizontal, suppose T; is the tension in the string. 
The weight mg acts vertically downwards and has^ho component in the 
horizontal direction BO. So 
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m? 3 
force towards centre, F — T; — E s : (2) 


At C, the lowest point of the motion, the weight mg acts in the opposite 
direction to the tension T, in the string. So 


mv? 
force towards centre, F = T, —mg = —— 
r 


2 
So To=" +m . EN 2.9 


From (1), (2) and (3), we see that 
(a) the maximum tension is given by (3) and 
(b) this occurs at the bottom C of the circle. Here the tension T' must be greater 

than mg by mv?/r to make the object keep moving in a circular path. 

The minimum tension is given in (1) and this occurs at A, the top of the motion. 
Here part of the required centripetal force is provided by the weight mg and the 
rest by T,. 

If some water is placed in a bucket B attached to the end of a string, the bucket 
can be whirled in a vertical plane without any water falling out. When the 
bucket is vertically above the point of support O, the weight mg of the water is 
less than the required force mv?/r towards the centre and so the water stays in, 
Figure 2.4 (ii). The reaction R of the bucket base on the water provides the rest of 
the force mv?/r. If the bucket is whirled slowly and mg > mv?/r, part of the 
weight provides the force mv?/r. The rest of the weight causes the water to 
accelerate downward and hence to leave the bucket. 


Motion of Car (or Train) Round Banked Track 
Suppose a car (or train) is moving round a banked track in a circular path of 
horizontal radius r, Figure 2.5 (i). If the only forces at the wheels A, B are the 
normal reaction forces R,, R respectively, that is, there is no side-slip or strain 
at the wheels, the force towards the centre of the track is (R, + R,)sin 0, where 0 
is the angle of inclination of the plane to the horizontal. 


2 
“(Ry +R,)sind =" Vili PONE ees ta 2) 
The car does not move in a vertical direction. So, for vertical equilibrium, 
(R,--R;)cos0 —mg . ; t ; À (ii) 
2 
Dividing (i) by (ii), “tan @ = = il araor odis ace Cl 
g 


Thus for a given velocity v and radius r, the angle of inclination of the track for 
no side-slip must be tan~ ! (v?/rg). As the speed v increases, the angle Ó increases, 
from (iii). A racing-track is made saucer-shaped because at high speeds the cars 
can move towards a part of the track which is steeper and sufficient to prevent 
side-slip, Figure 2.5 (ii). The outer rail of a curved railway track is raised above 
the inner rail so that the force towards the centre is largely provided by the 
component of the reaction at the wheels. It is desirable to bank a road at corners 
for the same reason as a racing track is banked. 

An aeroplane with wings banked at an angle ( to the horizontal will make an ' 


-— 
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Figure2.5 Car on banked track 


aeroplane move with a speed v in a horizontal circular path of radius r, where 
tan 0 = v?/rg. 


Conical Pendulum 
Suppose a small object A of mass m is tied to a string OA of length / and then 
whirled round in a horizontal circle of radius r, with O fixed directly above the 
centre B of the circle, Figure 2.6. If the circular speed of A is constant, the string 
turns at a constant angle 0 to the vertical. This is called a conical pendulum. 


Figure 2.6 Conical pendulum 


Since A moves with a constant speed v in a circle of radius r, there must be a 
centripetal force mv?/r acting-towards the centre B. The horizontal component, 
Tsin 6, of the tension T in the string provides this force along AB. So 


2 
Tsin =" M der dcu A 


Also, since the mass does not move vertically, its weight mg must be counter- 
balanced by the vertical component T cos @ of the tension. So 


Tcosó = mg . . . : (2) 


2 


Dividing (1) by (2), then tan0 = Jj 
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A similar formula for 0 was obtained for the angle of banking of a track which 
prevented side-slip. 
Ifv 2 2ms^!,r 2 05mandg = 10ms ?, then 


ne 22 
tanð "5 = 550107 8 
So 0 = 39° 
If m = 2:0 kg, it follows from (2) that 
mg _ 2x10 


cos@ cos 39° pU 

A pendulum suspended from the ceiling of a train does not remain vertical 
while the train goes round a circular track. Its bob moves outwards away from 
the centre and the string becomes inclined at an angle @ to the vertical, as shown 
in Figure 2.6. In this case the centripetal force is provided by the horizontal 
component of the tension in the string, as we have already explained. 


Motion of Bicycle Rider round Circular Track 
When a person on a bicycle rides round a circular racing track, the necessary 
centripetal force mv?/r is actually provided by the frictional force F at the 
ground, Figure 2.7. The force F has a moment about the centre of gravity G 


Figure2.7 Rider on a circular track 


equal to F.h which tends to turn the rider outwards. When the rider leans 
inwards as shown, this is counterbalanced by the moment R . a about G. R = mg 
since there is no vertical motion, so the moment is mg . a. Thus, provided no 
slipping occurs, F . h = mg . a. 


—— 


a F 
<. z= tang = — 
h mg 
where 0 is the angle of inclination to the vertical. Now F = mv?/r 
2 
v 
¢, tan? = — 
rg ~ 


When F is greater than the limiting friction uR where u is the coefficient of 
friction, skidding occurs. In this case F > mg, or mgtan0 > umg. Thus 
tan 0 > pis the condition for skidding. 


mo 
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Examples on.Circular Motion 
1 A stone of mass 0-6kg, attached to a string of length 0-5 m, is whirled in a vertical 
circle at a constant speed. 
If the maximum tension in the string is 30 N, calculate 
(a) the speed of the stone, 
(b) the maximum number of revolutions per second it can make. (g = 10ms~?) 


(Analysis (i) Speed — ro, wherer=0-5m, (ii) resultant force towards centre = 

` mro?, (iii) maximum tension in string when mass at bottom of circle.) 

(a) Suppose T newtons = maximum tension in string. Then, at lowest point of 
circle, 


T—mg = mro? 


So 30—0:6x 10 = 0:6 x 0:5 x w? 
G 24 
2 = — - 
Then 0 A3 80 
w = 4/80 = 9 rad s~ ' (approx. 
So v=rw=05x9=45ms! 
(b) Peroa Teen ae 
w 9 
So nier of ev sacha asit ies LSrevs^! 
PS Tam In 


2 A model aeroplane X has a mass of 0-5 kg and has a control wire OX of lengti, 10m 
attached to it when it flies in a horizontal circle with its wings horizontal, Figure 2.8. The 
wire OX is then inclined at 60° to the horizontal and fixed to a point O and X takes 2s to 
fly once round its circular path. 

Calculate h 
(a) the tension T in the control wire, 
(b) the upward force on X due to the air. 


(Analysis (i) Force F towards centre of circle = mrw?, (ii) F = horizontal 
component of T, (iii) upward force due to air = weight of X-- downward 
component of T.) 


Figure 2.8 Example on circular motion 


(a) Angular velocity o = 2z/2 = zrads'! 


For motion in horizontal circle, 


(b) 


10 


11 
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F = mrw?, where F = Tcos60*, r = 10sin 30° = 5m 
So Tcos60° = 0:5 x 5x 7? 
> 2:52? 
EAs 
Upward force due to air = weight of X + T cos 30° 
= §N+ 50 cos 30°N 
= 48 N (approx.) 


= 50 N (approx.) 


Exercises 2A 
Circular Motion 


(Assume g = 10ms~? or 10 N kg ' unless otherwise given) 


An object of mass 4 kg moves round a circle of radius 6m with a constant speed of 
12ms-!.Calculate (i) the angular speed, (ii) the force towards the centre. 
An object of mass 10kg is whirled round a horizontal circle of radius 4m by a 
revolving string inclined to the vertical. If the uniform speed of the object is 5ms' !, 
calculate (i) the tension in the string, (ii) the angle of inclination of the string to 
the vertical. 

A racing-car of 1000 kg moves round a banked track at a constant speed of 

108 km h- !. Assuming the total reaction at the wheels is normal to the track, 
and the horizontal radius of the track is 100 m, calculate the angle of inclination 

of the track to the horizontal and the reaction at the wheels. 

An object of mass 8-0kg is whirled round in a vertical circle of radius 2m witha 
constant speed of 6 m s^ '. Calculate the maximum and minimum tensions inthe 
string. 

Calculate the force necessary to keep a mass of 0-2 kg moving in a horizontal circle 
of radius 0-5 m with a period of 0-5 s. What is the direction of the force? 

Calculate the mean angular speed of the Earth assuming it takes 24-0h to rotate 
about its axis. n 

An object of mass 200kgis (i)atthe Poles, (ii) at the Equator. Assuming the 

Earth is a perfect sphere of radius 64 x 10° m, calculate the change in weight of the 
mass when taken from the Poles to the Equator. Explain your calculation with the 
aid of a diagram. 

A stone is rotated steadily in a horizontal circle with a period T by a string of length 
1. If the tension in the string is constant and | increases by 1%, find the percentage 
change in T. 

A mass of 0:2 kg is whirled in a horizontal circle of radius 0-5 m by a string inclined 
at 30" to the vertical. Calculate (i) the tension in the string, (ii) the speed of the 
mass in the horizontal circle. 

An object of mass 0-5 kg is rotated in a horizontal circle by a string 1 m long. The 
maximum tension in the string before it breaks is 50 N. What is the greatest number 
of revolutions per second of the object? 

A mass of 0-4 kg is rotated by a string at a constant speed v in a vertical circle of 
radius 1 m. If the minimum tension of the string is 3 N, calculate (i) v, (ii) the 
maximum tension, (iii) the tension when the string is just horizontal. 

What force is necessary to keep a mass of 0-8 kg revolving in a horizontal circle of 
radius 0-7 m with a period of 0-5 s? What is the direction of this force? (Assume 
that x? = 10.) (L.) 

A spaceman in training is rotated in a seat at the end of a horizontal rotating arm 
of length 5 m. If he can withstand accelerations up to 9g, what is the maximum 
number of revolutions per second permissible? The acceleration of free fall (g) may 
be taken as l0ms ?. (L.) 
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Define the terms 

(a) acceleration, and 

(b) force. 

Show that the acceleration of a body moving in a circular path of radius r with 
uniform speed v is v?/r, and draw a diagram to show the direction of the 
acceleration. 

A small body of mass m is attached to one end ofa light inelastic string of length /. 
The other end of the string is fixed. The string is initially held taut and horizontal, 
and the body is then released. Find the values of the following quantities when the 
string reaches the vertical position: 

(a) the kinetic energy of the body, 

(b) the speed of the body, 

(c) the acceleration of the body, and 

(d) the tension in the string. (O. & C.) 

Explain what is meant by angular speed. Derive an expression for the force required 

to make a particle of mass m move in a circle of radius r with uniform angular 

speed o. 

A stone of mass 500g is attached to a string of length 50 cm which will break if the ` 
tension in it exceeds 20 N. The stone is whirled in a vertical circle, the axis of 
rotation being at a height of 100 cm above the ground. The angular speed is very 
slowly increased until the string breaks. In what position is this break most likely to 
occur, and at what angular speed? Where will the stone hit the ground? (C.) 

A special prototype model aeroplane of mass 400 g has a control wire 8 m long 

attached to its body. The other end of the control line is attached to a fixed point. 

When the aeroplane flies with its wings horizontal in a horizontal circle, making 

one revolution every 4s, the control wire is elevated 30* above the horizontal. Draw 

a diagram showing the forces exerted on the plane and determine 

(a) the tension in the control wire, s 

(b) the lift on the plane. 

(Assume acceleration of free fall, g = 10ms~? and x? = 10.) (AEB, 1982.) 

(a) Explain why a particle moving with constant speed along a circular path has a 
radial acceleration. The value of such an acceleration is given by the expression 
v?/r, where v is the speed and r is the radius of the path. Show that this 
expression is dimensionally correct. 

(b) Explain, with the aid of clear diagrams, the following. 

(i) A mass attached to a string rotating at a constant speed in a horizontal circle 
will fly off at a tangent if the string breaks. (ii) A cosmonaut in a satellite which 
is in a free circular orbit around the earth experiences the sensation of 
weightlessness even though he is influenced by the gravitational field of the eartn. 

(c) A pilot ‘banks’ the wings of his aircraft so as to travel at a speed of 
360kmh~! in a horizontal circular path of radius 5-0 km. At what angle should 
he bank his aircraft in order to do this? (L.) 

(a) Explain why a particle of mass m moving in a circular path of radius r at 
constant speed v must experience a force. Derive an expression from first 
principles for the magnitude F of this force. 

(b) A racing car of mass 500 kg starts from rest and accelerates at 6:0 ms? along a 
straight horizontal road for a distance of 150 m. It then enters at constant speed 
a horizontal circular curve of radius 200 m. 

(i) Whatis its speed through the curve? (ii) What is the magnitude and direction 
of the resultant horizontal force acting on the racing car while it is rounding 
thecurve? (iii) If, while on the curve, the racing car accelerates forwards at 
3-0ms~ ?, what is the resultant horizontal force acting on the car at the time 
it begins to accelerate forwards, and in which direction does it act? Illustrate 
your answer with a diagram. (iv) State two parameters that limit the safe 
speed at which the racing car can travel around a horizontal curve ofa 
given radius. (v) Show that by suitable banking the road can be made 
perfectly safe for racing cars cornering at a particular speed. Calculate the 
banking angle needed for the speed at which the racing car entered the curve 
of radius 200 m. (O.) 
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18 (a) Write down an expression for the force required to maintain the motion of a 
body of mass m moving with constant speed v in a circle of radius R. In which 
direction does the force act? 

(b) Figure2A shows a toy runway. After release from a point such as X, a small 
model car runs down the slope, ‘loops the loop’, and travels on towards Z. The 
The radius of the loop is 0-25 m. 


Wate TENE i x) 
Figure 2A 


(i) Ignoring the effect of friction outline the energy changes as the model moves 
from X to Z. (ii) What is the minimum speed with which the car must pass 
point P at the top of the loop if it is to remain in contact with the runway? 

(iii) What is the minimum value of h which allows the speed calculated in (ii) to 
be achieved? The effect of friction can again be ignored. (Assume that the 
acceleration of free fall g = 10 ms?) (AEB, 1984.) 
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Gravitation 


In this section we shall show how Newton's universal law of 
gravitation is applied to the motion of planets round the sun, to 
satellites round the earth and to a moon satellite launched from 
the earth. Television pictures are now relayed from one part of 
the world to another by a satellite in a so-called parking or 
Clarke orbit. 


Kepler's Laws 
Kepler (1571-1630) had studied for many years the records of observations on 
the planets made by TYCHO BRAHE, and he discovered three laws now known by 
his name. Kepler's laws state: 


Lawl The planets describe ellipses about the sun as one focus. 
Law2 The line joining the sun and the planet sweeps out equal areas 
in equal times. 

Law3 The squares of the periods of revolution of the planets are 
proportional to the cubes of their mean distances from the sun. 


Newton's Investigation on Planetary Motion 
About 1666, at the early age of 24, Newton investigated the motion of a planet 
moving in a circle round the sun S as centre, Figure 2.9 (i). The force acting on 
the planet of mass m is mro», where r is the radius of the circle and c is the 
angular speed of the motion (p. 49). Since œw = 2z/T, where T is the period of the 
motion, 
force on planet = mr = = rur 
P E T] T 

This is equal to the force of attraction of the sun on the planet. Assuming an 
inverse-square law, then, if k is a constant, 


km 
force on planet — z- 


since k, x are constants. 

Now Kepler had announced that the squares of the periods of revolution of 
the planets are proportional to the cubes of their mean distances from the sun 
(see above). Newton thus suspected that the force between the sun and the planet 
was inversely proportional to the square of the distance between them. 


Motion of Moon round Earth 
Newton now tested the inverse-square law by applying it to the case of the 
moon's motion round the earth, Figure -2.9 (ii). The moon has a period of 


M 
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planet, 


mro? ~ 2 


T= 27-3 vd 


(i) (ii) 


Figure29 Satellites 


revolution, T, about the earth of approximately 27:3 days, and the force on 
it = mRo?, where R is the radius of the moon’s orbit and m is its. mass, 


2n V  4n?mR 
.. force = mR (2) = EIS 


If the moon were at the earth’s surface, the force of attraction on it due to the 
earth would be mg, where g is the acceleration due to gravity, Figure 2.9 (ii). 
Assuming that the force of attraction varies as the inverse square of the distance 
between the earth and the moon, then, by ratio, 


4n?mR ERES 
= pr Mg pico 
where rg is the radius of the earth. 
ATRO re? 
TEER 
2R3 
A Be hd ce ae D 


Newton substituted the then known values of R, rg, and T, but was 
disappointed to find that the answer for g was not near to the observed value, 
9:8ms^?. Some years later, he heard of a new estimate of the radius of the earth, 
and we now know that rg is about 6-4 x 105 m. The radius R of the moon's orbit 


is about 60-Irg and the period T of the moon is about 27-3 days or 27:3 x 24x 
3600s. So 


Am R? 4n? x(60-1rg* _ 4n? x 60-1°rg 
E rge T? ty rg? T? ERN T? 

— 4n? x 60:1? x 64 x 105 

"^ QT3x24x36008 

e result is very close to the measured value of g. 


—99ms^? 


Newton's Law of Gravitation, G 
ton saw that a universal law could be stated for the attraction between any 


Wo particles of matter, He Suggested that: The force of the attraction between 
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two given particles is inversely proportional to the square of their distance apart. 
From this law it follows that the force of attraction, F, between two particles 
of masses m and M respectively, at a distance r apart, is given by 


M 
F=6" >. dco ee ep 


where G is a universal constant known as the gravitational constant. This 
expression for F is Newton’s law of gravitation. It is a universal law. 

From (2, G = Fr?/mM. So G can be expressed in Nm*kg~?. Careful 
measurement shows that G = 6:67 x 107! N m? kg 2. The dimensions of G are 

2 
[cael s LIMIT? 
M? 
So the unit of G may also be expressed as m? kg. '! s~?. 

A celebrated experiment to measure G was carried out by C. V. Bovs in 1895, 
using a method similar to one of the earliest determinations of G by CAVENDISH 
in 1798. Two identical balls, a, b, of gold, 5 mm in diameter, were suspended by a 
long and a short fine quartz fibre respectively from the ends, C, D, of a 
highly-polished bar CD, Figure 2.10. Two large identical lead spheres, A, B, 
115mm in diameter, were brought into position near a, b respectively. As a 
result of the attraction between the masses, two equal but opposite forces acted 
on CD. The bar was thus deflected, and the angle of deflection, 0; was measured 
by a lamp and scale method by light reflected from CD. The high sensitivity of 
the quartz fibres enabled the small deflection to be big enough to be measured 
accurately. The small size of the apparatus allowed it to be screened consider- 
ably from air convection currents. 


| 
AR (quartz) 


wire 


H 


plan view 


Figure 2.10 Experiment on G 


Calculation for G 
Suppose d is the distance between a, A, or b, B, when the deflection is 0. Then if 
m, M are the respective masses of a, A, 


torque of couple on CD = G id xCD 
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But torque = c6 
where c is the torque in the torsion wire per unit radian of twist. 


nM 


d x CD = c0 


39 


0 oc0d? (1) 
^mMxCD 

The constant c was determined by allowing CD to oscillate through a small 
angle and then observing its period of oscillation, T, which was of the order of 3 
minutes. If J is the known moment of inertia of the system about the torsion 


wire, then 
T=2n i 
c 


'avitational Force on Masses, Relation between g and G 
On the earth's surface, an object of mass m has a gravitational force of mg on it, 
where g is the acceleration of free fall. So a mass of 1 kg has a weight of 1g or 
10N, assuming g is 10 ms" ? at the earth’s surface. 

To find the gravitational force on masses on the earth or outside it, it is 
legitimate to consider that the whole mass M p- of the earth is concentrated at its 
centre. Assuming the earth is a sphere of radius rg, a mass m on the surface is at 
a distance rg from the mass Mg. If the same mass is taken above the earth to a 
distance 2rg from the centre, the force between Mg and m is reduced to 1/2? or 
1/4, since the force between given masses is inversely-proportional to the square 
of their distance apart. So now 


gravitational force — ix 10N 2 25N 


For a mass m on the earth's surface of radius rg, gravitational force — 
GMnmjrg? = mg. Cancelling m on both sides, then 


GM 
ES 
rE 
a A P Mica Se Se aE ee ee ee, 
As it is widely used, this relation between g and G should be memorised, 
From it, GM can be replaced in any formula by grg?. 


Variation of Acceleration of Free Fall 
For points outside the earth, the gravitational force obeys an inverse-square law. 
So the acceleration of free fall, g', oc !/r?, where r is the distance to the centre of 
the earth, Figure 2.11. The maximum value of g' is obtained at the earth’s 
surface, where r = rp. 

Inside the earth, the value of g' is not inversely-proportional to the square of 
the distance from the centre. Assuming a uniform earth density, which is not true 
in practice, theory shows that g varies linearly with the distance from the centre, 
as shown in Figure 2.11. 
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Figure 2.11 ' Variation of g', acceleration of free fall 


Since the gravitational force F on a mass m is given generally by F = mg’, then 
= F/m. We see that g' can be expressed in ‘newtons per kilogram’ (N kg. !). 
The force per unit mass.in.the gravitational field of the earth is called its 
gravitational field strength: We see that, on;the earth, g — 9:8ms- ? — 9:8 N kg* !. 


Examples on Gravitation 
1 Earth-Moon system 
The mass of the earth is 81 times that of the moon and the distance from the centre of the 
earth to that of the moon is about 4-0 x 105 km. 
Calculate the distance from the centre of the earth where the resultant gravitational 
force becomes zero when a spacecraft is launched from the earth to the moon. Draw a 
sketch showing roughly how the gravitational force on the spacecraft varies in its 


journey. 


fe 4 x105 km iN 4 
x 
- — -— 
S 
CO ES mr ea og *— B - 
Fe m fy 


Figure 2.12  Eartli-moon gravitational force 


(Analysis (i) The gravitational force on the spacecraft S due to the earth is 
opposite in direction to that of the moon, (ii) F = GMmi/r2.) 

Suppose the spacecraft S is a distance x in km from the centre of the earth 
and a distance (4 x 105— x) from the moon when the resultant force is Zero, 
Figure 2.12. If m is the spacecraft mass, then 


GMym —— GMym 
x! (4x 105—x)y? 


E 


CN 
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Cancelling G and m and re-arranging, 
Mg s 81 x 


Mx 1 (4x10°—x? 
Taking the square root of both sides, then 


x 

des 105—x 

So 10x — 9x4x 105 
x = 36x 105 km 


The resultant force F on m due to the earth acts towards the earth until S is 
reached. It then acts towards the moon. So F changes in direction after S is 
passed. 


2 Variation of g 

A man can jump 1-5 m on earth. Calculate the approximate height he might be able to 
jump on a planet whose density is one-quarter that of the earth and whose radius is 
one-third that of the earth. 


Suppose the man of mass m leaps a height h on the earth and a height h, on 
the planet. Assuming he can give himself the same initial kinetic energy on the 
two planets, the potential energy gained is the same at the-maximum height. So 


mg;h, = mgh 


where g, and g are the respective gravitational intensities on the planet and 
earth. So 


g 
¿=> xh ; : : à Y (1) 
t 
But for the earth, g = GM/rg? (p.62) = G.$zrg?pg/rg? = G..Snrgpg, where 
pe is the density of the earth. Similarly, g, = G . 51r, p,, where r,, p, are the 
respective radius and density of the planet. So 


TERRE edes 12 
gı "ipi 
From (1), we have 


hy = 12x 5m 5 18m 


Force on Astronaut, Weightlessness 3 
When a rocket is fired to launch a spacecraft and astronaut into orbit round the 
earth, the initial thrust must be very high owing to the large initial acceleration 
required. This acceleration, a, is of the order of 15g, where g is the gravitational 
acceleration at the earth’s surface. 

Suppose S is the reaction of the couch to which the astronaut is initially 
strapped, Figure 2.13(i). Then, from F = ma, S—mg = ma = m. 15g, where m is 
the mass of the astronaut, Thus S = 16mg. This force is 16 times the weight of 
the astronaut and so, initially, he experiences a large force. | 

In orbit, however, the state of affairs is different. This time the acceleration of 
the spacecraft and astronaut are both g' in magnitude, where g' is the 
acceleration due to gravity at the particular height of the orbit, Figure 2.13 (ii). If 
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Figure 2.13 Weight and weightlessness 


$' is the reaction of the surface of the spacecraft in contact with the astronaut, 
then, for circular motion, 
F = mg' — S' = ma = mg' 

Thus S’ = 0. The astronaut now experiences no reaction at the floor when he 
walks about, for example, and so he experiences the sensation of being 
"weightless' although he has a gravitational force mg' acting on him 

At the earth's surface we feel the reaction at the ground and are thus conscious 
ofour weight. Inside a lift which is falling fast, the reaction at our feet diminishes. 
If the lift falls freely, the acceleration of objects inside is the same as that outside 
and hence the reaction on them is zero. This produces the sensation of 
‘weightlessness’. In orbit, as in Figure 2.13 (ii), objects inside a spacecraft are also 
in ‘free fall’ because they have the same acceleration g' as outside the spacecraft. 


Earth Satellites 
Satellites can be launched from the earth's surface to circle the earth. They are 
kept in their orbit by the gravitational attraction of the earth. Consider a 
satellite of mass m which just circles the earth of mass M close to its surface in an 
orbit 1, Figure 2.14. Then, if rg is the radius of the earth, 


Figure2.14 Orbits round earth 
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where g is the acceleration due to gravity at the earth’s surface and H is the 
speed of m in its orbit. Thus v? = reg, and hence, using rg = 6:4 x 105 m and 
g=98ms~?, ; 


v = Vreg = /64 x 10° x 98 = 8x 10? ms! (approx) 
-8kms^! 
The speed v in the orbit is thus about 8kms- £. In practice, the satellite is carried 
by a rocket to the height of the orbit and then given an impulse, by firing jets, to 
deflect it in a direction parallel to the tangent of the orbit (see p. 67). Its velocity 
is boosted to 8 km s^! so that it stays in the orbit. The period in orbit 


_ circumference of earth’ _ 22x 64x 10°m 


v 8x10? ms^! 


= 5000 seconds (approx.) = 83 min 


Parking Orbits 
Consider now a satellite of mass m circling the earth in the plane of the equator 
in orbit 2 concentric with the earth, Figure 2.14. Suppose the direction of” 
rotation is the same as the earth and the orbit is at a distance R from the centre 
of the earth. Then if vis the speed in orbit, 


m? GMm 
( UD RI. 
But GM = grg?, where Tg is the radius of the earth. 
mv?  mgrg? 
Ra oR? 
n gre“ 
? v? = RY 


If T is the period of the satellite in its orbit, then v = 2nR/T 
. 4n*R? _ gre? 


TES R 
4n? R? 
Bey iar (i) 
gre? > 
If the period of the satellite in its orbit is exactly equal to the period of the 
th as it turns about its axis, which is 24 hours, the satellite will stay over the 
same place on the earth while the earth rotates. This is sometimes called a 
‘parking orbit’, Relay satellites can be placed in parking orbits, so that television 


programmes can be transmitted continuously from one part of the world to 
another. 


Since T = 24 hours, the radius R can be found from (i). Its value is 


T?grii 
R= ° am and g=98ms"? rg — 64x 106m 


24 x 3600)? x 9:8 x (6:4 x 105)? 
Rm x) ee AES UE = 42400km 


The height above the earth's surface of the parking orbit 
= R—rg = 42400 — 6400 = 36000 km 
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In the orbit, assuming it is circular the speed of the satellite 


2nR  2nx42400km _ d 
= = 7 = kms 
T 24 x 3600s 
The satellite, with the necessary electronic equipment inside, rises vertically 
from the equator when it is fired. At a particular height the satellite is given a 
horizontal momentum by firing rockets on its surface and the satellite then turns 
into the required orbit. This is illustrated in the next example. 


Example on Satellite in Orbit 
A satellite is to be put into orbit 500km above the earth’s surface. If its vertical velocity 
after launching is 2000 ms~' at this height, calculate the magnitude and direction of the 
impulse required to put the satellite directly into orbit, if its mass is 50kg. Assume 
g = 10ms~?, radius of earth, rg = 6400 km. 


Suppose u is the velocity required for orbit, radius R. Then, with usual 
notation, 


mu?  GmM — grg?m 46M v 
RY Remy ep rd 


Force on satellite = 


Now rg = 6400km, R = 6900km, g = 10ms~? 


_ 10x (6400 x 103)? 


6900 x 10% 


2 


.. u = 7700 ms! (approx.) 


Figure 2.15 Example on satellite 


At this height, vertical momentum 
U, = mv = 50 x 2000 = 100000 kgms"' 
Horizontal momentum required U, = mu = 50 x 7700 = 385000 kg m s~ 
<. impulse needed, U, = Jt U +U? = 100 000? + 385000? (Figure 2.15) 
—40xl05 kgms"! 


Direction. The angle 0 made by the total impulse with the horizontal or orbit 
tangent is given by tan 0 = U,/U, = 100000/385 000 = 0-260. Thus 0 = 146". 


1 
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Mass and Density of Earth ; 
At the earth’s surface the force of attraction on a mass m is mg, where g is the 
acceleration due to gravity. Now it can be shown in this case that we can assume 
that the mass, M, of the earth is concentrated at its centre, if it is a sphere (p. 62). 
Assuming that the earth is spherical of radius rg, it then follows that the force of 
attraction of the earth on the mass m is GmM. /rg?. So 


Now, g —9-8ms^ rg = 64x 10°m, G = 67x 1071! Nm?kg~2 
2 2 28x (64x 109 
. 67x107!! 


The volume of a sphere is 4zr?/3, where r is its radius. So the mean density, p, 
of the earth is approximately given by 


LMN STRE sc. dg 
^T y T mp6 arā 
By substituting known values of g, G and rp, the mean density of the earth is 
found to be about 5500 kgm ?. The density of the earth is actually non-uniform 
and may approach a value of 10000 kgm ^? towards the interior. 


= 60x10?^kg 


Mass of Sun 3 
The mass Ms of the sun can be found from the period of a satellite and its 
distance from the sun. Consider the case of the earth. Its period T is about 365 
days or 365 x 24 x 3600 seconds. Its distance rs from the centre of the sun is 
about 1-5 x 10! ! m. If the mass of the earth is m, then, for circular motion round 


the sun, 
GMam 
7; -—HHrngo- 
Ts 


mrs4n* 
T2 


ME 
_ mrs 


2 z 11)3 
Mg = ha 4n? x (1-5 x 10") 


= = 21930 
GT? 67x10" x (365 x 24 x 36002 — 2X 10°°kg 


In the equation GMgm/rs? = mrs? above, we see that the mass m of the 
satellite cancels on both sides and does not appear in the final equation for œ. So 
%, the angular speed in the orbit, is independent of the mass of the satellite, The 
angular speed c (and the period) depends only on the value of rs, the orbit 
distance from the sun. This is true for all planets, that is 


the angular speed of a planet depends only on the radius of the 
orbit and is independent of the mass of the planet. 


Gravitational Potentia 
The potential, V, at a point due to the gravitational field of the earth is defined as 
numerically equal to the work done in taking a unit mass from infinity to that 
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point. The potential at infinity is conventionally taken as zero. Points in electric 
fields have ‘electric potential’, as we see later. 

For a point outside the earth, assumed spherical, we can imagine the whole 
mass M of the earth concentrated at its centre. The force of attraction on a unit 
mass outside the earth is thus GM/r?, where r is the distance from the centre. The 
work done by the gravitational force in moving a distance Ar towards the 
earth = force x distance = GM . Ar/r?. Hence the potential at a point distant a 
from the centre greater than r is given by 


—-dr2-—— . “ A y (1) 


if the potential at infinity is taken as zero by convention. The negative sign 
indicates that the potential at infinity (zero) is higher than the potential close to 
the earth. 

On the earth's surface, of radius rg, we therefore obtain 


GM 
v= —— à s i : : (2) 
rE 


For large distances from the earth, for example, when a rocket travels from 
the earth to the moon, the change in potential energy of a mass can only be 
calculated by using mass x (GM/a—GM/b), where b and a are the distances from 
the centre of the earth. For small distances above the earth, however, the 
gravitational force on a mass is fairly constant. So the change in potential energy 
in this case can be calculated using force x distance or mgh. 


Figure 215A Force (F) and potential (V)Jor moon satellite 


Figure 2.15 A shows roughly how the resultant force F on a satellite varies 
after it is launched from the earth E towards the moon M. The direction of F 
changes from F, at S,, where the Earth's gravitational pull is greater than that 
of the moon, to F, at Sy near the moon, where the pull of this planet is now 
stronger than that of the earth. At O, the gravitational pull of the earth is 
balanced by that of the moon. 

The potential energy V of the satellite is the sum of its negative potential 
values due to the earth and the moon and is shown roughly in Figure 2.15 A. The 
maximum value of V occurs just below O. Here the resultant force F is zero. 
Since F = —dV/dr, the gradient dV /dr of the potential curve is then zero. 
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. Velocity of Escape : 
Suppose a rocket of mass m is fired from the earth’s surface Q so that it 
just escapes from the gravitational influence of the earth. Then work done — 
m x potential difference between infinity and Q 
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G 
~. kinetic energy of rocket = 4mv? = m x —— 


"E 
NGM : 
v= /|—— = velocity of escape 
rg 


Now GM/rg? =g 


“20 = J/2grg 
<. v= 2x98 x 64x106 = 11x10? ms! =11 kms™' (approx.) 


With an initial velocity, then, of about 11 kms" 1, a rocket will completely 
escape from the gravitational attraction of the earth. It can be made to travel 
towards the moon, for example, so that eventually it comes under the gravi- 
tational attraction of this planet. At present, ‘soft’ landings on the moon have 
been made by firing retarding or retro rockets. 


hyperbola (v? vg) 


parabola (v7 ve ) 
v7 2gr 211 km s^! 


|— ellipse (y«vg) 


“circle (v- Jgr = 8km s^!) 


Figure 2.16 Orbits 


Summarising, with a velocity of about 8kms™!, a satellite can describe a 
circular orbit close to the earth’s surface (p. 66). With a velocity greater than 
8kms^ but less than 11 kms, a satellite describes an elliptical orbit round 
the earth. Its maximum and minimum height in the orbit depends on its 
particular velocity. Figure 2.16 illustrates the possible orbits of a satellite 
launched from the earth. 

The molecules of air at normal temperatures and pressures have an average 
velocity of the order of 480ms~' or 0-48 kms"! which is much less than the 
velocity of escape. Many molecules move with higher velocity than 0-48kms~! 
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but gravitational attraction. keeps the atmosphere round the earth. The 
gravitational attraction of the moon is much less than that of the earth and this 
accounts for the lack of atmosphere round the moon. 


P.E. and K.E. of Satellite 
A satellite of mass m in orbit round the earth has both kinetic energy, k.e., and 
potential energy, p.e. The k.e. = 3mv?, where v is the speed in the orbit. Now for 
circular motion in an orbit of radius ro, if M is the mass of the earth, 


mv? Mm 
force towards centre = — = G — 
Yo To 
Mi 
“ke, = pme = G7 eae ETT | 
Assuming the zero of potential energy in the earth's field is at infinity (p. 69), 
M 
p.e. of mass in orbit = -6— ah ox actora. V) 
0 


So, from (1), the potential energy of the mass in orbit is numerically twice its 
kinetic energy and of opposite sign. 


From (1) and (2), 
: n GMm GMm 
total energy in orbit — — + 
To 2ro 
GMm 
=-5 6) 
2ro 


Owing to friction in the earth's atmosphere, the satellite energy diminishes 
and the radius of the orbit decreases tor, say. The total energy in this orbit, from 
above, is — GMm/2r,. Since this is less than the initial energy in (3), it follows 
that = 


GMm g GMm 
2r, 2r, 


From (1), these two quantities are the kinetic energy values in the respective 
orbits of radius r, and ro. Hence the kinetic energy of the satellite increases when 
it falls to an orbit of smaller radius, that is, the satellite speeds up. This apparent 
anomaly is explained by the fact that the potential energy decreases by twice as 
much as the kinetic energy increases, from (2). Thus on the whole there is a loss 
of energy, as we expect. 


Example on Energy of Satellite 
A satellite of mass 1000 kg moves in a circular orbit of radius 7000 km round the earth, 
assumed to be a sphere of radius 6400 km. Calculate the total energy needed to place the 
satellite in orbit from the earth, assuming g = 10 N kg”! at the earth's surface. 


To launch the satellite, mass m, from the earth’s surface of radius rg into an 
orbit of radius ro, 


energy needed W — increase in potential energy and kinetic energy 
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_ GMm . GMm 
Pg 2ro 


from equation (3) of the previous section. But GMjrg? = g, or GM/rg = grp. 


2 mgrg? — Tus: 
So W = mgrg ore mg (s E) 

64? x 102 

13 : EEUU OA 

= 1000 x 10(64x RUM Ter ps i) 

-35x10!9] 

Exercises 2B 
Gravitation 


(Assume g = 10 N kg~! unless otherwise stated) 


1 The gravitational force on a mass of 1 kg at the earth's surface is 10 N. Assuming 
the earth is a sphere of radius R, calculate the gravitational force on a satellite of 
mass 100 kg in a circular orbit of radius 2R from the centre of the earth. 

2 Assuming the earth is a uniform sphere of mass M and radius R, show that the 
acceleration of free fall at the earth's surface is given by g = GM/R?, 

What is the acceleration of a satellite moving in a circular orbit round the earth 
of radius 2R? 

3 A planet of mass m moves round the sun of mass M in a circular orbit of radius r 
with an angular speed œ. Show (i) that c is independent of the mass m ofthe 
planet, (ii) that in a circular orbit of radius 4r round the sun, the angular speed 
decreases to «/8. 

4 Obtain the dimensions of G. 

The period of vibration T ofa star under its own gravitational attraction is given 
by T = 2n/. / Gp, where p is the mean density of the star. Show that this relation is 
dimensionally correct. 

5 Asatellite X moves round the earth in a circular orbit of radius R. Another satellite 
Y of the same mass moves round the earth in a circular orbit of radius 4R. Show 
that (i) the speed of X is twice that ofY, (ii)the kinetic energy of X is greater than 
thatofY, (iii) the potential energy of X is less than that of Y. 

Has X or Y the greater total energy (kinetic plus potential energy)? 

6 Find the period of revolution of a satellite moving in a circular orbit round the 
earth at a height of 3-6 x 105 m above the earth's surface. Assume the earth is a 
uniform sphere of radius 6:4 x 105 m, the earth's mass is 6 x 10?* kg and G is 
67x10 Nm?kg-!, 

7 If the acceleration of free fall at the earth's surface is 9-8 m s ~?, and the radius of the 
earth is 6400 km, calculate a value for the mass of the earth. 

(G = 6:7 x 107 ' Nm?kg~2,) Give the theory. 

8 Assuming the mean density of the earth is 5500 kgm_~°, that G is 
67x 10° ''Nm?kg~2, and that the earth’s radius is 6400 km, find a value for the 
acceleration of free fall at the earth’s surface. Derive the formula used. 

9 Two binary stars, masses 102° kg and 2 x 10?? kg respectively, rotate about their 
common centre of mass with an angular speed c. Assuming that the only force on 
a star is the mutual gravitational force between them, calculate w. Assume that the 
distance between the stars is 105 km and that G is 6/7 x 10-11 Nm?kg-?, 

10 A preliminary stage of spacecraft Apollo 11’s journey to the moon was to place it 
in an earth parking orbit. This orbit was circular, maintaining an almost constant 
distance of 189 km from the earth's surface. Assuming the gravitational field 
strength in this orbit is 9-4 N kg" !, calculate 
(a) the speed of the spacecraft in this orbit and 

` (b) the time to complete one orbit. (Radius of the earth — 6370 km.) (L.) 
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Explorer 38, a radio-astronomy research satellite of mass 200 kg, circles the earth 

in an orbit of average radius 3R/2 where R is the radius of the earth. Assuming the 

gravitational pull on a mass of 1 kg at the earth’s surface to be 10N, calculate the 

pull on the satellite. (L.) 

A satellite of mass 66 kg is in orbit round the earth at a distance of 57R above its 

surface, where R is the value of the mean radius of the earth. If the gravitational 

field strength at the earth's surface is 9:8 N kg^ ', calculate the centripetal force 

acting on the satellite. 

Assuming the earth’s mean radius to be 6400 km, calculate the period of the 
satellite in orbit in hours. (L.) 

(a) Explain what is meant by gravitational field strength. In what units is it 
measured? 

Starting with Newton's law of gravitation, derive an expression for g, the 
acceleration of free fall on the surface of the earth, stating clearly the meaning 
of each symbol used. (Assume that the earth may be considered as a point mass 
located at its centre.) 

(b) g may be found by measuring the acceleration of a freely falling body. Outline 
how you would measure g in this way, indicating the measurements needed and 
how you would calculate a value for g from them. 

(c) At one point on the line between the earth and the noon, the gravitational field 
caused by the two bodies is zero. Briefly explain why this is so. 

If this point is 4 x 10* km from the moon, calculate the ratio of the mass of 
moon to the mass of the earth. (Distance from earth to moon = 4-0 x 105 km.) 
(L.) 

Explain what is meant by the constant of gravitation. Describe a laboratory 

experiment to determine it, showing how the result is obtained from the 

observations. 

A proposed communication satellite would revolve round the earth in a circular 
orbit in the equatorial plane, at a height of 35 880 km above the earth's surface. Find 
the period of revolution of the satellite in hours, and comment on the result. 

(Radius of earth = 6370 km, mass of earth = 5:98 x 10** kg, constant of 
gravitation = 666 x 1071! N m?kg ?) (JMB) 

(a) Explain what is meant by the terms: . (i) gravitational intensity g; 

(ii) gravitational potential V. 5 

(b) A uniform spherical planet has a mass M and a radius R. Derive expressions in 
terms of these quantities and the gravitational constant G for values at the 
surface of the planet of: (i) the gravitational intensity g; (ii) the gravitational 
potential V. 

(c) A small satellite is in a stable circular orbit of radius 7000 km around a planet of 
mass 5:7 x 10?* kg and radius 6500 km. [Take the gravitational constant G to be 
67x10 Nm? kg^?] 3 

Calculate: (i) the orbital speed of the satellite; (ii) the orbital period of the 
satellite; (iii) the velocity of escape from the surface of the planet. 

(d) By what factor would the velocity of escape be reduced if the linear dimensions of 
the planet were 10° smaller (i.e. radius = 6:5 km), its mean density remaining 
unchanged? 

In the light of your answer explain why many small planets do not have 
gaseous atmospheres. (O.) 

(a) Describe how the unit of force is defined from Newton's Laws of Motion. 

Why is it necessary to introduce the dimensional constant G in Newton's Law of 
Gravitation? Find the dimensions of G in terms of mass M, length L and time T. 

(b) Derive an expression for the acceleration g due to gravity on the surface of the 
earth in terms of G, the radius of the earth R and its density p. 

The maximum vertical distance through which a fully-dressed astronaut can 
jump on the earth is 0-5 m. Estimate the maximum vertical distance through which 
he can jump on the moon, which has a mean density two-thirds that of the earth and 
a radius one-quarter that of the earth, stating any assumptions made. Determine 
the ratio of the time duration of his jump on the moon to that of his jump on the 
earth. (0. & C.) 
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(a) The gravitational field Strength, go, on the surface of the earth is 9-81 Nkg'!. 
Explain what this means. 
Using Newton's law of gravitation show that gr? — constant 
where g is the gravitational field strength at a distance r from the centre of the 
earth. (r > ro, where ro is the radius of the earth.) 
The gravitational field strength at the surface of the moon is 1-67 N kg" '. At 


of the earth and the surface of the moon. 
(b) The gravitational potential on the surface of the earth is — 63 MJkg~!. Explain 
what this means. If the gravitational potential on the surface of the moon is 
—3MJkg~!, what is the gravitational potential difference between the surface 
of the earth and the surface of the moon? 
The moon’s surface is at a higher gravitational potential than the earth’s 
surface, yet in returning to the earth from the moon, a spacecraft needs to 
use its rocket engines initially to propel it towards the earth. Why is this? 
(Distance from the centre of the earth to the centre of the moon = 400000 km. 
Radius of the earth = 6400 km. Radius of the moon = 1740 km.) (L.) 2 
(a) State Newton’s law of gravitation and explain how this law was established, 
(b) Use Newton’s law to deduce expressions for: 
(i) the period T of a satellite in circular orbit of radius r about the earth in terms 


(assumed to be a uniform sphere). 

(c) A satellite of mass 600 kg is in a circular orbit at a height of 2000 km above the 
earth's surface, [Take the radius of the earth to be 6400 km, and the value of go 
to be 10Nkg-! ] 

Calculate the satellite’s: (i) orbital speed; (ii) kinetic energy; 
(iii) gravitational potential energy. 

(d) Explain why any resistance to the forward motion of an artificial satellite in 

Space results in an increase in its forward speed. (0.) 


related? 


Taking the earth to be uniform sphere of radius 6400 kin, and the value of g at the 
Surface to be 10ms~?, calculate the total energy needed to raise a satellite of mass 
2000 kg to a height of 800 km above the ground and to set it into circular orbit at 
that altitude. 

Explain briefly how the satellite is Set into orbit once the intended altitude has 


been reached, and also what would happen if this procedure failed to come into 
action. (O.) 
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Simple Harmonic Motion 


In the last section we discussed circular motion. Now we 
consider simple harmonic motion, which has applications in 
many different branches of physics and is therefore important. 


When the bob of a pendulum moves to-and-fro through a small angle, the bob is 
said to be moving with simple harmonic motion. The prongs of a sounding tuning 
fork, and the layers of air near it, are moving to-and-fro with simple harmonic 
motion. Light waves can be considered due to simple harmonic variations of 
electric and magnetic forces. 

Simple harmonic motion is closely associated with circular motion. An 
example is shown in Figure 2.17. This illustrates an arrangement used to convert 
the circular motion of a disc D into the to-and-fro or simple harmonic motion of 
a piston P. The disc is driven about its axle O by a peg Q fixed near its rim. The 
vertical motion drives P up and down. Any horizontal component of the motion 
merely causes Q to move along the slot S. Thus the simple harmonic motion of P 
is the projection on the vertical line YY’ of the circular motion of Q. 

The projection of Q on YY' is the foot of the perpendicular from Q to the 
diameter passing through YY’. Figure 2.18 shows how the distance y from O of 
the projection varies as Q moves round the circular disc D with constant 
angular speed c. In this rough sketch the horizontal axis represents angle of 
rotation or time, as the angle turned is proportional to the time. On one side of 


Simple 
harmenic 
motion 


y'i 


Figure 2.17 Simple harmonic motion 


O, y has positive values; on the other side of O it has negative values. The graph 
of y against time t is a simple harmonic curve or sine (sinusoidal) curve as we see 
shortly. The maximum value of y is called the amplitude. One complete set of 
values of y is called one cycle because the graph repeats itself after one cycle. 


Formulae in Simple Harmonic Motion 
Consider an object moving round a circle of radius r and centre Z with a 
uniform anguiar speed c, Figure 2.19. As we have just seen, if CZF is a fixed 
diameter, the foot of the perpendicular from the moving object to this diameter 
moves from Z to C, back to Z and across to F, and then returns to Z, while the 
object moves once round the circle from O in an anti-clockwise direction. The 
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sine curve 


time axis, t 


Figure 2.18 Simple harmonic and circular motion. The diagram shows eight positions of a 
particle moving round a circle through 360* at constant angular speed. The distances y from 
O of the foot of the projection on YOY’ all lie on a sine curve as shown 


to-and-fro motion along CZF of the foot of the perpendicular may be defined as 
simple harmonic motion. 

Suppose the object moving round the circle is at A at some instant, where 
angle OZA = 0, and suppose the foot of the perpendicular from A to CZ is M. 
The acceleration of the object at A is w?r, and this acceleration is directed along 
the radius AZ (see p. 49). Hence the acceleration of M towards Z 


= arcos AZC = w°r sin 0 


H 
s period, T 


1 cycle ste. 


Figure 2.19 Simple harmonic curve 


But rsin 0 = MZ = y say. 
„<. acceleration of M towards Z = w?y 
Now o is a constant. 
«~. acceleration of M towards Z oc distance of M from Z 


If we wish to express mathematically that the acceleration is always directed 
towards Z in simple harmonic motion, we must say 


acceleration towards Z = —w*y © | (1) 


The minus indicates, of course, that the object begins to decelerat i 
Ho h € as it passes 
the centre, Z, of its motion. As we see later in discussing cases of ble 


~ V ) 
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harmonic motion, this is due to an opposing force. If the minus were omitted 
from equation (1) the latter would imply that the acceleration increases in the 
direction of y increasing, and the object would then never return to its original 
position. ; i ; 

We can now form a definition of simple harmonic motion. 


It is the motion of a particle whose acceleration is always |. (i) directed 
towards a fixed point, (ii) directly proportional to its distance from 
that point. 


4 


T 
o 


ay 


a--ky 


Figure 2.19A Graph of acceleration a against displacement y for s.h.m. 


Mathematically, if œ? is a constant 


Acceleration a = —w?y 


where y is the distance from the fixed point. 

The straight-line graph in Figure 2.19A shows how the acceleration a varies 
with displacement y from a fixed point for simple harmonic motion. The line has 
a negative gradient, since a = — ky, where k is a positive constant. 


Period, Amplitude, Sine Curve 
The time taken for the foot of the perpendicular to move from C to F and back 
to C is known as the period (T) of the simple harmonic motion. In this time, the 
object moving round the circle goes exactly once round the circle from C; and 
since o is the angular speed and 2z radians (360*) is the angle described, the 
period T is given by’ 
2n 
T is i : " : 4 (1) 
The distance ZC, or ZF, is the maximum distance from Z of the foot of the 
perpendicular, and is known as the amplitude of the motion. It is equal to r, the 
radius of the circle. So maximum acceleration, max = — Qr. 
We have now to consider the variation with time, t, of the distance, y, from Z 


of the foot of the perpendicular. The distance y 7 ZM =rsin@. But 0 = ot 
where w is the angular speed. : 


APT ck Vit " ou eae E (2) 
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The graph of y against t is shown in Figure 2.19; ON represents the y-axis and 
OQ the t-axis. Since the angular speed of the object moving reund the circle is 
constant, 0 is proportional to the time t. So at X, the angle 6 or wt is equal to 90° 
or z/2 in radians; at P, the angle 0 is 180° or x radians; and at Q, the angle 0 is 
360° or 2x radians. The simple harmonic graph is therefore a sine (sinusoidal) 
curve. 

A cosine curve such as y = rcos wt, has the same waveform as a sine curve. So 
this also represents simple harmonic motion. But as y = r when 0 or wt is zero, 
the cosine curve starts at a maximum value instead of zero as in a sine curve. 

The complete set of values of y from O to Q is known as a cycle. The number 
of cycles per second is called the frequency. The unit ‘1 cycle per second’ is called 
‘1 hertz (Hz). The mains frequency in Great Britain is 50 Hz or 50 cycles per 
second. 


Velocity in Simple Harmonic Motion 
If y is the displacement at an instant, then the velocity v at this instant is dy/dt, 
the rate of change of displacement (p. 4). Now y — rsin ot, Figure 2.20. To find 
v or dy/dt from this graph we take the gradient of the curve at the time t 
` considered. Figure 2.20 shows how v varies with time, t. 

The velocity—time (v—t) graph is a cosine curve. At t = 0, v has a maximum 
value. So v = A cos wt where A is the amplitude or maximum value of v. Now A 
is the gradient of the y-t graph at t = 0. We can see by drawing different graphs 
of y against t that A depends on both r, the maximum value of y, and o, the 
angular velocity (or number of cycles per second). Since dy/dt = or cos ot = v, 
we see that A — or. So the velocity v is given by 


v= wrcos ot x ~ i E A (1) 


Figure2.20 Graph of velocity v and displacement. y against time t in s.h.m. 


We can also express the velocity v in terms of y and r. From y —rsin ot and 
v = rw cos wt, we have sin wt = y/r and cos wt = v/ro. Now sin? wt -- cos? wt = 1, 
from trigonometry. So 


1 rio? A re : 
Simplifying teal as yr Meer (2) 
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(i) (ii) 


Figure 2.21 Velocity v and displacement y in s.h.m. 


Figure 2.21 (i) shows the variation of v with displacement y. It is an ellipse. We 
can understand why this graph is obtained by considering the motion of a bob at 
the end of an oscillating simple pendulum, Figure 2.21 (ii). At the centre O 
(y = 0), the velocity v is a maximum. At the end A of the oscillation (y = r), 
v = 0. At the other end B (y = —r), v = 0. Note that v has an opposite direction 
on each half of the cycle. From (2), it follows that the maximum velocity Vm, 
when y = 0, is given numerically by 


Ug — OF . : s 4 4 " (3) 


When the velocity is a maximum (y — 0), the acceleration a — 0, since 
a= —w’y. When the velocity is zero (y = r), the acceleration a is a maximum. 


S.H.M. Equations —Alternative Derivation 
As we shall now show, all the equations used in s.h.m. can be derived by calculus 
without using the circle. With the usual notation, 


A d 
acceleration, a = — = —-— =v — 


Integrating, = wW? T pes te e ben Mame ACL) 


where c is a constant. Now v = 0 when y =r, the amplitude. So c = o?r?/2, 
from (1). Substituting for c in (1) and simplifying, 


EB eco 


* ji - our — yt X x A * . (2) 


80. | | Advanced Level Physics 
sam) - 140 (3) 
w r 
When t = 0, then y = 0; so C = 0, from (3). 


1 , 
ss: 
w F 


<. y=rsinot . ; A Š : (4) 


When t increases to t--2z/o, y = r sin (wt +22) = rsin ot, which is the same 
displacement value as at t. Hence the period T of the motion = 2r/o. 


Learn these Results: 


(1) If the acceleration a of an object = — cy, where y is the distance or 


displacement of the object from a fixed point, the motion is simple harmonic 
motion. The graph of a against y is a straight line through the origin with a 
negative gradient. Maximum acceleration, ama, = —w?r, where r is 
amplitude. 

(2) The period, T, of the motion = 2n/w, where T is the time to make a 
complete to-and-fro movement or cycle. The frequency, f, — 1/T and its unit 
is ‘Hz’. Note that o = 2z/T — 2zf. 

(3) The amplitude, r, of the motion is the maximum distance on either 
side of the centre of oscillation. PY d 

(4) The velocity at any instant, v, = +@,/r?—y?; the maximum 


velocity = wr. The graph of the variation of v with displacement y is an : 
ellipse. 
Jew OC EOS INIM ARI NN 
Example on S.H.M. 


A steel strip, clamped at one end, vibrates with a frequency of 20 Hz and an amplitude of 
5mm at the free end, where a small mass of 2 g is positioned. Find 

(a) the velocity of the end when passing through the zero position, 

(b) the acceleration at maximum displacement, 

(c) the maximum kinetic energy of the mass. 


(a) When the end of the strip passes through the zero position y — 0, the speed 
is a maximum v,, given by 
Um = or | 
Nowo —2zf = 2r x 20, and r = 0:005 m 
.`. Um = 21 x 20x 0-005 = 0-628 ms~! 


(b) The acceleration = — or, where r is the amplitude 
.. acceleration = (2 7 x 20)? x 0:005 
= 79ms~? 


(c) m= 2g =2x 10> 4kg, vm = 0-628ms~! 


-. maximum k.e. = imos? = 3x (2 x 1073) x 0-628? = 3-9 x 1074J (approx.) 


8 

S.H.M. and g ` i 
If a small coin is placed on a horizontal platform connected to a vibrator, and 
the amplitude is kept constant as the frequency is increased from zero, the coin 
will be heard ‘chattering’ ata particular frequency fo. At this stage the reaction 
of the table with the coin becomes zero at some part of every cycle, so that it ` 
loses contact periodically with the surface, Figure 2.22. 
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mg = mer 


Figure 2.22 s.h.m. of coin on surface 


The maximum acceleration in s.h.m. occurs at the end of the oscillation 
because the acceleration is directly proportional to the displacement. Thus 
maximum acceleration = w?r, where r is the amplitude and o is 2nfo. 

The coin will lose contact with the table when it is moving down with 
acceleration g, Figure 2.22. Suppose the amplitude r is 0:08 m. Then 


(2nfo)’r =g 
^L An? fo? x 0-08 = 9-8 


| 9:8 
“fo = Toe ies 


Oscillating System—Spring and Mass 

We now consider some oscillating systems in mechanics. A mass attached to a 
spring is a standard and useful case. For example, the body or chassis of a car is 
a mass attached to springs underneath and the oscillation needs study to 
provide a comfortable ride when travelling over ridges in the road surface. Also, 
when atoms or molecules in crystals vibrate, the molecular forces between the 
small masses can be represented by a ‘spring’. In radio oscillators, one part of the 
basic arrangement can be considered to behave like a ‘mass’ and another as a 
‘spring’. 

Suppose that one end of a spring S of negligible mass is attached to a smooth 
object A, and that S and A are laid on a horizontal smooth table, Figure 2.23. If 
the free end of S is attached to the table and A is pulled slightly to extend the 


(ii) 


Figure 223 Oscillating spring and mass 
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spring and then released, the system vibrates with simple harmonic motion. The 
centre of oscillation O is the position of A at the end of the spring corresponding 
to its natural length, that is, when the spring is neither extended nor compressed. 

Suppose the extension x of the spring is directly proportional to the force F 


ma — —kx 
Thus : a= ——x--—ox 
m 


where w? = k/m. So the motion of A is simple harmonic and the period T is 
given by $ 


Potential and Kinetic Energy Exchanges in Oscillating Systems 
The energy of the stretched spring is potential energy, p.e.—its molecules are 
continually displaced or compressed relative to their normal distance apart. The 
p.e. for an extension x = JF.dx= kx. dx = Ma, 


The energy of the mass is kinetic energy, k.e., or 4mv?, where v is the velocity. 
Now from x — rsin ot, v = dx/dt = wrcos wt 
-` total energy of spring plus mass = doc rim? 
= kr? sin? ot 4-3mo?r? cos? wt 
2 2 
But o»? = k/m, or k = mo? 
^. total energy = jmo?r? (sin? wt+ cos? on) = 3mo?r? = constant 


Thus the total energy of the vibrating mass and spring is constant. When the 
k.e. of the mass is a maximum (energy = 4mw?r? and mass Passing through the 


Se pee UT} 


energy 
total energy 


Figure 224 Energy in s hm. 
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centre of oscillation), the p.e. of the spring is then zero (x = 0). Conversely, when 
the p.e. of the spring is a maximum (energy = 4kr? = $mo?r? and mass at the 
end of the oscillation), the k.e. of the mass is zero (v = 0). Figure 2.24 (i) shows 
the variation of p.e. and k.e. with displacement x; the force F extending the 
spring, also shown, is directly proportional to the displacement from the centre 
of oscillation. Figure 2.24 (ii) shows how the p.e. and k.e. vary with time t; the 
curves are simple harmonic or sine curves and T is the period. 

The constant interchange of energy between potential and kinetic energies is 
essential for producing and maintaining oscillations, whatever their nature. In 
the case of the oscillating bob of a simple pendulum, for example, the bob loses 
kinetic energy after passing through the middle of the swing, and then stores the 
energy as potential energy as it rises to the top of the swing. The reverse occurs 
as it swings back. In the case of oscillating layers of air when a sound wave 
passes, kinetic energy of the moving air molecules is converted to potential 
energy when the air is compressed. In the case of electrical oscillations, a coil L 
and a capacitor C in the circuit constantly exchange energy; this is stored 
alternately in the magnetic field of L and the electric field of C. 


Oscillation of Mass Suspended from Helical Spring 
Consider a helical spring or an elastic thread PA suspended from a fixed point P, 
Figure 2.25. When a mass mis placed on it, the spring stretches to O by a length 
e given by 
mg=ke . : 4 - ; (i) 
where k js the force constant (force per unit extension) of the spring, since the 
tension in the spring is then mg. If the mass is pulled down a little and then 


released, it vibrates up-and-down above and below O. Suppose at an instant 
that B is at a distance x below O. The tension T of the spring at B is then 


mg 


extension. 


(n) 


Figure 2.25 Helical spring and shan, 


equal to &(e-- x). Hence the resultant force F downwards = pig — K(e-- x) = 
mg —ke—kx = — kx, sinec ke = mg from (i). From F = ma. 


J. —kx = ma. 
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Ja-——x--—ox 
m 


where w? = k/m. Thus the motion is simple harmonic about O, and the period T 
is given by 


2n m 
=— = vex jg $ d z ; 1 
T 3 2n i (1) 


Also, since mg — ke, it follows that m/k = e/g. 


a r= f : : 2 5 i (2) 
g 


Figure 2.25 (ii) shows the straight-line variation of the tension T in the spring 
with the extension, assuming Hooke's law (p. 134). The point O on the line 
corresponds to the extension e when the weight mg is on the spring and T — mg. 
When the mass is pulled down and released as in Figure 2.25 (i), the tension 
values vary along the straight line AOB. So at a displacement x from O, the 
resultant force F(T — mg) on m is proportional to x. From F = ma, the accelera- 
tion a of mis proportional to x. So the motion is simple harmonic abcut O. Also, 
from Figure 2.25 (ii), F/x = mg/e. Hence F/m = a = gx/e. So o = g/e and the 
period = 2z/o = 2n elg, s deduced in (2). 

From (1), it follows that T? — 4x°m/k. Consequently a graph of T? against m 
should be a straight line through the origin. In practice, when the load m is 
varied and the corresponding period T is measured, a straight line graph is 
obtained when 77 is plotted against m, thus verifying indirectly that the motion 
of the load was simple harmonic. The graph does not pass through the origin, 
however, owing to the mass and the movement of the various parts of the spring. 
This has not been taken into account in the foregoing theory. 

From (1), the period of oscillation T depends on the mass m and the force 
constant k of the spring. Since m and K are constants, it follows that if the same 
mass and spring are taken to the moon, the period of oscillation would be the 
same. The period of oscillation T of a simple pendulum of length / would change, 
however, if it were taken to the moon, as T = 2n /l/g and the moon's gravi- 
tational intensity is about 9/6. 


Springs in Series and Parallel 

Consider a helical spring of force constant k where F — k x extension. A mass m 
of weight mg then extends the spring by a length e given by mg — ke, and the 
period of oscillation of the mass is T — 2n ejg as previously obtained. 

Suppose two identical helical springs are connected in series, each of force 
constant k, Figure 2.26 (i). The same weight mg will extend the springs twice as 
much as for a single spring since the total length is twice as much. So the 
extension is now 2e. The period of oscillation of the mass m is therefore given by 


n2 P | 
- g 
So TOUT 


The mass therefore oscillates with a longer period at the end of the two springs. 
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Figure 2.26 Springs in series and parallel 


Now suppose the two springs are placed in parallel and the mass m is attached 
at the middle of a short horizontal connecting bar, Figure 2.26 (ii). This time the 
force on each spring is mg/2. So the extension is half as much as for a single 
spring, or e/2. So the period T; of the system is given by 


roan [oae PENEAN 
g 29. Ja 


The period of the parallel system is therefore less than for a single spring. Also, 


from above, 


Example on Spring-mass Oscillations 

A small mass of 0-2kg is attached to one end of a helical spring and produces an 
extension of 15 mm or 0015 m. The mass is now pulled down 10 mm and set into vertical 
oscillation of amplitude 10 mm. What is 
(a) the period of oscillation. 
(b) the maximum kinetic energy of the mass, 
(c) the potential energy of the spring when t 

oscillation? (y =98ms ^) 


he mass is 5mm below the centre of 


(Analysis (a) Since T = 2n /mfk, we need to find k, (b) max k.e. = imion = 
imr?o?, (c) p.e. = Ikx?.) : 
(a) The force constant k of the spring in N m“ ‘is given by 


As we have previously shown, 


die ara 2x 0015 
€ k^ "A 02x98 


0-015 
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(b) The maximum k.e. = Imvs?, where vm is the maximum velocity. Now for 
simple harmonic motion, v, = ro where r = amplitude = 10mm = 0:01 m. 


So, since w = Vi kim = /9:8/0015 from above 
maximum k.e. = 1 x 0-2 x 2o? 


—65x1073J 


(c) The potential energy of the spring is given generally by 4kx?, where k is the 
force constant and x is the extension from its original length. The centre of 
oscillation is 15 mm below the unstretched length, so 5mm below the centre 
of oscillation corresponds to an extension x of 20mm or 0-02 m. Since 


k = (0:2 x 9-8)/0-015 


140-2 x 9 
Potential energy of spring = thx? = pens x 0-027 J 
= 26x 10-7) 
Simple Pendulum 


Suppose that the vibrating mass is at B at some instant, where OB = y and 
angle OPB = 0. At B, the force pulling the mass towards O is directed along the 
tangent at B, and is equal to mgsin@. The tension, T, in the wire has no 


P 


Figure 2.27 Simple pendulum 


component in this direction, since PB is perpendicular to the tangent at B. Thus, 
since force — mass x acceleration, 


—mgsin Ü = ma 
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where a is the acceleration along the arc OB; the minus indicates that the force is 
towards O, while the displacement, y, is measured along the arc from O in the 
opposite direction. When 0 is small, sin 0 = 0 in radians; also 0 = y/l. Hence, 


-mgb = mg? = ma 


where w? = g/l. Since the acceleration is proportional to the distance y from a 
fixed point, the motion of the vibrating mass is simple harmonic motion (p. 77). 
Further, the period T= 2z/o. 


I 


2n 
STS—-2n|- : A à . 1 
Vail 2 D 


At a given place on the earth, where g is constant, the formula shows that the 
period T depends only on the length, |, of the pendulum. Moreover, the period 
remains constant even when the amplitude of the vibration diminishes owingto ' 
the resistance of the air. This result was first obtained by Galileo, who noticed a 
swinging lantern, and timed the oscillations by his pulse as clocks had not yet 
been invented. He found that the period remained constant although the swings 
gradually diminished in amplitude. 

On the moon, g is about one-sixth that on the earth. From (1), we see that a 
pendulum of given length on the moon would have a period over twice as long 
as on the earth. 


Example on Simple Harmonic Motion 
A small bob of mass 20 g oscillates as a simple pendulum, with amplitude 5cm and period 
2 seconds, Find the speed of the bob and the tension in the supporting thread, when the 
speed of the bob is a maximum. 


(Analysis (i) maximum speed = wr and w can be found from T = 2z/o. 
(ii) Use F —mg = mv?/r to find tension F.) A : dj 
The speed, v, of the bob is a maximum when it passes through its original 


position. With the usual notation (see p. 79), the maximum Um is given by 
Um = or 
where r is the amplitude of 0-05 m. Since T = 2n/o 
2 2n 
ne-m-l-X i E $ i i (1) 
Jo = or =n x005 —0-16ms: 


Suppose F is the tension in the thread. The net force towards the centre of the 
circle along which the bob moves is then given by (F —mg). The acceleration 
towards the centre of the circle, which is the point of suspension, IS Vm ?/[, where 
lis the length of the pendulum. 


Mom” 
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From T = 2n,/l/g, | = gT?/4n? = 9-8 x 22/4n?. Also, m = 20g = 0-02kg. So, 
from (2), 


i * 2 2 
F 0-02 x 9:8 4 202% (005m)? x x? 
98 
= 1965 x 10-2N 


Oscillations of a Liquid in a U-Tube ^ 
Ifthe liquid on one side of a U-tube T is depressed by blowing gently down that 
side, the levels of the liquid will oscillate for a short time about their respective 
initial positions O, C, before finally coming to rest, Figure 2.28. 


Figure 228  sJum. of liquid 


At some instant, suppose that the level of the liquid on the left side of T is at D, 
at.a height x above its original (undisturbed) position O. The level B of the liquid 
on the other side is then at a depth x below its original position C. So the excess 
pressure on the whole liquid, as shown on p. 105, 


= excess height x liquid density x g = 2xpg 
Since pressure — force per unit area, ; 
force on liquid — pressure x area of cross-section of the tube — 2xpgx A 


where A is the cross-sectional area of the tube. The mass of liquid in the 
U-tube = volume x density = 2hAp, where 2h is the total length of the liquid in 
T. So, from F — ma the acceleration, a, towards O or C is given by 


—2xpgA = 2hApa 
The minus indicates that the force towards O is opposite to the displacement 
measured from O at that instant. 


Sam ox = —ohx 


where c = g/h. So the motion of the liquid about O (or C) is sim le ha i 
and the period T is given by er) Ple harmonic, 
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In pras the oscillations are heavily damped owing to friction, which we have 
ignored. 


Combining Two Perpendicular $.H.M.s, Lissajous Figures 
As we see later in the cathode-ray oscilloscope (p. 778), electrons can move under 
two simple harmonic forces of the same frequency at right-angles to each other. 
In this case the electron has an x-motion say given by x — asinot and a 
perpendicular or y-motion given by y = bsin (wt +8), where a and b are the 
respective amplitudes and @ is the phase angle between the oscillations in the x- 
and y-directions respectively. 
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Figure 2.29 Lissajous figures 


If the oscillations are in phase, then 9 = 0. So x = asinwt and y = bsin ot. 
Then sin wt = x/a = y/b. So y = bx/a. This is the equation of a straight line and 
this is the resultant motion of the electrons as shown on the oscilloscope screen, 
Figure 2.29(i). This so-called ‘Lissajous figure’ is used to find out when two 
oscillations have the same phase (see p. 782). 

If the two oscillations are 90° or 7/2 out of phase, then x = asin ot and 
y = bsin(wt+90°) = bcosot. So sin@t = x/a and coswt = y/b. Since, by 
trigonometry, sin? ot + cos? wt = 1, then x?/a? + y?/b? = 1. This is the equation 
of an ellipse, Figure 2.29 (ii). If the amplitudes a and b are equal, the equation is 
that of a circle, Figure 2.29 (iii). If the phase difference is 180° or 7, then a straight 
line with a negative gradient is obtained, Figure 2.29 (iv). As explained in the 
cathode-ray oscilloscope section, two perpendicular oscillations which have a 
frequency ratio 2:1 produce a figure like the number eight on the screen. 
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Simple Harmonic Motion 
(Assume g = 10ms~? or ION kg“ ji 


1 Anobject moving with simple harmonic motion has an amplitude of 0-02 m and a 
frequency of 20 Hz. Calculate (i) the period of oscillation, (ii) the acceleration at 
the midd!e and end of an oscillation, (iii) the velocities at the corresponding 
instants. 

2 A body of mass 02 kg is executing simple harmonic motion with an amplitude of 

' 20mm. The maximum force which acts upon it is 0:064 N. Calculate 
(a) its maximum velocity, 
(b) its period of oscillation. (L.) 
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A steel strip, clamped at one end, vibrates with a frequency of 50 Hz and an 
amplitude of 8 mm at the free end. Find 
(a) the velocity of the end when passing through the zero position, 
(b) the acceleration at the maximum displacement. 

Draw a sketch showing how the velocity and the acceleration vary with the 
displacement of the free end. 
Some of the following graphs refer to simple harmonic motion, where v is the 
velocity, a is the acceleratibn, E, is the kinetic energy, E is the total energy and x is 
the displacement from the mean (zero) position. Which graphs are correct? 
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Figure 2B 


A spring of force constant k of 5 N m^! (F = — kx) is placed horizontally on a 


smooth table. One end of the spring is fixed and a mass X of 0-20 kg is attached to 
the free end. X is displaced a distance of 4mm along the table and then released. 
Show that the motion of X is simple harmonic, and calculate (i) the period, (ii) 
the maximum acceleration, (iii) the maximum kinetic energy, (iv)the maximum 


. potential energy of the spring. 


A simple pendulum has a period of 4:2 s. When the pendulum is shortened by 1 m, 
the period is 3-7 s. From these measurements, calculate the acceleration of free fall g 
and the original length of the pendulum. : 
If the pendulum is taken from the earth to the moon where the acceleration of free 
fall is g/6, what relative change, if any, occurs in the period T? 
The bob of a simple pendulum moves simple harmonically with amplitude 8-0 cm 
and period 2-005. Its mass is 0:50 kg. The motion of the bobis undamped. 
Calculate maximum values for 
(a) the speed of the bob, 
(b) the kinetic energy of the bob. (L.) 
Define simple harmonic motion. State one condition for simple harmonic motion. A 
spring is extended 10 mm when a small weight is attached to its free end. The weight 
is now pulled down slightly and released. Show that its motion is simple harmonic 
and calculate the period. 
Define è 
(a) displacement, 
(b) amplitude, 
(c) angular frequency, 
of a simple harmonic motion and give an expression relating them, explaining all 
symbols used. 3 
A student is under the impression that ©, the angular frequency of oscillation of a 
simple pendulum is dependent solely upon-the length / of the-pendulum and the 
mass m of its bob. Show, by dimensional analysis, that this cannot be correct. Derive 
from first principles the correct equation, 


w g/l 


where g is the acceleration of free fall, 
A small spherical mass is hung from the end of an el 
40-0cm and when the pendulum so formed is set swin; 
20 oscillations are completed in 26-0s. The bob is then replaced by one of the same 
size but of a different mass and the new time for 20 oscillations is 26:4 s. Account 
for.this change and calculate the ratio of the masses. (C.) 


astic string of natural length 
ging with small amplitude, 
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(a) Define simple harmonic motion. Give three examples of systems which vibrate 
with approximately simple harmonic motion. How does the displacement ofa 
simple harmonic motion vary with time? 

What is meant by the phase difference between two simple harmonic motions 
of the same frequency? Illustrate your answer graphically, by considering the 
variation of the displacement with time of two motions vibrating with simple 
harmonic motion of the same frequency but which have phase differences of 
(i) 90° and (ii) 180°. 

(b) At what points in a simple harmonic motion are (i) the acceleration, (ii) the 

kinetic energy and (iii) the potential energy of the system edchat (1)a 

maximum, and (2)a minimum? - 

Sketch the graphs showing how (iv) the kinetic energy, (v) the potential 
energy, and (vi) the sum of the kinetic and potential energies for a simple 
harmonic oscillator each vary with displacement. 

Calculate the period of oscillation of a simple pendulum of length 1-8 m, with a 

bob of mass 2:2kg. What assumption is made in this calculation? (g = 9-8ms~*) 

If the bob of this pendulum is pulled aside a horizontal distance of 20cm and 
released, what will be the values of (i) the kinetic energy and (ii) the velocity 
of the bob at the lowest point of the swing? (L.) 

State the conditions necessary for the motion of an oscillating body to be simple 

harmonic. Give one reason why the vertical oscillations of a body suspended 

from a spring may not satisfy these conditions. 

(b) The vertical oscillations of a body on a spring are started by holding the body 
at a point where the spring is at its natural length and then releasing it. 

State and explain briefly the effect of increasing the mass of the body on the value 
of each of the following quantities (i) the time period of the oscillation, (ii) the 
amplitude of the oscillation, (iii) the total energy of the oscillating system. 

(AEB, 1984.) 

State the relationship between the force on a body and the distance of the body 

from a fixed position when the body is executing simple harmonic motion about 

that position. 

Show that a body of mass m suspended by a light elastic string for which the 
ratio of tension to extension is A will execute simple harmonic motion when given 
a small vertical displacement from its equilibrium position. Find the period of the 
motion for the case m = 0-1 kgand 4 = 20N m^ '. 

A second 0-1 kg mass is attached to the first by a light inextensible wire and hangs 
below it. The system is allowed to come to rest, and at time t = 0 the wire is cut. 
Calculate the position, velocity and acceleration of the first 0-1 kg mass at time 
t = 1-05s, assuming no resistance to motion. 

Give expressions for the kinetic and potential energy of the system at time t. Show 
that the total energy is independent of time. Outline qualitatively what would 
happen to the total energy of such a system set oscillating in the laboratory. 

(0. & C) : 

(a) The displacement y of a mass vibrating with simple harmonic motion is given 
by y = 20sin IOzt, where y is in millimetres and z is in seconds. What is (i) the 
amplitude, (ii) the period, (iii) the velocity at t — 0? / 

(b) A mass of 0-1 kg oscillates in simple harmonic motion with an amplitude of 
0-2 m and a period of 1-0 s. Calculate its maximum kinetic energy. Draw à 
sketch showing how the kinetic energy varies with (i)the displacement, 

(ii) the time. 

A mass X of 0-1 kg is attached to the free end of a vertical helical spring whose 

upper end is fixed and the spring extends by 0-04 m. X is now pulled down a small 

distance 0-02 m and then released. Find (i) its period, (ii) the maximum force 
acting on it during the oscillations, (iii) its kinetic energy when X passes through 
its mean position. 

The displacement of a particle vibrating with simple harmonic motion of angular 

speed w is given by y = asin wt is the time. What does a represent? Sketch a graph 

of the velocity of the particle as a function of time starting from t = Os. 

A particle of mass 025 kg vibrates with a period of 2-0s. If its greatest 


(c 
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displacement is 0:4 m what is its maximum kinetic energy? (L.) 
16 Explain what is meant by simple harmonic motion. 

v Show that the vertical oscillations of a mass suspended by a light helical spring 
are simple harmonic and describe an experiment with the spring to determine the 
acceleration due to gravity. 

A small mass rests on a horizontal platform which vibrates vertically in simple 
harmonic motion with a period of 0:50. Find the maximum amplitude of the 
motion which will allow the mass to remain in contact with the platform 
throughout the motion. (L.) 

17 Define simple harmonic motion. Explain what is meant by the amplitude, the period 
and the phase of such a motion. 

A simple pendulum of length 1:5 m has a bob of mass 2:0 kg. 

(a) State the formula for the period of small oscillations and evaluate it in this case. 

(b) If, with the string taut, the bob is pulled aside a horizontal distance of 0:15 m 
from the mean position and then released from rest, find the kinetic energy and 
the speed with which it passes through the mean position. 

(c) After 50 complete swings, the maximum horizontal displacement of the bob has 
become only 0-10 m. What fraction of the initial energy has bcen lost? 

(d) Estimate the maximum horizontal displacement of the bob after a further 50 
complete swings. (Take g to be i0 ms" ?.) (O.) 

18 (a) What is meant by simple harmonic motion? 

The equation x = asin 22/1 can represent the motion of a body executing 
simple harmonic motion where x represents the displacement of the body from 
a fixed point at time t. Sketch two cycles of the motion beginning at t — 0, clearly 
labelling the axes of the graph. Use the graph to explain the physical meanings 
ofa and f. 

Explain how you could obtain from the graph the speed of the body at any 
instant. 

(b) In order to check the timing of a camera shutter a student set up a simple 
pendulum of length 99-3 cm so that the bob swung in front of a horizontal metre 
scale. The bob was observed to swing between the 40-0 cm and 60-0 em marks 
at its extreme positions. The camera was mounted directly in front of thé scale, 
set for an exposure time (time for which the shutter is open) of 1/50s and a 
photograph taken. The resulting photograph showed the bob to have moved 
from the 51.0 cm mark to the 51-6 cm mark while the shutter was open. 

What is the percentage error in the exposure time indicated on the camera? 

(The period of oscillation of a simple pendulum of length | may be taken as 


rar f 
g 


where g is the acceleration of free fall.) (L.) 

19 Define simple harmonic motion and write down the appropriate equation to 
describe it. Give two examples of physical phenomena which exhibit such motion 
explaining carefully why the motion is simple harmonic in each case. 

Derive an equation of motion of a mass suspended at the lower end of a helical 
spring and state in which way the period depends on (i) the spring constant. 
(ii) the mass, (iii) the amplitude, 
A mass of 0:1 kg is set vibrating 


on the end of a spri i ant4áN m ''. 
What is the period of oscillation? ; eee Eon stint Nm 


: ns the ampli is iginal 
amplitude and after another 100 oscillations it is a ooo a Cone 


30 Find, stating clearly any assumptions or condi 
oscillation of a simple pendulum. 


Such a pendulum is of length | m; th j i i 
AMD E inh € bob of mass 0-2 kg, is drawn aside through 


om rest. The subsequent motion is described by 


X = asin(ct +e) 


where x is the displacement 
seconds from the instant o 
What is the maximum 
bob? 
What are the maxi 
where in the motion do these 
The angular amplitude 
cycle. (W.) 
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Forces in Equilibrium 


We now consider forces which are in equilibrium, for example, 

forces which keep bridges stationar y. As we shall see, forces are 
added together by a vector method. The effect of a force in a 
certain direction (its resolved component) depends on the size of 
the force and the angle between the force and the direction. This 
is often needed in problems of equilibrium. 


Forces not only push or pull but also have a turning-effect or moment about an 
axis. In cases of equilibrium the moments have also to be considered. Objects are 


in equilibrium only if certain rules apply, as we discuss, and examples will show 
you how to use these rules. 


bridge structure. Here the joint O resting on brickwork is in equilibrium under 
three forces— P and Q are the forces or tensions in the metal beams, S is the 
reaction force on O due to the brickwork. 

Figure 3.1 (ii) shows a uniform ladder AB with the top end A resting against a 
smooth wall and the bottom B Testing on the rough ground. The forces on the 
ladder are its weight W acting at the midpoint C of the ladder, the frictional force 
Fat the ground which stops the ladder sliding outwards, the normal reaction R of 
the ground at B acting at 90° to the ground and the normal reaction S at the wall 
acting at 90" to the wall. There is no frictional force here as the wall is smooth. 


; Adding Forces, Parallelogram of Forces 
A force is a. vector quantity (p. 4). So it can be: represented in size and direction 
by a straight line drawn to scale. The Sum or resultant R of two forces P and Q 
can be-added by one of two vectbr methods. : 
(1) Figure 3.? (i) shows two forces P and Q acting at 60° 
them, draw a line ap to. represent: P and fróm b draw 


Figure3.1 Equilibrium of forces 
Figure 3.1 shows two examples of equilibrium. In Figure 3.1(i) is part of a 


to each other. To add 
a line he to represent 
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Q—note that ab is parallel to P and bc is parallel to Q. Join ac. Then ac is the 
resultant R of P and Q in magnitude and direction. Note that the arrows on ab 
and bc follow each other. 


Q c É 
R h R Q 
: for] 
60' O° \ 
p a b a p b d 


P 
(ii) (ii) 


P 
(iv) 


Figure 3.2 Adding forces (vectors) 


We can find the size of R, and its direction 0 to P either by accurate drawing or 
by calculation (using trigonometry in triangle abc). In branches of Physics, P and 
Q are often at 90° to each other. In this case the vector triangle abc is a right- 
angled triangle. Figure 3.2(iii). Applying Pythagoras theorem, then 
R? = P?+Q?. 


So R= PË 


Also, the angle 0 R makes with P is given by tan 0 = bc/ab = Q/P, so knowing P 
and Q, 0 can be found. 4 

(2) Parallelogram of forces The resultant R of P and Q can also be found by 
drawing a parallelogram of the forces. In Figure 32 (iv), draw OA to represent P 
and OB to represent Q at the angle, say 60°, between P and Q as in Figure 3.2 (i). 
Then complete the parallelogram OBDA. The resultant R is represented by the 
diagonal OD through O. j 

This gives the same result for R as in the previous method, since AD represents 
Q. if P and Q are 98" to cach other, the parallelogram becomes a rectangle. 


2s 5  £Resoied Components ; 
We often need to fimid the effect of a force F in a particular direction at an angle 0 
. to F. This is called-the *tesolved component’ or simply component of F in this 
direction. * . 
fn Figure 3.3, OD represents F and OX the direction at an angle 0 in which the 
x i of F & rogmred. Using OD as the diagonal, we complete the 
tangle OADB. Then ithe forces P, represented by OA, and Q. represented by 5. 
OR together represent since F is their resultant. But Q is 90° to OX and so | 
can have no effect in this direction. So P is the component of F in the direction , 


A 
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OX. Similarly, since P has no effect in the perpendicular direction OY, Q is the 
component of F in this direction. 


We can find a general formula for a component. From the right-angle triangle 
ODA, cos 0 — P/F. So 


P= Fcos0 


Figure 3.3 Resolved components 
The cosine formula for the component should be memorised by the student. So 
the component Q in the direction OY is given by 


Q = Fcos(90^ — 0) = Fsing 


So a force of 20N has a component in a direction 60° to itself of 
20cos60* = 20x05 2 10N In a direction 30* to itself, its component is 
20 cos 30° = 20 x 0:87 = 174 N. Remember that a force has no component at 
90° to itself (cos 90° = 0). 


Example on Components 
Figure 3.4 shows a stationary car of weight W on a road sloping at 30° to the horizontal 
The frictional force on the car is 4000 N acting up the road BC, 


Whatis (i)the weight W, (ii) the normal reaction force R of the road surface on the 
car? 


| E W-8000N 


Figure 3.4 Application of components 
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(i) The weight W of the car acts vertically downwards. Since it makes an angle 
60° to the road BC, 


component F, down BC = W cos 60° = 0:5 W 
So 0-5 W = frictional force = 4000 N 
. W = 4000/0:5 = 8000 N 
(ii) The car does not move in a direction AD at 90° to the road. So R must 
balance exactly the component F, of the weight in the direction DA. So 


R = component of 8000 N along DA, which makes an angle of 30° with 8000 N 
= 8000 cos 30° = 8000 x 0:87 = 6960 N. 


Forces in Equilibrium, Triangle and Polygon of Forces 
We now consider the relations between forces in equilibrium. Figure 3.5 (i) shows 
forces P, Q and $ acting on a joint O of a bridge structure which are in 
equilibrium. ` 


triangle 
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Q, forces E 
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(i) (ii) (ii) (iv) 


Figure3.5 Triangle and polygon of forces 


In Figure 3.5 (ii), we draw ab to represent P and bc to represent Q. Then ac 
represents the resultant (sum) of P and Q. For equilibrium, S must balarice 
exactly the resultant. So S acts along ca opposite to ac, and has the same size as 
ac. In other words, the side ca of the triangle abc represents S. 

This general result is stated in this way: } 


If three forces are in equilibrium, they can be represented in magnitude and 
direction by the three sides of a triangle taken in order. 


This is-called the triangle of forces theorem. Note that (i) the arrows showing 
the directions of the forces follow each other (or are in order) round the 
triangle, (ii) if the triangle does not close after drawing three forces acting on an 
object, then the forces are not in equilibrium. 

We can extend this result to many forces in equilibrium, In Figure 3.5 (iii), five 
forces P, Q, R,S, T are in equilibrium at O. Starting with AB to represent P. all 
the forces taken in order form a closed polygon ABCDE, Figure 3.5 (iv). If the 


polygon did not close, the forces would not be in equilibrium. 
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Example on Triangle of Forces 
A uniform ladder of weight 200 N and length 12m is placed at an angle of 60° to the 
horizontal, with one end B leaning against a smooth wall and the other end A on the 
ground. Calculate the reaction force R of the wall at B and the force F of the ground at A. 


W= 200N 


LA 


Figure3.6 Triangle of forces application 


The force R at B acts perpendicularly to the smooth wall. The weight W of the 
uniform ladder acts at its midpoint G. The forces W and R meet at O. as shown. 
So the force F at A must pass through O to balance their resultant. 

The triangle of forces can be used to find the unknown forces R, F, Since DA is 
parallel to R, AO is parallel to F, and OD is parallel to W, the triangle of force is 
represented by AOD. By means of a scale drawing, R and F can be fund, since 


WQO) F R 


The result is R = 58 N and F = 208 N 


: Moments 
When the steering-wheel of a car is turned, the applied force is said to exert a 
moment, or turning-effect about the axle attached to the wheel. The magnitude of 
the moment of a force F about a point O is defined as the product of the force F 
and the perpendicular distance OA from O to the line of action of F, Figure 3.7. 


Moment — force x perpendicular distance from axis 
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Figure 3.7 Moment of force 
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So moment = Fx AO 


The magnitude of the moment is expressed in newton metre (N m) when F is in 
newton and AO is in metre. We can take an anticlockwise moment as positive 
in sign and a clockwise moment as negative in sign. 


Moments and Equilibrium 
The resultant of a number of forces in equilibrium is zero. So ihe moment of the 
resultant about any point is zero. It therefore follows that 


the algebraic sum of the moments of all the forces about any point is zero when 
those forces are in equilibrium. 


This means that the total clockwise moment of the forces about any point = the 
total anticlockwise moment of the remaining forces about the same point. 

As the following Examples show, this rule or principle of moments is widely 
used to find unknown forces when an object is in equilibrium. 


Examples on Moments 
1 A horizontal rod AB is suspended at its ends by two strings, Figure 3.8 (i). The rod is 
0-6m long and its weight of 3 N acts at G where AG is 0-4 m and BG is 02m. 
Find the tensions X and Y in the strings. 


The forces X, Y and 3 N are parallel forces. So 
XTYeli.T 26) ed (t) 


Clockwise moments about G = anticlockwise moments about G. Since 3 N has 
no moment about G, 

Xx04-2Yx02, so,cancelling 2X-Y . . = (2) 
From(1), -X+2X =3, so X=1N. Then Y=2X =2N 


Figure 3.8 Applications of moments 


2 In Figure’3.8 (ii), a ladder AB rests against a smooth wall at B and a rough ground at 
A. The weight W of 100N acts at the midpoint G of the ladder, R is the normal reaction 


p 
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force of the wall at B and F is the total force at the ground at A. The height BC — 8 m and 
AC = 6m. 
Calculate R using the principle of moments and hence find F. 


Take moments about A so as to eliminate F. Then, using perpendicular 
distances, 


RxAE-WxAD 


or Rx8=100x3 (AE = BC 2 8m, AD =4AC = 3m) 
So . Ri iOS e SSN 


To find F, we see that F must be equal and opposite to the resultant of R and 
W. Now R and W meet at 90° at O. So, from page 95, 


resultant = F = J/R? -W? 


= ,/37'57+ 100? = 107N 


Couple and its Moment or Torque 
There are many examples in practice where two forces, acting together, exert a 
moment or turning-effect on some object. As a very simple case, suppose two 
Strings are tied to a wheel at X, Y, and two equal and opposite forces, F, are 
exerted tangentially to tne wheel, Figure 3.9(i). If the wheel is pivoted at its 
centre, O, it begins to rotate about O in an anticlockwise direction. The total 
moment about O is then (F x OY)+ (F x OX) = Fx XY. 

Two equal and opposite forces whose lines of action do not coincide are said 
to form a couple. The two forces always have a turning-effect, or moment, called 
a torque, which is given by 
IA e UU BE EMI NIE, T 


torque — one force x perpendicular distance between forces (1) 


Since XY is perpendicular to each of the forces F in Figure 3.9 (i), the torque on 
the wheel = F x XY = F x diameter of wheel. So if F = 10N and the diameter is 
0-4 m, the torque = 4N m. / 

The moving coil or armature in an electric motor is made to spin round by a 
couple. When it is working, two parallel and equal forces, in opposite directions, 
act on opposite sides of the coil. x 


Figure 39 Couples and moments 
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In Figure 3.9 (ii), a wheel W is rotated about its centre O by a tangential force 
F at A on one side. To find the whole effect of F on the wheel, we can put two 
other forces F at.O which are parallel to F at A but opposite ia direction. This 
does not disturb the mechanics because the two forces at O would cancel and 
leave F at A. But the upward force F at O and the opposite parallel force F at A 
form a couple of moment F x OA. This is actually the moment of F at A. 

In addition, however, we are left with the downward force F at O. So when F is 
applied at A to turn the wheel, it produces a couple plus an equal force F at O, 
the centre of the wheel. 


Examples on Couples 
1 In Figure 3.10(i), a beam AB is acted on by a force of 3N at A and a parallel force in 
the opposite direction of 4 N at B. What is the effect on the beam if it is on a smooth table? 


The force of 4 N at B can be considered as a force of 3 N and a force of 1 N. The 
3N force at B and the 3 N force at A together form a couple. So the beam rotates. 
The force of 1 N left over at B would also make the beam move forward. So the 
total effect on the beam is a rotation and a forward movement. 


4NE3N#HN) Ap 
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0.6m 


3N 
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(ii) 


Figure 3.10 Action of couples 


2 In Figure 3.10 (ii), two parallel forces F act in opposite directions along the sides AD 
and CB ofa rectangular horizontal plate ABCD. Two equal and opposite forces of 2 N act 


along the sides CD and AB. : 
Calculate F if the plate does not rotate and the sides of the plate are 0:4 m and 0:6 m as 


shown. 


Since the plate does not rotate, the moments of the two couples must be equal 
and opposite. So 


Fx04 22x06 
and F =2x0-6/04 = 3N 
Conditions for Equilibrium 


We conclude by listing the conditions which apply when any object is in 
equilibrium. 
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(1) With three or more non-parallel forces acting on the object, a closed triangle 
or a closed polygon can be drawn to represent the forces in magnitude and 
direction. 3 

(2) The algebraic sum of the moments of all the forces about any point is zero, 

(3) The algebraic sum of the resolved components of all the forces in any direction 
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Centre of Mass 
Consider a smooth uniform rod on a horizontal surface with negligible friction 
such as ice. If a force is applied to the rod near one end, the rod will rotate as it 
accelerates, If it is applied at the centre, ít will accelerate without rotation. The 
centre of mass of an object may be defined as the point at which an applied force 
produces acceleration but no rotation, 

With two separated masses m; and m; connected by a rigid rod of negligible 
mass, the centre of mass C is at a distance x, from m, and a distance x, from m; 
given numerically by m,x, = m x. Figure 3.11 (i). So if the mass m; is 1 kg and 
the mass m, is 2kg, and the length of the rod is 3m, the centre of mass is 2m 
from the 1 kg mass and 1 m from the 2 kg mass, 

In a molecule of sodium chloride, the sodium atom has a relative atomic mass 
of about 23-0 and the chlorine atom one of about 3555, If the Separation of the 
atoms is a, the centre of mass C has a distance x from the sodium atom given by 


23xx- 355 x (a— x) 


_ 355a 
— 585 


Solving for x, x = 0-6a 


Figure 3.11 Centre of mass 


Figure 3.11 (ii) shows the Particles of masses my, m»... which together form 
the object of total mass M. If xi, x;,... are the respective x-co-ordinates of the 


patticles relative to axes Ox, Oy, then generally the co-ordinate x of the centre of 
mass C is defined by : 


z MiX, t"nmx.. Emx 
x= = — 
m, +m+... M 
Similarly, the distance J of the centre of mass C from Ox is given by 
Emy 
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3m . Centre of Gravity 

Every particle is attracted towards the centre of the earth by the force of gravity. 
nibitdpi dnt y EMEN XL ee GERE i. 
The centre of gravity of a body is the point where the resultant force of attraction 
or weight of the body acts or appears to act. 
ENNIO Oh tuse Hon Set Se io Resa cie 
in the simple case ofa ruler, the centre of gravity is the point of support when the 
ruler is balanced. 


resultant 


Figure 3.12 Centre of gravity of rod 


An object can be considered to consist of many small particles. The forces on 
the particles due to the attraction of the earth are all parallel since they act 
vertically, and hence their resultant is the sum of all the forces. The resultant is 
the weight of the whole object, of course. In the case of a rod of uniform cross- 
sectional area, the weight of a particle A at one end, and that of a corresponding 
particle A' at the other end, have a resultant which acts at the mid-point O of the 
rod, Figure 3.12. Similarly, the resultant of the weight of a particle B, and that of 
a corresponding particle B', have a resultant acting at O. In this way, i.e, by 
symmetry, it follows that the resultant of the weights of all the particles ofthe rod 
acts at O. Hence the centre of gravity of a uniform rod is'át its mid-point. 

The centre of gravity, c.g., of the curved surface of a hollow cylinder acts at the 
mid-point of the cylinder axis. This is also the position of the c.g. of a uniform 
solid cylinder. The c.g. of a triangular plate of lamina is two-thirds of the 
distance along a median from corresponding point of the triangle. The c.g. of a 
uniform right solid cone is three-quarters along the axis from the apex. \ 

Ideally, a simple pendulum has all its mass or weight concentrated at the centre 
of the swinging spherical bob. If the suspension has appreciable weight, the 
centre of gravity of the bob-suspension system would be higher than the centre of 
the spherical bob. The system would then no longer be a ‘simple pendulum’, 


Centre of Gravity and Centre of Mass 
If the earth’s field is uniform at all parts of an object, then the weight of a small 
mass m of it is typically mg. Thus, by moments, the distance of the centre of 
gravity from an axis Oy is given by 


img xx _ Emx  LÀmx 


img Em M 


The gravitational field strength, g, cancels in numerator and denominator. It 
therefore follows that the centre of mass coincides with the centre of gravity. 
However, if the earth’s field is not uniform at all parts of the object, the weight of 
a small mass m, of it is then m,g, Say and the weight of a small mass m; at 
another part is m5g;. Clearly, the centre of gravity does not now coincide with 
the centre of mass. À very long or very large object has different values of g at 
various parts of it. 
(See Exercises 3, p. 110 for questions on Forces in Equilibrium) 
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Pressure 
Liquids and gases are called fluids. Unlike solid objects, fluids can flow. 

If a piece of cork is pushed below the surface of a pool of water and then 
released, the cork rises to the surface again. The liquid thus exerts an upward 
force on the cork and this is due to the pressure exerted on the cork by the 
surrounding liquid. Gases also exert pressures. For example, when a thin closed 
metal can is evacuated, it usually collapses with a loud bang. The surrounding 
air exerts a pressure on the outside which is no longer counter-balanced by the 
pressure inside, and so there is a resultant force. 


= 


Figure 3.13 Pressure in liquid 


Pressure is defined as the average force per unit area at the particular region of 
liquid or gas. In Figure 3.13, for example, X represents a small horizontal area, Y 
a small vertical area, and Z a small inclined area, all inside a vessel containing a 
liquid. The pressure p acts normally to the planes of X, Y or Z. In cach case 


E 
average pressure, p — 7 


where F is the normal force due to the liquid on one side of an area A of X, Y or 
Z Similarly, the pressure p on the sides L or M of the curved vessel acts normally 
to L and M and has magnitude F/A. In the limit, when the area is very small, 
p = dF/dA. 

At a given point in a liquid, the pressure can act in any direction. Pressure is a 
scalar, not a vector. The direction of the force on a particular surface, however, is 
normal to the surface, 


Formula for Pressure 
Observation shows that the pressure increases with the depth, h, below the liquid 
surface and with its density p. 
To obtain a formula for the pressure, p, suppose that a horizontal plate X of 
area A is placed at a depth below the liquid surface, Figure 3.14. By drawing 
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liquid 
weight 


Figure 3.14 Pressure and depth 


.. weight = Ahpg newton 
where g is 9-8, h is in m, A is in m’, and p is inkgm^*. 
force — Ahpg 
ara A 
see Po or eS 
<. p = hpg 1 E 7 5 $ (1) 


«<. pressure, p, on X= 


When h, p, g have the units already mentioned, the pressure p is in newton 
metre? (N m~? or in pascal (Pa), where 1Pa-1Nm ~~. 

Pressure is also expressed in terms of the pressure due to a height of mercury 
(Hg). One unit is the torr (after Torricelli): 


1 torr = 1 mmHg = 133:3 Pa (approx.) 


Figure 3.15 Pressure and cross-section 


From p = hpg it follows that the pressure in a liquid is the same at all points on 
the same horizontal level in it. Experiment also gives the same result. Thus a 
liquid filling the vessel shown in Figure 3.15 rises to the same height in each 
section if ABCD is horizontal. The cross-sectional area of B is greater than that 
of D. But the force on B is the sum of the weight of water above it together with 
the downward component of reaction R of the sides of the vessel, whereas the 
force on D is the weight of water above it minus the upward component of the 
reaction S of the sides of the vessel. This explains why the pressure in a vessel is 
independent of the cross-sectional area of the vessel such as those in Figure 3.1 ay 
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Atmospheric Pressure 
A barometer is an instrument for measuring the pressure of the atmosphere, 
which is required in weather-forecasting, for example. An accurate form of 
barometer consists basically of a vertical barometer tube about a metre long 
containing mercury, with a vacuum at the closed top, Figure 3.16(i). The other 
end of the tube is below the surface of mercury contained in a vessel B. 


vacuum vacuum. 


xi (ii) 


Figure 3.16 Barometer (i) vertical and (ii) inclined 


The pressure on the surface of the mercury in B is atmospheric pressure, A: 
and since the pressure is transmitted 


bottom of-a column of liquid of vertical height H and density p is given by 
P = Hpg (p. 105). Thus if H = 760mm = 0:76 m and p = 13 600 kg m^? 


p = Hpg = 0-76 x 13600 x 9-8 = 1-013 x 105 Pa 


The pressure at the bottom of a column or mercury 760 mm high for a particular 
mercury density and value of g is known as standard pressure or one atmosphere. 


By definition, 1 atmosphere = 1:01325 x 105 Pa, Standard temperature and 
pressure (s.t.p.) is 0°C and 760 mmHg pressure. 


x cos 60° = 760 
did 760- 760 


x =——_ 


cos 60° = 05 = 1520 mm 


| 
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l1kgm-^?; and at 5000m above sea-level it is about 07 kgm ^ ?. Standard 
atmospheric pressure is the pressure at the base of a column of mercury 760 mm 
high, a liquid which has a density about 13 600kgm~*. Suppose air has a 
constant density of about 1:2 kg m ?. Then the height of an air column of this 
density which has a pressure equal to standard atmospheric pressure 

_ 760. 13600 

1000 12 

In fact, the air ‘thins’ the higher one goes, as explained above. The height of the 
air is thus much greater than 8:6 km. 


m = 86km 


As we have seen, the pressure in a fluid depends on the density of the fluid. 
The density of a substance is defined as its mass per unit volume. So 


_ mass of substance W 
— volume of substance 


The density of copper is about 909gcm^? or 90x 10? kg rn ^5; the density of 
aluminium is 27gcm^? or 27 x 10? kgm"5; the density of water at 4C is 
1gcm^? or 1000kgm~*, 

Substances which float on water have a density less than 1000 kg m 7? (p. 108). 
For example, ice has a density of about 900 kg m 5; cork has a density of about 
250kg m" 3, Steel, of density 7800 kg m-?, will float on mercury, whose density is 
about 13 600 kg m ^? at 0°C. 


Archimedes' Principle 
An object immersed in a fluid experiences a resultant upward force owing to the 
pressure of fluid on it. This upward force is called the upthrust of the fluid on the 


object. 


density, p 


OO UT ck ES UE E CDS. 
ARCHIMEDES stated that the upthrust is equal to the weight of fluid displaced by the 
object, and this is known as Archimedes’ Principle. 


M rec ees On DEUM a a A 
Thus if an iron cube of volume 400 cm? is totally immersed in water of density 
1gcm^5, the upthrust on the cube — weight of 400 x 1g — 4N. If it is totally 
immersed in oil of density O8gcm "^, the upthrust on it = weight. of 
400 x 08g = 32N. zc 


Figure 3.17 Archimedes’ principle 
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Figure 3.17 shows why Archimedes’ Principle is true. If S is a solid immersed 
in a liquid, the pressure on the lower surface C is greater than on the upper 
surface B, since the pressure at the greater depth h, is more than that at h,. The 
pressure on the remaining surfaces D and E act as shown. The force on each of 
the four surfaces is calculated by summing the values of pressure x area over 
every part, remembering that vector addition is needed to sum forces. With a 
simple rectangular-shaped solid and the sides, D, E vertical, it can be seen 
that (i) the resultant horizontal force is zero, (ii) the upward force on C = 
pressure x area A = h;pgA, where p is the liquid density, and the downward 
force on B = pressure x area A = hy pgA. Thus 


resultant force on solid = upward force (upthrust) = (h, —h,)pgA 
But (h; —h,)A = volume of solid, V 
-` upthrust = V pg = mg, where m = Vp 
`. upthrust = weight of liquid displaced 


With a solid of irregular shape, taking into account horizontal and vertical 
components of forces, the same result is obtained. The upthrust is the weight of 
liquid displaced whatever the nature of the object immersed, or whether it is 
hollow or not. This is due primarily to the fact that the pressure on the object 
depends on the liquid in which it is placed. 


Flotation 
When an object floats in a-fluid, the upthrust — the weight of the object, for 
equilibrium. 

In air, for example, a balloon of constant volume 5000 m? and mass 4750 kg 
rises to an altitude where the upthrust is 4750g newtons, where g is the 
acceleration due to gravity at this height. From Archimedes' Principle, the 
upthrust — the weight of air displaced — 5000 pg newtons, where p is the density 
of air at this height. Thus i 


5000 pg = 4750 g 
“op =095kgm73 


If a block of ice of volume 1 m? and mass 900kg floats in water of density 
1000 kg m~ *, the mass of water displaced is 900 kg, from Archimedes’ Principle. 
Thus the volume of water displaced by the ice is 0:9 m°. So the block floats with 
0-1 m? above the water surface. If the ice, mass 900 kg, all melts, the water formed 
has a volume of 0:9 m°. So all the melted ice takes up exactly the whole of the 
space which the solid ice had originally occupied below the water. 


Example on Flotation 
An ice cube of mass 50-0g floats on the surface of a strong brine solution of volume 
200:0 cm? inside a measuring cylinder. Calculate the level of the liquid in the measuring 
cylinder (i) before and (ii) after all the ice is melted. (iii) What happens to the level if 
the brine is replaced by 200-0 cm? water and 50-0 g of ice is again added? (Assume density 
of ice, brine = 900, 1100kg m^? or 0-9, 1-1 gcm ^? respectively.) 


(i) Floating ice displaces 50 8 of brine since upthrust equals weight of ice. 


mass 50 
=— = 5 3 
density 1-1. = ASS cm! 


<. level on measuring cylinder = 245-5 cm? 


«`. volume displaced = 
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(ii) 50g of ice forms 50g of water when all of it is melted. 
<, level on measuring cylinder rises to 250-0 cm? 
(ii) Water. Initially, volume of water displaced = 50 cm}, since upthrust = 50 g. 
+, level on cylinder = 250.0 cm? 


If 1 g of ice melts, volume displaced is 1 cm? less. But volume of water formed is 
1 cm. Thus the net change in water level is zero. Hence the water level remains 
unchanged as the ice melts. 


Stokes’ Law, Terminal Velocity 
If we move through a pool of water we experience a resistance to our motion. 
This shows that there is a frictional force in liquids. We say this is due to the 
' viscosity of the liquid. à 

When a small object, such as a small steel ball, is released in a viscous liquid 
like glycerine it accelerates at first, but its velocity soon reaches a steady value 
known as the terminal velocity. In this case the viscous (frictional) force, F, acting 
upwards, and the upthrust, U, due to the liquid on the object A, are together 
equal to its weight, mg acting downwards, or F + U = mg, Figure 3.18 (i). Since 
the resultant force on the object is zero it now moves with a constant (terminal) 
velocity. An object dropped from an aeroplane at first increases its speed v, but 
soon reaches its terminal speed. Figure 3.18 (ii) shows that variation of v with 
time as the terminal velocity vo is reached. 


[7 A 
U terminal (constant) 
t velocity 


o time 


(i) 
(ii) 


he gk awa i a ble nal 


Figure 3.18 Motion of falling sphere 


Suppose a sphere of radius a is dropped into a viscous liquid of coefficient of 
viscosity rj, and its velocity at an instant is v. The frictional force, F, can be partly 
found by the method of dimensions. Thus suppose F = ka*n’v*, where k is a 
constant. The dimensions of F:are MLT~?; the dimensions of a is L; the 


dimensions of 7 are ML 17-1; and the dimensions ofvare LT" !. 
nMLTCZL'X(MLO YT-Óy x (LT 
Equating indices of M, L, T on both sides, 
; Syzl 


lm -— A TN 
X-—ytzz1 
-y-2-2—2 


Hence z= 1, x = 1, y 7 1. Consequently F = knav. In 1850 Strokes showed 
mathematically that the constant k was 6r, and he arrived at the formula 


Ce or rt coe eal do formula 


F = 6ryav 3 P ^ , j (1) 


drop falls through air with a terminal velocity and this enables the radius of the 


The following Example shows how Stokes" formula is applied. 


j Example on Terminal Velocity 
A small oil-drop falls with a terminal velocity of 4-0 x 10-*m s! 
the radius of the drop. 

What is the new terminal velocity for an oil drop of half this radius? (Viscosity of 


air = 1-8x 107 5Nsm-?, density of oil = 900kgm~3, g = 10ms~*; neglect density of 
air.) 


through air. Calculate 


At terminal (steady) velocity, 


frictional force on drop = weight — upthrust due to air 
From Archimedes’ Principle, upthrust = weight of air displaced = mass of 
‘air xg = volume of sphere (4na?/3) x density of air (c) x g 


4 4 
So 6znavg = 3 na? pg— 3 naag 


where p is the oil density and ø that of the air. Neglecting v, and simplifying, 
(2) 
2pg 
9x 4x 1074 x 1:8 x 1075\$ 
Re ( 2x 900 x 10 ) 
-19x1075m 


The terminal velocity to oc a? from above. So when the radius a is decreased to 
one-half, 3 


new terminal velocity = 4x 40 x 19-4 = 10x 107*mg-! 
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Figure 3A 


Figure 3B 


The foot of a uniform ladder is on a rough horizontal ground, and the top rests 
against a smooth vertical wall. The weight of the ladder is 400 N, and a man 
weighing 800 N stands on the ladder one-quarter of its length from the bottom. If 
the inclination of the ladder to the horizontal is 30°, find the reaction at the wall and 
the total force at the ground. 

A rectangular plate ABCD has two forces of 100'N acting along AB and DC in 
opposite directions. If AB = 3m, BC = 5m, what is the moment of the couple or 
torque acting on the plate? What forces acting along BC and AD respectively are 
required to keep the plate in equilibrium? 

A fiat plate is cut in the shape of a square of side 20-0 cm, with an equilateral triangle 
of side 20-0 cm adjacent to the square. Calculate the distance of the centre of mass 
from the apex of the triangle. 

The dimensions of torque are the same as those of energy. Explain why it would 
nevertheless be inappropriate to measure torque in joules. State an appropriate 
unit. (C.) 

A trap-door 120 cm by 120 cm is kept horizontal by a string attached to the mid- 
point of the side opposite to that containing the hinge. The other end of the string is 
tied to a point 90 cm vertically above the hinge. If the trap-door weight is 50 N, 
calculate the tension in the string and the reaction at the hinge. 

Three forces in one plane act on a rigid body. What are the conditions for 
equilibrium? 


The plane of a kite of mass 6kg is inclined to the horizon at 60°. The thrust of the 


air acting normally on the kite acts at a point 25cm above its centre of gravity, and 

the string is attached at a point 30cm above the centre of gravity. Find the thrust of 

the air on the kite, and the tension in the string. (C.) 

State and explain the conditions under which a rigid body remains in equilibrium 

under the action of a set of coplanar forces. Describe an experiment to determine the 
avity of a flat piece of cardboard cut into the shape of a 


position of the centre of gr: a flat 
triangle. Use the conditions of equilibrium you have stated to justify your practical 


method. 

A simple model of the ammonia molecule (NH;) consists of a pyramid with the 
hydrogen atoms at the vertices of the equilateral base and the nitrogen atom at the 
apex. The N-H distance is 0-10 nm and the angle between two N-H bonds is 108". 
Find the centre of gravity of the molecule. (Atomic weights: H =10;N = 14 
Inm=1x 107? m.)(0.) 
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Summarise the various conditions which are being satisfied when a body remains in 
equilibrium under the action of three non-parallel forces. 

A wireless aerial attached to the top of a mast 20 m high exerts a horizontal force 
upon it of 600 N. The mast is supported by a stay-wire running to the ground froma 
point 6 m below the top of the mast, and inclined at 60° to the horizontal. Assuming 
that the action of the ground on the mast can be regarded as a single force, draw a 
diagram of the forces acting on the mast, and determine by measurement or by 
calculation the force in the stay-wire. (C.) 


Forces in Fluids 
An alloy of mass 588 g and volume 100 cm? is made of iron of density 8:0 g cm ^? 
and aluminium of density 2:7 g cm ^ ?. Calculate the proportion (i) by volume, 
(ii) by mass of the constituents of the alloy. 
A string supports a solid iron object of mass 180g totally immersed in a liquid of 
density 800 kg m ^ ?. Calculate the tension in the string if the density of iron is 
8000kgm ?. 
A hydrometer floats in water with 6:0cm of its graduated stem unimmersed, and in 
oil of density 0:8 g cm ^? with 4:0 cm of the stem unimmersed. What is the length of 
stem unimmersed when the hydrometer is placed in a liquid of density 0-9 g cm ^ ?? 
A uniform capillary tube contains air trapped by a mercury thread 40 mm long. 
When the tube is placed horizontally as in Figure 3C (i), the length of the air column 
is 36 mm. When placed vertically, with the open end of the tube downwards, the 
length of air column is now x mm, Figure 3C (ii). Calculate x if the atmospheric 
pressure is 760 mmHg, assuming that the air obeys Boyle's law, pV = constant. 


Figure 3C 


A barometer tube, 960 mm long above the mercury in the reservoir, contains a little 
air above the mercury column inside it. When vertical, Figure 3D (i), the mercury 
column is 710mm above the mercury in the reservoir. When inclined at 30° to the 
Poron Figure 3D (ii), the mercury column is now 910mm along the barometer 
tube. 

Assuming the air obeys Boyle's law, pV = constant, calculate the atmospheric 
pressure. 


16 
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State the principle of Archimedes and use it to derive an expression for the resultant 
force experienced by a body of weight W and density o when it is totally immersed 


. ina fluid of density p. 


A solid weighs 237-5 g in air and 12-5 g when totally immersed in a liquid of 
density 0-9 g cm ^ ?. Calculate 
(a) the density of the solid, 

(b) the density of a liquid in which the solid would float with one-fifth of its volume 
exposed above the liquid surface. (L.) 

State 

(a) the laws of fluid pressure and 

(b) the principle of Archimedes. 

Show how (b) is a consequence of (a). Describe a simple experiment which verifies 
Archimedes' Principle. 

The volume of a hot-air balloon is 600 m? and the density of the surrounding air 
is 1:25 kg m~ ?. The balloon just hovers clear of the ground when the burner has 
heated the air inside to a temperature at which its density is 0-80 kg m ^ ?. 

(a) What is the total mass of the balloon, including the hot air inside it? 

(b) What is the total mass of the envelope of the balloon and its load? 

(c) Find the acceleration with which the balloon will start to rise when the density 
of the air inside is reduced to 0-75 kg m ^. (Take g to be 10ms~?,)(0.) 


4 


Further Topics in Mechanics and 
Fluids 


Rotational Dynamics 


So far we have considered the equations of linear motion and 
other dynamical formulae connected with a particle or small 
mass m. We now consider the dynamics of large rotating objects 
such as spinning wheels in machines, for example. 

We shall find that dynamical formulae in rotational dynamics 
are similar to those in linear or translational dynamics. For 
example, the kinetic energy of a mass m moving with a velocity v 
is3mv? and the rotational kinetic energy of a spinning object is 
41q?, where I is called the ‘moment of inertia’ of the object about 
its axis and w is the angular velocity. 


E Torque and Angular Acceleration 
Inlinear motion, an object changing steadily from a velocity u to a velocity v in a 
time t has an acceleration a given by a — velocity change/time = (v— u)/t. 

In rotational motion, a wheel spinning about its centre may increase its 
angular velocity from c to c in a time t. The angular acceleration a is given by 
guasto O0. 

t 
pan Se UE ce Ql tu e eee IUE NC 
So Z © = 0$ at z : z 4 p (1) 


This is analogous to the linear relation v = u+ at. 

To make the whee! spin faster, a couple or torque T is applied to the wheel. We 
have already met forces which make a couple or a torque in a previous chapter. 
The turning-effect or torque T of a force F applied tangentially to a wheel of 
, radius r spinning about its centre is given by T = F xr and the unit of T is Nm 
(newton metre). 

Inlinear dynamics, a force F produces an acceleration given by'F = ma, where 
m is the mass of the object. In an analogous way, we soon see that a torque T, 
applied to a rotating wheel, gives it an angular acceleration given by 


T1425 E j 3 9742) 
eee eee ÀÁÀÁÀÀ—ÓÀMÀÓMÓR 
where I is the moment of inertia of the wheel about its axis of rotation, which we now 
explain. 


Moment of Inertia | 
Considera large rigid object X rotating about anaxis O whena torque T acts on the 
object, Figure 4.1. At the instant shown, a small mass m; of X, distant r, from O, 
‘has a linear acceleration a perpendicular to r, given by a = rx, where a is the 
‘angular acceleration about O. So the force F on m, is given by 


F=m,a=myr,o 
<. torque T about O = F xr, = m,r,?a 
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F=ma = mr& 


Figure 4.1 Moment of inertia 


Adding together all the torques on the masses which make up the object X, then 
total torque T = m,r,?x-- m;r;?a 4 ... 
-2X(m,?)a-la 


where I = X(m;r,?), the sum of all the products ‘mr?’ for the masses m of the 
object and the square of their distances, r?, from the axis of rotation. So, as in 
equation (2), T — Ia. 

We call 7 the ‘moment of inertia about the axis’. Calculation shows that a 
uniform rod of mass M and length / has a moment of inertia J = MI?/12 when it 
rotates about an axis at one end perpendicular to the rod. A sphere of mass M 
and radius r has a moment of inertia I = 2Mr?/5 when it spins about an axis 
through its centre. The unit of F is ‘kg m? and you should note that the value of 
I depends not only on the mass and dimensions of the object but also on the 
position of the axis of rotation. 


Examples on Torque and Angular Acceleration 
1 Aheavy flywheel ofmoment ofinertia0-3 kg m*ismounted ona horizontal axle of radius 
0-01 m and negligible mass compared with the flywheel. Neglecting friction, find (i) the 
angular acceleration if a force of 40 N is applied tangentially to the axle, (ii) the angular 
velocity of the flywheel after 10 seconds from rest. 


(i) Torque T = 40 (N) x 001 (m) = 04Nm 
From T = Ia 
0-4 


3 T -2 
angular acceleration « = TÉg37 L3rads 


(ii) After 10 seconds, angular velocity @ = at 
= 13x10 = I3rads^! 


2 Themomentofinertia ofa solid flywheel about itsaxisis 0-1 kg mê. Itisset in rotation by 
applyinga tangential force of 20 N with arope wourid round the circumference, theradius of 
the wheel being 0-1 m. Calculate the angular acceleration of the flywheel. What would be the 
angular acceleration if a mass of 2kg were hung from the end of the rope? (0. & C.) 


Torque T = Ia, and T = 20x01 Nm 
T 20x01 


So angular acceleration x — Te come 20rads~* 
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Ifamassmof2 kg, or weight 20 Nassumingg = 10ms~?,ishungfromtheendof 
the rope, it moves down with an acceleration a, Figure 4.2. In this case, if F is the 
tension in the rope, 


mg—F = ma : ] : ^ ‘ (1) 


r- 


UL poca 


20N 


Figure 4.2 Example on torque and angular acceleration 


For the flywheel, F.r = torque = Ia . i ü f ; (2) 


where r is the radius of the wheel and « the angular acceleration about the centre, 
Now the mass descends a distance given by r6, where @is the angle the flywheel has 
turned. Hence the acceleration a = rx. Substituti.g in (1), 


A mg —F = mra 

Multiplying by r, 
GTP ENE A OMM opes Re (3) 

Adding (2) and (3), 
$ J^. mgr = (I+ mr?) 

Sagi 2x10x01 

I+mr? 0142x017 
= 167 rads~? 


In linear or straight-line motion, an important property of a moving object is its 
linear momentum (p. 22). When an object spins or rotates about an axis, its 
angular momentum plays an important part in its motion. 

Consider a particle A ofa rigid object rotating about an axis O, Figure 4.3. The 
momentum of A = mass x velocity = mv = m,r;o. The ‘angular momentum’ of 
A about O is defined as the moment ofthe momentum about O. Its magnitude is thus 


mt x p, where p is the perpendicular distance from O to the direction of v. So 
angular momentum of A = pi, rp = Myr Xr, = mr; w. 


Angular Momentum and Relation to Torque 
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Angular 
momentum 


=3mv.p 


= [w 


Figure 4.3 Angular momentum 


<. total angular momentum of whole body = Em,r,?o = oEmr,? 
= lw 


where I is the moment of inertia of the body about O. 
Angular momentum isanalogousto "linear momentum’,mv,in the dynamics ofa 
moving particle. In place ofm we have I, the moment ofinertia; in place ofv we have 


co, the angular velocity. 


Torque x Time 

Inlinear dynamics, a force F acting on an object for a time t produces a momentum 
change given by 

Fx t (impulse) = momentum change 
In an analogous way, a torque T acting for a time t on a rotating 'object 
produces an angular momentum change given by | 

T xt = angular momentum change 
So if I is the moment of inertia about the axis concerned, and œw and o; are the 
initial and final angular velocities produced by a steady torque T, then 


T xt = lw,- lw; 


As an illustration, suppose a wheel of moment of inertia about its centre of 
2kgm? is spinning with an angular velocity of 15 rad s^ !. If it is brought to rest 
by a steady braking torque T in 5s, the value of T is given by 


Tx52 104-19, = 2x15)-0 = 30 
So T = 30/5 = 6Nm 


Conservation of Angular Momentum 


The conservation of angular momentum, which corresponds to the conservation of 


linear momentum, states that the angular momentum about an axis of a given 
rotating body or system of bodies is constant, if no external torque acts about that 
axis. 
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Thus when a high diver jumps from a diving board, his moment of inertia, I, can 
be decreased by curling his body more, in which case his angular velocity œ is 
increased, Figure 4.4. He may then be able to turn more somersaults before striking 
the water. Similarly, a dancer on skates can spin faster by folding her arms. 
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Figure 4.4 Conservation of angular momentum 


The earth rotates about an axis passing through its geographic north and south 
poles with a period of 1 day. If it is struck by meteorites, then, since action and 
reaction are equal, no external couple acts on the earth and meteorites. Their total 
angular momentum is thus conserved. Neglecting the angular momentum of the 
meteorites about the earth's axis before collision compared with that of the earth, 
then 


angular momentum of earth plus meteorites after collision = angular momentum 
of earth before collision 


Since the effective mass of the earth has increased after collision, the moment 
of inertia has increased. So the earth will slow down slightly. Similarly, if a mass 
is dropped gently on to a turntable rotating freely at a. steady speed, the 
conservation of angular momentum leads to a reduction in the speed of the 
table. 7 

Angular momentum, and the principle of the conservation of angular 
momentum, have wide applications in physics. They are used in connection with 
enormous rotating masses such as the earth, as well as minute spinning particles 
such as electrons, neutrons and protons found inside atoms. 


Examples on Conservation of Angular M omentum 
1_ A ballet dancer spins about a vertical axis at 1 revolution per second with arms 
outstretched. With her arms folded, her moment of inertia about the vertical axis decreases 
by 60%. Calculate the new rate of revolution. 
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Suppose istheinitial moment ofinertiaabout.the verticalaxis andoistheinitial ` 
angular velocity corresponding to 1 revs” 1 The new moment of inertia /, = 40% 
of I = 04 I. 

Suppose the new angular velocity is @,. Then, from the conservation of angular 
momentum, 


I0, = Io 

I 
S =—w=— 
S iw AN, 


Since angular velocity oc number of revs per second, the new number n of revs per 
second is given by 
1 
n2-—xlrevs ^! 2 25revs^ 
04 

2 A disc of moment of inertia 5 x 107 * kgm? is rotating freely about axis O through its 
centre at 40 r.p.m., Figure 4.5. Calculate the new revolutions per minute (r.p.m.) ifsome wax 
W of mass 0-02 kg is dropped gently on to the disc 008 m from its axis. 


Initial angular momentum of disc = Iw = 5x 107 *o 5 


1 


where o is the angular velocity corresponding to 40 r.p.m. 


Figure 4.5 Example on conservation of angular momentum 


When the wax of mass 0-02 kg is dropped gently on to the disc at a distance r 
of 0:08 m from the centre O, the disc slows down. Suppose the angular velocity is 
now @,. The total angular momentum about O of disc plus wax W 


= lw, +mr’w, = 5x 107 4m, +002 x 0:08, 
= 628 x 107 4a, 
From the conservation of angular momentum for the disc and wax about O 
628 x 10-4@, = 5x 10 *o 
oe, 500 m 


"e 628 40 


where n is the r.p.m. of the disc, because the angular velocity is proportional to the 


rpm. 


500 
“N= 08 x 40 = 32 (approx.) 


Central Forces and Conservation of Angular Momentum . 
Rotating objects sometimes have a force on them directed towards a particular 
point or axis. Figure 4.6 (i) shows a planet P moving inan elliptical orbit round the 


4h 
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Sun S under gravitational atttavava. sue force F on P is always directed 
towards S as it moves. So the moment of F about S is always zero. 

Since the so-called central force or external force on P has no moment about S, 
the angular momentum about S is constant. At X, the nearest point to the Sun, the 
angular momentum about S = mv,r,, where m is the mass of the planet, v, is the 
velocity at X and SX = r,. At Y, the furthest distance from the Sun, the angular 
momentum about S = mv;r;, where v; is the new velocity at Y and SY = r;. So 


mvr, = musr; 
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Since r, is greater than r,, the velocity v, is greater than v;. So the velocity of the 
planet P increases as it approaches the nearest distance to the Sun. 


Figure 4.6 Central forces and conservation of angular momentum 


Figure 4.6(ii) shows a mass m at A on a smooth table. It is connected by a 
string AOC through a hole O in the table to a weight W, hanging down below 
the table, so that OC is vertical. 

With thestringOA taut, the mass mis pushed at right angles to OA withan initial 
velocity v. of 6ms~!. The length OA is then 0-4 m. After the mass m rotates, the 
mass reaches a position at B on the table where OB is 0-3 m and the velocity of the 
mass has changed to a value v;. 

The tension T in the string may change as the mass rotates but T is always 
directed towards O on the table. So as the mass rotates, the external or central force 
T has no moment about O. So the angular momentum about O is constant. This 
helps us to find the velocity v, at B. We have, using angular momentum, 


mv, x 0-4 (at A) = mv; x 0-3 (at B) 


So vı x04 =v, x03 
and pees XOWD 6:01 
03 03 
=8ms"! 


So the velocity increases to 8 m s~ * when the string shortens to 0-3 m, to keep the 
angular momentum constant. 
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Rotational Kinetic Energy, Work done by Torque 
We now consider the kinetic energy of a rotating object. In Figure 4.7 (i), the 
rotational kinetic energy of the object X about O 


— sum of kinetic energy of all its individual masses 
= 4tmyv,? oma?) +... 

= 4myry?2@? +4mzr270? +... 

= Wmyr,2+4mzr2? su)? = Mo? 


O a 
So rotational kinetic energy = 41a? Rene Vee) 


IfI =2kgm? and o = 3 rad s~ +, then 
rotational kinetic energy = x 2x3? =9J 


y= nw 


(i) (ii) 


Figure 4.7 (i) Rotational kinetic energy (ii) Work done by torque 


The work done W by aconstant torque can be found from Figure 4.7 (ii). Herea 
force F is applied tangentially to a wheel X of radius r and X rotates through an. 
angle 0 as shown, while F stays tangential to the wheel. Then 


work done = force x distance AB 
= Fxr0 = F.rx0 = torque x0 


o ts gres Taiot S io A 
So work done W — torque x angle of rotation . : . 4 


N m and @is in radians, the work done is in J. Suppose a 


When the torque is in 
es a wheel through 4 revolutions. Since the 


torque of constant value 6Nm rotat 
angle 0 = 4 x 2x = 8n rad, 
work done W = 6(N m) x 8n (rad) = 151 J 
Consider a wheel rotating about its centre with an angular velocity of 15 rad s~ 
and with a moment of inertia J of 2kg m? about its centre. If a steady braking 
torque T of 6 N m brings the wheel to rest in an angle of rotation 6, then 


work done by torque — change in kinetic energy 


1 


So Tx 6 2ÀIo? —0 
6x0 =4x2x 15? 
2.0 — 3T 5rad 


7 
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Since 1 revolution = 27 rad, 
number of revs = T = 6 (approx.) 


So the wheel comes to rest after about 6 revolutions when the braking torque is 
applied. 


Kinetic Energy of a Rolling Object 
When an object such as a cylinder or ball rolls on a plane, the object is rotating as 
well as moving down the plane. So it has rotational energy in addition to 
translational energy. 

Consider a uniform cylinder C rolling along a plane without slipping, Figure 
4.8. The forces on C are 
(a) its weight Mg acting at its central axis O, 

(b) the frictional force F at the plane which prevents slipping. 

The force which produces linear acceleration and translational kinetic energy 
down the plane = Mgsina—F. The torque about O which produces angular 
acceleration and rotational kinetic energy = F .r, where r is the radius of the 
cylinder. 


BC UF J 


Figure 4.8 Energy and acceleration of object rolling down plane 


Since energy is a scalar quantity (one with no direction), we can add the 
translational and rotational kinetic energies to obtain the total energy of the 
cylinder. So at a given instant, 

total kinetic energy = 4Mv? + 11? 
where J is the moment ofinertia about the axis O, wis the angular velocity about O 


and vis the translational velocity down the plane. Ifthe cylinder does not Slip, then 
v = ro. So € 


2 
total kinetic energy = 4Mv? +4) (5 
r 


= ty? (nez) 


Suppose the cylinder rolls from rest through a distances along the plane. Theloss 
of potential energy = Mgssina = gain in kinetic energy = ip? (M +1/r?) from 
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above. So 
2 _ 2Mgssina 


- M+/P) 

But v? = 2as where a is the linear acceleration down the plane. So 
n 2Mgssin « 
M+(I/r) 


Mgsina 
Th ie ae 
i a= Wie) E ME 


2as 


A uniform solid cylinder of mass M and radius r has a moment of inertia 
I = Mr?/2 about its axis. So I/r? = M/2. Substituting in (1), we find that the 
acceleration down the planea = 2g sin x/3. A uniform hollow cylinder openat both 
ends has a moment of inertia about its axis given by I = M. r^, where M is the mass 
and r is the radius. From (1), we find that the acceleration down the plane, 
a, = gsina/2. So the solid cylinder would have a greater acceleration down the 
plane than a hollow cylinder of the same mass. If no other tests were available, we 
could distinguish between a solid cylinder and a hollow cylinder closed at both 
ends, both of the same mass, by allowing them to roll from rest down an inclined 
plane. Starting from the same place the cylinder which reaches the bottom first 


would be the solid cylinder. 


Measurement of Moment of Inertia of Flywheel 

The moment ofinertia ofa flywheel W about a horizontal axle can be determined 
by passing one end of some string through a hole in the axle, winding the string 
round the axle,andattachingamass M tothe otherend of thestring, Figure4.9. The 
length of string is such that M reaches the floor, when released, at the same 
instant as the string is completely unwound from the axle. 

M is released, and the number of revolutions, n, made by the wheel W up to 
the occasion when M strikes the ground is noted. The further number of 
revolutions n, made by W until it comes finally to rest, and the time t taken, are 


also observed by means of a chalk-mark W. 
= 


w 


M 


Figure 4.9 Moment of inertia of fl 'ywheel 


Now the loss in potential energy of M — gain in kinetic energy of M +gain in 
kinetic energy of flywheel + work done against friction. 


<. Mgh=4Mr'w?+Ho?+nf. 0. 0. e (i) 
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where h is the distance M has fallen, r is the radius of the axle, c is the angular 
velocity, I is the moment of inertia, and f is the energy per turn expended against 
friction. Since the energy of rotation of the flywheel when the mass M reaches the 
ground — work done against friction in n; revolutions, then 


Mo? =n, f 
Io? 
vafis ES 
Substituting for / in (i), 
<. Mgh = 4Mr?0? + Mo? ( $ *) suc i) 
1 


Since the angular velocity of the wheel when M reaches the ground is w, and 
the final angular velocity of the wheel is zero after a time t, the average angular 
velocity = «/2 = 2nn,/t. Thus w = 4n,/t. Knowing w and the magnitude of the 
other quantities in (ii), the moment of inertia 7 of the flywheel can be calculated. 


Summary : 
We conclude with a summary showing a comparison between formulae in 
rotational and linear motion. 


Linear Motion ` Rotational Motion 

1. Velocity, v Angular velocity, @ = v/r 

2. Momentum = mv Angular momentum = /o 

3. Energy = im? Rotational energy = 1Ico? 

4. Force, F, = ma Torque, T, = Ia 

5. Fx t = momentum change Tx t = angular momentum change 

6. F xs = work done = k.e. change Tx 0 = work done = k.e. change 

7. Conservation of linear momentum on Conservation of angular momentum on 
collision, if no external forces collision, if no external torques. 5 


Example on Torque, Angular Momentum, Kinetic Energy 
A uniform circular disc of moment of inertia 0:2 kg m? and radius 0:15 m is mounted on a 
horizontal cylindrical axle of radius 0-015 m and negligible mass. Neglecting frictional losses 
in the bearings, calculate 


(a) the angular velocity acquired from rest by the application for 12 seconds of a force 
of 20 N tangential to the axle, 


(b) the kinetic energy of the disc at the end of this period, 


(c) the time required to bring the disc to rest if a constant braking force of 1 N were 
applied tangentially to its rim. 


(a) Torque due to 20N tangential to axle 
= 20x 0:015 = 0-3 Nm 
Torque x t = angular momentum change 
“03x12 =02x@ 
w = 0:3 x 12/0:2 = 18rads~! 
(b) K.E. of disc after 12 seconds = Hw? 
= 7x02 x 18? = 32-45 
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(c) Decelerating torque = 1 x 0152 015Nm 
Torque x t = angular momentum change 
7. O15 xt 2 02x18 
z. t= 02x 18/015 = 24s 


(See Exercises 4, p. 130, for questions on Rotational Dynamics). 
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tap 


air 


flow = 
constriction | l 
Engine Air + petrol vapour 


(i) (ii) 


Figure 4.11 Principle of (i) filter pump (ii) carburettor 


in a fine spray. The petrol vapour mixes with the air and so provides the 
air-petrol mixture required for the engine. 

3. Aerofoil lift. The curved shape of an aerofoil creates a faster flow of air over 
its top surface than the lower one, Figure 4.12. This is shown by the closeness of 
the streamlines above the aerofoil compared with those below. From Bernoulli's 
Principle, the pressure of the air below is greater than that above, and this produces 
the lift on the aerofoil. 


high velocity 
low pressure 


wei ee 


low velocity 
high-pressure 


Figure 4.12 Fluid velocity and pressure 


4. Venturi meter. This meter measures the volume of gas or liquid per second 
flowing through gas pipes or oil pipes. 


Figure4.13 Principle of Venturi meter 


Figure 4.13 shows the principle. A manometer M is connected between a wide 
section X, area A,, and a narrower section Y, area A5, of the horizontal pipe 
carrying a steady flow of oil, for example. Since the velocity v; at Y is greater than 
the velocity v, at X, the pressure p, at Y is less than the pressure p; at X. The 
manometer then has a difference in levels H of a liquid of density p' say. 

Suppose Q is the volume per second of oil flowing at X or at Y. Then 
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Q = A,v, = Ast. Also, from the Bernoulli Principle, if p is the density of the oil, 
p, +400? = p; tipo; 

So Pi—P2 = Hpg—ip(—v). . . . (0 

But v = Q/A, and v, = Q/A,. Substituting for v; and v; in (1), 


; Q? 2 A 2_4 2 
noa- (25-2, =} tai 


2Hp'gA,7A,” 
So = [————À-6e à y T H a 2 
9 7 pa? A2) 9 


This enables Q to be found. Since Q oc JH. , an experiment can be carried out 
to calibrate the difference in levels H of the manometer, using (2), in terms of 
volume per second rate of flow. 


Measurement of Fluid Velocity, Pitot-static Tube 

The velocity ata pointina fluid flowing through a horizontal tube can be measured 

by the application of the Bernoulli equation on p. 127. In this case his zero and 

so 

p+4pv? = constant 

Here pis the static pressure at a point in the fluid, that is, the pressure unaffected by 

its velocity. The pressure p+4pv? is the total or dynamic pressure, that is, the 
.pressure which the fluid would exert if it is brought to rest by striking a surface 

placed normally to the velocity at the point concerned. 


————9 
total BUM 
pressure —> x = 
hole static pressure 
> holes 
fluid velocity 


Figure 4.14 Principle of Pitot-static tube 


Figure 4.14 illustrates the principle ofa Pitot-static tube. The inner or Pitot tube 
P, named afterits inventor, has an opening X at one end normal to the fluid velocity. 
A manometer connected to T would measure the total pressure p +4pv”. The outer 
or static tube has holes Q in its side which are parallel ta the fluid velocity. A 
manometer connected to S would measure the static pressure p. The difference in 
pressure, hp’g, in the two sides ofa single manometer joined respectively to T and S 
would hence be equal to 1pv?. Thus v can be calculated from v = ,/2hp'g/p. In 
practice, corrections are applied to the manometer readings to take account of 
differences from the simple theory outlined. 


Example on Fluid Motion in Pipe 
(i) Water flows steadily along a horizontal pipe at a volume rate of 8x 107? m? s 1, Ifthe 
area of cross-section of the pipe is 40 cm? (40 x 1074 m?) calculate the flow velocity of [ 
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water. (ii) Find the total pressure in the pipe if the static pressure in the horizontal pipe 
is 30x 10* Pa, assuming the water is incompressible, non-viscous and its density is 
1000kgm-?. (iii) What is the new flow velocity if the total pressure is 3-6 x 10* Pa? 


volume per second 


(i) Velocity of water = ae 


(ii) Total pressure = static pressure + $v? 


1000 x 2? 
2 


= 3-0 x 10*+0-2 x 10* = 32x 104 Pa 
(iii) 4pv? = total pressure — static pressure 
So $x 1000 x v? = 36x 10*—30 x 10* = 0:6 x 10* 


[0-6 x 10* gs 
v= 390 = 3 5ms 


Exercises 4 
Rotational Dynamics 


= 3:0 x 10* + 


1 A disc of moment of inertia 10 kg m? about its centre rotates steadily about the 
centre with an angular velocity of 20 rads~'. Calculate (i) its rotational 
energy, (ii) its angular momentum about the centre, (iii) the number of 
revolutions per second of the disc. 

2 A constant torque of 200 N m turns a wheel about its centre. The moment of inertia 
about this axis is 100kg m°. Find (i) the angular velocity gained in 4s, (ii) the 
kinetic energy gained after 20 revs. 

3 A flywheel has a kinetic energy of 200 J. Calculate the number of revolutions it 
makes before coming to rest if a constant opposing couple of 5 N m is applied to the 
flywheel. 

If the moment of inertia of the flywheel about its centre is 4 kg m?, how long does 
it take to come to rest? f 

4 A constant torque of 500 N m turns a wheel which has a moment of inertia 20 kg m? 
about its centre. Find the angular velocity gained in 2 s and the kinetic energy 
gained. 

5 A ballet dancer spins with 24 revs”! with her arms outstretched, when the moment 
of inertia about the axis of rotation is 7. With her arms folded, the moment of inertia 
about the same axis becomes 0-6 I. Calculate the new rate of spin. 

State the principle used in your calculation. 

6 Adisc rolling along a horizontal plane has a moment of inertia 2:5 kg m? about its 
centre and a mass of 5 kg. The velocity along the planeis2ms !. 

If the radius of the disc is 1 m, find (i) the angular velocity, (ii)the total energy 
(rotational and translation) of the disc. 

7 A wheel of moment of inertia 20kg m? about its axis is rotated from rest about its 
centre by a constant torque T and the energy gained in 10s is 360J. Calculate (i) 
the angular velocity at the end of 10s, (ii) 7; (iii) the number of revolutions made 
by the wheel before coming to rest if T is removed at 10s and a constant opposing 
‘torque of 4N m`! is then applied to the wheel, 

8 A uniform rod of length 3 m is suspended at one end so that it can move about an 
axis perpendicular to its length. The moment-of inertia about the end is 6 kg m? and 
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the mass of the rod is 2 kg. If the rod is initially horizontal and then released, find 

the angular velocity of the rod when (i) it is inclined at 30° to the horizontal, (ii) 

reaches the vertical. 

A recording disc rotates steadily at 45 rev min ' on a table. When a small mass of 

0:02 kg is dropped gently on the disc at a distance of 0-04 m from its axis and sticks 

to the disc, the rate of revolution falls to 36 rev min ~+. Calculate the moment of 

inertia of the disc about its centre. ? : 

Write down the principte used in your calculation. 

A disc of moment of inertia 0-1 kg m? about its centre and radius 0-2 m is released 

from rest on a plane inclined at 30° to the horizontal. Calculate the angular velocity 

after it has rolled 2m down the plane if its mass is 5 kg. 

A flywheel with an axle 1-0 cm in diameter is mounted in frictionless bearings and 

set in motion by applying a steady tension of 2N to a thin thread wound tightly 

round the axle. The moment of inertia of the system about its axis of rotation is 

50 x 107* kg m?. Calculate 

(a) the angular acceleration of the flywheel when 1 m of thread has been pulled off 
the axle, 

(b) the constant retarding couple which must then be applied to bring the flywheel 
to rest in one complete turn, the tension in the thread having been completely 
removed. (JMB.) : 

Define the moment of inertia of a body about a given axis. Describe how the 

moment of inertia of a flywheel can be determined experimentally. 

A horizontal disc rotating freely about a vertical axis makes 100 r.p.m. A small 
piece of wax of mass 10 g falls vertically on to the disc and adheres to it at a distance 
of 9cm from the axis. If the number of revolutions per minute is thereby reduced 
to 90, calculate the moment of inertia of the disc. (JM B.) 

Write down an expression for the angular momentum of a point mass m moving in 

a circular path of radius r with constant angular velocity w. Extend this result to a 

system of several point masses each rotating about a common axis with the same 

angular velocity and show how this leads to the concept of the moment of inertia / 
ofa rigid body. 

Show that the quantity 31c? is the kinetic energy of rotation of a rigid body 
rotating about an axis with angular velocity œ. 

Describe how you would determine by experiment the moment of inertia of a 
flywheel. 

The atoms in the oxygen molecule O, may be considered to be point masses 
separated by a distance of 1:2 x 10^ '? m. The molecular speed of an oxygen 
molecule at s.t.p. is 460m s~ '. Given that the rotational kinetic energy of the 
molecule is two-thirds of its translational kinetic energy, calculate its angular 
velocity at s.t.p. assuming that molecular rotation takes place about an axis through 
the centre of, and perpendicular to, the line joining the atoms. (0. & C.) 

(a) Fora rigid body rotating about a fixed axis, explain with the aid of a suitable 
diagram what is meant by angular velocity, kinetic energy and moment of inertia. 

(b) In the design of a passenger bus, it is proposed to derive the motive power from 
the energy stored in a flywheel. The flywheel, which has a moment of inertia of 
4:0 x 10? kg m?, is accelerated to its maximum rate of rotation 3:0 x 10? 
revolutions per minute by electric motors at stations along the bus route. 

(i) Calculate the maximum kinetic energy which can be stored in the flywheel. 
(ii) If, at an average speed of 36 kilometres per hour, the power required by the 
bus is 20 kW, what will be the maximum possible distance between stations on 
the level? (J MB.) 

(a) Explain what is meant by (i)a couple, (ii) the moment of a couple. Show that a 
force acting along a given line can always be replaced by a force of the same 
magnitude acting along a parallel line, together with a couple. 

(b) A flywheel of moment of inertia 0:32 kg m? is rotated steadily at 120 rads ^ ! bya 
50 W electricmotor. (i) Find the kinetic energy and angular momentum of the 
flywheel. (ii) Calculate the value of the frictional couple opposing the * 
rotation. (iii) Find the time taken for the wheel to come to rest after the motor 
has been switched off. (O.) 
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16 - A flywheel rotates about a horizontal axis fitted into friction free bearings. A light 
string, one end of which is looped over a pin on the axle, is wrapped ten times round 
the axle and has a mass of 1-5 kg attached to its free end. Discuss the energy changes 
as the mass falls. If the moment of inertia of the wheel and axle is 0-10 kg m? and the 
diameter of the axle 5:0 cm, calculate the angular velocity of the flywheel at the 
instant when the string detaches itself from the axle after ten revolutions. (AEB, 
1983.) 


Fluid Motion 


17 An open tank holds water 1:25 m deep. If a small hole of cross-section area 3 cm? is 
made at the bottom of the tank, calculate the mass of water per second initially 
flowing out of the hole. (g = 10ms~ 2 density of water = 1000 kgm ^?) 

18. A lawn sprinkler has 20 holes each of cross-section area 2:0 x 107 ? cm? and is 
connected to a hose-pipe of cross-section area 2:4 cm?, If the speed of the water in 
the hose-pipe is 1-5 m s^ ', estimate the speed of the water as it emerges from the 
holes. 

19 Show that the term 4pv? which enters into the Bernoulli equation has the same 
dimensions as pressure p. 

A fluid flows through a horizontal pipe of varying cross-section. Assuming the 
flow is streamline and applying the Bernoulli equation p+4pv? = constant, show 
that the pressure in the pipe is greatest where the cross-section area is greatest. 

20 Water flows along a horizontal pipe of cross-section area 48 cm? which has a 
constriction of cross-section area 12cm? at one place. If the speed of the water at the 
constriction is 4 m s^ ! , calculate the speed in the wider section. 

The pressure in the wider section is 1-0 x 105 Pa. Calculate the pressure at the 
constriction. (Density of water = 1000kgm^?) ~ 

21 Water flows steadily along a uniform flow tube of cross-section 30cm?. The static 
pressure is 1-20 x 105 Pa and the total pressure is 1:28 x 10° Pa. 

Calculate the flow velocity and the mass of water per second flowing past a 
section of the tube. (Density of water = 1000kg m ?.) 

22 (a) Distinguish between static pressure, dynamic pressure and total pressure when 
applied to streamline (laminar) fluid flow and write down expressions for these 
three pressures at a point in the fluid in terms of the fluid velocity v, the fluid 
density p, pressure p. and the height h, of the point with respect to a datum. 

(b) Describe, with the aid of a labelled diagram, the Pitot-static tube and explain 
how it may be used to determine the flow velocity of an incompressible, non- 
viscous fluid. 

(c) The static pressure in a horizontal pipeline is 4:3 x 10* Pa, the total pressure is 
4:7 x 10* Pa, and the area of cross-section is 20 cm, The fluid may be considered 
to be incompressible and non-viscous and has a density of 16? kg m ^7. 
Calculate (i) the flow velocity in the pipeline, (ii) the volume flow rate in the 
pipeline. (JMB.) 


<5 facta a 
Elasticity, Molecular Forces, 
Solid Materials 


Metals and other solids can be classified as crystalline, glassy, 
amorphous or polymeric. All these solid materials are widely used 
in engineering and industry. In this chapter we start with metals 
and show how they react to forces which stretch them. We then 
consider the microscopic or molecular behaviour of metals and the 
ideas of dislocations and slip planes in a more detailed account of 
solid materials and their uses. 


Elasticity 


Elasticity of Metals 

A bridge used by traffic is subjected to loads or forces of varying amounts. Before 
a steel bridge is constructed, therefore, samples of the steel are sent to a research 
laboratory. Here they undergo tests to find out whether the steel can withstand 
the loads likely to be put on them. 2 

Figure 5.1 illustrates a simple laboratorymethod of investigating the property 
of steel we are discussing. Two long thiri steel wires, P, Q, are suspended beside 
each other from a rigid support B, such'as a girder at the top of the ceiling. The 
wire P is kept taut by a weight: A attached to its end and carries a scale M 
graduated in millimetres. The wire Q carries a vernier scale V which is alongside 
the scale M. 


TETT 


- elastic 
L limit 


extension, e 


le) force F 


(ii) 


Figure 5.1 (i) Elasticity experiment and (ii) result extension against load 
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When a load W such as 10N is attached to the end of Q, the wire increases in 
length by a small amount which can be read from the change in the reading on 
the vernier V. If the load is taken off and the reading in V returns to its original 
value, the wire is said to be elastic for loads from zero to 10 N, a term adopted by 
analogy with an elastic thread. When the load W is increased to 20N the 
extension (increase in length) is obtained from V again; and if the reading on V 
returns to its original value when the load is removed the wire is said to be elastic 
at least for loads from zero to 20 N. The load or force which stretches a wire is 
called a tensile force. 


Proportional and Elastic Limits 
The extension of a thin wire such as Q for increasing loads or forces F may be 
found by experiment to be as follows: 


Force (N) 0 10 20 30 40 50 60 70 80 
- Extension (mm) 0 014 020 042 0:56 070 O85 101 1:19 


When the extension, e, is plotted against the force F in the wire, a graph is 
obtained which is a straight line OA, followed by a curve ABY rising slowly at 
first and then very sharply, Figure 5.1 (ii), Up to A, about 50 N, the results show 
that the extension increased by 0:014 mm per N added to the wire. A, then, is the 
proportional limit. 

Along OA, and up to L just beyond A, the wire returned to its original length 
when the load was removed. The force at L is called the elastic limit. Along OL 
the metal is said to undergo changes called elastic deformation. Later we show 
that any energy stored in the metal during elastic deformation is recovered when 
the load is removed. 

Beyond the elastic limit L, however, the wire has a permanent extension such 
as OP when the force is removed at B, for example, Figure 5.1 (ii). Beyond L, 
therefore, the wire is no longer elastic. The extension increases rapidly along the 
curve ABY as the force on the wire is further increased and at N the wire thins 
and breaks. Molecular theory, discussed on p. 150, explains why this occurs. 

As we see later, when the elastic limit is exceeded, the energy stored in the 
metal is transferred to heat and is not recovered when the load is removed. 


Hooke's Law 
From the straight line graph OA, we deduce that 


the extension is proportional to the force or tension in a wire if the proportional 
limit is not exceeded. 


This is known as Hooke's law, after RoBERT Hooker, founder of the Royal Society, 
‘who discovered the relation in 1676. 

The extension of a wire is due to the displacement of its molecules from their 
mean (average) positions. So the law shows that when a molecule of the metal is 
slightly displaced from its mean position the restoring force is proportional to its 
displacement (see p. 150). One may therefore conclude that the molecules of a 
solid metal are undergoing simple harmonic motion (p. 77). Up to the elastic 
imit the energy gained or stored by a stretched wire is molecular potential 
energy, which is recovered when the load is removed. 

The measurements also show that it would be dangerous to load the wire 
with weights greater than the magnitude of the elastic limit, because the wire 
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then suffers a permanent strain. Similar experiments in the research laboratory 
enable scientists to find the maximum load which a steel bridge, for example, 
should carry for safety. Rubber samples are also subjected to similar) 
experiments, to find the maximum safe tension in rubber belts used in 
machinery. See Figure 5A below. 


Yield Point, Ductile and Briftle Substances, Breaking Stress 
Careful experiments show that, for mild steel and iron for example, the molecules 
of the wire begin to ‘slide’ across each other soon after the load exceeds the 
elastic limit, that is, the material becomes plastic. This is indicated by the slight 
‘kink’ at B beyond L in Figure 5.1 (ii), and it is called the yield point of the wire. 
The change from an elastic to a plastic stage is often shown by a sudden increase in 
the extension. In the plastic stage, the energy gained by the stretched wire is 
dissipated as heat and unlike the elastic stage, the energy is not recovered when the 
load is removed. 

As the load is increased further the extension increases rapidly along the curve 
YN and the wire then becomes narrower and finally breaks. The breaking stress 
of the wire is the corresponding force per unit area of the narrowest cross-section 
of the wire. 

Substances such as those just described, which lengthen considerably and 
undergo plastic deformation until they break, are known as ductile substances. 
Lead, copper and wrought iron are ductile. Other substances, however, break 
just after the elastic limit is reached; they are known as brittle substances. Glass 
and high carbon steels are brittle. 

Brass, bronze, and many alloys appear to have no yield point. These materials 
increase in length beyond the elastic limit as the load is increased without the 
sudden appearance of a plastic stage. 

The strength and ductility of a metal, its ability to flow, depend on defects in 
the metal crystal lattice. This is discussed later (p. 157). 


Figure 5A The photograph shows a 
metal sample at the point of failure 
following a tensile test on an Instron 
Model 1185 Universal Materials Testing 
Machine. For precise measurement of 
extension, the system is fitted with an 
Automatic Extensometer. The load range 
is 0-1 N to 100 kN and the machine is used 
for a wide range of materials. (Courtesy of 
Instron Limited) 
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Tensile Stress and Tensile Strain, Young Modulus 
We have now to consider the technical terms used in the subject of elasticity of 
wires. When a force or tension F is applied to the end of a wire of cross-sectional 
area A, Figure 5.2 (i), 
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the tensile stress = force per unit area = — . à f (i) 


am 


If the extension of the wire is e, and its original length is I, 


a ee UU E E MM M LLL L1 d 


e 
the tensile strain — extension per unit length — 7 , (2) 


= ele et v A= proportional limit 
>F $ L - elastic limit 
4“ E B= yield point 


C= tensile strength 
D= wire breaks 
OB= elastic deformation 
BC= plastic deformation 


(i) 


[9] strain 
(ii) 


Figure5.2 (i) Tensile stress and tensile strain (ii) Stress against strain, ductile material 


Suppose a 2kg mass is attached to the end of a vertical wire of length 2m and 
diameter 0:64 mm, and the extension is 0-60 mm. Then 


F =2x98N, A-1x0.032? cm? = 1 x 0032? x 10 ^m? 
2x98 


~ tensile stress = — 05; 1973 = 8x Il0'Nm?  . —(3) 
f -3 
and tensile strain — WE z50350]0792- Mec (4) 
m 


It will be noted that ‘stress’ has units such as "Nm 7’; ‘strain’ has no units 
because it is the ratio of two lengths. Figure 5.2(ii) shows the general 
stress-strain graph for a ductile material. 


Under elastic conditions, a modulus of elasticity of the wire, called the Young 
modulus (E), is defined as the ratio 

. tensile stress 

tensile strain 


(5) 
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F/A 
S RE 
» ell 
Using (3) and (4), when the elastic limit is not exceeded, 
6x 107 
Ec 03x 1073 


= 20x 10! N m? (or Pa) 


Dimensions of Young Modulus 
As stated before, the ‘strain’ of a wire has no dimensions of mass, length, or time, 
since, by definition, it is the ratio of two lengths. Now 
dimensions of force 


dimensions of area 
d B = ML-T? 


.', dimensions of the Young modulus, E, 


dimensions of stress — 


dimensions of stress 


3 - SC MI B^ 
dimensions of strain 


Determination of Young Modulus 
The magnitude of the Young modulus for a material in the form of a wire can be 
found with the apparatus illustrated in Figure 5.1 (i), p. 133, to which the reader 
should now refer. The following practical points should be specially noted, 
remembering that the elastic limit must not be exceeded: 

(1) The use of two wires, P, Q, of the same material and length, eliminates the 
correction for (i) the yielding of the support when loads are added to Q, 
(ii) changes of temperature. 

(2) The wire is made thin so that a moderate load of several kilograms 
produces a large tensile stress. The wire is also made long so that a measurable 
extension is produced. 

(3) Both wires should be free of kinks, otherwise the increase in length cannot 
be accurately measured. The wires are straightened by attaching suitable weights 
to their ends, as shown in Figure 5.1 (i). : 

(4) A vernier scale is necessary to measure the extension of the wire since this is 
always small. The ‘original length’ of the wire is measured from the top B to the 
vernier V by a ruler, since an error of 1 millimetre is negligible compared with an 
original length of several metres. For very accurate work, the extension can be 
measured by using a spirit level between the two wires, and adjusting a vernier 
screw to restore the spirit level to its original reading after a load is added. 

(5) The diameter of the wire must be found by a micrometer screw gauge at 
several places, and the average value then calculatéd. The area of cross-section, 
A, = nr?, where r is the radius. 

(6) The readings on the vernier are also taken when the load is gradually ` 
removed in steps of 1 kilogram; they should be very nearly the same as the 
readings on the vernier when the weights were added, showing that the elastic 
limit was not exceeded. 
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Calculation and Magnitude of Young Modulus 
From the measurements, a graph can be plotted of the force F in newtons against 
the average extension e in metres. A straight line graph AB passing through the 
` origin is drawn through all the points, Figure 5.3. 


[x Tis 7 


[e] e 


Figure 5.3 Calculation of E 


Now Bao a Sy 


with the usual notation, The value of F/e is the gradient, a/b, of the straight line 
. AB and this can be found. So knowing F/e, the original length / of the wire and 
the cross-section area 4 (nd?/4, where d is the diameter of the wire), E can be 
calculated. 

Mild steel (0275 carbon) has a Young modulus valüe of about 
20x10! !'Nm-?, Copper has a value about 1:2 x 101! N m ^?: and brass a value 
about 1-0 x 10! N m2, 

The breaking stress (tenacity) of cast-iron is about 15x 108Nm-~?; the 


At Royal Ordnance and other Ministry of Supply factories, tensile testing is 
Carried out by placing a sample of the material in a machine known as an 


Example on Loaded Wire 
Find the maximum load which may be placed on a steel wire of diameter 1-0 mm if the 


Permitted strain. must not. exceed tooo and the Young modulus. for steel is 
20x10!! Nm-2. : 


max. stress 
We Rave uo ye 10!! 
max. strain 


Max. stress = 1955 x 2 x 10!! = 2x 108N m2 


2 2 -6 
Now area of cross-section in m? — a = ee 


Elasticity, Molecular Forces, Solid Materials ___ 139 


load F 
and stress = 
area 


402 -6 
mx 1:0? x 10 N 


JL F = stress x area = 2 x 108 x r 


= 157N 


Force in Bar due to Contraction or Expansion 

When a bar is heated, and then prevented from contracting as it cools, a 
considerable force is exerted at the ends of the bar. We can derive a formula for 
the force if we consider a bar of Young modulus E, a cross-sectional area A, a 
linear expansivity of magnitude g, and a decrease in temperature of 0°C, Then, if 
the original length of the bar is /, the decrease in length e if the bar were free to 
contract = «lð since, by definition, « is the change in length per unit length per 
degree temperature change. 


F/A 
Now = "Wr 
F- EAe = EAal0 
l l 
<. F = EAad 


As an illustration, suppose a steel rod of cross-sectional area 2:0 cm? is heated to 
100°C, and then prevented from contracting when it is cooled to 10°C. The linear 
expansivity of steel = 12x 107*$K ^! and Young modulus = 20x 10!! Nm"? 
Then 


A-2cm?^-2x10 *m?, @=90°C 
SF = EAa —2x10!! x2x107^x 12x 107° x 90N 
= 43200N 


Energy Stored in a Wire 
Suppose that a wire has an original length | and is stretched by a length e when a 
force F is applied at one end. If the elastic limit is not exceeded, the extension is 
directly proportional to the applied load (p. 134). Consequently the force in the 
wire has increased uniformly in magnitude from zero to F, and so the average 
force in the wire while stretching was F/2. Now 


work done = force x distance 


.'. work = average force x extension 
= }Fe ya S NE eem 


i c M LU SNIES ut parete mass Por A E Ta 
This is the amount of energy stored in the wire. It is the gain in molecular potential 
energy of the molecules due to their displacement from their mean positions, The 
formula 4Fe gives the energy in joules when F is in newtons and e is in metres. 
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Further, since F = EAe/I, 


2 
energy W = 3EA T 


Suppose that a vertical wire, suspended from one end, is stretched by 
attaching a weight of 20N to the lower end. If the weight extends the wire by 
1 mm or 1 x 107? m, then 


energy gained by wire = 4Fe —1x20x1x10^? 
-1072J 2 001J 


The gravitational potential energy (mgh) lost by the weight in dropping a 
distance of 1 mni. 20x 1 x 107? J = 0-02J. Half of this energy, 0:01 J, is the 
molecular energy gained by the wire; the remainder is the energy dissipated as 
heat when the weight comes to rest after vibrating at the end of the wire. 


Graph of F Against e and Energy Measurement 
The energy in the wire when it is stretched can also be found from the graph of F 
against e, Figure 5.4. Suppose the wire extension ise, when a force F, is applied. 


Figure5.4 Energy in stretched wire 


At some stage before the extension e, is reached suppose that the force in the 
wire is.F and that the wire now extends by a very small amount Ax, as shown 
Then over this small extension, 


energy in wire = work done = F.Ax 


Now F.Ax is. represented by the small area between the axis of e and the 
graph, shown shaded in Figure 5.4. So the total work done between zero extension 
and e, is the area OBC between the graph and the axis of e. The area of the 
triangle OBC =} basexheight =4F,e,, which is in agreement with our 
formula on p. — for the energy stored in the wire. 

The area result is a general one. It can be used for both the linear (elastic) and 
the non-linear (non-elastic) parts of the force F against extension e graph. So in 
Figure 5.4, the work done when the force F 1 (extension e,) is increased to F, 
(extension e;)is the area of the trapezium BDHC. If the extension occurs from O 


T 
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to A, which is beyond the elastic limit, the work done is still equal to the area of 
OGA. : 

It should be noted that the energy in the wire is equal to the area between the 
graph and the e-axis because F is plotted vertically and e is plotted horizontally. 
If e is plotted vertically and F is plotted horizontally, the energy in the wire 
would then be the area between the graph and the vertical or e-axis. 


Energy per Unit Volume of Wire 
When the elastic limit is not exceeded, the energy per unit volume of a stretched 
wire is given by a simple formula, as we now see. 
The energy stored = Fe and the volume of the wire = Al, where A is the 
cross-section area and lis the length of the wire. So 


ener, r unit volum ou. i x : 
hun MEO 2 NASON 


So energy per unit volume = 3 stress x strain 
So if the stress in a wire is 2 x 107 N m^? and the strain is 1072, then 
energy per unit volume — ; x2x107 x 107? 
-105Jm^? 
Examples on Young Modulus 
1 A uniform steel wire of length 4 m and area of cross-section 3 x 1075 m? is extended 


1mm. Calculate the energy stored in the wire if the elastic limit is not exceeded. (Young 
modulus = 20x 10! Nm?) 


(Analysis Energy stored = 3F x e) 


Stretching force F = EAT 
2 
So energy stored — 3Fe — ma 
11 = Gi -342 
xcii x3x1076x(1x 107°) J 
4 
= 0075J 


2 Two vertical wires X and Y, suspended at the same horizontal level, are connected by 
a light rod XY at their lower ends, Figure 5.5. The wires have the same length / and cross- 
sectional area A. A weight of 30N is placed at O on the rod, where XO:OY = 1:2. Both 
wires are stretched and the rod XY then remains horizontal. 


J 


fi B 


SON 


Figure5.5 Example on Young modulus 
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If the wire X has a Young modulus E, of 10x 10!! Nm~?, calculate the Young 
modulus E; of the wire Y assuming the elastic limit is not exceeded for both wires. 


(Analysis: (i) Since the rod remains horizontal, extension e, of X = extension e; 
of Y. (ii) Forces F, and F, on wires can be found by moments. (iii) Use 
e = FI/EA) 

By moments about X, F, x 3 = 30x 1, so F, = 10N 

So force at X, F, = 30—10 = 20N 

Since rod XY remains horizontal when wires are stretched, extension e, of 
X = extension e; of Y = e 


Now, from F-EAe/l, e-FI/EA 
PX SEN 
So ue BT et 
14 2A 
E 10 
a A -REXÉ T^ 1:0 x 10! 


= 5:0 x 10!?N m~? (or Pa) 


3 A rubber cord of a catapult has a cross-sectional area of 2mm? and an initial length of 
0-20 m, and is stretched to 0-24 m to fire a small object of mass 10 g (0-01 kg). Calculate the 
initial velocity of the object when it is released. 


Assume the Young modulus for rubber is 6 x 10* N m~? and that the elastic limit is not 
exceeded. 


(Analysis: (i) Kinetic energy of object = mu? = energy stored in rubber. 
(ii) Energy stored = 1F.e) 


8 -6 4, 
Force stretching rubber, F = EAS = MEX ea 5091 = 240N 


since A = 2mm? = 2x 10-5 m^ ande = 024—020 = 004m 
`. energy stored in rubber = $F .e = 4x 240 x 0-04 = 4:8 J 
Kinetic energy of object = 4mv? = 3x 0-01 x v? 
“.5x001 xv? = 48 


[4-8 x 2 NT 
v= 001 =3ims 


Exercises 5A 
Young Modulus, Strain, Energy 


E 
1 The speed c of longitudinal waves in a wire is given by the expression c = _ /— 


p 
where E is the Young modulus for the material of the wire and p is its density. Show 
that this equation is dimensionally correct. 

The extension e, of a wire of cross-sectional area A and of initial length L, is 
measured for various extending forces F and a graph of F against e is plotted. How 
would you find a value of c from this graph? What other quantity would you need 
to measure? (L..) 

2 Various masses, m, are added to a vertically suspended spring so that small 
extensions, x, are produced. Sketch the form of the graph obtained if values of m are 
plotted against values of x. How would you find from this graph 
(a) the value of the force per unit extension for the spring, and 
(b) the energy stored in the spring for a particular value of the extension? (L.) 


a 5 


3 
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A wire 2 m long and cross-sectional area 105 m? is stretched 1 mm by a force 

of 50N in the elastic region, Calculate (i) the strain, (ii) the Young modulus, 

(iii) the energy stored in the wire. 

Figure 5A shows the variation of F, the load applied to two wires X and Y, and their 
extension e. The wires are both iron and have the same length. (i) Which wire has 


10 


1 


Figure 5A 


the smaller cross-section? (ii) Explain how you would use the graph for X to 
obtain a value for the Young modulus of iron, listing the additional measurements 
needed. 

Define tensile stress, tensile strain, Young modulus. What are the units and 
dimensions of each? 

A force of 20 N is applied to the ends of a wire 4 m long, and produces an 
extension of 024 mm. If the diameter of the wire is 2 mm, calculate the stress on the 
wire, its strain, and the value of the Young modulus. 

What force must be applied to a steel wire 6m long and diameter 1-6 mm to produce 
an extension of 1 mm? (Young modulus for steel = 2-0 x 10!! Nm?) 

Find the extension produced in a copper wire of length 2 m and diameter 3 mm 
when a force of 30 N is applied. (Young modulus for copper = 1-1 x 10!! Nm?) 

A spring is extended by 30 mm when a force of 1-5 N is applied to it. Calculate the 
energy stored in the spring when hanging vertically supporting a mass of 0:20 kg if 
the spring was unstretched before applying the mass. Calculate the loss in potential 
energy of the mass. Explain why these values differ. (L.) 

Define elastic limit and Young modulus and describe how you would find the values 
for a copper wire. 

What stress would cause a wire to increase in length by one-tenth of one per cent 
if the Young modulus for the wire is 12 x 10!? N m ^ ?? What force would produce 
this stress if the diameter of the wire is 0-56 mm? (L.) 

In an experiment to measure the Young modulus for steel a wire is suspended 
vertically and loaded at the free end. In such an experiment, 

(a) why is the wire long and thin, 

(b) why isa second steel wire suspended adjacent to the first? 

Sketch the graph you would expect to obtain in such an experiment showing the 
relation between the applied load and the extension of the wire. Show how it is 
possible to use the graph to determine 
(a) Young modulus for the wire, 

(b) the work done in stretching the wire. 
If the Young modulus for steel is 2-00 x 10!  N m^, calculate the work done in 
stretching a steel wire 100 &m in length and of cross-sectional area 0:030 cm? when a 

load of 100 N is slowly applied without the elastic limit being reached. (JMB.) 
Define the terms tensile stress and tensile strain and explain why these quantities are 
more useful than force and extension for a description of the elastic properties of 
matter. 

Describe the apparatus you would use and the measurements you would perform 
to investigate the relation between the tensile stress applied to a wire and the strain 
it produces. ; 

A cylindrical copper wire and a cylindrical steel wire, each of length 1-5 m and 
diameter 2 mm, are joined at one end to form a composite wire 3 m long. The.wire is 


j 
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loaded until its length becomes 3:003 m. Calculate the strains in the copper and 
steel wires and the force applied to the wire. 

(Young modulus for copper = 1:2 x 10!! Nm 7; for steel 20x 10! N m7 e 
(0.& C) 

12 State Hooke's law and describe, with the help of a rough graph, the behaviour of a 
copper wire which hangs vertically and is loaded with a gradually increasing load 
until it finally breaks. Describe the effect of gradually reducing the load to zero 
(a) before, 

(b) after the elastic limit has been reached. 
A uniform steel wire of density 7800 kg m ^? weighs 16 g and is 250 cm long. It 
lengthens by 1-2 mm when stretched by a force of 80 N. Calculate 
(a) the value of the Young modulus for the steel, 
(b) the energy stored in the wire. (JM B.). 


13 
L 0.900 m M 1.400 m N 
Copper Iron 
0.90 x 1076 m? 1.30 x 10 $m? 
Figure 5B 


A copper wire LM is fused at one end, M, to an iron wire MN, Figure 5B. The 
copper wire has length 0-900 m and cross-section 0:90 x 10 © m?. The iron wire 
has length 1-400 m and cross-section 1-30 x 10” ° m?. The compound wire is 
stretched: its total length increases by 0-0100 m. Calculate 

(a) the ratio of the extensions of the two wires, 

(b) the extension of each wire, 

(c) the tension applied to the compound wire. 

(The Young modulus of copper = 1:30 x 10! N m~?. The Young modulus of 

iron = 210 x 10! N m2)(L.) 

14 Explain the terms stress, strain, modulus of elasticity and elastic limit. Derive an 
expression in terms of the tensile force and extension for the energy stored in a 
strétched rubber cord which obeys Hooke's law. 

The rubber cord of a catapult has a cross-sectional area 1-0 mm? and a total 
unstretched length 10:0 cm. It is stretched to 12-0 cm and then released to project a 
missile of mass 5-0 g. From energy considerations, or otherwise, calculate the 
velocity of projection, taking the Young modulus for the rubber as 50x10* Nm-?. 
State the assumptions made in your calculation. (L.) 

15 What is meant by saying that a substance is ‘elastic’? 

A vertical brass rod of circular section is loaded by placing a 5kg weight on top of 
it. If its length is 50cm, its radius of cross-section 1 cm, and the Young modulus of 
the material 3-5 x 10'°'N m 7, find 
(a) the contraction of the rod, 

(b) the energy stored in it. (C.) 

16 (a) Define stress, strain, Young modulus. 

(b) The formula for the velocity v of compressional waves travelling along a rod 
made of material of Young modulus E and density p is v — (E/p). Show that 
this formula is dimensionally consistent. 

(c) A uniform wire of unstretched length 2:49 m is attached to two points A and B 
which are 2:0 m apart and in the same horizontal line. When a 5 kg mass is 
attached to the midpoint C of the wire, the equilibrium position of C is 075 m 
below the line AB. Neglecting the weight of the wire and taking the Young 
modulus for its material to be2 x 10!! Nm 2, find (i) the strain in the 
wire, (ii) the stress in the wire, (iii) the energy stored in the wire. (O.) 

17 Define the Young modulus of elasticity. Describe an accurate method of 

determining it. The rubber cord of a catapult is pulled back until its original length 
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has been doubled. Assuming that the cross-section of the cord is 2mm square, and 
that Young modulus for rubber is 10’ N m ^? calculate the tension in the cord. If the 
two arms of the catapult are 6 cm apart, and the unstretched length of the cord is 
8cm what is the stretching force? (0. & C.) 

18 A copper wire and a length of rubber are each subjected to linear stress until they 
break. Sketch labelled graphs of stress against strain to show the behaviour of each 
material. Write brief notes on the important differences between the behaviour of 
these two materials. 

The table below shows how the extension e of a 10 m length of a certain nylon 
climbing rope depends on the applied force F. 


e/m 0 19 28 34 38 41 43 


FKN 0 20 40 60 80 100 120 


(a) Draw a graph of applied force against extension. 

A climber of mass 70 kg, attached to a 10 m length of this rope, can 
withstand a force from the rope of no more than 6:5 kN without the risk 
of serious injury. 

(b) Read off from your graph the extension which would be produced in the rope 
for a force of 65 k N. 

(c) Use the graph to find the energy stored in the rope if it were stretched by 
this amount. 

(d) If the upper end of the rope were securely anchored, through what vertical 
distance could the climber fall freely (before the rope started to stretch) 
without risk of injury from the force of the rope when his fall was arrested? 
(C) 

19 (a) Figure SC is a graph showing how the extension of a steel wire of length 
I'2m and area of cross-section 0-012 mm? alters as a stretching force is applied. 
(i) Use the graph to calculate the Young modulus for steel. (ii) Draw a 
labelled diagram of an experimental arrangement suitable for obtaining 
such a set of results. 


Figure 5C 


(b) Figure 5D shows the results of a similar experiment done with a copper 
wire. In this case the wire has been stretched until it breaks. (i) The graph 
drawn in this instance is a stress-strain curve. Explain one advantage of 
representing the results in this way. (ii) Account in molecular terms for 
the behaviour of the wire as it is stretched from A to B. (iii) The copper 
wire used was 2:0 m long and 0-25 mm? in cross-section. Calculate the tension 
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Stress/10® Pa 


(c) 


20 (a) 


Figure 5D 


in the wire at A and an approximate value for the work done in producing 
a strain of 0-1. 

A length of rubber cord is suspended from a rigid support and stretched by 
means of weights attached to its lower end. (i) Sketch a stress-strain curve 
to represent the behaviour of such a cord as it is first loaded then unloaded. 
(ii) Suppose the cord were continuously stretched and relaxed at a rapid 
rate. What might you notice? How would this be explained by the stress- 
strain graph? (L.) 

What is meant by (i) elastic behaviour. (ii) plastic behaviour of a wire 
when it is stretched? 


(b) (i) Describe how you would investigate the elastic and plastic properties of a 


(c) 


soft copper wire under increasing tensile loads up to its breaking point. 
(ii) Draw a graph of the results you would expect to obtain, and label its 
principalfeatures. (iii) Interpret the graph in terms of the forces between 
atoms in the wire and of their arrangement in the wire. 

A lift in a skyscraper has a total mass of 8000 kg when loaded. It is hung 
from light cables made of steel of breaking stress 0-50 x 10? N m ^ ?. These 
cables will support a static load of 72 000 kg before they break. [Take the 
Young modulus for steel to be 2-0 x 10'' Pa.] 

Calculate: (i) the total cross-sectional area of the lift cables, (ii) the static 
extension of the cables when the lift is at rest at ground-floor level, if the 
height to the winding gear at the top of the building is 350m, (iii) the 
elastic strain energy stored in the cables when the lift is at rest at ground-floor 
level. 

The lift now ascends at a steady speed of 80ms~'. (iv) Calculate the 
power needed to raise the lift, (v) how could the lift system be designed to 
reduce significantly this large power requirement? (O.) 
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Molecular Forces 


Particle Nature of Matter, Molecules 

Matter is made up of many millions of molecules, which are particles whose 
dimensions are about 3 x 10^ !? m. Evidence for the existence of molecules is 
given by experiments demonstrating Brownian motion, with which we assume the 
reader is familiar. One example is the random motion of smoke particles in air, . 
which can be observed by means of.a microscope. This is due to continuous 
bombardment of a tiny smoke particle by numerous air molecules all round it. 
The air molecules move with different velocities in different directions. The 
resultant force on the smoke particle is therefore unbalanced, and irregular in 
magnitude and direction. Larger particles do not show Brownian motion when 
struck on all sides by air molecules. The resultant force is then relatively 
negligible. 

More evidence of the existence of molecules is supplied by the successful 
predictions made by the kinetic theory of gases. This theory assumes that a gas 
consists of millions of separate particles or molecules moving about in all - 
directions (p. 683). X-ray diffraction patterns of crystals also provide evidence for 
the particle nature of matter (p. 869). The symmetrical patterns of spots obtained 
are those which one would expect from a three-dimensional grating or lattice 
formed from particles. A smooth continuous medium would not give a 
diffraction pattern of spots. 


Size and Separation of Molecules 
The size of atoms and molecules can be estimated in se -ral different ways. By 
allowing an oil drop to spread on water, for example an upper limit of about 
5x10 ?m is obtained for the size of an oil mutecule. X-ray diffraction 
experiments enable the interatomic spacing between atoms in a crystal to be 
accurately found. The results are of the order of a few angstrom units, such as 
3A or3x 107 !? m or 03 nm (nanometre). 

A simple calculation shows the order of magnitude of the enormous number of 
molecules present in a small volume. One gram of water occupies 1 cm?. One 
mole has a mass of 18 g, and thus occupies a volume of 18 cm? or 18 x 107 5 m°. 
Assuming the diameter of a molecule is 3x 107 !? m, its volume is roughly 
(3x10719? or 27x10-39m?. Hence the number of molecules in one 
mole = 18 x 107 5/27 x 10739) = 7 x 10?? approximately. 

The Avogadro constant, N4, is the number of molecules in one mole of a 
Substance. Accurate values show that Na =602x10??mol7!, or 
6:02 x 1079 kmol~!, where ‘kmo?’ represents a kilomole, 1000 moles. 3) 

The order of separation of molecules in liquids is about the same as in solids. 
We can calculate the separation of gas molecules at standard pressure from the 
fact that a mole of any gas occupies about 224 litres or 224 x 10^? m? at s.t.p. 
Since one mole contains about 6 x 10? molecules, then, roughly, taking the cube 
root of the volume per molecule, 


sBráxiQ > 
6x10? 
= 33 x 107 '°m (approx.) 


average separation = 


ua e ti RE 


This is about 10 times the separation of molecules in solids or liquids. 
The lightest atom is hydrogen. Since about 6 x 107? hydrogen molecules have 


1448.  — A. Advanced Level Physics 


a mass of 2g or 2 x 10^? kg, and each hydrogen molecule consists of two atoms, 
then 

2x107? 
2x 6x 1075 


Heavier atoms have masses in proportion to their relative atomic masses. 


mass of hydrogen atom = = 17x 1077?" kg (approx.) 


Example on Molecular Separation 
Estimate the order of separation of atoms in aluminium metal, given the density is 
2700 kg m ^, the relative atomic mass is 27 and the Avogadro constant is 6 x 10? mol !. 


1 mole of aluminium has a mass of 27 g. From the density value, 


2700 x 10? 

1 m? of aluminium has —— or 105 moles 
` Now 1 mole contains 6 x 107? molecules or atoms of aluminium 
So j 6x 107? x 10° atoms occupy a volume of 1 m* 

1 
H l Siu ate -29443 
ence volume per atom 6x 105 17x 10°7°m 


The volume occupied per atom is of the order d?, where d is the separation of 
the atoms. So, approximately, 


d= 17x 10-7? m 


=26x107'°m 


Intermolecular Forces 


The forces which exist between molecules can explain many of the bulk 


properties of solids, liquids and gases. These intermolecular forces arise from two 
main causes: 

(1) The potential energv of the molecules, which is due to interactions with 
surrounding molecules (this is principally electrical in origin). 

(2) The thermal energy of the molecules—this is the kinetic energy of the 
molecules and it depends on the temperature of the substance concerned. 

We shall see later that the particular state or phase in which matter 
appears—that is, solid, liquid or gas—and the properties it then has, are 
determined by the relative magnitudes of these two energies. 


Potential Energy and Force à 
In bulk, matter consists of numerous molecules. To simplify the situation, Figure 
5.6 shows the variation of the mutual potential energy V between two molecules 
at a distance r apart. 
Along the part BCD ofthe curve, the potential energy V is negative. Along the 


part AB, the/ potential energy V is positive. Generally, V can be written, 


approximately as 


a EL icio: iocdea cfl) 
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where p and q are powers of r, and a and b are constants. The positive term with 
the.constant a indicates a repulsive force and the negative term with the constant 
b an attractive force, as discussed shortly. 

There are different kinds of bonds or forces between atoms and molecules in 
solids, depending on the nature of the solid. In an ionic solid, for example sodium 


chloride, V can be approximated by 


a b 
Mise setius bobo ioquit oit xu) 


The force F between molecules is generally given by F = —dV/dr, the negative 
potential gradient in the field (see p. 203). From (2), it follows that, for the two 
ions, 


F--A5—- ` L 3 ^ $ 3 
pog (3) 
* 
v 
A 
A 
=a 
oldim ) 
1 
\ 
\ s 
4 repulsive 
[- UIS fexus 
: \ 
\ 
\ 
\ 
\ equilibrium, rro 


attractive r»ro 


MuR. 


Figure5.6 1 ntermolecular potential energy and force 


The + ve term in (3) indicates a repulsive force since the force acts in the direction 
of increasing r. This is the force along ABC in Figure 5.6. The —ve term in (3) 
indicates an attractive force since the force acts oppositely to the direction of 
increasing r. This force acts along CD in Figure 5.6. As shown, it decreases with 
increasing separation, r, of the two molecules. 
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Properties of Solids from Molecular Theory 
Several properties of a model solid can be deduced or calculated from the 
potential-separation (V —r) graph or the force-separation (F —r) graph. 
Equilibrium spacing of molecules. The value of r when the potential energy V isa 
minimum corresponds to the stable or equilibrium spacing between the 
molecules. At the absolute zero, where the thermal energy is zero, this 


corresponds to C in Figure 5.6, or a separation r = rg. At this separation or : 


spacing, the repulsive and attractive forces balance, that is, F — 0. Hence, from 
(3), ro is given, for the ions concerned, by 


90/8 
= 


The value of ro for solids is about 2 to 5 x 107 !? m. 

If the separation r of the molecules is slightly increased from ro, the attractive 
force between them will restore the molecules to their equilibrium position after 
the external force is removed. If the separation is decreased from ro, the repulsive 
force will restore the molecules to their equilibrium position after the external 
force is removed. So the molecules of a solid oscillate about their equilibrium or 
mean position. 

Elasticity and Hooke's law. Near the equilibrium position ro, the graph of F 
against r approximates to a straight line, Figure 5.6. This means that the 
extension is proportional to the applied force (Hooke's law, p. 134). 

The ‘force constant’, k, between the molecules is given by F =—k(r—ro), 
where r is slightly greater than ro. So k = —dF/dr = — gradient of tangent to 
curve at r = ro. 

Breaking strain. So long as the restoring force increases with increasing 
separation from r = ro, the molecules will remain bound together. This is the 
case from r = ry tor = OZ in Figure 5.6. Beyond a separation r = OZ, however, 
the restoring force decreases with increasing separation. OZ is therefore the 
separation between the molecules at the breaking point of the solid (see p. 136). It 
corresponds to the value of r for which dF/dr = 0, that is, to the point below Z 
on the V—r curve. The breaking ‘strain = extension/ry = (x—7r;)/ro, where 
x= OZ. 

Thermal expansion. Molecules remain stationary at absolute zero, since their 
thermal energy is then zero. This corresponds to the point C of the energy curve 
in Figure 5.6. Ata higher temperature, the molecules have some energy, c, above 
the minimum value, as shown. Hence they oscillate between points such as X and 
Y. Since the V—r curve is not symmetrical, the mean position G of the 
oscillation is on the right of C', as shown. This corresponds to a greater 
separation than ro. Thus the solid expands when its thermal energy is increased. 

At a slightly higher temperature, the mean position moves further to the right 
of G and so the solid expands further. When the energy equals CM (latent heat, 

.), the energy enables the molecules to break completely the bonds of attraction 
Which keep them in a bound state. The molecules then have little or no 
interaction and now form a gas. 


Latent Heat of Vaporisation 
Inside a liquid, molecules continually break and reform bonds with neighbours. 
The "latent heat of vaporisation L' ofa liquid is the energy to break all the bonds 
between its molecules. : 
Suppose £ is the energy to separate a particular molecule X from its nearest 
. neighbour, that is, the energy per pair of molecules. If there are n nearest 


ai 
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neighbours per molecule, and we neglect the effect of the other molecules, then 
the energy to break the bonds between X and its neighbours is nc. 

With a mole of liquid, there are Na molecules inside it, where N4 is the | 
Avogadro constant. The number of pairs of molecules is N4. So the energy 
required to break the bonds of all the molecules at the boiling point is roughly 
4N ane. Thus the latent heat of vaporisation per mol, L = 4N ane. In molecular 
terms, it corresponds roughly to the energy difference between C and D in the 
V —r curve in Figure 5.6, assuming C is about the equilibrium separation for 


two liquid molecules. 


Bonds Between Atoms and Molecules 

The atoms and molecules in solids, liquids and gases are held together by so- 

called bonds between them. There are different types of bonds. All are due to 

electrostatic forces which arise from the +ve charge on the nucleus of an atom 
and its surrounding electrons which carry — ve charges. 
Briefly, the different types of bonds are: 

(a) Ionic bonds. Sodium chloride in the solid state consists of positive sodium 
ions and negative chlorine ions held together by electrostatic attraction 
between the opposite charges. 1 

(b) Covalent bonds. The electron in one atom of a hydrogen molecule, H3, for 
example, wanders to the other atom, and the two atoms then attract each 
other as a result of their unlike charges. These covalent bonds, which are due 
to shared electrons between atoms, are very strong. 

(c) Metallic bond. In solid metals such as sodium or copper, one or more 
electrons in the outermost part of the atom may leave and occupy the orbit 
of another atom. These so-called ‘free’ electrons wander through the metal 
crystal structure, which consists of fixed +ve ions. The metallic bond is 
similar to a covalent bond except that electrons are not attached to any 
particular atoms; it keeps the metal in its solid state. The metallic bond is not 
as strong as the ionic and covalent bonds. 

(d) Van der Waals' bond. Over a long time-interval, the 'centre' of an electron 
cloud round the nucleus is at the nucleus itself. At any instant, however, more 
electrons may appear on one side of the nucleus than the other. In this case 
the ‘centre’ of the electron cloud, or — ve charge, is slightly displaced from the 
+ ve charge on the nucleus. The two charges now form an ‘electric dipole’. A 
dipole attracts the electrons in neighbouring atoms, forming other dipoles. 

The electric dipoles have weak forces between them, called ‘van der Waals’ 
forces because similar attractive forces were predicted by van der Waals in 
connection with the molecules of gases. Solid neon, an inert element, is kept 
in this state by these bonds; the low melting point of solid neon shows that 
the bonds are weak. 


Exercises 5B 
Molecular Forces and Energy 


1 FigureSEshows (i) the variation PADE of potential energy V between two 
molecules with their separation r, and, (ii) the variation QBLC of the force F 
between the molecules with their separation r. 

(a) Explain how the F —r curve is obtained from the V — r curve, 

(b) State which part of the F —r curve corresponds to a repulsive force and which 
part to an attractive force. Describe briefly one experiment which shows the 
repulsive force and one experiment which shows the attractive force. 
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2. Explain how you would use the V —r curve in F igure 5E 
(a) to obtain the equilibrium separation of the molecules, My 
(b) to find the energy needed to completely separate two molecules initially at the 
equilibrium separation, i 
(c) to show that a solid usually expands when its thermal energy is increased. 


Force 


separation of atoms 


` Figure SF 


3 Using the F—r curve in Figure 5E, explain how you would 
(a) find the force constant k (F = —kx, where x is the extension of a wire in the 
elastic region) 
(b) account for Hooke's law of elasticity, 
(c) obtain a value for the breaking force of a solid. 
4 The force between two molecules may be regarded as an attractive force which 
` increases as their separation decreases and a repulsive force which is only important 
at small separations and which there varies very rapidly. Draw sketch graphs " 
(a) for force-separation, 
(b) for potential energy-separation. On each graph mark the equilibrium distance 
and on (b) indicate the energy which would be needed to separate two molecules 
initially at the equilibrium distance. 
With the help of your graphs discuss briefly the resulting motion if the molecules 
are displaced from the equilibrium Position. (JM B.) 
5 The graph (Figure SF) represents the relationship between the interatomic forces 
which exist in a material and the Separation of the atoms. What point on the graph 
Corresponds to the separation when the material is not subjected to any stress? Use 
the graph to explain (i) why energy is stored in a material when it is compressed 
and when it is extended, and, (ii) why, and over what region, the material can be 
expected to obey Hooke's law. (4EB, 1982.) 


Elasticity, Molecular Forces, Solid Materials 


Attractive 
force 


Repulsive 
force 


Figure 5G 


The graph above shows a much simplified model of the force between two atoms 
plotted against their distance of separation, Figure 5G. Express (i) the maximum 
restoring force between the atoms when they are pulled apart, (ii) the equilibrium 
separation of the atoms, and, (iii) the energy required to separate the two atoms in 
terms of the forces and distances given on the graph. 

With the aid of the graph explain why solids show resistance to both stretching 
and compressing forces. Explain over what region you would expect Hooke's law to 
apply. What would this model predict about the elastic limit and the yield point for 
a material whose atoms followed the model? (L.) 

7 Inthe model ofa crystalline solid the particles are assumed to exert both attractive 
and repulsive forces on each other. Sketch a graph ofthe potential energy between 
two particles as a function of the separation of the particles. Explain how the shape 
ofthe graph is related to the assumed properties of the particles. 

The force F, in N, of attraction between two particles in a given solid varies with 
their separation d, in m, according to the relation 


78x107? 30x107?5 

d? x: dio 
State, giving a reason, the resultant force between the two particles at their 
equilibrium separation. Calculate a value for this equilibrium separation. 


F= 


Load/N 


Extension/mi 


Figure 5H 


The graph displays a load against extension plot for a metal wire of diameter 
15 mm and original length 1-0 m, Figure SH. When the load reached the value at A 
the wire broke. From the graph deduce values of - 
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(a) the stress in the wire when it broke, 
(b) the work done in breaking the wire, 
(c) the Young modulus for the metal of the wire, 

Define elastic deformation. A wire of the same metal as the above is required to 
support a load of 1-0 kN without exceeding its elastic limit. Calculate the minimum 
diameter of such a wire. (0.&C) - 

8 (a) Sketcha graph which shows how the force between two atoms varies with the 
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Solid Materials 


Industry uses many different kinds of solid materials. For 
example, metals such as iron, steel and aluminium; glassy solids 
such as perspex and window glass; and organic materials called 
polymers for making rubbers, plastics and resins. 


Classification of Solids 
Since the atoms ofa solid occupy fixed positions, it is convenient to classify them 
according to the way their three-dimensional structure is built. 

For many solids, and in particular metals, the crystalline state is the preferred 
one. Here the atoms are arranged in a regular, repetitive manner forming a three- 
dimensional lattice. With such an ordered packing system, the greatest number 
of atoms may be arranged in the smallest volume and the potential energy of the 
system tends to a minimum for stability. 

Many solids, however, such as organic materials like rubber, are unable to 
adopt a structure such as a crystal state which has long-range order. Polymers, 
for example, are organic solids with very large and irregular molecules which are 
not capable of forming large-scale regular structures. 

Other solids such as glass have no ordered structure on account of the way 
they are made. In making glass, molten material is cooled and its viscosity 
increases. The disordered liquid structureis then ‘frozen in’. Solids which have their 
atoms arranged in a completely irregular structure are called amorphous solids. 
However, most non-crystalline solids do show some short-range order. 

The way in which atoms are arranged in solids will obviously have a strong 
effect on the physical properties of the material. For example, diamond and 
graphite are both different structural forms of solid carbon. Diamond is 
transparent, hard and non-conducting but graphite is black, soft and 
conducting. Further, the nature of any solid structure will be largely determined 
by the nature of the interatomic forces. These are summarised below and were 
discussed on page 151. 


Type Strength Nature Example 
Ionic Strong Electron transfer Sodium salt 
Covalent Strong Electron sharing diamond 
Metallic Fairly strong Electron sharing copper 

Van der Waals Weak Dipole interaction solid neon 


Solids can be classified into (i) crystalline—ordered structure, 
(ii) amorphous— irregular structure, (iii) glassy—disordered structure, 
(iv) polymer—organic irregular structure 


Crystalline Solids 
The simplest crystalline systems are those in pure metals. Here we are dealing 
with identical atoms linked through the fairly strong metallic bond (p. 151). 

In any crystal, a particular grouping of atoms is repeated many times, like the 
pattern in some wallpapers or textiles. The unit of pattern is known as a unit cell 
and the whole structure is called a ‘space lattice’, with atoms or ions at the lattice 
corners. As shown in Figure 5.7 many atomic planes such as P, Q, R, S, T can be 
drawn through the crystal which are rich in atoms. 
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Simple cubic Body-centred cubic 


pi 
£g 


Face- centred cubic (i) Hexagonal 


| Figure 5.7 (i) Atomic planes in crystal (ii) Types of crystal structure 
| There are different types of unit cells. Figure 5.7 shows four types òf 
||| structure. The simple cubic has an atom or ion at the eight coppers of a cube. 
| More common in nature is the body-centred cube (BCC), which has one atom at 
| the centre of each cube in addition to the eight atoms at the corners, and the face- 
centred cube (FCC), which has one atom at the centre of the six faces of the cube 
in addition to eight atoms at the corners. Alternatively, crystals may have layers 
| | of atoms arranged with hexagonal rather than cubic symmetry. This appears ty. 
|| bea very efficient way of packing layers of atoms. The Table below compares the 
|| packing efficiencies of these crystal structures. Here the atoms are considered to 
|| be touching spheres and calculations of the volumes occupied by the atoms as a 
|| fraction of the available volume give a good guide to the efficiency of packirig. 


|| Structure Packing fraction Occurrence 

_ Simple cubic . very rare 

|| Body-centred cubic (BCC) 0-68 fairly common 
| Face-centred cubic (FCC) 0-74 very common 


| Hexagonal close packed (HCP) 0:74 very common 


a ge ee M eee in 
|In crystalline solids such as metals, the atoms are grouped in a lattice structure 
ill with many planes rich in atoms. 
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Imperfections in Crystals 
Real crystals are rarely perfect. Although less than one crystal site (place) in 
ten thousand may. be imperfect, the existence of lattice defects can have 
considerable influence on the mechanical and electrical properties of a material. 
The industrial development of electronics was due to the control of the electrical 
properties of silicon and other semiconductors by adding impurity atoms in very 
low concentrations. Small impurities are also responsible for the characteristic 
colours of many gemstones. As we see later, the mechanical properties of solids 
are determined to a great extent by imperfections. 
Broadly, crystal defects can be classified into two groups; either imperfections 
in the occupation of sites or in the arrangement of sites. 


Imperfections in Occupation of Sites 
Here the main imperfections are commonly point defects, especially 
(a) the presence of foreign atoms and 
(b) the existence of vacancies (unoccupied lattice sites). 

Foreign atoms may exist among the ‘host’ atoms in several ways. They may be 
grouped in clusters in the host crystal or they may be dispersed through the 
crystal as single atoms. If sufficiently small, they may exist on interstitial sites, 
that is, they may occupy non-lattice sites between the host atoms. For example, 
pure iron can be made into steel, an engineering material widely used, by adding 
carbon, whose atoms reside between the iron atoms. 

If foreign atoms are comparable in size to host atoms and valency 
requirements are met, they can exist as substitutes for host atoms on a lattice site. 
For example, one type of brass consists of 7075 copper and 30% zinc whose 
atoms exist as substitutes for copper atoms in a cubic lattice. 

Vacancies exist in all crystals and occur naturally when the crystal solidifies. 
They may also be present by diffusion into the crystal from the surface. 
Irradiation by -particles may create a vacancy by knocking a host atom off its 
usual site and this is important to nuclear engineers. 
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Figure 5.8 Imperfections in crystals i 


Figure 5.8 shows diagrammatically how these imperfections occur. 


imperfections in Arrangements of Sites, Dislocations | 
Imperfections in crystals can occur in the arrangements of sites, where atoms in 
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the lattice structure should exist: These imperfections can be large and affect 
thousands of millions of atoms in the crystal. 

From the viewpoint of the mechanical behaviour of a solid, the most 
important defects are the dislocations in the crystal. These are defects along a line 
of atoms. An edge dislocation can be considered as an extra part of a layer of 


atoms either removed from, or inserted into, a perfect crystal structure, Figure 
5.9 (i). 


Screw dislocation 


edge dislocation 
(i) 


Figure5.9 (i) Dislocation is edge of plane of atoms (ii) A screw dislocation 


Another type of dislocation is called a screw dislocation. Here the atoms are 
displaced so that they can be imagined to be on the spiral of a screw. The crystal 


| then has the appearance of having been partially sliced and the two exposed 


faces displaced vertically, Figure 5.9 (ii). Details of the dislocations are given on 


| page 161. 


The atomic bonds along the line of a dislocation are strained. Where the 
dislocations meet a surface, these strained bonds can be made visible by etching 
the surface of the crystal and studying the surface in a microscope. 


Crystals are imperfect. The most important defects are dislocations. 


Polycrystalline Materials — Grains and Boundaries 
Many crystal materials are polycrystalline, that is, they exist as a large 
collecting of tiny crystals all pointing in different (random) directions. Each tiny 
crystal is known as a grain and are connected together at the grain boundaries. 


grain 


grains start growth crystal 


grain boundary 


Se 
Figure5.10 Growth of grain boundaries (diagrammatic) 


M —— —M ÀÀ 


159 


Elasticity, Molecular Forces, Solid Materials 


The existence of grains appears to be due to the solidification process in 
manufacture which begins simultaneously at several places. The surface is the 
first to solidify or freeze. When the solid is completely solidified, the structure 
consists of grains pointing in different directions, as shown diagrammatically in 
Figure 5.10. The grain boundaries assist the strength of a material. 


Mechanical Behaviour of Solids 
An engineer must select the right material to use in a project. He must then be 
confident that the final structure will perform safely and within the design limits 
which have been set. To achieve this, the engineer must know and understand 
how the materials available will respond or react to the stresses they may meet. 

The section on Elasticity, page 136, discusses the strain in solid metals when 
stresses are applied. If required, the reader should refer to this chapter for topics 
such as Hooke's law, the Young modulus, yield point, breaking stress and the 
energy stored in a strained material, all of which are important for a full 
understanding of the mechanical behaviour of solids. 

Here it may be useful to recall that if Hooke’s law is obeyed, that is, the 
proportional limit is not reached, the material is said to deform elastically and 
the energy stored is recovered on removing the load. In this case, the strain is 
typically less than 4% for metals. 


In elastic deformation, when Hooke’s law is obeyed and the atoms undergo small 
displacements, the energy stored is fully recovered when the load is removed. 


Plastic Deformation, Breaking Stress 
Beyond the elastic limit, a material undergoes plastic deformation. This occurs by 
movement of dislocations in the solid, discussed shortly. Figure 5.11 (i) shows a 
typical stress-strain curve for a specimen. If B is the elastic limit, the region BE 
corresponds to plastic deformation. In this case the energy stored in the solid is 
not recovered but is transferred to heat. Unloading from D, only the elastic 
energy is recovered and so DF is parallel to OA. 


E fracture 
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Figure 5.11 (i) Stress-strain curve (ii) Breaking at fracture 
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E corresponds to the point of fracture. The strain at fracture may be as high as 
50% for a metal such as steel. Fracture usually occurs at E after a ‘neck’ has been 
produced because this has minimum cross-section area and so maximum stress, 
Figure 5.11 (ii). During necking, the material appears to ‘flow’ like a viscous 
liquid. The breaking stress at E (or ultimate tensile stress) is taken as a measure of 
the strength of a material. The Young modulus value is a measure of the stiffness 
of the material and is the value of the gradient of the line OA (stress/strain). The 
Table shows the breaking stress of some materials. 


Material Breaking stress/10* Pa 
Steel 4-10 

Cast iron 1 
Aluminium 08 

Glass 1 

Rubber 02 


Plastic deformation is due to movement of dislocations. The energy in plastic 
deformation is converted to heat. 


Ductile and Brittle Materials 
Materials which show a large amount of plastic deformation under stress are 
called ductile. Ductility is an important property and allows metals to be drawn 
into wires, beaten into sheets and rolled and shaped. Metals are very useful 
engineering materials because they have high strength (breaking stress) and 
ductility. / : 

Materials such as glass and ceramics fracture (break) close to the clastic limit 
without any appreciable plastic flow. They are called brittle materials. In these 
cases fracture occurs at low strains. 

The absence of any significant plastic flow means that the fractured pieces may 
be fitted together to recreate the original shape. This is not the case with ductile 
materials. The difference between the two classes can be illustrated by 
considering what happens when a china teapot (brittle material) and a metal 
teapot (ductile-material) are both dropped on a hard floor. The china pot will 
probably. break but the pieces can be glued together to form the original shape. 
The metal pot will not break but is likely to be permanently dented. 

We now discuss the behaviour inside ductile and brittle materials 


Ductile materials show a large amount of plastic deformation. Brittle materials 
fracture at low strains close to their elastic limit. 


Plastic (Ductile) Behaviour of Solids 
In an earlier section we discussed a model showing how the forces between 
atoms or molecules varied -with their separation (p. 148). The theoretical 
breaking stress of ductile solids can be calculated using this model but the result 
is many times greater than the value obtained in practice. 
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Figure 5.12 Bond breaking and reforming at edge dislocation 


The reason for the relatively small value of breaking stress is due to a process 
called slip. Slip is due to a movement of dislocations throughout the crystal. Here 
one bond at a time is broken, so the process occurs at a much lower stress than that 
calculated theoretically, Figure 5.12. With a large number of dislocations in 
operation we can account for the plastic behaviour of ductile materials at the 
stresses observed. Large scale slip, requiring a whole plane of atomsto move bodily 
relative to an adjacent plane, would involve the simultaneous breaking of a very 
large number of bonds and require very much larger stresses than that obtained in 
practice. i 

A slip plane is generally in a direction in which the atoms are most closely 


packed. Several such planes, pointing in different directions, may exist, 


depending on the crystal structure. Slipping preserves the crystal structure and 
results in a permanent extension of length, which is not recovered when the stress 
is removed, see Figure 5.13. Slip ‘steps’ at the surface, often visible to the naked 


eye, provide an indication of the mechanism involved. Slip steps may be several 


thousand atoms in height and occur close together to form slip bands. 
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Figure5.13 Slip plane and extension of length 
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In plastic deformation, s/ip occurs due to the movement of dislocations. Bonds 
between atoms are broken one at a tim... 


Work Hardening, Annealing, Iron and Steel 
As we have seen, the ductility of metals is due to the existence of dislocations and 


their ability to move under a local shear stress. Materials with a large number of 


very mobile dislocations are therefore expected to be ductile. 

Under repeated stress, however, dislocations move and intersect, and become 
entangled. They now pin each other and so become immobile (fixed). 
Dislocations between the pinning points can produce more dislocations, which 
also become immobilised due to intersections. This explains why copper wire, for 
example, can be broken by flexing it to-and-fro in the hand. The many 
dislocations produced by the repeated stress on the wire all become pinned and 
immobilised. Ductile behaviour is then not possible and the wire fractures in a 
brittle manner. 

This is an example of work hardening a metal, a process which increases the 
strength of the metal but at the expense of ductility because plastic flow is then 
considerably reduced. Cold rolling, when the thickness of a metal is reduced by 
pressure, usually strengthens a metal by work hardening. 

During cold working processes, the crystal structure is plastically deformed 
and there is lower ductility and toughness (see p !61) The crystal grain 
boundaries (p. 158) are particularly affected. Annealing helps to restore the metal 
to its ductile state. In this process the metal is heated to a high temperature 
(below its melting point) and maintained at this temperature for a length of time. 
This increases the thermal vibrations of the erystal lattice and relaxes the in- 
ternal strains. In this way the solid is recrystallised and returns to a ductile state. 

Pure iron is usually too ductile for use in load-bearing applications such as 
bridges. Steel is made by adding a small percentage of carbon to pure iron. The 
carbon atoms reside between the atoms of the iron lattice and are very effective 
in pinning dislocations and reducing their mobility. So steel has less ductility and 
greater strength than pure iron. 

Other elements, added with carbon, produce specialist steels. For example, 


stainless steel has 20% chromium and posseses very good corrosion resistance 
and hardness. 


In work hardening, moving dislocations are pinned or entangled and the metal 
may fracture asa brittle material. Annealing, heating to a suitable high temperature, 
restores the crystalline siare and ductility, 


Brittle Materials, Cracks 
Materials which exhibit little or no plastic flow before failure are brittle. The 
absence of plastic flow implies that dislocations are absent or their ability to 
move under stress is much less than in metals. 

In glass, for example, there is no concept of a ‘dislocation. A dislocation is a 
region of disorder within an otherwise ordered structure. Glass is amorphous 
and has no ordered structure. So we cannot define a dislocation for such a 
miierial. Dislocations are rare in ionic materials such as sodium chloride, where 
electrostatic forces are concerned in the lattice structure. 

The theoretical strength of brittle materials is much higher than that obtained 
in practice. The expianation for the low breaking stress was due to Griffith. He 
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suggested that microscopic flaws or cracks in the surface (or just below) act as 
stress concentrators. Figure 5.14 illustrates the uniformly distributed stress in 
unflawed materials and the concentration of stress at the tip of the crack in 
flawed materials. 


uniform stress crack-tip— high stress 


— = 


Figure 5.14 Unflawed solid (uniform stress). Flawed solid with crack (high stress at tip). 


It can be shown that the stress at the crack tip is greater than the nominal 


uniform applied stress by a factor k = 2,/ Tir approximately, where | is the crack 
length and r is the crack tip radius, which is of atomic dimensions. A scratch 
about 107? mm deep and a tip radius of 2x 107 '? m would cause the stress at 
the tip to be about 140 times the nominal (applied) value. As the crack gets 
longer, the stress lines become more concentrated at the tip. Crack growth may 
then suddenly accelerate, leading to the characteristic sudden failure of brittle 
materials. 

Griffith showed by experiment that freshly drawn glass fibres, with no surface 
flaws or cracks, came very close to their theoretical high strength. The fibres 
quickly lose their strength, however, as the cooling process introduces 
microscopic flaws which reduces the strength to normal values. 

The sensitivity of brittle materials to cracks is shown by the cutting of glass. A 
fine line is scratched on the surface with a glass cutter. Slight pressure on either 
side of the crack causes the glass to fracture cleanly along the line. Most brittle 
materials are much stronger in compression because the surface cracks will then 
tend to be closed and unable to spread. Pillars made of cement, for example, are 
strong in compression. Cracks develop if the cement is in tension and it then 
breaks. 


Cracks in the surface, or just below, produce high stress concentration at the tip. 
Rapid crack growth produces brittle behaviour (sudden fracture). Brittle materials 
are stronger in compression than in tension as this prevents cracks spreading. 


Toughness and Hardness 4 
The toughness of a material is a measure of its ability to resist crack growth. This 
is not to be confused with ‘strength’, Plasticene, for example, is a tough material 
but not strong. Glass is much stronger than plasticene but not as tough. 

Metals will contain surface cracks of microscopic dimensions. In general, 
however, metals are tough. This is due to the ability of dislocations to move and 
blunt the crack tip. The stress concentration is then relieved and the crack does 
not spread. 

The hardness of a material is a measure of its resistance to plastic deformation. 
An ‘indenter’ such as a hardened metal sphere is pressed into the surface of the 
test material for a certain time and the "hardness! is calculated by dividing the 
applied force by the contact area left in the surface by the indentation. A ductile 
material will produce a large area indentation and have low hardness. 
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The stress below the indenter is compressive, so it is possible to measure the 
hardness of brittle materials such as glass without causing brittle fracture. 

Most cracks which occur in metals are due to fatigue, when the metal 
undergoes failure after many cycles of normal stress. Aircraft accidents can occur 
with metal fatigue starting at a rivet hole, for example. Metal creep is the gradual 
growth of plastic strain under a static, not cyclic, load. 


Toughness — ability to resist crack growth 
Hardness — resistance to plastic deformation 
Pip Can UAR m o 190705 A Suns stt RN QN. 


Composite Materials 

In engineering design, it is often difficult to meet the mechanical properties 
needed by using a single material. Composite materials, where two materials are 
used, have wide application. Reinforced concrete, for example, is made by setting 
the concrete round steel wires or mesh. This improves the tensile (tension) 
properties of the concrete for use in structures or buildings. Concrete itself is a 
mixture of cement, sand and small stones. Figure 5.15 shows pre-stressed 
concrete. / 
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steel wires — — —9» Concrete — — ——* concrete compressed 
after tension removed 


Figure 5.15 | Pre-stressed concrete 


In fibre-reinforced materials, which are used in the plastics industry. long 
straight fibres are embedded in a tough matrix. Polymers and metals have been 
used for matrix materials. Glass-fibre reinforced plastic (GRP), used as 
construction materials for many years, have glass fibres embedded in a matrix 
such as polyester resin. Carbon-fibre reinforced plastic (CFRP) is also used. 
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Figure 5.16 Preventing cracks by matrix 


As we saw previously, cracks which spread in a material will weaken it. The 
principle of the toughening process in fibre-reinforced materials is illustrated in 
Figure 5.16. The matrix separates from the fibres and the tip of the crack is 
blunted by it and stopped from Spreading. The matrix also helps to transfer the 
load to the fibres as these are bonded to the matrix surface. The GRP is used for 
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making small boats and canoes, storage tanks and some car bodies. The CFRP 
is used in the aircraft industry as it has excellent strength/weight ratio property, 
like the GRP, and is much stiffer than steel. 

Car windscreens are also made from composites. Thin sheets of laminated 
glass, bonded by resin, can prevent pieces of glass flying about dangerously after 
an accident. On impact, the cracks in the glass spread parallel to the surface but 
not through the windscreen, owing to the crack-blunting at the glass-resin 
boundary. 


Composite materials improve mechanical properties. Glass-fibre and carbon-fibre 
reinforced materials prevent cracks spreading, are strong in relation to their 
weight and may be stiffer than steel. 


Polymers, Structure and Mechanical Properties 
We now discuss a class of organic materials generally described as polymers, 
which have wide application. 

Polymers occur naturally in materials such as rubber, resin, cotton-wool and 
wood. They are used widely in the plastics industry. In the home, for example, 
there may be plastic dustbins, washing-up bowls, light fittings and wrapping 
paper, in addition to nylon socks. Plastics also make good thermal and electrical 
insulators, have low density, great toughness and resist corrosion. They are easy 
to mould and cheap to produce, which is a considerable advantage. 

Their disadvantages are a low Young modulus and low tensile strength, 
making them unsuitable for many load-bearing applications. Their mechanical 
properties depend considerably on their temperature and they also tend to melt 
at relatively low temperatures accompanied by dangerous fumes. 


Structure of Polymers 
The basic structure of a polymer can be illustrated by considering polyethylene, 
better known as polythene. By a chemical process called polymerisation, the 
double bonds of a large number of ethylene molecules (C,H,) are broken to 
allow them to form a giant molecule, the polymer. Figure 5.17 illustrates the 
formation of a polyethylene (CH,), molecule. The basic unit ethylene is called a 
monomer or mer. 
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Figure 5.17 Polymerisation 


The polymer molecule may contain thousands of carbon atoms so that n is 
very large. A wide range of materials can be made starting with different 
monomers. The Table illustrates how polyvinyl chloride (PVC), which uses 
chloride atoms, and polystyrene, which uses benzene rings, are made from their 
monomers, see Figure 5.18. 
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Figure 5.18 Polymer molecule from monomer 


Polymers, widely used in the plastics industry, are made chemically with 
monomers. They consist of very long chains of carbon atoms bonded to hydrogen 
and other atoms. 


Branching and Cross-linking of Polymer Molecules 
During chemical manufacture, polymer molecules may form branches along them 
or become cross-linke4 like the rungs of a rope ladder. Figure 5.19. Polyethylene 
molecules, for example, usually contain more than a thousand carbon atoms and 
may have about seventy branches. As branching or cross-linking develops. 
freedom of movernent of the molecules becomes less because they entangle. 
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Figure 5.19 Linear, branched and cross-linked molecules 


Cross-linking is used in the manufacture of some materials. Natural rubber 
molecules, for example, can be cross-linked with sulphur atoms. 1% sulphur 
produces a soft but solid rubber called vulcanite and 4^; sulphur produces the 
hard material called ebonite, both used as insulators in the electrical industry. 
Cross-linking in rubber also occurs with oxygen atoms from the atmosphere. 
The rubber then tends to harden and become brittle with age. as old rubber 
bands show. 

In polymers, the ease with which molecules slide over each other depends on 
the shape and size of the groups of atoms attached to the carbon ‘backbone’. 
With polystyrene, the mechanical interference between molecules is large, so this 
material is inflexible and glasslike In PVC, the chlorine atoms produce 
interference, so PVC is much less flexible than polythene. PVC, however, can be 
made flexible for use as electrical insulators round copper wires by adding a 
‘plasticiser’, which acts as an internal lubricant separating the PVC molecules. 


Polymer molecules can be linear, branched or cross-linked. Cross-linking with 
other atoms is made in the manufacture of some materials. 
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Thermosetting and Thermoplastic Polymers 

Polymers which form cross-links between their long chains of molecules in 
manufacture are called thermosetting polymers. At ordinary temperatures the 
cross-links keep these polymers solid and rigid. When heated, however, the 
agitation of the molecules destroys the cross-links and chemical decomposition 
occurs. So thermosetting polymers can not be re-moulded to a new shape by 
heating. Bakelite, melamine and epoxide resin are examples of thermosets. 

Polymers with few cross-links are called thermoplastic polymers. When heated, 
these polymers become softer and can be re-moulded, unlike thermosetting 
polymers. Polythene, polystyrene, polyvinyl chloride (PVC) and nylon are 
examples of thermoplastics. The mechanical properties of these materials are 
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Figure 5.20  Stress-strain graphs (diagrammatic) for Polythene at different temperatures 


more sensitive to temperature change. Figure 5.20 shows the stress-strain graph of 
polythene at different temperatures. At lower temperatures polythene hasa‘glassy’ 
behaviour (stiff and fracturing at low strain); at higher temperatures it has a 
‘rubbery’ behaviour (less stiff and able to stretch much more). 


Thermosetting polymers have cross-links between chains of molecules. They are 
rigid and can not be re-moulded by heating. 
Thermoplastic polymers have no cross-links. They become soft on reheating and 
can be re-moulded. 


Comparison of Mechanical Properties 
The Table shows some of the mechanical properties of a wide range of materials, 
including plastics. Compared with metals and brittle materials such as glass, the 
plastics have much lower values of Young modulus (less stiff) and very large 
stretching or elongation. The elongation is a measure of the permanent 
extension of a length of the specimen after failure. 


168. |. . | Advanced Level Physics 


———— — e e o o P 
Youngmodulus  Tensilestrength Elongation 
Ly 


10? Pa 105 Pa a 
ee 
Metals Steel 200 250 35 

Copper 120 150 45 
Aluminium 70 60-120 45 
eee ae le BO OY 
Woods Oak (parallel 
to grain) 5-9 21 
RR ON A S T un 
Brittle Glass 71 100 (about) 0 (about) 
Concrete 20-40 4 
SE ae 
Thermosets Bakelite 6-8 50 06 
Melamine 9 70 
Epoxide resin 1-5 30-80 
i ce E ae OE vagin PC RN 
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Polystyrene 35 40 2:5 
Nylon 70 60-300 
Rubber Natural 1(25% elongn) 32 850 


In the majority of non-polymeric solids, the elastic strains are very small. Larger 
stresses result in either rapid brittle fracture (glass, for example) or plastic 
deformation (metals) which rarely produce elongations higher than 50%. 

In plastics, the low Young modulus and enormous elongations occur because 
the long irregular molecules can uncoil and straighten out under tensile stresses. 
This process can be done without straining the individual bonds within the 
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Figure 5,21 Stress-strain graphs of some industrial materials 
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molecules and so it can take place at much lower stresses than metals, for 
example. In general, then, due to uncoiling of molecules, polymeric materials do 
not obey Hooke's law. The molecules in a cross-linked thermoset are much more 
difficult to uncoil than those in a thermoplastic. For example, bakelite (a 
thermoset) is much stiffer and shows less elongation than polythene (a 
thermoplastic) Figure 5.21 shows roughly stress-strain curves for various 
materials used in engineering. 


Metals and glass have high Young modulus and low elastic strain. Plastics have 
lower Young modulus (less stiff), large elongation and do not obey Hooke's law 
like metals do. 


Rubber, Hysteresis 

Unlike other materials, rubber shows an increase in Young modulus when its 
temperature rises. The increase in temperature produces more agitation of the 
molecules and increases their tendency to coil up. It is then more difficult to 
uncoil, or produce more order in the molecules, by tensile forces. So the Young 
modulus increases. 

This also explains why rubber contracts when heated. The molecules become 
more coiled and the rubber shortens, 

Figure 5.22 shows the stress-strain curve for a specimen of rubber when it is 
first loaded within the elastic limit, OAB, and then unloaded, BCA. BCA does 
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Figure 5.22 Hysteresis of Rubber 


not coincide with OAB and this is called elastic hysteresis. It means that, under 
the same stress, rubber molecules do not re-coil in the same way as they were 
first coiled. There may be a small permanent elongation when the stress is finally 
removed. 

Metals do not show significant hysteresis within the elastic limit —under stress. 
the strain is immediately the same whether loading or unloading takes place. 

The area under OAB represents the work done per unit volume in stretching 
the rübber. The area under BCO represents the energy given up by the rubber 
on contracting. So the shaded area or hysteresis loop represents the energy "lost" 
as heat during the loading-unloading cycle. 
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The hysteresis of rubber enables it to convert mechanical energy to heat. It is 
therefore used as shock absorber material, for example. 

A rolling car tyre is taken through many cycles of loading and unloading 
during a journcy. A large area hysteresis loop for such a rubber is not desirable 
because the heat produced may lead to dangerously high tyre temperatures. It 
would also increase petrol consumption due to conversion of mechanical energy 

' to heat. In practice, therefore, tyres are made with synthetic rubbers, which have 
small-area hysteresis loops. Materials with small hysteresis effects are called 
resilient. 

Conventional plastics, notably thermoplastics, show hysteresis effects and are 
about ten times less resilient than steel, for example. Plastic gear wheels are less 
noisy than metal ones as they are able to dissipate vibrational energy more 
effectively as heat. 
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Rubber molecules are coiled. Under increased tension the molecules uncoil and 

high strain (800%) can be produced. On removing the load a hysteresis loop is 

obtained. The ‘lost’ energy is converted to heat and is proportional to the area of 
the hysteresis loop. Resilient materials have low hysteresis. 


Wood 
Wood contains a natural polymer based on the cellulose molecule. The grain of 
the wood is the line of the cellulose fibres. Wood is a composite material—the 
fibres are bonded together in a lignin matrix which consists of carbohydrates and 
is non-polymer. 

Wood has strength and stiffness parallel to the grain but is weak across the 
grain. It is also a much weaker material in compression than in tension. In 
plywood, the wood is made stronger by glueing together alternately sheets whose 
grains go in perpendicular directions, The Plywood is then equally strong in the 
two directions and so is less likely to warp than the single wood with grains in 
one direction. 


Examples on Young Modulus and Solid Materials 
1 Figure 5.23 shows the Stress-strain curve for a metal alloy. Fracture occurred at an 
extension of 15%. 
With reference to the diagram, estimate 
(a) the Young modulus of the alloy, 
(b) the ultimate tensile stress, 
(c) the elongation (permanent extension remaining in specimen after fracture), 
(d) d entension and breaking stress at fracture had the material been brittle rather than 
uctile. 


(a) The Young modulus is the gradient of the linear (elastic) part of the stress 
strain curve. So 


6 -2 
Young modulus, E= SESS ee 300 x 10°N m=? 
strain 0:005 
= 6x10!? N m7? (or Pa) 


(At stress 300x 105 N m-?, extension = 0:5%, so strain = 0-005) 
(b) Ultimate tensile stress = maximum stress material can withstand without 
fracture. So 


Ultimate tensile stress = 380 x 106 N m^? 
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Figure 5.23 Stress-strain curve 


(c) At fracture, extension is 15% but on fracturing, the elastic deformation, 0:5%, 
is recovered. So 
elongation = 145% 


(d) If the metal were brittle it would have fractured at, or just after, the end of the 
elastic deformation region, so no plastic deformation would have occurred. 
So 


extension at fracture = 0:5% (brittle) 
and breaking stress = 300-320 MN m^? 


2 Figure 524(i) shows a cross-section through a reinforced concrete beam. It is 
supported at its ends and vertically loaded in the middle. 

From the properties of concrete and of steel, explain the purpose of the steel 
reinforcement rods and why the steel rods are placed as shown. 


In this loading situation, the top and bottom faces of the beam are in 
compression and tension respectively, Figure 5.24(ii). Brittle materials such as 
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Figure 5.24 Example on steelrods in concrete 
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concrete tend to fail at, or near, the elastic limit. A surface crack, under tension, 
then suddenly elongates and runs through the material. 

To stop this happening, steel rods are laid in the concrete close to the bottom 
face and running parallel with the direction of tension. The Young modulus of 
steel is many times greater than that of concrete, that is, stiffer than concrete. So 
the tension in the bottom face is supported largely by the steel than by the 
concrete. This lessens the possibility of brittle fracture of the concrete, increases 
the beam strength and reduces the ‘sag’ under the load. Also, any cracks which + 
do elongate in the concrete will be ‘blunted’ when they meet the steel rods, Figure 
5.24 (iii). This improves the toughness (resistance to crack growth) of the beam. 
The stress at a crack tip increases with crack length and also increases with a 
decrease in crack-tip radius. So blunting the crack tip, when the steel-concrete 
interface ruptures, reduces the stress at the crack tip and stops it spreading. 


Exercises 5C 


1 The measured strengths of brittle and ductile solids are very much smaller than 

calculations based on the forces between individual atoms in the solid. 
Explain why this is the case. 

2 The breaking strain of rubber may be as high as 800%, yet most metals break at 
strains which rarely are greater than 50%. With reference to the molecular or atomic 
structure of these materials, account for the difference in the breaking strain. 

3 Whatis meant by the following terms: 

(a) stiffness, 
(b) strength, 
(c) toughness, of a solid material. 
Explain briefly how these properties might be affected if the material were fibre 
reinforced. 

4 Interms of their structure and likely physical properties, distinguish between a 
thermoplastic and a thermoset. Name one example of each type of plastic. 

5 Rubber shows large hysteresis. What is meant by ‘hysteresis? 

Give one application of the use of rubber where a large hysteresis would be 
(a) an advantage and 
(b) a disadvantage, 

6 Aluminium and glass have almost the same values of the Young modulus, tensile 
strength and density. 

Why is glass, which is much cheaper to produce, not used in place of aluminium 
in load-bearing applications? 

7 Explain the difference between elastic deformation and plastic deformation, 


With reference to the stress-strain curves, describe and explain what would 
happen if three identical hollow spheres made respectively from a metal, glass and 
nto a hard surface. 
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Figure 5.25 


9 Figure 5.25 shows the stress-strain curves for a thermoplastic at two different 
temperatures A and B. Which is the higher temperature? At which temperature 
would the plastic behaviour be best described as 
(a) glassy, 

(b) rubbery? 

Explain why this material shows a transition from glassy to rubbery behaviour as 
the temperature changes. 

10 ‘Metal fatigue is thought to be caused by a slip mechanism in which the direction of 
slip changes during the stress cycle. Point defects (e.g. an atom missing from the 
lattice or an extra atom situated at an off-lattice point) interfere with the normal 
movement of edge-dislocations. Normal slip is therefore inhibited over large parts of 
a grain, and the slip becomes localised.” 

(a) Explain the meaning of the term metal fatigue, making reference to the idea of a 
stress cycle. 

(b) With the help of sketches, explain what is meant by an edge-dislocation and 
describe how it is able to move through a crystal. Suggest (i) how the presence of 
point defects might inhibit the mechanism of slip, and (ii) how the localised 
inhibition of slip might lead to fracture. 

(c) Fatigue cracks often occur at points of weakness such as sharp corners. Describe 
briefly how an engineer might set about studying the stress in the region of 
points of weakness. 

(d) Suggest how placing a metal under compression might increase the fatigue 
strength of the metal. (L.) 
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Electrostatics 


In this chapter we begin with an account of the more 
important phenomena about static (stationary) electric 
charges. We then show that charges in an electrostatic field 
are analogous to masses in a gravitational field—they have 
forces acting on them and have electric potential energy. 
The ideas here are widely used in many branches of 
electricity, for example, in solid state physics which deals 
with diodes and transistors, in the electron microscope, and 
in the theory of the atom. 


General Phenomena 


If a rod of ebonite is rubbed with fur, or a fountain-pen with a coat-sleeve, it 
gains the power to attract light bodies, such as pieces of paper or tin-foil or a 
piece of cork. The discovery that rubbed amber could attract silk was 
mentioned by THALES (640—548 B.c.). The Greek work for amber is elektron, and 
a body made attractive by rubbing is said to be ‘electrified’ or charged. This 
branch of Electricity, the earliest discovered, is called Electrostatics. 


Conductors and Insulators, Positive and Negative Charges 
A metal rod can be charged by rubbing with fur or silk, but only if it were 
held in a handle of glass or amber. The rod could not be charged if it were 
held directly in the hand. This is because electric charges can move along 
the metal and pass through the human body to the earth. The human body, 
metals and water are examples of conductors. Glass and amber are examples 
of insulators. 


E a 


(i) 


Figure 6.1 Demonstrating that an electrified glass or acetate rod tends to oppose effect of 
electrified ebonite or polythene rod 


A suspended piece of cork is attracted to an electrified ebonite rod E, 
Figure 6.1(i). But when we bring an electrified glass rod G towards the 
ebonite rod, the cork falls away, Figure 6.1(ii. So the charge on the glass 
rod opposes the effect of the charge on the ebonite rod. ^ 
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Benjamin Franklin, a pioneer of electrostatics, gave the name of ‘positive 
electricity’ to the charge on a glass rod rubbed with silk, and ‘negative 
electricity’ to that on an ebonite rod rubbed with fur. Rubbed by a duster, a 
cellulose acetate rod obtains a positive charge and a polythene rod obtains a 
negative charge. 

Experiment shows that two positive, or two negative, charges repel each 
other but a positive and a negative charge attract each other. So a 
fundamental law of electrostatics is: 


Like (similar) charges repel. Unlike charges attract. 


Electrons and Electrostatics 
Towards the end of the nineteenth century Sir J. J. Thomson discovered the 
existence of the electron (p. 757). This is a particle of very low mass—it is 


about 1/1840th of the mass of the hydrogen atom—and experiments show 
that it carries a tiny quantity of negative charge. Later experiments showed 
that electrons are present in all atoms. 

The detailed structure of atoms is complicated, but generally, electrons 
exist round a very tiny core or nucleus carrying positive charge. Normally, 
atums are electrically neutral, that is, there is no surplus of charge on them. 
Consequently the total negative charge on the electrons is equal to the 
positive charge on the nucleus. In insulators, all the electrons appear to be firmly 
‘bound’ to the nucleus under the attraction of the unlike charges. In metals, 
however, some of the electrons appear to be relatively ‘free’. These electrons 
play an important part in electrical phenomena concerning metals as we shall 
see. 


Charge Transfer by Friction . 

The theory of electrons (negatively charged particles gives a simple 
explanation of charging by friction. If the silk on which a glass rod has been 
rubbed is brougbt near to a charged and suspended ebonite rod it repels it; 
the silk must therefore have a negative charge. We know that the glass has a 
positive charge. We therefore suppose that when the two were rubbed 
together, electrons from the surface atoms were transferred from the glass to 
the silk, Likewise we suppose that when fur and ebonite are rubbed 
together, electrons go from the fur to the ebonite. Similar explanations hold 
for rubbed acetate and polythene. 


Attraction of Charged Body for Uncharged Bodies 
We can now explain the attraction of a charged body for an uncharged onc; 
we shall suppose that the uncharged body is a conductor—a metal. If it is 
brought near to a charged polythene rod, say, then the negative charge on 
the rod repels the negative free electrons in the metal to its far end 
(Figure 6.2). A positive charge is then left on the near end of the metal. 


Figure 6.2 Attraction by charged body 
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Since this is nearer than the negative charge on the far end, it is attracted 
more strongly than the negative charge is repelled. On the whole, therefore, 
the metal is attracted. If the uncharged body is not a conductor, the 
mechanism by which it is attracted is more complicated; we shall leave this 
to a later chapter. 


Electrostatics Today 

The discovery of the electron led to a considerable increase in the practical 
importance of electrostatics. In cathode-ray tubes and in electron micro- 
scopes, for example, electrons are moved by electrostatic forces. The 
problems of preventing sparks and the breakdown of insulators are 
essentially electrostatic. These problems occur in high voltage electrical 
engineering. Later, we shall also describe an electrostatic generator used to 
provide a million volts or more for X-ray work and nuclear bombardment. 
Such generators work on principles of electrostatics discovered over a 
hundred years ago. 


Gold-leaf Electroscope 
One of the earliest instruments used for testing positive and negative 
charges consisted of a metal rod A to which gold leaves L were attached 
(Figure 6.3). 


raci ugy 


Figure 6.3 A gold-leaf electroscope 


The rod was fitted with a circular disc or cap B, and was insulated with a 
plug P from a metal case C which screened L from outside influences other 
than those brought near to B. 

When B is touched by a polythene rod rubbed with a duster, some 


Figure 6.4 Testing charge with electroscope 
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. negative charge on the rod passes to the cap and L; and since like charges 
repel, the leaves open or diverge, Figure 6.4(i). If an unknown charge X is 
now brought near to B, an increased divergence implies that X is negative, 
Figure 6.4(ii). A positive charge is tested in a similar way; the electroscope is 
first given a positive charge and an increased divergence indicates a positive 
charge. 


Induction 
We shall now show that it is possible to obtain charges, called induced 
charges, without any contact with another charge. An experiment on 
electrostatic. induction as the phenomenon is called, is shown in Figure 
6.5 (i). 

Two insulated metal spheres A, B are arranged so that they touch one 
another and a negatively charged polythene rod C is brought near to A. The 
spheres are now separated, and then the rod is taken away. Tests with a 
charged piece of cork now show that A has a positive charge and B a 
negative charge, Figure 6.5(ii). If the spheres are placed together so that 
they touch, it is found that they now have no effect on charged cork held 
near. Their charges must therefore have neutralised each other completely, 


(i) process (ii) tests 


Figure6.5 Charges induced on a conductor 


thus showing that the induced positive and negative charges are equal. This 
is explained by the movement of electrons from A to B when the rod C is 
brought near, Figure 6.5(i). B has then a negative charge and A an equal 
positive charge. 


; Charging by Induction 
Figure 6.6 shows how a conductor can be given a permanent charge by 
induction, without dividing it in two. We first bring a charged polythene rod 


x 
< 
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Figure 6.6 Charging permanently by induction 
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C, say, near to the conductor XY, (i); next we connect the conductor to earth 
by touching it momentarily, (ii). Finally we remove the polythene. We then 
find that the conductor is left with a positive charge, (iii). If we use a charged 
acetate rod, we find that the conductor is left with a negative charge. The 
charge left, called the induced charge, has always the opposite sign to the 
inducing charge. 

This phenomenon of induction can again be explained by the movement 
of electrons. In Figure 6.6(i) the inducing charge C repels electrons to Y, 
leaving an equal positive charge at X as shown. When we touch the 
conductor XY, electrons are repelled from it to earth, as shown in Figure 
6.6(ii), and a positive charge is left on the conductor. If the inducing charge 
is positive, then the electrons are attracted up from the earth to the 
conductor, which then becomes negatively charged. 


The Action of Points, Van de Graaff Generator 
Sometimes in experiments with an electroscope connected to other 
apparatus by a wire, the leaves of the electroscope gradually collapse, as 
though its charge were leaking away. This behaviour can often be traced to a 
sharp point on the wire—if the point is blunted, the leakage stops. Charge 
leaks away from a sharp point through the sir, being carried by molecules 
away from the point. This is explained later (p. 194). 

Points are used to collect the charges produced in electrostatic generators. 
These are machines for continuously separating charges by induction, and 
thus building up very great charges and potential differences. Figure 6.7 is a 
simplified diagram of one such machine, due to Van de Graaff. A hollow 
metal sphere S is supported on an insulating tube T, many metres high. A silk 


Figure6.7 Principle of Van de Graaff generator 
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Figure6.8 Van de Graaff electrostatic generator at Aldermaston, England. The dome is 

the high-voltage terminal. The insulated rings are equipotentials, and provide a uniform 

potential gradient down the column. Beams of protons or deuterons, produced in the dome, 

are accelerated down the column to bombard different materials at the bottom, thereby 
producing nuclear reactions which can be studied 


belt B runs over the pulleys shown, of which the lower is driven by an 
electric motor. Near the bottom and top of its run, the belt passes close to the 
electrodes E, which are sharply pointed combs, pointing towards the belt. 
The electrode E, is made about 10000 volts positive with respect to the 
earth by a battery A. 

As shown later, the high electric field at the points ionises the air there; 


and so positive charges are repelled on to the belt, which carries it up into 
the sphere. There it induces a ne 


differences up to 5000 


The electrical energy which they deliver comes from the work done by the 


motor in drawing the positively charged belt towards the positively charged 
sphere, which repels it. 


In all types of high-voltage equipment sharp corners and edges must be 
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avoided, except where points are deliberately used as electrodes. Otherwise. 
electric discharges called ‘corona’ discharges may occur at the sharp places. 


Ice-pail Experiment 
A famous experiment on electrostatic induction was made by FARADAY in 
1843. In it he used the ice-pail from which it takes its name; but it was a 
modest pail, 27 cnrhigh—not a bucket. 

He stood the pail on an insulator, and connected it to a gold-leaf 
electroscope, as in Figure 6.9(i). He next held a metal ball on the end of a 
long silk thread, and charged it positively. Then he lowered the ball into the 
pail, without letting it touch the sides or bottom, Figure 6.9(ii). A positive 
charge was induced on the outside of the pail and the leaves, and made the 
leaves diverge. Once the ball was well inside the pail, Faraday found that the 
divergence of the leaves did not change when he moved the ball about— 


(iii) (iv) 


Figure6.9 Faraday's ice-pail experiment 


nearer to or farther from the walls or the bottom. This showed that the 
amount of the induced positive charge did not depend on the position of the 
ball, once it was well inside the pail. 

Faraday then allowed the ball to touch the pail, and noticed that the leaves 
of the electroscope still did not move (Figure 6.9 (iii)). When the ball 
touched the pail, therefore, no charge was given to, or taken from, the 
outside of the pail. Faraday next lifted the ball out of the pail, and tested it for 
charge with another electroscope. He found that thé ball had no charge 
whatever, Figure 6.9(iv). The induced negative charge on the inside of the 
pail must therefore have been equal in magnitude to the original positive 
charge on the ball. 

Faraday's experiment does not give these simple results unless the 
pail—or whatever is used in place of it—very nearly surrounds the charged 
ball, Figure 6.10(i). If, for example, the ball is allowed to touch the pail 
b: it is well inside, as in Figure 6.10(iii), then it does not lose all its 
charge. 
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(i) suitable can (ii) unsuitable ^ (iii) suitable can, charge 
can not far enough in 


Figure 6.10 Experimental conditions in Faraday's ice-pail experiment 


Conclusions 
The conclusions to be drawn from the experiment therefore apply, strictly, to 
a hollow closed conductor. They are: 


(i) When a charged body is enclosed in a hollow conductor it induces on the 
inside of that conductor a charge equal but opposite to its own; and on the outside a 
charge equal and similar to its own, Figure 6.9 (i). 

(ii) The total charge inside a hollow conductor is always zero: either there are 
equal and opposite charges on the inside walls and within the volume (before the 
ball touches), or there is no charge at all (after the ball has touched). 


Comparison and Collection of Charges 

Faraday's ice-pail experiment gives us a method of comparing quantities of 
electric charges. The experiment shows that if a charged body is lowered 
well inside a tall narrow can, then it gives to the outside of the cana charge 
equal to its own. If the can is connected to the cap of an electroscope, the 
divergence of the leaves is a measure of the charge on the bódy. Thus we 
can compare the magnitudes of charges, without removing them from the 
bodies which carry them. We merely lower those bodies, in turn, into a tall 
insulated can, connected to an electroscope. 

Sometimes we may wish to discharge a conductor completely, without 
letting its charge run to earth. We can do this by letting the conductor touch 
the bottom of a tall can on an insulating stand. The whole of the body's 
charge is then transferred to the outside of the can. 


Charges Produced by Separation; Lines of Force 

The ice-pail experiment suggests that a positive electric charge, for example, 
is always accompanied by an equal negative charge. Faraday repeated his 
experiment with a nest of hollow conductors, insulated from one another, 
and. showed that equal and opposite charges were induced on the inner and 
outer walls of each (Figure 6.11). 

Faraday also showed that equal and opposite charges are produced when 
a body is electrified by rubbing. He fitted an ebonite rod with a fur cap, 
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| Figure 6.11 Extension of ice-pail experiment on induced charges 


| which he rotated by a silk thread or string wrapped round it and then 

| compared the charges produced with an ice-pail and electroscope. 

| The idea that charges always occur in equal opposite pairs affects our 

' drawing of lines of force diagrams. Lines of force radiate outwards from a 
positive charge, and inwards to a negative one. From any positive charge, 
therefore, we draw lines of force ending on an equal negative charge, as 
illustrated in Figure 6.12. 


Figure 6.12 Charging by friction — some lines of force 


Distribution of Charge; Surface Densily zo 

By using a can connected to an electroscope we can find how electricity 15 
distributed over a charged conductor of any form— pear-shaped, for _ 
example. 
We take a number of small leaves of tin-foil, all of the same area, but 
differently shaped to fit closely over the different parts of the conductor, and 
mounted on polythene handles, Figure 6.13(i). These are called po^ 
planes. We first charge the body, press a proof-plane against the part whic 
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it fits, and then lower the proof-plane into a can connected to an electro- 
scope, Figure 6.13 (ii). 


equal areas, each of them carries away a charge proportional to the charge 
per unit area of the body, over the region which it touched. 
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Figure 6.13 Investigating charge distribution 


The charge per unit area over à region of the body is called the surface- 
density of the charge in that region. We find that 


the surface-density increases with the curvature of the body, — 


as shown in Figure 6.13 (iii). The distance of the dotted line from the outline 
of the body is roughly proportional to the surface-density of charge. 
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Law of Force Between Two Charges 
The magnitude of the foree between two electrically charged bodies was 
studied by CouLoMB in 1875. He showed that, if the bodies were small 
compared with the distance between them, then the force F was inversely 
proportional to the square of the distance r, 


(1) 


> 
8 
ta) 


This result is known as the inverse square law, or Coulomb’s law. 


Fundamental Law of Force 
The SI unit of charge is the coulomb (C.. The ampere (A) the unit of 
current, is defined later (p. 338). The coulomb is defined as that quantity of 
charge which passes a section of a conductor in one second when the 
current flowing is one ampére. 
By measuring the force F between two charges when their respective 
magnitudes Q and Q' are varied, we find that F is proportional to the product 


F 


Together with the inverse-square law in (1), we can therefore write 


7 ne (2) 


where k is a constant. With practical units for charge and r, k is written as 
1/47€9, where & is a constant called the permittivity of free space if we 
suppose the charges are situated in a vacuum. So 
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In this expression, F is measured in newton (N), Q in coulomb (C) and r in 
metre (m). Now, from (3), 


= appel 
Hence the units of £ are coulomb? newton^'. metre? (C? N^! m^?) 
Another unit of ¢9, more widely used, is farad metre ~ ! (Fm ?). See p. 219. 
We shall see later that cj has the numerical value of 8:854 x 107 7, and 


1/4 me, then has the value 9 x 10? approximately. 
So in free space we can write (3) as approximately 


F=9x10 22 EET AN PINO ER 


which is useful to simplify calculations as we shall see. 


Permittivity, Relative Permittivity j , 
So far we have considered charges in a vacuum. If charges are situated in 
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other media such as water, then the force between the charges is reduced. 
Equation (3) is true only in a vacuum. In general, we write 


CAL 7015 Re HCPSIENMEITE 


where e is the permittivity of the medium. The permittivity of air at normal 
pressure is only about 1-005 times that, £o, Of a vacuum. For most purposes, 
therefore we may assume that value of & for the permittivity of air. The 
permittivity of water is about eighty times that of a vacuum. Thus the force 
between charges situated in water is eighty times less than if they were 
situated the same distance apart in a vacuum. 

For this reason common salt (sodium chloride) dissolves in water. The 
electrostatic forces of attraction between the Positive sodium ions and the 
negative chlorine ions, which keep the solid crystal structure in equilibrium, 
are reduced considerably by the water and the solid structure collapses, 

The relative permittivity, £, of a medium is the ratio of its permittivity c to 
that of a vacuum, e. So 


E, = &/€ 


Although c and e, have dimensions, e is a number and has no 
dimensions. 


Examples on Force Between Charges 
Figure 6.14 shows three small charges A, B and P in a line, The charge at A is 
positive, that at B is negative and that at P. is positive. The values are those shown. 
(a) Calculate the force on the charge at P due to A and B. 
(b) At what point X on the line AB could there be no force on the charge P due to A 
and B if P were placed there? 


5x1079c 1xt075c 


F; h 


Figure6.14 Force on charges 


(a) The distance from A to P is 10cm or 0-1 em. So charge at A repels charge at 
P with a force F, given by 


Fy =9x 10» 2:22 
8 
9x10? x2 10-8 x 1x 10-5 
0-1? 
= 18x 10-4+N 


This distance from B to P is 4 cm or 4 x 10°? m. So charge at B attracts charge 
at P with a force F, given by 


F, =9 x 199 9:0: 


r? 
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9x 109 x 5x 1075 x 1 x 107* 
Ji (4x 1077)? 
228x107?N 
So resultant force towards B 
= F,—F, =28x 1073—18 x 1074 
= 28 x 1073—0-18 x 107° = 262 x 107?N 
(b) If the charge at P were taken to a point X to the left of A on the line AB, 
there would be no force on the charge. 
In this case the smaller charge at P would repel the positive charge at X 
and the negative charge at B would attract the positive charge at X. 
Although the charge at A is smaller than the charge at B, it is nearer the 


charge at X. So at some point such as X the two forces would be equal and 
opposite and cancel each other. 


In Figure 6.15, two small equal charges 2x 10^ 5C are placed at A and B, one 
positive and the other negative. AB is 6cm. 
Find the force on a charge +1 x 107°C placed at P, where P is 4cm from the line 
AB along the perpendicular bisector XP. 


+2x1078c X SCM - 2x 10-8 


Figure 6.15 Resultant force on charge 


From triangle APX, using Pythagoras, AP = , /443 = J25 = 5em= 
5x 1072 m. The charge at A repels the charge at P with a force F given by 
9x10? x2x1075x 1x 107? i 
(5x 10-2)? 
= 72x 10~*N, in a direction AP 


The charge at B attracts the charge at P with a force also equal to F, 
because BP = 5cm = AP. But this force acts in the direction PB. So the 
resultant force R is along the bisector PE of the angle between the two 
forces, as shown. 

To find R, we can use the components of the two forces F along PE 
(p. 96). 


Then R = Fcos0+F cos 0 = 2F cos 
Now cos 0 = BX/BP = 3/5 
So 2 R —2Fcosü = 2x 7:2 x 10 * x 3/5 


= 864x107*N 
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Electric Field-strength or Intensity, Field Patterns of Lines of Force 
An ‘electric field’ can be defined as a region where an electric force is 
experienced. As in magnetism, electric fields can be mapped out by electrostatic 
lines of force, which may be defined as a line such that the tangent to it is in the 
direction of the force on a small positive charge at that point. Arrows on the lines 
of force show the direction of the force on a positive charge; the force on a 
negative charge is in the opposite direction. Figure 6.16 shows the lines of force, 
also called electric flux, in some electrostatic fields of charges. 

The force exerted on a charged body in an electric field depends on the charge 
of the body and on the strength or intensity of the field. If we wish to explore the 
variation in strength of an electric field, then we must place a test charge Q' at 
the point concerned which is small enough not to upset the field by its 
introduction. The strength E of an electrostatic field at any point is defined as 
the force per unit charge which it exerts at that point. Its direction is that of the 
force exerted on a positive charge. 

From this definition, 


E=— F = EQ’. 3 : P : 1 
Q Q (1) 
in RUE SU 
(i) isolated charge ` (ii) unlike charges (iii) like charges 


Figure 6.16 Field pattern of electric lines of force 


Since F is measured in newtons and Q' in coulombs, it follows that field- 
strength E has units of newton per coulomb (N C^ t). We shall see later that a 
more practical unit of E is volt metre"! (V m ^!) (see p. 204). 


Field-strength E due to Point Charge 


+ 


Figure 6.17 Electric field-strength due to point charge 


We can easily find an expression for the strength E of the electric field due toa 


a> 
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point charge Q situated in a vacuum (Figure 6.17). We start from the equation 
for the force between two such charges: 


1 QQ' 


x 2 
4ne T 


If the test charge Q’ is situated at the point P in Figure 6.17, the electric field- 
strength at that point is given by 


F Q 
=> = “ > : : 2 
E Q' 4 neor? (2) 
The direction of the field is radially outward if the charge Q is positive (Figure 


6.16(i)); it is radially inward if the charge Q is negative. If the charge were 
surrounded by a material of permittivity ¢ then, 


Elen) 
Bm gions gad eaae Woon ex(3) 
Flux from a Point Charge 


We have already shown how electric fields can be described by lines of force. 
From Figure 6.16 (i) it can be seen that the density of the lines increases near the 
charge where the field-strength is high. The field-strength E at a point can thus be 
represented by the number of lines per unit area or flux density through a surface 
perpendicular to the lines offorceat the point considered. The flux through an area 
perpendicular to the lines of force is the name given to the product of E x area, 
where E is the field-strength normal to the area at that place and is illustrated in 
Figure 6.18 (i). 


B um 
pa raa 
i + 
n Q flux through area = ExA Sn. 


(ii) 


_Figure 6.18 Flux from a point charge 
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Consider a sphere of radius r drawn in space concentric with a point charge, 
Figure 6.18 (ii). The value of E at this place is given by E = Q/4 zer?. The total 
normal flux through the sphere is, 


Exarea = Ex4nr? 
0 


4 ner 


Ae 
£ 


2 


charge inside sphere (0 
permittivity 
HEU cr EN P ptor. SEIT ens 
This demonstrates the important fact that the total flux crossing normally any 
| sphere drawn outside and concentrically around a point charge is a constant. It 
does not depend on the distance from the charged sphere. 
It should be noted that this result is only true if the inverse square law is true. 
To see this, suppose some other force law were valid, i.e. E = Q/4 ner". Then the 
total flux through the area 


So Ex area = 


cw 0 
4 ner” 


This is only independent ofr if n = 2. 


Q 


x 4gr? = Syre 
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Field due to Charged Sphere and Plane Conductor 
Equation (1) can be shown to be gencrallv true. Thus the total flux passing 
normally through any closed surface whatever its shape, is always equal to Q/e, 
where Q is the total charge enclosed by the surface. This relation, called Gauss's 
Theorem, can be used to find the value of E in other common cases. 


(1) Outside a charged sphere us 
The flux across a spherical surface of radius r, concentric with a small sphere 
carrying a charge Q (Figure 6.19 (i)), is given by, 


Flux - 2 
e 
Prie 
n 
Q - 
E= 
4 ner? 


This is the same answer as that for a point charge. This means that outside a 
charged sphere, the field behaves as if all the charge on the sphere were 
concentrated at the centre. 


(2) Inside a charged empt y sphere 

Suppose a spherical surface A is drawn inside a charge sphere, as shown in 
Figure 6.19 (i). Inside this sphere there are no charges and so Q in equation (1) 
above is zero. This result is independent of the radius drawn, provided that it is 


less than that of the charged sphere. Hence from (1), E must be zero everywhere 
inside a charged sphere. ; 3 


Figure 6.19 (ii) shows how E varies with the distance r from the centre of the 
sphere of radius rọ. E is zero from r = Otor = ro. Beyond r = ro, E x 1/r?. 
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Figure 6.19 Electric field of a charged sphere 


(3) Outside a charged plane conductor 
Now consider a charged plane conductor S, with a surface charge density of o 


coulomb metre~?. Figure 6.20 shows a plane surface P, drawn outside S, which 
is parallel to S and has an area A metre?. Applying equation (1), 
Charge inside surface 


..Ex area = 
e 


plane conductor 


Figure 6.20 Field of a charged plane conductor 


Now by symmetry, the intensity in the field must be perpendicular to the surface. 
Further, the charges which produce this field are those in the projection of the 
area P on the surface S, i.e. those within the shaded area A in Figure 6.20. The 


total charge here is thus «A coulomb. 
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Electrostatic Shielding 

The fact that there is no electric field inside a closed conductor, when it contains 
no charged bodies, was demonstrated by Faraday in a spectacular manner. He 
made for himself a large wire cage, supported it on insulators, and sat inside it 
with his electroscopes. He then had the cage charged by an induction machine— 
a forerunner of the type we described on p. 181—until painful sparks could be 
drawn from its outside. Inside the cage Faraday sat in safety and comfort, 
however, and there was no deflection to be seen on even his most sensitive 
electroscope. 

If we wish to protect any persons or instruments from intense electric fields, 
therefore, we enclose them in hollow conductors. These are called ‘Faraday 
cages’, and are widely used in high-voltage measurements in industry. 

We may also wish to prevent charges in one place from setting up an clectric 
field beyond their immediate neighbourhood. To do this we surround the 
charges with a Faraday cage, and connect the cage to earth (Figure 6.21). The 
charge induced on the outside of the cage then runs to earth, and there is no 
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Figure 6.21 Lines of force round charges 


external field. (When a cage is used to shield something inside it, it does not have 
to be earthed.) 


Field Round Points 

On p. 186 we saw that the surface-density of charge (charge per unit area) round 
a point of a conductor is very great. Consequently, the strength of the electric 
field near the point is very great. The intense electric field breaks down the 
insulation of the air, and sends a stream of charged molecules away from the 
point. The mechanism of the breakdown, which is called a ‘corona discharge’, is 
complicated, and we shall not discuss it here. 

Corona breakdown starts when the electric field-strength E in air is about 3 
million volt metre" '. The corresponding surface-density of charge is about 
2:7 x 1075 coulomb metre"? from E = a/ég. j 


ex i shtampi on Electron Motion in Strong Field 

n electron of charge e = 1-6 x 10^ !? C is situated in a uniform electric field of intensity 4 
or field-strength 120000 V m ^ '. Find the force on it, its acceleration, and the time it es 
to travel 20 mn, from rest (electron mass, m = 9:1 x 10?! kg). 


Force on electron F = EQ = Ee 
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Now E = 120000 V m 7. 


F-—16x107!?x :2x105 


-192x107!'*N 
^ F 192x107" 
Acceleration, ain 91x10?! 


- —212x10!5ms^? 
Time for 20 mm or 0-02 m travel is given by 


pe 
2x002 — 
2-12 x 1016 
—137x10^?s 


The extreme shortness of this time is due to the fact that the ratio of 
charge-to-mass for an electron is very great: 
e 16x10" 
m 91x10 5! 
In an electric field, the charge e determines the force on an electron, while the 


mass m determines its inertia. Because of the large ratio e/m, the electron moves 
almost instantaneously, and requires very little energy to displace it. Also it can 


= 18x 10''Ckg™! 


respond to changes in an electric field which take place even millions of times 


per second. Thus it is the large value of e/m for electrons which makes electronic 
tubes, for example, useful in electrical communication and remote control. 
explained later. 
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Electric Potential 


Potential in Fields 

When an object is held at a height above the earth it is said to have gravitational 
potential energy. A heavy body tends to move under the force of attraction of the 
earth from a point of great height to one of less, and we say that points in the earth’s 
gravitational field have potential values depending on their height. $ 

Electric potential is analogous to gravitational potential, but this time we 
think of points in an electric field. Thus in the field round a positive charge, for 
example, a positive charge moves from points near the charge to points further 
away. Points round the charge are said to have an ‘electric potential’. 


Potential Difference, Work, Energy of Charges 
In mechanics we are always concerned with differences of height; if a point A on 
a hill is h metre higher than a point B, and our weight is w newton, then we do wh 
joule of work in climbing from B to A, Figure 6.22 (i) Similarly in electricity we 
are often concerned with differences of potential; and we define these also in 
terms of work. 


motion impressed 


i Ax w 
E Ory B 
Z di e 
field field, E 
(i) gravitational (ii) electrostatic 


Figure 6.22 Work done, in gravitational a.:4 electrostatic fields 


Let us consider two points A and B in an electrostatic field E, and let us 

Suppose that the force on a positive charge Q has a component f in the direction 

AB, Figure 6.22 (ii). Then if we move a positively charged body from B to A, we 

| do work against this component of the field E. We define the potential difference 

| between A and B as the work done in moving a unit positive charge from B to A. We 
denote it by the symbol Vas- 


Potential difference V,, = work per coulomb in moving charge from B to A 


The work done will be measured in joules (J). The unit of potential difference 
| is called the volt and may be defined as follows: The potential difference between 
| two points A and B is one volt if the work done in taking one coulomb of positive 
l charge from B to A is one joule. 


| 1 volt = 1 joule per coulomb (1 V = 1J/C) 


From this definition, if a charge of Q coulomb is moved thro: 
volt, then the work done W, in joule, is given by pee en abl 


Ru MUR a 
| a E E ovn 
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Potential and Energy 

Let us consider two points A and B in an electrostatic field, A being at a higher 
potential than B. The potential difference between A and B we denote as usual 
by Vas. If we take a positive charge Q from B to A, we do work on it of amount 
QVA: the charge gains this amount of potential energy. If we now let the charge 
go back from A to B, it loses that potential energy: work is done on it by the 
electrostatic force, in the same way as work is done on a falling stone by gravity. 
This work may become kinetic energy, if the charge moves freely, or external 
work if the charge is attached to some machine, or a mixture of the two. 

The work which we must do in first taking the charge from B to A does not 
depend on the path along which we carry it, just as the work done in climbing a 
hill does not depend on the route we take. If this were not true, we could devise a 
perpetual motion machine, in which we did less work in carrying a charge from 
B to A via X than it did for us in returning from A to B via Y, Figure 6.23. 


Y 


Figure 6.23 A closed path in an electrostatic field 


. The fact that the potential differences between two points is a constant, 

independent of the path chosen between the points, is a most important 

property of potential in general. This property can be conveniently expressed by 

saying that the work done in carrying a charge round any closed path in an 

electrostatic field, such as BXAYB in Figure 6.23 is zero. 

S As we also stress later, it shows that potential has magnitude but no direction. 
o 


electric potential is a scalar. 


3 The Electron-Volt 
The kinetic energy gained by an electron which has been accelerated through a 
potential difference of 1 volt is called an electron-volt (eV). Since the energy 
gained in moving a charge Q through a p.d. V = QV, 


7, LeV = electronic charge x 1 = (1-6 x 107 !? x 1)joule = 16x 107195 


The electron-volt is a useful unit of energy in atomic physics. For example, the 
work necessary to extract a conduction electron from tungstéh is 4-52eV. This 
quantity determines the magnitude of the thermionic emission from the metal at 
a given temperature (p. 762); it is analogous to the latent heat of evaporation of a 
Jiquid. An electron in an X-ray tube moving through a p.d. of 50000 V will gain 
energy equal to 50000 eV. 
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Potential Difference due to Point Charge 
We can now calculate the potential difference between two points in the field of a 
single point positive charge, Q in Figure 6.24. For simplicity we will assume that 
the points, A and B, lie on a line of force at distances a and b respectively from 
the charge. When a unit positive charge is at a distance r from the charge Q in 
free space the force f on it is 


Figure 6.24 Calculation of potential 
The work done in taking the charge from B to A, against the force f over a 
short distance Ar is 
AW = fAr 
Over the whole distance AB, therefore, the work done by the force on the unit 


charge is 
B r-b b 
f AW. -Í fdr= ANE 
A r=a a An&yr* 
Q Q 


S RS Aa 
o Pa — Anega  Amtob 


This, then, is the value of the work which an external agent must do to carry a 
unit positive charge from B to A. The work per coulomb is the potential 
difference V, between A and B. 


Maa = 72 (2-3) ee Revere rk 


Vag will be in volt if Q is in coulomb, a and b are in metres-and s, is taken as 
885x 107 '* Fm^! or 1/472, as 9x 109m F~ approximately (see p. 187). 


Example on Potential Difference and Work Done 
Two positive point charges, of 12 and 8 microcoulomb respectively, are 10cm apart. Find 
the work done in bringing them 4 cm closer. (Assume 1/4 neo = 9x 109 mF-!) 


Suppose the 12C charge is fixed in position. Since 6cm = 006m and 
10cm = 0-1 m, then the potential difference between points 6 and 10cm from it 


is given by (1). 
; xml 1 1 
: 4n&j 006 01 


-12x1075x9x 10*(162— 10) 
= 720000 V 
Note the very high potential difference due tojquite small charges.) 


Electrostatics — '- gg) 


The work done in moving the 8 uC charge from 10cm to 6 cm away from the 
12C charge is given by, using W= QV, 


W 28x1075xV 
= 8 x 1076 x 720000 = 5:8J 


Zero Potential, Potential at a Point 
Instead of speaking continually of potential differences between pairs of points, 
we may speak of the potential at a single point—provided we always refer it to 
some other, agreed, reference point. This procedure is analogous to referring the 
heights of mountains to sea-level. 

For practical purposes we generally choose as our zero reference point the 
electric potential of the surface of the earth. Although the earth is large itisallat 
the same potential, because it is a good conductor ofelectricity; if one point on it 
were àt a higher potential than another, electrons would flow from the lower to 
the higher potential. As a result, the higher potential would fall, and the lower 
would rise; the flow of electricity would cease only when the potentials became 
equal. 

In general it is difficult to calculate the potential of a point relative to the 
earth. This is because the electric field due to a charged body near a conducting 
surface is complicated, as shown by the lines of force diagram in Figure 6.25. In 
theoretical calculations, therefore, we often find it convenient to consider 
charges so far from the earth that the effect of the earth on their field is 
negligible; we call these ‘isolated’ charges. 


Figure 6.25 Electric field of positive charge near earth 
So we define the potential at a point A as 


the work done per coulomb in bringing a positive charge from infinity to A. 


Potential due to Point Charge and to Charged Sphere 
Point charge : : 
Equation (1), p. 198, gives the potential difference between two points A and B in 
the field of an isolated point charge Q: 


MALUNT UN 
Vio = a o a b 


If B is at infinity, then, since b is very much greater than a, 1/b is negligible 
compared with 1/a. So the potential at A is: 
Q 


"= Fusa 


So at a distance r from a point charge Q, the potential V is: 
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& 5/0. 
Ane 


(1) 


V oc i/r 


Figure6.26 Variation of V with x 


Figure 6.26 shows how V varies with the distance r from the point charge Q. 
The curve does not fall as rapidly as the curve of E, the field-strength, with r, 
since E cc 1/r?. 

When Q is a positive charge, Vis positive. This means that work is done by an 
external force in moving a positive charge to the point concerned. When Q is 
a negative charge, V is negative. This means that the field itself does work or 
loses energy when a positive charge is moved to the point concerned, since it is 
now attracted by Q. 


Charged sphere 


V oct/r 


Gi) 


Figure6.27 Potential due to charged sphere 


Suppose the charge on a spherical conductor is +Q and the radius of the 
sphere is ro, Figure 6.27 (i). The lines of force spread out radially from the surface 
and we can imagine them starting from a charge Q concentrated at the centre 
point O. We have just seen that the potential at a distance r from a point charge 


Q is V = Q/4 negr. Outside the sphere, then, the potential at a point such as A 
distance r from the centre is 


720 
oe x A I j £ (1) 
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= ICD eae EE RIEN 
At the surface, where r = ro, the radius, the potentials is’ 
Q 
4 nero (2) 


Inside the sphere, the electric field-strength E = 0 (p. 192). So no work is done 
when a charge is taken from any point inside to a point on the surface S. 
Therefore there is no potential difference between any point inside and S. But 
the potential of S = Q/4 nzoro. So the potential at any point inside the sphere is 


eae 


4 nro 


(3) 


Note that all points inside the sphere have this same potential value, because E = 0 
for all points inside, as we saw earlier. 

Figure 6.27 (ii) shows the variation of the potential V due to a charged sphere 
with the distance r measured from the centre of the sphere. Note that V is 
constant ( = Q/4 neoro) from r = 0 tor = ro. 


Example on Potential Variation due to Charges 
In Figure 6.28, a positively-charged sphere C is near a long insulated conductor AB. 
Draw sketches to show how the potential V all round C varies with the distance from C 
measured along AB and beyond (i) before and (ii) after AB is placed in position. 
Draw a sketch showing the new variation of V with distance if AB is earthed. 


c A B 
O & 


3 
= 
S ~ 
$ as 
"before ^ ^^ — > 


earth potential 


distance —* 


Figure6.28 Potential near positive charge before and after bringing up uncharged 
conductor 


(i) Before AB is placed in position, the variation of V with distance r is similar to 
the isolated spherical charged conductor in Figure 6.27 (ii). : 
(ii) After ABis placed in position, thereare now induced equal and opposite charges 
at A and Bas shown. Since the charge on A is nearer C than B and opposite to that 
on C. the potential between C and A is now less than before. ; 
Further, the potential of a conductor such as AB is constant. So this part of 
the graph is a horizontal straight line. Beyond the + ve charge at B, the potential 
decreases as shown. 
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potential —> 
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distance —— 


Figure6.29 Potential near positive charge in the presence of an earthed conductor 


Earthed conductor AB. There is now only a — ve charge at the end A and the 


potential falls rapidly to zero as shown in Figure 6.29. Beyond B, C has a small 
potential. : 


Example on Potential Energy 
In Figure 6.30, an alpha-particle A of charge +3-2 x 107 '° C and mass 68 x 107 ?" Kg is 
travelling with a velocity v of 10x 107 ms"! directly towards a nitrogen nucleus N 
which has a charge of + 11-2 x 107 !'? C. 
Calculate the closest distance of approach of A to N, assuming that A is initially a very 
long way from N compared with the closest distance of approach. 


A c H 
-—9---------- - © 
v 
K———À3 


Figure 6.30 Example on potential energy 
(Analysis The alpha-particle loses kinetic energy as it approaches the nitrogen 
nucleus and this is transferred to electrical potential energy in the field of N.) 
Initial kinetic energy of A = 3mv? = 4x 68 x 10777 x (1-0 x 107) 
= 34x10) 
If r is the closest distance of approach at C, potential energy at r due to N 


` QQ 9x10 x32x 1079 x 11-2x 10719 
^ Ane — r 
32x107?7 


r 


assuming 1/4 xe, = 9 x 10? and the initial potential energy of A is T 
32x10?" 
vc ES 
15323010347 


| -r= goes = 94x 107m 


So 34x107" = 


—— 


MBOTONDNGRE E re 


Potential Gradient and Field-strength (Intensity) 
We shall now see how potential difference is related to field-strength or intensity. 
Suppose A, B are two neighbouring points on a line of force, so close together 
that the electric field-strength between them is constant and equal to E 
(Figure 6.31). If V is the potential at A, V 4-AV is that at B, and the respective 
distances of A, B from the origin are x and x + Ax, then 


Figure 6.31  Field-strength and potential gradient 


Vag = potential difference between A, B 
=V- Vg = V—(V+AV) = —AV 
The work done in taking a unit charge from B to A 


= force x distance = Ex Ax = Vag = —AV 
AV 
H E= -— 
ence E 
or, in the limit, 

dV 

E= En : E es 1 

dx (1) 


potential ———— 


distance ——= 


Figure 6.32 Relationship between potential and field-strength 


! 
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The quantity dV/dx is the rate at which the potential rises with distance, and 
is called the potential gradient. Equation (1) shows that the strength of the 
electric field is equal to the negative of the potential gradient. 


Potential Variation in Fields, Unit of E 
Strong and weak fields in relation to potential are illustrated in Figure 6.32. 

In Figure 6.33 the electric field-strength — V/h, the potential gradient, and this 
is uniform in magnitude in the middle of the plates. At the edge of the plates the 
field becomes non-uniform. 

We can now see why E is usually given in units of ‘volt per metre’ (V m ^ A 
From (1), E = —(dV/dx). Since V is measured in volts and x in metres, then E 
will be in volt per metre (V m^ '). From the original definition of E( — F/Q), the 


Figure6.33 Electric field between parallel plates; in middle, E = V/h 


units of E were newton coulomb! (NC^!). To show these two units are 
equivalent, we have 1 joule = 1 newton x 1 metre from mechanics and so 


1 volt = 1 joule coulomb” ' 
= | newton metre coulomb! 
/. 1 volt metre" ! = 1 newton coulomb™ * 


í Examples on Potential Gradient and Field-strength 
1 Anoil drop of mass 2 x 107 !^ kg carries a charge Q. The drop is stationary between 
two parallel plates 20 mm apart which a p.d. of 500 V between them. Calculate Q. 


F-EQ 
20mm of 500v 


Figure6.34 Oil drop in electric field e 


Since the drop is stationary, 


upward force on charge, F — weight of drop, mg 


———M — —— —— — Flectrostatics 


Visions 
Now F = EQ = ;? since E — potential gradient — 4 
So Yo = 
Prz 


d 
Qo EE = 2x 107 x 10x20% 107? 
z8x107!5C 


2 Anelectron is liberated from the lower of two large parallel metal plates separated by 

- rade ip my D The upper plate has a potential of --2400 V relative to the lower. 
ow long does the electron take to reach it? (Assume charge-mass rati 

electron = 1:8 x I0!! Ckg^!) $ ERAR e 


Between large parallel plates, close together, the electric field is uniform except 
near the edges of the plates, as shown in Figure 6.33. Except near the edges, 
therefore, the potential gradient between the plates is uniform; its magnitude is 
V/h, where h = 0-02 m, so 


electric field-strength E = potential gradient 


= 2400/0002 V m^! 
= 1012x105 Vm"! 
Force on electron of charge e is given by F = Ee. 
Acceleration, a = d - = 
m m 


-12x105x 18x10! 
= 216x10!5ms^? 


QE. Bxxxio 
ya 2:16 x 10!5 


= 14x 107%s 


Then, from s = Jat?, 


Equi ls 
We have already said that the earth must have the same potential all over, 
because it is a conductor. In any conductor there can be no differences of 
potential. Otherwise these would set up a potential gradient or electric field and 
electrons would then redistribute themselves throughout the conductor, under 
the influence of the field, until they had destroyed the field. This is true whether 
the conductor has a net charge, positive or negative, or whether it is uncharged. 

Any surface or volume over which the potential is constant is called an 
equipotential. The space inside a hollow charged conductor has the same 
potential as the surface at all points and so is an equipotential volume. The 
surface of a conductor of any shape is an equipotential surface. l 

Equipotential surfaces can be drawn throughout any space in which there is 
an electric field. Figure 6.35 (i) shows the field of an isolated point charge Q. 

At a distance r from the charge, the potential is Q/4 zer; a sphere of radius r 
and centre at Q is therefore an equipotential surface, of potential Q/4 neor. In 
fact, all spheres centred on the charge are equipotential surfaces, whose 
potentials are inversely proportional to their radii; Figure 6.35(i) Values 


proportional to the potentials are shown. 
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Equipotentials 


(i) (ii) 


Figure 6.35  Equipotentials and lines of force round (i) a point charge (ii) two opposite 
charges 1 


Figure 6.35 (ii) shows two equal and opposite point charges + Q and — Q, and 
some typical lines of force and equipotentials in their field. The equipotential 
lines meet the lines of force at 90°. 

An equipotential surface has the property that, along any direction lying in 
the surface, there is no electric) field; for there is no potential gradient. 
Equipotential surfaces are therefore always at right angles to lines of force, as 
shown in Figure 6.35. Since conductors are always equipotentials, if any 
conductors appear in an electric-field diagram the lines of force must always be 
drawn to meet them at right angles. 


Potential due to a System of Charges 
When we consider the electric field due to more charges than one, we see the 
advantages of the idea of potential over the idea of field-strength. If we wish to 
find the field-strength E at the point P in Figure 6.36, due to the two positive 
charges Q, and Q,, we have first to find the force exerted by each on a unit 
charge at P, and then to add these forces by a vector method such as the 
parallelogram method, shown in Figure 6.36. : 


9, 


Figure 6.36 Finding resultant field-strength of two point charges 


On the other hand, if we wish to find the potential at P, we merely calculate 
the potential due to each charge, and add the potentials algebraically, since 
potentials are scalar. So potential at P, V = Q,/4 NE, - Q5/4 negra. 


~ 


Hechos rr ER OT 


When we have plotted the equipotentials, they turn out to be more useful than 
lines of force. A line of force diagram appeals to the imagination, and helps us to 
see what would happen to a charge in the field. But it tells us little about the 
strength of the field —at the best, if it is more carefully drawn than most, we can 
only say that the field is strongest where the lines are closest. But equipotentials 
can be labelled with the values of potential they represent; and from their 
spacing we can find the actual value of the potential gradient, and hence the 
field-strength. The direction of the field-strength is always at right angles to the 
equipotential curves. 


Comparison of Static and Current Phenomena 

Broadly speaking, we may say that in electrostatic phenomena we meet small 
quantities of charge, but great differences of potential. On the other hand in the 
phenomena of current electricity discussed later, the potential differences are 
small but the amounts of charge transported by the current are great. Sparks 
and shocks are common in electrostatics, because they require great potential 
differences; but they are rarely dangerous, because the total amount of energy 
available is usually small. On the other hand, shocks and sparks in current 
electricity are rare, but, when the potential difference is great enough to cause 
them, they are likely to be dangerous. 

These quantitative differences make problems of insulation much more 
difficult in electrostatic apparatus than in apparatus for use with currents. The 
high potentials met in electrostatics make leakage currents relatively great, and 
the small charges therefore tend to disappear rapidly. Any wood, for example, 
ranks as an insulator for current electricity, but a conductor in electrostatics. In 
electrostatic experiments we sometimes wish to connect a charges body to earth; 
all we have then to do is to touch it. 


Comparison between Electrostatic and Gravitational Fields 
We conclude with a comparison between electrostatic (electric) fields and 
gravitational fields. Scientists consider that gravitational forces are the weakest 
in the universe and electric forces are much stronger. 

Like charges repel and unlike charges attract in electric fields, so electric 
forces may be repulsive or attractive. In the gravitational field, masses attract 
each other and no repulsive force has yet been detected. So electric potential 
may be positive or negative but gravitational potential is only negative (zero 
potential is at infinity in both cases). Further, the Earth is such a large sphere, 
that the gravitational field strength, g, near the Earth's surface is "fairly uniform 
for a height above the surface which is small compared to its radius. 

The following Table summarises some other coepi 


attractive/repulsive attractive Ais 
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Exercises 6 


(Where necessary, assume £ = 8:85 x 107 !? Fm!) 


1 What is the potential gradient between two parallel plane conductors when their 
separation is 20 mm and a p.d. of 400 V is applied to them? Calculate the force on an 
oil drop between the plates if the drop carries a charge of 8 x 107 IC 

2 Using the same graphical axes in each case, draw sketches showing the variation of 
potential (i) inside and outside an isolated hollow spherical conductor A which 
has a positive charge, (ii) between A and an insulated sphere B brought near to 
A, (iii) between A and B if B is now earthed. 

3 A charged oil drop remains stationary when situated between two parallel 
horizontal metal plates 25 mm apart and a p.d. of 1000 V is applied to the plates. 
Find the charge on the drop if it has a mass of 5 x 10 ** kg. (Assume 
g = 10Nkg~') 

Draw a sketch of the electric field between the plates and state if the field is 
everywhere uniform. 

4 Howdo 
(a) the magnitude of the gravitational field, and 
(b). the magnitude of the electrostatic field, vary with distance from a point mass 

and a point charge respectively? 

Sketch a graph illustrating the variation of electrostatic field-strength E with 
distance r from the centre of a uniformly solid metal sphere of radius ry which is 
positively charged. Explain the shape of your graph (i) for r > ro, and, 

(ii) forr < rg. (L.) 

5 Define 
(a) electric intensity, 

(b) difference of potential. 

How are these quantities related? 

A charged oil-drop of radius 1:3 x 10^ 5m is prevented from falling under 
gravity by the vertical field between two horizontal plates charged to a difference 
of potential of 8340 V. The distance between the plates is 16 mm, and the density 
of oil is 920 kg m ^ ?. Calculate the magnitude of the charge on the drop 
(g = 9:81ms~?). (0. & C.) ; S 

6 Showhow (i) the surface density, (ii) the intensity of electric field, (iii) the 
potential, varies over the surface of an elongated conductor charged with electricity. 
Describe experiments you would perform to support your answer in cases (i) and (ii). 

Describe and explain the action of points on a charged conductor; and give two 
practical applications of the effect. (L.) 

7 Describe, with the aid of a labelled diagram, a Van de Graaff generator, explaining 
the physical principles of its action. 

The high voltage terminal of such a generator consists of a spherical conducting 
shell of radius 0-50 m. Estimate the maximum potential to which it can be raised in 
air for which electrical breakdown occurs when the electric intensity exceeds 
3x105 V m^. 

State two ways in which this maximum potential could be increased. (JM B.) 

8 Define potential at a point in àn electric field. 

Sketch a graph illustrating the variation of potential along a radius from the 
centre of a charged isolated conducting sphere to infinity. ue 

Assuming the expression for the potential of a charged isolated conducting spfiere 
in air, determine the change in the potential of such a sphere caused by surrounding 
it with an earthed concentric thin conducting sphere having three times its 
radius. (J MB.) 

9 Two plane parallel conducting plates 15:0 mm apart are held horizontal, one above 
the other, in air. The upper plate is maintained at a positive potential of 1500 V 
while the lower plate is earthed. Calculate the number of electrons which must 
be attached to a small oil drop of mass 4-90 x 10 !5 kg, if it remains stationary 


in the air between the plates. (Assume that the density of air is negligible i 
comparison with that of oil.) x a 


HlecirodDlicgz o 7. 00 ee Sr 


10 


12 


13 


14 


If the potential of the upper plate is suddenly changed to — 1500 V what is the 
initial acceleration of the charged drop? Indicate, giving reasons, how the 
acceleration will change. (L.) 

Describe carefully Faraday's ice-pail experiments and discuss the deductions to be 

drawn from them. How would you investigate experimentally the charge distri- 

bution over the surface of a conductor? (C.) 

What is an electric field? With reference to such a field define electric potential. 

Two plane parallel conducting plates are held horizontal, one above the other, in 
a vacuum. Electrons having a speed of 6-0 x 10$ m s^ ' and moving normally to the 
plates enter the region between them through a hole in the lower plate which is 
earthed. What potential must be applied to the other plate so that the electrons 
just fail to reach it? What is the subsequent motion of these electrons? Assume that 
the electrons do not interact with one another. 

(Ratio of charge to mass of electron is 1-8 x 10'' C kg` ' )(JMB.) 

An isolated conducting spherical shell of radius 0:10 m, in vacuo, carries a positive 

charge of 1:0 x 1077 C. Calculate 

(a) the electric field-strength, 

(b) the potential, at a point on the surface of the conductor. 

Sketch a graph to show how one of these quantities varies with distance 
along a radius from the centre to a point well outside the spherical shell. Point 
out the main features of the graph. (JMB.) 

(a) A charged oil drop falls at constant speed in the Millikan oil drop experiment 
when there is no p.d. between the plates. Explain this. ` 

(b) Such an oil drop, of mass 4-0 x 107 !5 kg, is held stationary when an electric 
field is applied between the two horizontal plates. If the drop carries 6 electric 
charges each of value 1-6 x 10^ !? C, calculate the value of the electric field- 
strength. (L.) 

(a) A conductor carrying a negative charge has an insulating handle. Describe how 
you would use it to charge (i) negatively, (ii) positively a thin spherical 
conducting shell which is isolated and initially uncharged. 

In each case explain why the procedure you describe produces the desired 
result. 

(b) For one of these cases, sketch graphs showing how the electric field-strength and 
the electric potential vary along a line outwards from the centre of the shell, 
when the charging device has been removed. 


15 


Figure 6A 


(c) Figure 6A shows an arrangement of two point charges in air, Q being 0:30 pC. 
(i) Find the electric field-strength and the electric potential at P. (ii) Find the 
point on AB between the two charges at which the electric potential is zero. 
(iii) Explain why the potential on AB on the left of the — 3Q charge is always 


negative. 


1 
Take & =88 x 107 '? Fm‘ or ETO 10°°Fm '(JMB) 


(a) Figure 6B shows a hollow metal sphere supported on an insulating stand. In 
(i) a large positive charge is near to the sphere; in (ii) the sphere is earthed; 
in (iii) the earth connection has been removed and finally in (iv) the positive 


harge has been removed. 
1 Sketch the distribution of charge on the sphere which you would expect at 


each of the four stages. 
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(i) (ii) (ili) (iv) 


Figure 6B 


(b) A large, hollow, metal sphere is charged positively and insulated from its 
surroundings. Sketch graphs of (i) the electric field-strength, and (ii) the 
€lectric potential, from the centre of the sphere to a distance of several 
diameters. (AEB, 1985.) 


Figure 6C 


16 Two point charges Q, and Q, are situated as shown in Figure 6C. Q, is a positive 

charge and Q, is a negative charge; the magnitude of Q, is greater than Q;. A third 
point charge, which is positive, is now placed in such a position, X, that it 
experiences no resultant electrostatic force due to Q, and Q,. Explain carefully why 
X must lie somewhere on the line AB which passes through Q, and Q;. 
Copy the diagram and indicate clearly in which section of the line AB the point X 
must lie. Give reasons for your answer. Explain why the positíon X would be 
unchanged if the magnitude or the sign of the third charge were altered. (L.) 

17 (a) Define the terms potential and field-strength at a point in an electric field. 

Figure 6D shows two horizontal parallel conducting plates in a vacuum. 


*350V 


10cm 


Ov 


Figure 6D 


A small particle of mass 4 x 10~ '? kg, carrying a positive charge of 
3:0 x 107 '* C is released at A close to the upper plate. What total force acts on 
this particle? 
Calculate the kinetic energy of the particle when it reaches the lower plate. 
(b) Figure 6E shows a positively charged metal sphere and a nearby uncharged 
metal rod. 


Figure 6E. 
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Explain why a redistribution of charge occurs on the rod when the charged 
metal sphere is brought close to the rod. 

Copy this diagram and show on it the charge distribution on the rod. Sketch 
a few electric field lines in the region between the sphere and the rod. 

Sketch graphs which show how (i) the potential relative to earth, and 
(ii) the field-strength vary along the axis of the rod from the centre of the charged 
sphere to a point beyond the end of the rod furthest from the sphere. How is 
graph (i) related to graph (ii)? : 

How will the potential distribution along this axis be changed if the rod is 
now earthed? (L.) 

18 Define the electric potential V and the electric field-strength E at a point in an 
electrostatic field. How are they related? Write down an expression for the electric 
field-strength at a point close to a charged conducting surface, in terms of the 
surface density of charge. 

Corona discharge into the air from a charged conductor takes place when the 
potential gradient at its surface exceeds 3 x 10° V m~ '; a potential gradient of this 
magnitude also breaks down the insulation afforded by a solid dielectric. Calculate 
the greatest charge that can be placed on a conducting sphere of radius 20cm 
supported in the atmosphere on a long insulating pillar; also calculate the 
corresponding potential of the sphere. Discuss whether this potential could be 
achieved if the pillar of insulating dielectric was only 50 cm long. (Take £ to be 
885x10 ^" Fm^!)(0.) 


7 
Capacitors 


Capacitors are important components in the electronics and tele- 
communications industries. They are essential, for example, in 
radio and television receivers and in transmitter circuits. We 
shall describe how charges and energy are stored in capacitors, 
the series and parallel circuit arrangements of capacitors and the 
charge and discharge of a capacitor through a resistor which 
occurs in many practical circuits. 


A capacitor is a device for storing charge. The earliest capacitor was in- 
vented —almost accidentally —by van Musschenbroek of Leyden, in about 1746, 
and became known as a Leyden jar. One form of it is shown in Figure 7.1 (i); J is 


r 


(i) Leyden jar 


TIE 
(i) conventional symbol (iv) paraffin-waxed 
paper dielectric 


Figure 7.1 Types of capacitor 


a glass jar, FF are tin-foil coatings over the lower parts of its walls, and T is a 


knob connected to the inner coating. Modern forms of capacitor are shown at 
(ii) and (iv) in the figure. Essentially 


all capacitors consist of two metal plates separated by an insulator, 


The insulator is called the dielectric; in some capacitors it is polystyrene, oil or 


air. Figure 7.1 (iii) shows the circuit symbol for such a capacitor; T, T are 
terminals joined to the plates. 


= 1 Charging and Discharging Capacitor 
Figure 72(i) Shows a circuit which may be used to study the action of a 
capacitor. C is a large capacitor such as 500 microfarad (see later), R is 


"m 
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a large resistor such as 100 kilohms (105 Q), A is a current meter reading 
100—0-100 microamperes (100A), K is a two-way key, and D is a 6V d.c. 
supply. 


D T, 
+ 

xl S¢ og QUE 
iH o 


discharging C 


(i) ; (ii) 


Figure 7.2 Charging and discharging capacitor 


When the battery is connected to C by contact at X, the current / in the meter 
A is seen to be initially about 60 pA. Then as shown in Figure 7.2 (ii), it slowly 
decreases to zero. Thus current flows to C for a short time when the battery is 
connected to it, even though the capacitor plates are separated by an insulator. 

We can disconnect the battery from C by opening X. If contact with Y is now 
made, so that in effect the plates of C are joined together through R and A, the 
current in the meter is observed to be about 60pA initially in the opposite 
direction to before and then slowly decreases to zero, Figure 72 (ii). This flow of 
current shows that C stored charge when it was connected to the battery 
originally. : 

Generally, a capacitor is charged when a battery or p.d. is connected to it. 
When the plates of the capacitor are joined together, the capacitor becomes 
discharged. Large values of C and R in the circuit of Figure 7.2 (i) help to slow the 
current flow, so that we can see the charging and discharging which occurs, as 
explained more fully later. ; 

We can also show that a charged capacitor has stored energy by connecting 
the terminals by a piece of wire. A spark, a form of light and heat, passes just as 
the wire makes contact. 


Charging and Discharging Processes i 
When we connect a capacitor to a battery, electrons flow from the. negative 
terminal of the battery on to the plate A of the capacitor connected to it (Figure 
7.3). At the same rate, electrons flow from the other plate B of the capacitor 
towards the positive terminal of the battery. Equal positive and negative charges 
thus appear on the plates, and oppose the flow of electrons which causes them. 
As the charges accumulate, the potential difference between the plates increases, 
and the charging current falls to zero when the potential difference becomes 
equal to the battery voltage Vo. The charges on the plates B and A are now +Q 
and — Q, and the capacitor is said to gave stored a charge Qinamount 
When the battery is disconnected and the plates are joined together by a wire, 
electrons flow back from plate A to plate B until the positive charge on B is 
completely neutralised. A current thus flows for a time in the wire, and at the end 
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Figure 7.3 A capacitor charging (resistance is shown because some is always present, even 
if only that of the connecting wires) 


of the time the charges on the plates become zero. So the capacitor is discharged. 
Note that a charge Q flows from one plate to the other during the discharge. 


Capacitors and A.C. Circuits 
Capacitors are widely used in alternating current and radio circuits, because 
they can transmit alternating currents. To see how they do so, let us consider the 
circuit of Figure 7.4, in which the capacitor may be connected across either of 


Figure 7.4 Reversals of voltage applied to capacitor 


the batteries X, Y. When the key is closed at A, current flows from the battery X, 
and charges the plate D of the capacitor positively. If the key is now closed at B 
instead, current flows from the battery Y; the plate D loses its positive charge 
| and becomes negatively charged. Thus if the key is rocked rapidly between A 
| and B, current surges backwards and forwards along the wires connected to the 
| capacitor. An alternating voltage, as we shall see later, is one which reverses 
many times a second. When such a voltage is applied to a capacitor, therefore, 
an alternating current flows in the connecting wires. 


| Variation of Charge with P.D., Vibrating Reed Switch 

Figure 7.5 shows a circuit which may be used to investigate how the charge Q 
stored on a capacitor C varies with the p.d. V applied. The d.c. supply D can be 
altered in steps from a value such as 10 V to 25 V, C is a capacitor consisting of 
two large square metal plates separated by small pieces of polythene at the 


> =, 
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ir (S f ^«.,reed switch 


Figure7.5 Variation of Q with V— vibrating reed switch 


corners, G is a sensitive current meter such as a light beam galvanometer, and R 
is a protective high resistor in series with G. 

The capacitor can be charged and discharged rapidly by means of a vibrating 
reed switch S. The vibrator charges C by contact with A and discharges C 
through G by contact with B. When the vibrator frequency f is made suitably 
high, such as several hundred hertz, a steady current I flows in G. Its magnitude 
is given by 
5 Le ures Sac agian Ne aie eat oa, S TRE Lisa n. TE 

T = charge per second = f Q 
i e SEI ST OT et Ee S 
where Q is the charge on the capacitor each time it is charged, since f is the 
number of times per second it is charged. Thus, for a given value of f, the charge 
Q is proportional to the current I in G. : 

When V is varied and values of I are observed, results show that J oc V. So 
experiment shows that, for a given capacitor, Q œ V. : 


Capacitance Definition and Units 
Since Q «c V, then Q/V is a constant for the capacitor. The ratio of the charge 
on either plate to the potential difference between the plates is called the 
capacitance, C, of the capacitor: 


c= (i) 
ERT le Sane er nu a ee SAN 
So DC Geo a al ee a 
So da ee ae Ee oM t 
and ; V -2 i (3) 


When Q is in coulomb (C) and V in volt (V), then capacitance C is in farad (F). 
One farad (1 F) is the capacitance of an extremely large capacitor. In practical 
circuits, such as in radio receivers, the capacitance of capacitors used are there- 
fore expressed in microfarad (uF). One microfarad is one millionth part of a 
farad, that is 1uF = 10- * F. It is also quite usual to expr- small capacitors, 
such as those used on record players, in picofarad (pF). A picofarad is one 
millionth part of a microfarad. that is [pF = 10°° uF = 107'? F. : 


IgF — 10 ^F 1pF — 10 "°F 
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Comparison of Capacitances, Measurement of C 

The vibrating reed circuit shown in Figure 7.5 can be used to compare large 
capacitances (of the order of microfarads) or to compare small capacitances. 
With large capacitances, a meter with a suitable range of current of the order 
of milliamperes may be required. With smaller capacitances, a sensitive galvan- 
ometer may be more suitable, as the current flowing is then much smaller. In 
both cases suitable values for the applied p.d. V and the frequency f must be 
chosen. 

Suppose two large, or two small, capacitances, C ı and C,, are to be compared. 
Using C, first in the vibrating reed circuit, the current flowing is J, say. When C, 
is replaced by C;, suppose the new current is /;. 

Now Q, = C,V and Q, = C;V; hence Q,/Q; = C,/C; = C,/C;. But from 
p.215, Q x I. Thus Q,/Qs = 1,/I>. 


Thus the ratio C, /C; can be found from the current readings J, and J. 

An unknown capacitor C can also be found using the vibrating reed circuit. 
Suppose / is the current measured in G when the applied p.d. is V. Using a low 
voltage from the a.c. mains for the switch, C is charged and discharged 50 times 
per second, the mains frequency. Since the current I is the charge flowing per 
second, then 

= 50CV 


I 
c= SOV 
With / in amperes and V in volts, then C is in farads. 


So 


Ballistic Galvanometer Method 
Large capacitances, of the order of microfarads, can also be compared with the 
aid of a ballistic galvanometer. In this instrument, as explained later, the first 
‘throw’ or deflection is proportional to the quantity of charge (Q) passing 
through it. 


En 


. The circuit required is shown in Figure 7.6. The capacitor of capacitance C, 
is charged by a battery of e.m.f. V, and then discharged through the ballistic 


Figure7.6 Comparison of capacitances —- ballistic galvanometer 
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galvanometer G. The corresponding first deflection 0, is observed. The capacitor 
is now replaced by another of capacitance C,, charged again by the battery, and 
the new deflection 0; is observed when the capacitor is discharged. 

Now 


Q 0, 

0; 0; 
Ch. C. 9 
CV Cj 9, 


If C; is a standard capacitor, whose value is known, then the capacitance of 
C, can be found. x 


Factors Determining Capacitance 
As we have seen, a capacitor consists of two metal plates separated by an 
insulator called a ‘dielectric’. We can now find out by experiment what factors 


influence capacitance. 
Distance between plates. Figure 7.7 (i) shows two parallel metal plates X and Y 


dielectric 


(iii) 


Figure7.7 Factors affecting capacitance 


separated by a distance d equal to the thickness of the polythene spacers shown. 
The capacitance C can be varied by separating the plates a distance 2d and then 
3d and 4d, using more spacers. mS 

The capacitance can be found each time using the vibrating reed circuit 
described before. As we have shown, the current I in G is proportional to C for a 
given applied p.d. V. Experiment shows that, allowing for error, C oc 1/d, where 
d is the separation between the plates. So halving the separation will double the 
capacitance. f 

Area between plates. By placing a weight on the top plate X and moving 
sideways, Figure 7.7 (ii), the area A of overlap, or common area between the 
plates, can be varied while d is kept constant. Alternatively, pairs of plates of 
different area can be used which have the same separation d. By using the 
vibrating reed circuit, experiment shows that C « A. ; 

Dielectric. Let us now replace the air between the plates by completely filling 
the space with a ‘dielectric’ such as polystyrene or polythene sheets or glass, 
Figure 7.7(iii). In this case the area A and distance d remain constant. The 
vibrating reed experiment then shows that the capacitance has increased 
appreciably when the dielectric is used in place of air. 


Some Practical Capacitors 
As we have just seen, the simplest capacitor consists of two flat parallel — 
with an insulating medium between them. Practical capacitors have a variety 
forms but basically they are all forms of parallel-plate capacitors. 
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A capacitor in which the effective area of the plates can be adjusted is called a 
variable capacitor. In the type shown in Figure 7.8, the plates are semicircular 


1 ames s* 


Overlapping area 
varied 


Figure7.8 Variable air capacitor 


1 Figure 7.1 (iv), p. 212, shows a paper capacitor—it has a dielectric of paper 
impregnated with paraffin wax or oil. Unlike the mica capacitor, the papers can 
be rolled and sealed into a cylinder of relatively small volume. To increase the 


stability and reduce the power losses, the paper is now replaced by a thin layer of 
polystyrene. 


electrolyte 
N -——AL Paper soaked 
N _-with electrolyte 


Oxide _ CC XR $ 


anode symbol 


A AtA 
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small volume. To maintain the oxide film, the anode terminal is marked in red or 
bya + sign, Figure 7.9 (ii). This terminal must be connected to the positive side 
of the circuit in which the capacitor is used, otherwise the oxide film will break 
down. It is represented by the unblacked rectangle in the symbol for the electro- 
lytic capacitor shown in Figure 7.9 (ii). 


Parallel Plate Capacitor 
We now obtain a formula for the capacitance of a parallel-plate capacitor which 
is widely used. 
Suppose two parallel plates of a capacitor each have a charge numerically 
equal to Q, Figure 7.10. The surface density ø is then Q/A where A is the area of 
either plate, and the field-strength between the plates, E, is given, from p. 193, by 


PITO 
e 2A 
SFERAN 
Figure 7.10 Parallel-plate capacitor 
Now E is numerically equal to the potential gradient V/d, p. 203. 
A 
d £A 
.Q 8A 
V d 
£Á 
me earns $ Y : 3 3 (1) 
SC d 


It should be noted that this formula for C is approximate, as the field becomes 
non-uniform at the edges. See Figure 6.33, p. 204. cA 

Thus a capacitor with parallel plates, having a vacuum (or air, if we assume 
the permittivity of air is the same as a vacuum) between them, has a capacitance 


given by 
bog IC E E E T HIM CE ee TESI ES ADORTI. T 


EL 
p d 


—————— 


a Pu ie HEIC ove ALIE ARIS 
where C — capacitance in farad (F), A — area of overlap of plates in metre’, 
d = distance between plates in metre ande, = 8854 x 1071? farad metre . 


Capacitance of isolated Sphere 
Suppose a sphere of radius r metre situated in air is given a charge of Q coulomb. 
We assume, as on p. 200, that the charge on a sphere gives rise to potentials on 
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and outside the sphere as if all the charge were concentrated at the centre. From 
p- 200, the surface of the sphere thus has a potential relative to that 'at infinity" 
(or, in practice, to that of the earth) given by: 


220 


comin 
aid An£or 
SS g = 4ntor 
È 
-'. Capacitance, C = 4mtr . 4 3 ; (2) 


A: AE Ut S, BRA APY oad EE 
The other ‘plate’ of the capacitor is the earth. 
Suppose r = 10cm = 0-1 m. Then 


€ = 4n&r = 42 x 8:85 x 10-12 x 0-1 F 
= 11x 10° 1? F (approx) = 11 pF 


Concentric Spheres 
Faraday used two concentric spheres to investigate the relative permittivity 
(p. 221) of liquids. Suppose a, b are the respective radii of the inner and outer 
spheres, Figure 7.11. Let + Q be the charge given to the inner sphere and let the 
outer sphere be earthed, with air between them. 


B/ A I 


zo 


Figure 7.11 Concentric spherical capacitor 


The induced charge on the outer sphere is — Q (see P. 164). The potential V, 
of the inner sphere — potential due to +Q plus potential due to -Q=! 


dràa anb. since the potential due to the charge —Q is — Q/4neob every- 


where inside the larger sphere (see p. 201). 
But V, — 0, as the outer sphere is earthed. 


<. potential difference, V = y, — y, = s ed) 
4ntp Na b 
Vin 2. C 73 
4né\ ab 
Q _ 4né ab 
V b—a 
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CF b—a goes i i : (3) 


As an example, suppose b = 10cm = 0:1 m and a = 9cm = 0:09 m. 


_ Anx 885 x 107? x 0-1 x 0-09 
(0:1—0-09) be 
= 100 pF (approx.) 


Note that the inclusion of a nearby second plate to the capacitor increases the 
me For an isolated sphere of radius 10cm, the capacitance was 11 pF 
(p. 220). 


A A B 
+v *W 
*Q +Q -q||*q 
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(i) (ii) 


Figure 7.12 Increasing capacitance of plate 


The same effect is obtained for a metal plate A which has a charge + Q, Figure 
7.12 (i). If the plate is isolated, A will then have some potential V relative to earth 
and its capacitance C = Q/V. 4 

Now suppose that another metal plate B is brought near to A, as shown, 
Figure 7.12(ii). Induced charges —q and +q are then obtained on B. Now the 
charge —q is nearer A than the charge +q. This lowers the potential V to a value 
V,. So the value of C changes from C = Q/V to C, = Q/V, and since V, is less 
than V, the new capacitance is greater than C. 

If B is earthed, only the negative charge —q is left on B. This lowers the 
potential of A more than before. So the capacitance C is again increased. ; 


Relative Permittivity (Dielectric Constant) and Dielectric Strength 
The ratio of the capacitance with and without the dielectric between the plates is 
called the relative permittivity (or dielectric constant) of the material used. The 
expression ‘without a dielectric’ strictly ineans ‘with the plates in a vacuum’; but 
the effect of air on the eapacitance of a capacitor is so small that for most 
purposes it may be neglected. The relative permittivity of a substance is denoted 
by the letter ¢,. So : 
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where C, is the capacitance with a dielectric completely filling the space between 
the plates and C, is the capacitance with a vacuum between the plates. An 
experiment to measure relative permittivity is given on page 224. 

The following table gives the value of relative permittivity, and also of 
dielectric strength, for various substances. The strength of a dielectric is the 
potential gradient at which its insulation breaks down, and a spark passes 
through it. A solid dielectric is ruined by such a breakdown, but a liquid or 
gaseous one heals up as soon as the applied potential difference is reduced. 

Water is not suitable as a dielectric in practice, because it is a good insulator 
only when it is very pure, and to remove all matter dissolved in it is almost 
impossible. 


PROPERTIES OF DIELECTRICS 


Relative Dielectric strength, 

Substance permittivity kilovolts per mm 
Glass. : Nur : E ; : 5-10 30-150 
Mica . 5 Bes ; 3 : : 6 80-200 
Ebonite . 2 : 4 : s f 28 30-110 
ipe* : HS e : 3 E z 94 — 
Paraffin wax . : F : 2 J 2 15-50 
Paraffined paper t 3 1 s $ 2 40-60 
Methyl alcohol*. j 3 j " E 32 — 
Water* . : E x 3 2 ; 81 T 
Air (normal pressure) . Š : E z 1:0005 = 
* Polar molecules (see p. 223). 

Action of Dielectric 


We regard a molecule as a collection of atomic nuclei, positively charged, and 
surrounded by a cloud of negative electrons. When a dielectric is in a charged 
capacitor, its molecules are in an electric field; the nuclei are urged in the 
direction of the field, and the electrons in the opposite direction, Figure 7.13 (i). 
Thus each molecule is distorted, or polarized: one end has an excess of positive 


no field 
no net charge 


—— 
field 
net -ve net tve fie" 
charge charge ` us 
(i) single molecule s (ii) between capacitór 
plates 


Figure7.13 Polarization of dielectric 
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charge, the other an excess of negative. At the surfaces of the dielectric, therefore, 
charges appear, as shown in Figure 7.13 (ii). These charges are of opposite sign to 
the charges on the plates. So they reduce the electric field strength E between the 
plates. Since E = potential difference/plate separation (V/d), the potential 
difference between the plates is reduced. From C = Q/V, where Q is the charge 
on the plates and V is the p.d. between the plates, it follows that C is increased. 

If the capacitor is connected to a battery, then its potential difference is 
constant; but the surface charges on the dielectric still increase its capacitance. 
They do so because they offset the charges on the plates, and so enable greater 
charges to accumulate there before the potential difference rises to the battery 
voltage. 

Some molecules, we believe, are permanently polarized: they are called polar 
molecules. Water has polar molecules. The effect of this, in a capacitor, is to 
increase the capacitance in the way already described. The increase is, in fact, 
much greater than that obtained with a dielectric which is polarized merely by 
the action of the field. 


£ and its Measurement y 
We can now see how the unit of £j may be stated in a more convenient manner 
and how its magnitude may be measured. 
; £o À Cd 
Unit. From C = °—, we have £% = F 


d 


farad x metre 


Thus the unit of £9 = 
x metre? 


= farad metre ', F m ^ ! (see also p. 187) 


Measurement. In order to find the magnitude of go, the circuit in Figure. 7.14 is 


used. 
C is a parallel plate capacitor, which may be made of sheets of glass or perspex 


coated with aluminium foil. The two conducting surfaces are placed facing 
inwards, so that only air is present between these plates. The area A of the plates 
in metre’, and the separation d in metres, are measured. Pisa high tension 
supply capable of delivering about 200V, and G is a calibrated sensitive 
galvanometer. S is a vibrating reed switch unit, energised by a low a.c. voltage 


1 vibrating 
B i reed switch 


galvanometer 


Figure 7.14 Measurement of ĉo 
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from the mains. When operating, the vibrating bar X touches D and then B, and 
the motion is repeated at the mains frequency, fifty times a second. 

As explained previously, when the circuit is on, the vibrating reed switch 
charges and discharges the capacitor 50 times per second. The average steady 
current J in G is then read. 

Charged once, the charge Q on C is 


€o VA 
d 


The capacitor is discharged fifty times per second. Since the current is the charge 
flowing per second, 


Q=CV= 


Iz So VA. 50 ampere 
d 
Id 
EA hae 2r 
Milly VA farad metre 


The following results were obtained in one experiment: 
A = 0:0317 m?,d = 1-0cm = 0-010m, V = 150V, I = 0:21 x 1076A 
: Id 
*50 = SOVA 
. 021x1075x0:01 
50x 150 x 0:0317 
=88x10°'2Fm7! 
As very small currents are concerned, care must be taken to make the 


apparatus of high quality insulating material, otherwise leakage currents will 
lead to serious error. 


Relative Permittivity of Glass and Oil 
The same method can be used to find the relative permittivity of various solid 
materials such as glass. If the glass completely fills the space between the two 


plates, and the current in G is / with the glass and J, with air between the plates, 
then, for the glass, 


So ¢, for glass can be found from the ratio of the two currents. 

If e, of an insulating liquid such as an oil is required, a similar method can be 
used. This time, however, two parallel metal plates can be used in a large vessel 
as the capacitor. If I is the current with air between the plates and 7 is the 


current when oil completely fills the space between the plates, then ¢, for oil is the 
ratio I/Ig. 


a Arrangements of Capacitors 
In radio circuits, capacitors often appear in arrangements whose resultant 
capacitances must be known. To derive expressions for these, we need the 
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equation defining capacitance in its three possible forms: 


rh _@ 
Cy Voc Q-CK 
In Parallel. Figure 7.15 shows three capacitors, having all their left-hand 
DURE e 
*QJLG 
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Figure7.15 Capacitors in parallel 


plates connected together, and also all their right-hand plates. They are said to 
: be connected in parallel across the same potential difference V. The charges on 
the individual capacitors are respectively 


Qi—- CV 
Q3 CV Hille PMs ET e acie) 
Q3 = CV 


The total charge on the system of capacitors is 
Q =0, +0: +0; =(C,+C,+Cs)V 


So the system is equivalent to a single capacitor, of capacitance 


c= 2204646, 


Thus when capacitors are connected in parallel, their resultant capacitance is the 
sum of their individual capacitances. It is greater than the greatest individual 
one. 

In Series. Figure 7.16 shows three capacitors having the right-hand plate of 


Figure 7.16 Capacitors in series 
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one connected to the left-hand plate of the next, and so on— connected in series. 
When a cell is connected across the ends of the system, a charge Q is transferred 
from the plate H to the plate A, a charge —Q being left on H. This charge 
induces a charge +Q on plate G; similarly, charges appear on all the other 
capacitor plates, as shown in the figure. (The induced and inducing charges are 
equal because the capacitor plates are very large and very close together; in 
effect, either may be said to enclose the other.) The potential differences across 
the individual capacitors are, therefore, given by 


Q Q OF 5.2 

Baal ap (geen ad Ses d 1 2 
c. "Tc Vou C Q) 
The sum of these is equal to the applied potential difference V because the work 
done in taking a unit charge from H to A is the sum of the work done in taking it 
from H to G, from F to D, and from B to A. Therefore 


V = Vas + Vpr t Vou 


1i 1 
=Q(—+—+—> 3 : : z 3 
e(c- jeu +z) o 
The resultant capacitance of the system is the ratio of the charge stored to the 
applied potential difference, V. The charge stored is equal to Q, because, if the 
battery is removed, and the plates HA joined by a wire, a charge Q will pass 


through that wire, and the whole system will be discharged. The resultant 
capacitance is therefore given by 


Vas = 


_@ 1. A 
C-y or c^ 
so, by equation (3), 
————— —————————————————————————————————— 
| T NI Mm 
pre t y 


. Thus, to find the resultant capacitance of capacitors in series, we must add the e" 
‘reciprocals of their individual capacitances. The resultant is less than the " 
smallest individual. 
Comparison of Series and Parallel Arrangements. Let us compare Figures 7.15 
and 7.16. In Figure 7.16, where the capacitors are in series, ali the capacitors 
carry the same charge, which is equal to the charge carried by the system as a 
whole, Q. So to find the charge Q on each capacitor, use 


Q=cv 


where C is the resultant or total capacitance given by the 1/C formula in (4). The 
potential difference applied to the system, however, is divided amongst the 
capacitors, in inverse proportion to their capacitances (equations (2)). 

In Figure 7.15, where the capacitors are in parallel, they all have the same 
potential difference. The charge stored is divided amongst them, in direct 
proportion to the capacitances (equations (1)). 


zu Examples on Capacitors in Series and Parallel 
n Figure 7.17(i), C,(3pF) and C,(6pF) are in series 
Calculate the charges on C, and C; Sod ie p.d. across each. Be, heer 
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Total capacitance C is given by 1/C = 1/C, t 1/C2 


IUIUS 
C376 6 
C= 6/3'= 2pF 
The charges on C, and C, are the same and equal to Q on C. 
So Q = CV =2x 107 x 90 = 180x 10°°C 
Then y, =Q/C, = 180x 1075/3 x 1075 = 60 V 
and V, = Q/C; = 180x 1076/6 x 1075 = 30V 


Figure 7.17 Examples on capacitors 


2 Find the charges on the capacitors in Figure 7.17(ii) and the potential differences 
across them. A i 


Capacitance between A and B, 
C= C +C, =3pF 
Overall capacitance B to D; since C, and C' are in series, is, from 1/C — 
Vc. ANG? 
CECI R 


Charge stored in this capacitance C 
=0; =0,+0;=CV=12x 1076x 120 
= 144x107 5C 
-6 
144x10 7 y 


“Or E 
He 709x107 


So V, = V-V, = 120-72 = 48V 
Q, = C; =2* 10-6 x 48 = 96x 10 5C 
Q, =C, Vz = 10 5x48 = 48x 10 C 


Measuring Charge and Capacitance 
To measurea charge, a capacitor C, such asO-01 pF or Gt pF is first connected to à 
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digital voltmeter V with an electronic amplifier, which has a very high input 
impedance or resistance, Figure 7.18. 


Figure7.18 Measuring Q and C 


The charge Q on a capacitor C (or on an insulated metal sphere) is then 
transferred to C; as shown and the voltmeter reading V is taken. Suppose this is 
0:3 V and Cj is 0-1 uF. Then if all the charge on C is transferred to C;, 


Q=CV 201x1075x03-23x10^*C 


We can now see how much of the charge Q on C is transferred to the 
uncharged capacitor C;. If Q; is the charge on C;, the charge left on C = Q — Q;. 
Now on contact, the capacitors have the same p.d. V. So 


Qi _ 9-2 
p Trg 
mE J C; 
Simplifying, Qi- GrG Q 


So if C; = 20x C, then Q; = (20/21) x Q = 95% of Q. Therefore C; must be very 
large compared with C in order to transfer practically all the charge to C;. 

A capacitor C can be measured by charging it to a suitable known value V, 
and then transferring the charge Q as we have just described. Then C = Q/V. 


Energy of a Charged Capacitor 
A charged capacitor is a store of electrical energy, as we may see from the 
vigorous spark it can give on discharge. This can also be shown by charging a 
large electrolytic capacitor C, such as 10000 pF, to a p.d. of 6 V, and then 
discharging it through a small or toy electric motor A, Figure 7.19 (i). A small 


(i) (ii) 


Figure 7.19 Energy in charged capacitor 
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mass M such as 10g, suspended from a thread tied round the motor wheel, now 
rises as the motor functions. Some of the stored energy in the capacitor is thus 
transferred to gravitational potential energy of the mass; the remainder is 
transferred to kineticenergy and heat in the motor. 

To find the energy stored in the capacitor, we note that since q (charge) is 
proportional to v (p.d. across thé capacitor) at any instant, the graph OX 
showing how q varies with v is a straight line, Figure 7.19 (ii). We may therefore 
consider tkut the final charge Q on the capacitor moved from one plate to the 
other thrdagh an average p.d. equal to (0 + V), since there is zero p.d. across the 
plates at the start and a p.d. V at the end. So 


work done, W = energy stored = charge x p.d. = Q x 4V 
So W =40V 


From Q = CY, other expressions for the energy stored are 
2 


E) $33X. 
W =}CV? -7- 


Energy W =4CV? zc =40V 


If C is measured in farad, Q in coulomb and V in volt, then the formulae will 
give the energy W in joules. ‘ 


Alternative Proof of Energy Formulae - 
We can also calculate the energy stored in a charged capacitor by a calculus 


method. : 

At any instant of the charging process, suppose the charge on the plates is q 
and the p.d. across the plates is then v. If an additional tiny charge Aq now flows 
from the negative to the positive plate, we may say that the charge Aq has moved 


through a p.d. equal to v. So 
work done in displacing the charge Aq — v. Aq 


[^ 
and total work done = energy stored = Í v. dg 
0 


where the limits are q — Q, final charge, and q — 0, as shown. To integrate, we 
substitute v — q/C. Then 


Qq.dq_ 1fq?]? Q 
FG a deh aa tee 
energy stored W = f ia dl 3C 


Using Q = CV, other expressions for W are 
W=icv? or W=4}40V 


Energy and Q-V Graph, Heat Produced in Charging : 
Figure 7.19(ii) shows the variation of the charge q on the capacitor and its 
corresponding p.d. v while the capacitor is charged to a final value q. The small 
shaded area shown — v. Aq. So the area represents the small amount of work 
done or energy stored during a change from q to q+ Aq. It therefore follows that 
the total energy stored by the capacitor is represented by the area of the triangle 


OXY. This area = 4QV, as previously obtained. 
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If a high resistor R is included in the charging circuit, the rate of charging is 
slowed. When the charging current ceases to flow, however, the final charge Q 
on the capacitor is the same as if negligible resistance was present in the circuit, 
since the whole of the applied p.d. V is the p.d. across the capacitor when the 
current in the resistor is zero. Thus the energy stored in the capacitor is 1QV 
whether the resistor is large or small. 

It is important to note that the energy in the capacitor comes from the battery. 
This supplies an amount of energy equal to QV during the charging process. 
Half of the energy, 3OV, goes to the capacitor. The other half is transferred to 
heat in the circuit resistance. If this is a high resistance, the charging current is 
low and the capacitor gains its final charge after a long time. If it is a low 
resistance, the charging current is higher and the capacitor gains its final charge 
after a long time. If it is a low resistance, the charging current is higher and the 
capacitor gains its final charge in a quicker time. In both cases, however, the 
total amount of heat produced is the same, 1Q V. 


s Connected Capacitors, Loss of Energy 
Consider a capacitor C, of 2 uF charged to a p.d. of 50 V, and a capacitor C, of 
3 uF charged to a p.d. of 100 V, Figure 7.20 (i). Then 


charge Q, on C; = C,V, 22x1075x 50 = 10-*C 


and charge Q, on C; = C,V, = 3x107* x 100 = 3x 10-*C 
`. total charge 2 4x1074*C . G : ` (1) 
TA + Cy 
0— —50 V——» V 
Co 
EE "ues 5 
100 v—» ES 


(i) (ii) 


vse 


Figure 7.20 Loss of energy in connected capacitors 


Suppose the capacitors are now joined with plates of like charges connected 
together, Figure 7.20 (ii). Then some charge will flow from C, to C, until the p.d. 
across each capacitor becomes equal to some value V. Further, since charge is 


conserved, the total charge on C, and C; after connection — the total charge 
before connection. Now after connection, 


total charge = C\V+C,V = (C, +C,)V = 5x 10-5 y (2) 
Hence, from (1), 
5x10 5y =4x 1074 
=. V-= 80V 
`<. total energy of C, and C; after connection 
-XC, +C,)V? 


i CIOT 802 — 9) 
$x5x 1075 x 80 -0:016J . (3) 
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The total energy of C, and C; before connection 
=4C, V+C? 
-1x2x1075x 503-1 x 3x 107 5x 100? 
= 0-0025+ 0-015 = 0:0175J . . ERE . (4 
Comparing (4) with (3), we can see that a loss of energy occurs when the 


capacitors are connected. This loss of energy is converted to heat in the 
connecting wires. 


BRL LAORE UEMEEUEM 
The heat is produced by flow of current in the wires connecting the two capacitors 
when they are joined. 


| 


When two capacitors are connected together, in calculations always use: 
1 After connection, the p.d. V across both capacitors is the same. 
2 The total charge before connection = the total charge after connection. 


Discharge in C-R Circuit 
We now consider in more detail the discharge of a capacitor C through a 
resistor R, which is widely used in electronic circuits. Suppose the capacitor 1s 
initially charged to a p.d. Vo so that its charge is then Q = CVs. At a time t after 


the discharge through R has begun, the current I flowing = V/R where V is then 
the p.d. across C, Figure 7.21 (i). Now 
[rers] 
ES 
Q,/2 
: Q4 
= 2/8 
(i) 
Figure 7.21 Discharge in C-R circuit 
Ve 2 and pz -2 (the minus shows Q decreases with increasing t): 
Hence, from I = V/R, we have 
dg 1 
are CRS 
2 dQ 1t 
i 5 — -———|dt 
Integrating, v k Q CR f 
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(1) 


Hence Q decreases exponentially with time t, Figure 7.21 (ii). Since the p.d. V 
across C is proportional to Q, it follows that V = V, e "CA, Further, since the 
Current J in the circuit is proportional to V, then I — Ioe "C, where To is the 
initial current value, Vo/R. 

From (1), Q decreases from Q, to half its value, Qo/2, ina time t given by 


e "CR =4=2-! 
-.t=CRIn2 


Similarly, Q decreases from Q,/2 to half this value, Q»/A, in a time t = CRIn2. 
This is the same time from Qo to Qo/2. Thus the time for a charge to diminish to 
half its initial value, no matter what the initial value may be, is always the same. 
See Fig. 7.21 (ii). This is true for fractions other than one-half. It is typieal of an 
exponential variation or ‘decay’ which also occurs in radioactivity (p. 887). 


Time Constant 
The time constant T of the discharge circuit is defined as CR seconds, where C is 
in farad and R is in ohm. Thus if C = 4uFand R —2 MQ, then T = (4 x 1079) x 
(2x 10°) = 8 seconds. Now, from (1), if? = CR, then 


= Qe-1=10, 


So the time constant may be defined as the time for the charge to decay to 1/e 
times its initial value (e — 2.72 approximately, so that 1/e = 0:37 approx.). If the 
ümeconstant CR is high,thenthe charge will diminish slowly; ifthe timeconstant is 
small, the charge will diminish rapidly. See Figure 7.21 (ii). 


Figure 7.22 Charging in C-R circuit 
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At the instant of making the circuit, there is no charge on C and hence no p.d. 
across it. So the p.d. across R = E, the applied circuit p.d. Thus the initial 
current flowing, Io = E/R. Suppose / is the current flowing after a time t. Then, if 
V cis the p.d. now across C, 


Now I = dQ/dt and Vc = Q/C. Substituting in the above equation and simpli- 
fying, 
e cre = CE-Q=Q)-@2 


where Qo = CE = final charge on C, when no further current flows. 
Integrating, : 


ph OMe ny er ea Q) 


As in the case of the discharge circuit, the time constant T is defined as CR 


seconds with C in farad and R in ohm. If T is high, it takes a long time for Cto 


reach its final charge, that is, C charges slowly. If T is small, C charges rapidly. 
See Figure 7.22(ii). The voltage Vc follows the same variation as Q, since 


Vc oc Q. 
Rectangular Pulse Voltage and C-R Circuit 


We can apply our results to find how the voltages across à capacitor C and 


resistor R vary when à rectangular pulse voltage, shown in Figure 7.23 (i), is 
applied to a C-R series circuit. This type of circuit is used in analogue 


computers. 


circuit - C 


px 


i 


Figure 7.23 Rectangular pulse voltage and C-R circuit 
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On one half of a cycle, the p.d. is constant along AB at a value E say. We can 
therefore consider that this is similar to the case of charging a C-R circuit 
by a battery of e.m.f. E. The p.d. Vc across the capacitor hence rises along 
exponential curve, Figure 7.23 (ii). During the same time, the p.d. across R, Vg, 
falls as shown in Figure 7.23 (iii), since Va = E— Vc; that is, the curves for Vp 
and V. together add up to the straight line graph AB in Figure 7.23 (i). 

Similarly, during the time when V — 0, the curves for Vc and Vg add up to 
zero. 


Examples on Capacitors 
1 Energy 
A capacitor of capacitance C is fully charged by a 200 V battery. It is then discharged 
through a small coil of resistance wire embedded in a thermally insulated block of specific 
heat capacity 2:5 x 10? Jkg- ! K^! and of mass 0-1kg. If the temperature of the block 
rises by'0:4 K, what is the value of C? (L.) 


(Analysis Energy (heat) through coil = energy in capacitor.) 
Energy in capacitor = 4CV? = 1 x C x 200? = 20000 C 
Energy through coil = mc = 0-1 x 2:5 x 10? x 0:4 = 107 


So 20000€ = 10 
pus dU up Be 
20000 2000 
= 500 pF 


2 Vibrating reed switch, Parallel-plate capacitor 

In a vibrating reed experiment, two parallel plates have an area 0-12m? and are 
separated 2mm by a dielectric. The battery of 150 V charges and discharges the capacitor 
at a frequency of 50Hz, and a current of 20,A is produced. Calculate the relative 
permittivity of the dielectric if the permittivity of free space is 8-9 x 107? Fm-''. 

What is the new capacitance if the dielectric is half withdrawn from the plates? 


(Analysis (i) Use I = 50CV, (ii) C oc A, common area between plates.) 


Suppose C is the capacitance between the plates. Then, with the usual 
notation, 


current I = 50CV 
I 20x10-5 4x10^* 


92 DESIT 1S c spo 

i fA — &xX89x10:!? x 0-12 d 
But C= ree x 1073 H 7 d (ii) 
So, from (i) and (ii), 


: 4x1078x2x 107? 
r 15x89x10 7x02 — 
If the dielectric is half withdrawn, the common area of each of the two 
- capacitors formed is now 0:54. One capacitor, with air dielectric, has a capacit- 
ance given by 0:52,4/d. The other, with dielectric of c, = 5, has a capacitance 
given by 2-5, A/d. These capacitances are in parallel, so adding, 


e Se: EN cS t 


total capacitance, C = M 
3x89x107?x012 M 
3x10 =16x10°°F 


3 Connected capacitors 

The plates of a parallel plate air capacitor consisting of two circular plates, each of 
10cm radius, placed 2mm apart, are connected to the terminals of an electrostatic 
voltmeter. The system is charged to give a reading of 100 on the voltmeter scale. The 
space between the plates is then filled with oil of dielectric constant 4:7 and the voltmeter 
reading falls to 25. Calculate the capacitance of the voltmeter. You may assume that the 


voltage recorded by the voltmeter is proportional to the scale reading. 


(Analysis (i) Total charge is constant, (i) p.d. is same for both capacitors after 
connection.) i 


47C oil 


(i) (i) 


Figure 7.24 Example on capacitors 
Suppose V is the initial p.d. across the air capacitor and voltmeter, and let C; 
be the voltmeter capacitance and C the plates capacitance, Figure 7.24 (i). 
Then total charge = CV 6,V =(C+ OD j BETE X) s 


When the plates are filled with oil the capacitance increases to 4-7C, and the p.d. 
fall to V4, Figure 724 (ii). But the total charge remains constant. j 


-ATCV, +C V1 = (C+ CV. from (i) 
+ (410 CMs = (C+C) 
47C+C, V _ 100 

s 5 


GRON jT 
07C = 3C1 

07C 7 
€.773 7304 


Now C = £&oAld; where A is in metre? and d is in metre. 
$85x10-"? xz x(10x 10-2)? 
TER a CE E. F 
S 2x107? 


214x107? F (approx) 


Cer = 3% 14x 10729 F = 33x 107 F 


. gaa» f 
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1 A capacitor charged from a 50 V d.c. supply is discharged across a charge-measüring 
instrument and found to have carried a charge of 10 uC. What was the capacitance 
of the capacitor and how much energy was stored in it? (L.) 

2 A300V battery is connected across capacitors of 3 uF and 6 uF 
(a) in parallel, 
(b) in series. 
Calculate the charge and energy stored in each capacitor in (a) and (b). 

3 A parallel-plate capacitor with air as the dielectric has a capacitance of 6 x 107 * uF 
and is charged by a 100 V battery. Calculate 
(a) the charge, 
(b) the energy stored in the capacitor, 
(c) the energy supplied by the battery. 
What accounts for the difference in the answers for (b) and (c)? 

The battery connections are now removed, leaving the capacitor charged, and a 

dielectric of relative permittivity 3 is then carefully placed between the plates. What 
is the new energy stored in the capacitor? 


Sı 
"ccd a | 
QuF 4uF 


resistor 


102 Se | 
Figure 7A 
If S, is left open and S, is closed, calculate the quantity of charge on each 


capacitor, Figure 7A. 
If S, is now opened and S, is closed, how much charge will flow through the 10 
resistor? 
If the entire process were repeated with the 10 resistor replaced by one of much 
larger resistance what effect would this have on the flow of charge? (L.) 
5 (a) Define capacitance. Describe briefly the structure of (i) a variable air capacitor, 
(ii) an electrolytic capacitor, and (iii) a simple paper capacitor. 
(b) The circuit in Figure 7B(i) shows a capacitor C and a resistor R in series. The 
applied voltage V varies with time as shown in Figure 7B (ii). The product CR is 


Wee 
Bp 
071 
(i 


Figure 7B 


Time/s 


(ii) 


of the order 1 s. Sketch graphs showi 
vary with time. 

If the product CR were mad 
effect on the graphs? 


ng the way the voltages across C and R 


e considerably smaller than 1 s what would be the 


a 
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(c) A capacitor of capacitance 4 pF is charged to a potential of 100 V and another of 
capacitance 6 uF is charged to a potential of 200 V. These capacitors are now 
joined, with plates of like charge connected together. Calculate (i) the potential 
across each after joining, (ii) the total electrical energy stored before joining, 
and, (ii) the total electrical energy stored after joining. Explain why the 
energies calculated in (ii) and (iii) are different. (L.) 

Three 1-0-yF capacitors are 

(a) connected in series to a 2-0-V battery, 

(b) connected in parallel with each other and a 2-0-V battery. 

Calculate the charge on each of the capacitors in each of cases (a) and (b). 

Account, without calculation, for the difference in energy stored in each capacitor 

in cases (a) and (b). (L.) 


Figure 7C 


Examine the circuit above (Figure 7C) and calculate 

(a) the potential difference across capacitor X, 

(b) the charge on the plates of capacitor Y, : 

(c) the energy associated with the charge stored in capacitor Z. (L.) 3 
Explain what is meant by dielectric constant (relative permittivity). State two physical 
properties desirable in a material to be used as the dielectric in a capacitor. 

A sheet of paper 40mm wide and 1:5 x 10-2 mm thick between metal foil of the 
same width is used to make a 2:0 uF capacitor. If the dielectric constant (relative 
permittivity) of the paper is 2:5, what length of paper is required? (£o = 
885x 10712 Fm!) (JMB.) 


microammeter 


Figure 7D 


In the circuit shown in Figure 7D, S is a vibrating reed switch and the capacitor 
consists of two flat metal plates parallel to each other and separated by a small 
air-gap. When the number of vibrations per second of S isn and the potential 
difference between the battery terminals is V, a steady current I is registered on the 


microammeter. ; / 
(a) Explain this and show that I = nCV, where C is the capacitance of the parallel 


ite arrangement. r 
(b) iin isi would use the apparatus to determine how the capacitance C 
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depends on (i) the area of overlap of the plates, (ii) their separation, and 
show how you would use your results to demonstrate the relationships 
graphically. 

(c) Explain how you could use the measurements made in (b) to obtain a value for 
the permittivity of air. 

(d) In the above arrangement, the microammeter records a current J when S is 
vibrating. A slab of dielectric having the same thickness as the air-gap is slid 
between the plates so that one-third of the volume is filled with dielectric, The 
current is now observed to be 2/. Ignoring the edge effects, calculate the relative 
permittivity of the dielectric. (JM B.) 

10 


voltage at A 


Figure 7E 


In the Figure 7E circuit, C is a capacitor and R is a high resistor. By operating 
the switch S the voltage at A is made to vary with time as shown in the diagram. 
Sketch the voltage-time graph you would expect to obtain at B and explain its 
form. (L) ' - 

11 Derive an expression for the energy stored in a capacitor C when there is a potential 
difference V between the plates. If C is in microfarad and V is in volt, express the 
result in joule. 

Show that when a battery is used to charge a capacitor through a resistor, the 
heat dissipated in a circuit is equal to the energy stored in the capacitor. 

Describe the structure of a 1 microfarad capacitor and describe an experiment to 
compare the capacitance of two capacitors of this type. (JM B.) 

12. Inan experiment to investigate the discharge of a capacitor through a resistor, the 
circuit shown in Figure 7F was set up. The battery had an e.m.f. of 10 V and 
negligible internal resistance. The switch was first closed and the capacitor allowed 
to charge fully. The switch was then opened (at time t = 0), and Figure 7G shows 
how the milliammeter reading subsequently changed with time. 


—— ——M—— ——— — € 
ay —Ó—À— eee 


Figure 7F Figure 7G 
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(a) Use the graph to estimate the initial charge on the itor. i 
arrived at your answer. eric eb on INED E 
(b) Use your answer to (a) to estimate the capacitance of C. 
(c) Calculate the resistance of R. (AEB, 1984.) 
13 (a) Describe a method for measuring the relative permittivity of a material. Your 
account should include a labelled circuit diagram, brief details of the procedure 
and the method used to calculate the result. 


Iuh 


Figure 7H Figure 71 


(b) In the capacitor above, Figure 7H, the capacitor C is first fully charged by using 
the two-way switch K. The capacitor C is then discharged through the resistor 
R. The graph (Figure 71) shows how the current in the resistor R changes with 
time. Use the graph to help you answer the following questions. 

Calculate the resistance R. (The resistance of the microammeter can be 
neglected.) 

Find an approximate value for the charge on the capacitor plates at the 
beginning of the discharging process and hence calculate (i) the energy stored 
by the capacitor at the beginning of the discharging process, and (ii) the 
capacitance C. (L.) 

14 Define electric field-strength and potential at a point in an electric field. 
Explain what is meant by the relative permittivity of a material, How may its value 
be determined experimentally? 
A capacitor of capacitance 9:0 pF is charged from a source of e.m.f. 200 V. The 
capacitor is now disconnected from the source and connected in parallel with a 
second capacitor of capacitance 3-0 pF. The second capacitor is now removed and 
discharged. What charge remains on the 9-0 nF capacitor? How many times would 
the process have to be performed in order to reduce the charge on the 9:04F 
capacitor to below 50% of its initial value? What would the p.d. between the plates 
of the capacitor now be? (L.) š 
15 Define the capacitance of a parallel plate capacitor. Write down an expression for 
this capacitance and explain why your expression is only approximately correct. 
A potential difference of 600 V is established between the top cap and the case ofa 
calibrated electroscope by means of a battery which is then removed, leaving the 


electroscope isolated. When a parallel plate capacitor with air dielectric is connected 
across the electroscope, one plate to the top cap and the other plate to the case, the 


p.d. across the electroscope is found to drop to 400 V. If the capacitance of the 
parallel plate capacitor is 1-0 x 107 11 F, calculate 


(a) the capacitance of the electroscope; 
(b) the change in electrical energy which results from the sharing of the charge. 
Explain why the total energy is different after sharing. 

Jf the space between the parallel plates of the capacitor were then filled with 
material of relative permittivity 2, what would then be the potential of the 
electroscope? (JM B.) 

16 Two horizontal parallel plates, each of area 500 cm?, are mounted 2mm apart in à 
vacuum. The lower plate is earthed and the upper one is given a positive charge of 


p 6 
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0-05 nC. Neglecting edge effects, find the electric field-strength between the plates 
and state in what direction the field acts. 

Deduce values for 
(a) the potential of the upper plate, 

(b) the capacitance between the two plates, 
(c) the electrical energy stored in the system. 

If the separation of the plates is doubled, keeping the lower plate earthed and the 
charge on the upper platg fixed, what is the effect on the field between the plates, the 
potential of the upper plate, the capacitance and the electrical stored energy? 

Discuss how the change in energy can be accounted for. (0. & C.) 

Define potential, capacitance. 

Obtain from first principles a formula for the capacitance of a parallel-plate 
capacitor. 

The plates of such a capacitor are each 0:4 m square, and separated by 10^? m, 
the space between being filled with a medium of relative permittivity 5. A vibrating 
contact, with frequency 50 second- 1, repeatedly connects the capacitor across a 


that point. 
(b) Why is the capacitance of a single isolated metal plate less than the capacitance 
of an arrangement consisting of the same plate with a similar earthed metal plate 


experimentally. Compare the energy stored in a 100 uF capacitor, charged to a 
p.d. of 400 V, with that Stored in a 12 volt 40 ampere-hour car battery, 
(AEB, 1982.) 
A charged capacitor of capacitance 100 uF is connected across the terminals of a 
voltmeter of resistance 100 KQ. When time t = 0, the reading on the voltmeter is 
10-0 V. Calculate 
(a) the charge on the capacitor at t = 0, 
(b) the reading on the voltmeter at t = 200s, 
(c) the time which must elapse, from t = 0, before 75% of the energy stored in the 
capacitor at t = 0 has been dissipated. (JM B.) 


.8 
Current Electricity 


We begin current electricity with a study of conduction in metals 
and the formula for current in terms of the drift velocity of 
charges. Series and parallel circuits, and ammeters and 
voltmeters, are then fully discussed, followed by ohmic and non- 
ohmic conductors and the formulae for electrical energy and 
power. Finally, we discuss the complete circuit with e.m.f. and 
internal resistance of batteries and their terminal p.d., and the 
general Kirchhoff laws. 


Ohm's and Joule's Laws: Resistance and Power 


Discovery of Electric Current 
By the middle of the eighteenth century, electrostatics was a well-established 
branch of physics. Machines had been invented which could produce by friction 
great amounts of charge, giving sparks and electric shocks. The momentary 
current (as we would now call it) carried by the spark or the body was called a 
‘discharge’. t 


(i) cell (ii) pile or battery 


Figure&1 Voltaic cell and pilé;with conventional symbols 


In 1799 Volta discovered how to obtain from two metals a continuous supply 
of electricity: he placed a piece of cloth soaked in brine between copper and zinc 
plates, Figure 8.1 (i). The arrangement is called a voltaic cell, and the metal plates 
its ‘poles’; the copper is known as the positive pole, the zinc as the negative. Volta 
increased the power by building a pile of cells, with the zinc of one cell resting on 
the copper of the other, Figure 8.1 (ii). From this pile he obtained sparks and 
shocks similar to those given by electrostatic machines. 

Shortly after, it was found that water was decomposed into hydrogen and 
oxygea when connected to a voltaic pile. This was the earliest. discovery of the 
chemical effect o. an ciceti1c current. The heating effect was also soon found, but 
the magnetic effec., thc most impo rant effect, was discovered some twenty years 


later. 


Ohm's Experiment on Resistance 


The properties of an electric circuit, as distinct from the effects of a -urrent, were 


- 4 
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difference (p.d.), V, at their terminals. When a length of wire is joined to the 
terminal an electric current, J, flows along the wire whose magnitude depends on 
the magnitude of V. 

Using a constant p.d. from a thermocouple made of copper (Cu) and bismuth 
(Bi) wires, Ohm passed currents through various lengths of brass wire, 0-37 mm 
in diameter, and Observed the current in a galvanometer G, Figure 3.2 (i). He 


ae 


boiling water 


(i) apparatus (ii) results 


Figure 8.2 Ohm's experiment 


the length of wire, l, in the circuit. He plotted the reciprocal of the current (in 
arbitrary units) against the length /, and Bot a straight line, as shown in F; igure 
ii), 


82 (ii). So 
1 
Ia KFI 
where |, is the intercept of the line on the axis of length. Ohm explained this 
result by Supposing, naturally, that the thermocouples and galvanometer, as well 


as the wire, offered resistance to the current. He interpreted the constant lọ as the 
length of wire equal in resistance to the galvanometer and thermocouples. 


randomly through the metal from atom to atom. 


When a battery is connected across the ends of the metal, an electric field is set 
up. The electrons are now accelerated by the field i 

energy. When they ‘collide’ wi 

(called a ‘lattice Site’), they gi 


yy = 
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The amplitude of the vibrations is then increased and the temperature of the metal 
rises. 


OSE E nue ee 
The electrons are then again accelerated by the field and again give up some 
energy. Although their movement is erratic, on the average the electrons drift in 
the direction of the field with a mean speed we calculate shortly. This drift 
constitutes an ‘electric current’. It will be noted that heat is generated by the 
collision of electrons whichever way they flow. Thus the heating effect of a 
current —called Joule heating (p. 257)—is irreversible, that is, it still occurs when 
the current in a wire is reversed. 


Drift Velocity of Elections 


du dni 
conventional electron flow 
current 


Figure&3 Theory of metallic conduction 


A simple calculation enables the average drift speed to be estimated. Figure 8.3 
shows a part of a copper wire of cross-sectional area A through which a current J 
is flowing. We suppose that there are n electrons per unit volume, and that each 
electron carries a charge e. Now in one second all those electrons within a 
distance v to the right of the plane at P, that is, in a volume Av, will flow through 
this plane, as shown. This volume contains nA? electrons and hence a charge 
nAve. Thus a charge of nAve per second passes P, and so the current J is given by 
tei ici i heo eA SE CO DIOS IRL iu TTE 


I= nAve E «uA pects aie, EN 


To find the order of magnitude of v, suppose J = 10A, A = 1 mm? = 107° m?, 
e = 16x 10-1? C, and n = 1029 electrons m~*. Then, from (1), 
f 10 


v= Ae 108 x 0-5 x 6x 10779 


1 m 
716 ms! (approx.) 


This is a surprisingly slow drift compared with the average thermal speeds, 
which are of the order of several hundred metres per second (p. 687). 


Resistance 
The resistance R of a conductor is defined as the ratio V/I, where V is the p.d. 
across the conductor and / is the current flowing in it. Thus if the same p.d. V is 
applied to two conductors A and B, and a smaller current J flows in A, then the 
resistance of A is greater than that of B. We write, then, 


- 
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The unit of potential difference, V is the volt, symbol V; the unit of current, J, is 
the ampere, symbol A; the unit of resistance, R, is the ohm, symbol Q. The ohm is 
thus the resistance of a conductor through which a current of one ampere flows 

when a potential difference (p.d.) of one volt is maintained across it. F. igure 8.4 
shows some symbols which may be used for different types of resistors, and for 
ammeters, voltmeters and galvanometers (sensitive current-measuring meters). 


R R 
fixed resistor — -C or —www— , 
variable resistor Az or —À fh — 
potential divider paper D 


meters VW) RON © or ©) 


E voltmeter ammeter galvanometer 


Figure 8.4 Symbols for resistors and meters 
From the above equation, it also follows that 


V 
VSR. I2— : E E r 3 
and i (3) 


symbol MQ. 


Conductance is defined as the ratio //V, and is therefore the inverse of 


isl gi or I/R in numerical value. The unit of conductance is the siemens, 
symbol S. 


. , Series Resistors 
The resistors of an electric circuit may be arranged in series, so that the charges 
carrying the current flow through each in turn (Figure 8.5); or they may be 


arranged in parallel, so that the flow of charge divides between them as in Figure 
8.6, p. 245. 
DAREEREELUMS 
Vco 


Figure 8.5 Resistances in series 
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Figure 8.5 shows three passive resistors in series, carrying a current J. If Vap 
is the potential difference across the whole system, the electrical energy supplied 
to the system per second is I Vap (p- 259). This is equal to the electrical energy per 
second in all the resistors. 


So IVan = [Van + IVgc +! Ven 
from which Van = Van + Vac + Veo k ; 3015 9L) 
The individual potential differences are given, from previous, by 

‘np = IRi, Vac = IRo, Yom DR coos th pir sadi) 
So, by equation (1), 


Vap = IR, ER34 IR; 
= (R, R4 R3 deti | 


And the effective resistance of the system is 


= VAD = gei Rs nime TA 
O oom or V 


Summairising: 


(i) Current same through all resistors. y à 
(ii) Total potential difference — sum of individual potential differences 


(equation (1)). pe 
(iii) Individual potential differences directly proportional to individual 
resistances (equation (2)). 
(iv) Total resistance = sum of individual resistances. 


Resistors in Parallel 


eias 


Figure&.6 — Resistances in parallel 


Figure 8.6 shows three passive resistors connected in parallel, between the points 
A, B. A passive device is one which produces no energy. A current J enters the 
system at A and leaves at B, setting up a potential difference Vap between those 
points. The current branches into I, 12413, through the three elements, and 


fel D re qoc Viste E 


A 
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er 
Vag Van Van 
Now LIRE Pe o LED AT] 
0 1 R, 2 R 3 R; 
1 I 1 
17 (s) 


EUM E 
Va ROR IR, R, oF 


where R is the effective resistance ( Vap/I) of the System. 


Summarising: 


(i) Potential difference same across each resistor. 
(ii) Total current = sum of individual currents (equation (5)). 

(iii) Individual currents inversely proportional to individual resistances. 
(iv) Effective resistance less than least individual resistance (equation (6)). 


to provide a known fraction of a given 
p-d. The arrangement is known as a ‘potential divider’. 


(i) fixed (ii) variable (iii) with load 


Figure 8.7 Potential divider 


Figure 8.7 (i) shows a potential divider with resistances R, and R, across a p.d. 
Vo. The current flowing, I, is given by 


[SLM 
RR; 
R 
Kim IR l 7 
i i RIR Po E 


ome fraction of V, obtained across R, is RIR, +R 2). If R, is 10Q and R; is 
10 1 


10 
E SIUE cup: 
: 10+ 1000 ^^ = gig Vo = i5: % 
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A resistor with a sliding contact can similarly be used, as shown in Figure 
8.7 (ii), to provide a continuously variable potential difference, from zero to the 
full supply value Vo. This is a convenient way of controlling the voltage applied 
to a load such as a lamp, Figure 8.7 (iii). The resistance of the load, R, however, 
acts in parallel with the resistance R,. So equation (7) is no longer true, and the 
voltage V, must be measured with a voltmeter. It can be calculated, as in the 
following example, if R; is known. But if the load is a lamp its resistance varies 
greatly with the current through it, because its temperature varies. 


Example on Potential Divider 
A load of 2000Q is connected, via a potential divider of resistance 40009, to a 10V 
supply, Figure 8.8. What is the potential difference across the load when the slider is 
(a) one-quarter, 
(b) half-way up the divider? 


Figure&8 A loaded potential divider 


2 1 1 1 
(a) Since mat E TUR 


=18V 
If the load were removed, Vgc would be (1000/4000) of 10 Vor 25V. t 
— 33 V if the slider is half- 


(b) It is left for the reader to show similarly that Vac 
way up the divider. Without the load it would be 5 V. 


Conversion of a Milliammeter into a Voltmeter 
We will now see how to use à milliammeter as a voltmeter. Let us suppose that 
we have a moving-coil instrument which requires 5 milliamperes (5mA or 
5x 107? A or 0005 A) for full-scale deflection (f.s.d.). And let us suppose that the 
is 200, Figure 8.9. Then, when it is fully deflected, the 


resistance of its coil, r, is 


potential difference across itis 


Figure&9 pq across moving-coil ammeter 


Ver] 
= 20x5x 10-3 — 100 x 10-3 y 


-—— 
V=10V 


single- range 


Figure 8.10 Milliammeter converted to 0- 10 V voltmeter 


up to 10V we must choose the resistance R so that, when 10V is applied 
ween the terminals CD, then a full-scale current of SmA (5x 10734) flows 
through the Moving coil. 
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Now y =(R+r)I 
“10 = (R4-20) x 5x 107? 
or R42 = perm 2x10? = 20008 
-. R = 2000—20 
= 19802 ige ie, 11 ben AL aeo 8) 


The resistance R is called a multiplier. Many voltmeters contain a series of 
multipliers of different resistances. The range of potential difference measured by 
the meter can then be varied, for example, from 0-10 mV to 0-150 V. 


Conversion of a Milliammeter into an Ammeter 
Moving-coil instruments give full-scale deflection for currents smaller than those 
generally met in the laboratory. If we wish to measure a current of the order of an 
ampere or more we connect a low resistance S, called a shunt, across the 
terminals of a moving-coil meter. Figure 8.11. The shunt diverts most of the 
current to be measured, 7, away from the coil—hence its name. Let us suppose 


seus] 


BRED 
S 


Figure 8.11 Conversion of milliammeter to ammeter 


Ig) 


that, as before, the coil of the meter has a resistance r of 202 and is fully 


deflected by a current, Ic, of 5 mA (0-005 A). 
Suppose we wish to shunt it so that a full-scale deflection is obtained for a 


current J of 5A, and the meter is converted to a range 0-5A. Then the shunt ` 
resistance S must shunt a current Is of (5-0:005) A or 4:995 A through itself. 
The potential difference across the shunt is the same as that across the coil, 
which is 
V = rlc = 20x 0:005 =01V 
The resistance of the shunt must therefore be 


S reet 0020022 elem s CL 


“Te 4995 
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The ratio of the current measured to the current through the coil is 
I 5 
T EJ 
Ic, 5x10? m 


This ratio is the same whatever 
resistances S and r; 


ccuracy. The moving-coil instrument itself has an error of the order of 1% A 
similar error in the shunt or multiplier would therefore double the 
instrument as a whole. On the other hand, there is 
making the error in the shunt less than about 0-1 
swamped by the error of the moving system, 


error in the 
nothing to be gained by 
76 because at that value it is 


Figure 8.12 4 multimeter 
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R' are adjusted to give the desired full-scale voltages with the shunt in position. A 
switch or plug enables the various full-scale values of current or voltage to be 
chosen, but the user does the mental arithmetic. The instrument shown in the 
figure is reading 1:7 volts; if it were on the 10-volt range, it would be reading 6:4. 

The terminals of a meter, multimeter or otherwise, are usually marked + and 
Fs the pointer is deflected to the right when current passes through the meter 
rom + to —. 


Use of Voltmeter and Ammeter 
A moving-coil voltmeter is a current-operated instrument. It can be used to 
measure potential differences if we assume that the current which it draws is 
always proportional to the potential difference applied to it as the current varies. 
Since its action depends on Ohm's law, à moving-coil voltmeter cannot be used 
in any experiment to demonstrate that law. ; 

We use moving-coil voltmeters as they are more sensitive and more accurate 
than other forms of voltmeters. The current which they take does, however, 
sometimes complicate their use. To see how it may do so, let us suppose that we 
wish to measure a resistance R of about 1002. As shown in Figure 8.13(i), we 
connect it in series with a cell, a milliammeter, and a variable resistance; across it 
we place the voltmeter. We adjust the current until the voltmeter reads, say, 
V, = 1 V; let us suppose that the milliammeter then reads / — 12 mA. The value 


of the resistance then appears to be 


ga le dac ibo 
D ATAZAA e d 
= 83 (approx) 


POEET = IN A e. j— 2105 V —— 


Figure 8.13 Useof (i) ammeter and (ii) voltmeter 


But the milliammeter reading includes the current drawn by the voltmeter. If that 
is 2mA, then the current through the resistor, I’, is only 10mA and its resistance 


is actually 


= 1002 


The current drawn by the voltmeter has made the resistance appear 17% lower 


than its true value. 
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To try and avoid this error, we might connect the voltmeter as shown in 
Figure 8.13 (ii): across both the resistor and the milliammeter. But its reading 
would then include the potential difference across the milliammeter. Let us 
suppose that this is 0-05 V when the current through the milliammeter is 10 mA. 
Then the potential difference V’ across the resistor would be 1 V, and the 
voltmeter would read 1:05 V. The resistance would appear to be 


201190537 1:05 
—.10x1073 1072 
= 1050 


Thus the voltage drop across the milliammeter would make the resistance 
appear 57; higher than its true value. 

To reduce errors, in low-resistance circuits the voltmeter should be connected 
as in Figure 8.13 (i), so that its reading docs not include the voltage drop across the 
ammeter. But in high-resistance circuits the voltmeter should be connected as in 
Figure 8.13 (ii) so that the ammeter does not carry its current. 

As we see later, using a potentiometer to measure p.d. in Figure 8.13(i) is 
equivalent to using a voltmeter of infinitely-high resistance. In this case no current 
is drawn by the potentiometer, so this increases the accuracy of measuring R. 


Ohm's Law 

Ohm investigated how the current J in a given metal varied with the pd. V 
across it and came to a conclusion about their relationship, stated later, called 
Ohm's law. Let us consider an experiment which can easily be done with modern 
apparatus. As shown in Figure 8.14(i we connect in series the following 
apparatus: (i) one or more accumulators, S, (ii) a milliammeter A reading to 
15 milliamperes, (iii) a wire-wound resistor Q of the order of 50 ohms, (iv) a 
suitable variable resistance or rheostat P of the same order of resistance. 


C=) 


(i) circuit (ii) results 


Figure 8.14 Demonstration of Ohm's law 


Across the resistor Q we connect a device to measure the potential difference V 
Across it, such as a potentiometer (p. 280) whose calibration does not depend on 
Ohm’s law, otherwise the experiment would not be valid. The milliammeter 


calibration likewise must not depend on Ohm’s law. By adjusting the resistor we . 


vary the current / through the circuit, and at each value of 1 we measure V. On 
plotting V against I we get astraight line through the origin, as in Figure 8.14 (ii); 
his shows that the potential difference across the resistor Q is proportional to 
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the current through it: 
Vol 


This relation was found by Ohm to hold for many conductors. So their 
resistance R, which is the ratio V/I, is a constant independent of V or J. This is 
known as Ohm's law. Taking into account that resistance depends on 
temperature and other physical conditions such as mechanical strain, Ohm's law 
for these type of conductors can be stated as follows: 


Under constant physical conditions, the resistance V /I is a constant independent of 
V or I and their directions. 
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Ohmic and Non-ohmic Conductors 
Ohm's law is obeyed by the most important class of conductors, metals. These 
are called ohmic conductors. In this type of conductor the current I is reversed in 
direction when the p.d. V is reversed but the magnitude of I is unchanged. The 
characteristic or I-V graph is thus a straight line passing through the origin, as 
shown in Figure 8.15(i). An electrolyte such as copper sulphate solution with 
copper electrodes obeys Ohm's law, Figure 8.15 (ii). 


(ii) 


Figure8.15 Characteristics of ohmic conductors 


Non-ohmic conductors are those which do not obey Ohm's law (V oc I). Many 
useful components in the electrical industry must be non-ohmic; for example, a 
non-ohmic component is essential in a radio receiver circuit. A non-ohmic 
characteristic or I-V graph may have a curve instead of a straight line; or it may 
not pass through the origin as in the ohmic characteristic; or it may conduct 
poorly or not at all when the p.d. is reversed (— V). Figure 8.16 illustrates the 
non-ohmic characteristics of a junction (semiconductor) diode, neon gas, a diode 
valve, and the electrolyte dilute sulphuric acid with tungsten electrodes where, 


Figure 8.16 Characteristics of some non-ohmic conductors 
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unlike Figure 8.16(ii), an e.m.f. is produced at the electrodes by the chemicals 
liberated there. 


i Resistivity 
Ohm showed, by using wires of different length and diameter, that the resistance 
of a wire, R, is proportional to its length, /, and inversely proportional to its 
cross-sectional area A. The truth of this can easily be demonstrated today by 
experiments with a Wheatstone bridge, discussed later, and suitable lengths of 
wire. We haye, then, for a given wire, 
l 
Ræ A 


we may therefore write 


-o ae as OU Vis So i ae 


R=p— : E s ; . (1) 


where p is a constant for the material of the vire. It is called the resistivity of that 
material. So 


ee io c TN 


A 
p= R7 A d z m o 


and resistivity has units 


metre? 
ohm x ne = ohm x metre or Qm 
RESISTIVITIES 
Resistivity p, Temperature 
Substance i UG ar a, 
SIN. s 
nel 
Aluminum . . ., , . 2:82 x 1078 00039 
Brass . 3 5: aA. 5 c.8x107* c. ©0015 
Constantan! ;,.. V c.49x 1078 0-00001 
Gopper said E EE z 1-72 x 10-8 0-0043 
Tron eile afar ea Rees cae c. 98x 1078 0-0056 
Manganin* |, 00 00S eh c.44 x 1079 c. 0-00001 
Mercury a aA IRRA t 9577 x 10-8 0-00091 
Nichromel^ C v adpaent owe eft c. 100x 10-8 0-0004 
Silver Oo e REEI UAT 1-62 x 1078 c ©0039 
ungsten š Y s E : 55x10-5 0-0058 


Carbon (graphite). . ^, . 33 to 185 x 10-* —0-0006 to — 0-0012 
‘Also called Eureka; 607; Cu, 40% Ni. 
3 4 i 


Een (1), R is in ohm when | is in metre, A is in metre? and p is in ohm 


4 3 
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The resistivity of a metal is increased by even small amounts of. impurity; and 
alloys, such as Constantan, may have resistivities far greater than any of their 
constituents as the Table of resistivities shows. ‘ 


The temperature coefficient « is the fractional increase in resistivity per kelvin 
temperature rise from the resistivity value at 0°C. 


(see p. 293). 


Examples on Circuits 
1 A cell C, having an e.m.f. 22 V and negligible internal resistance, is connected to the 
combination of resistors shown in Figure 8.17. What is the effective value of the resistance 
connected across the terminals of the cell? What are the values of the currents i,, i, and i,? 


Figure 8.17 "Example on circuits 


Resistance along DEF = 10+5 = 150 


Since DEF is in parallel with the 5Q resistor between D,G (G and F are 
connected together), the combined resistance R is given by 


1 | Gee EI. 
le I mm Ri es = = 3759 
Ri + 3778 so R = 15/4 
Thus total resistance between terminals of C = 10+3-75 = 1375 (1) 
RE. 22 
== s ; T 2 
Di Lay iyi E aie s 


Also, since DEF (15 9) is in parallel with DG (59), 


x016A — 012A 


rods 
57 $415 


and i, = 016—012 = 004A 
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2 In the circuit shown in Figure 8.18, calculate the p.d. between B and D, assuming the 
battery of 12 V has negligible internal resistance. 


Figure8.18 Example on potential difference 


Has B or D the higher potential? 
P.d. across ABC = 12V = p.d. across ADC 


So p.d. across A and B, Vig = grgrüv- 9y 


` and p.d. across A and D, x12V=48V 


Vo ri 
By subtraction, p.d. across B and D, Van 29—48—42V 


; pee potential Vis = Vy- W% =9V REMCAIO uw. (1) 
Vap-Va—-Vp-48V . A : $ ; (2) 
Subtracting (2) from (1), 
E Vp- V, =42V 


So the potential of D is higher than that of B by 42 V. 
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Heat and Power 


Electrical Heating, Joule's Laws 

In 1841 Joule studied the heating effect of an electric current by passing it 

through a coil of wire in a jar of water, Figure 8.19. He used various currents, 

measured by an early form of galvanometer G, and various lengths of wire, but | 
always the same mass of water. The rise in temperature of the water, in a given 

time, was then proportional to the heat developed by the current in that time. 

Joule found that the heat produced in a given time, with a given wire, was 

proportional to /?, where I is the current flowing. If H is the heat produced per 

second, then 


Ho? SEN eae aes, ol alg) 


temperature rise 
in 30 min 


Figure 8.19  Joule's experiment on heating effect of current 


Joule also made experiments on the heat produced by a given current in 
different wires. He found that the rate of heat production was proportional to the 


resistance of the wire: ’ 
HoR ; E 3 " 5 (2) 
Relationships (1) and (2) together give 
Hoc PR WE ON SENSA dE T3) 


How Current Produces Heat in Metals j i 
Beat is a form of energy. The heat produced per second by a current in a wire is 


therefore a measure of the energy which it liberates in one second, as it flows 
through the wire. 

The heat is produced, we suppose, by the free electrons as they move through 
the metal. On their way they collide frequently with atoms. At each collision they 
lose some of their kinetic energy, and give it to the atoms which they strike. Thus, 
as the current flows through the wire, it increases the kinetic energy of vibration 
of the metal atoms: it generates heat in the wire. The electrical resistance of the 
metal is due, we say, to its atoms obstructing the drift of the electrons past them: 
it is analogous to mechanical friction. As the current flows through the wire, the 
energy lost per second by the electrons is the electrical power supplied by the 
jns the current. That power comes, as we shall see later, 


battery which: mainta; y me 
from the chemical energy liberated by these actions within the battery. 
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Potential Difference and Energy 
On p. 196 we defined the potential difference Van between two points, A and B, 
as the work done by an external agent in taking a unit positive charge from B to 
A, Figure 8.20(i). This definition applies equally well to points in an electro- 
static field and to points on a conductor carrying a current. 


— 


Minii 
work done = QV4g 


(1) definition 


W joules in t secs 


(i) application to a current 


Figure 8.20 Potential difference and energ y 


In Figure 8.20 (ii), D Tepresents any electrical device or circuit element: a lamp, 
motor, or battery on charge, for example. A current of J ampere flows through it 
from the terminal A to the terminal B. If it flows for t second, the charge Q which 
it carries from A to B is, since a current is the quantity of electricity per second 
flowing, 


Q=Itcoulomb . , EU adea i 


Let us suppose that the device D liberates a total amount of energy W joules in 
_ the time f; this total may be made up of heat, light, sound, mechanical work, 
chemical transformation, and any other forms of energy. Then W is the amount 
of electrical energy given up by the charge Q in passing through the device D 
from A to B. From the definition of p.d., 


One (2) 
where Vax is the potential difference between A and B in volts. 


The work, in all its forms, which the current J does in t seconds as it flows 
through the device, is therefore 


EY nie eS eS mare Sn) a (3) 


by equations (1) and (2). W, the energy produced, is in joules if 7 is in amperes, 
Vas in volts and f in seconds, 


js i Electrical Power 
he energy liberated per second in the device is defined as its electrical power. 
The electrical power, P, supplied is given, from above, by 


pa _ last 
t t 


(Figure 8.21 (i)). 
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or P = IV4g E E d k i (1) 
V VER. 
I 


EPA ee F 
e IN eae [X 
P=IV Ps [IR 
(i) any device (ii) passive resistor 


It 


Figure 8.21 Power equations 


When an electric current flows through a wire or ‘passive’ resistor, all the 
power which it conveys to the wire appears as heat. If I is the current, R is the 
resistance, then Vag = IR, Figure 8.21 (ii) 


aj R A ud Wee M) 
Also. p- Y [E 
: Safe te ) 


The power, P, is in watts (W) when / is in ampere, R is in ohm, and Vag is in volt. 
1 kilowatt (KW) — 1000 watts. 

The formulae for power, P = I^R or V?/R, is true only when all the electrical 
power supplied is dissipated as heat. As we shall see, the formulae do not hold 
when part of the electrical energy supplied is converted into mechanical work, as 
in a motor, or into chemical energy, as in an accumulator being charged. A 
device which converts all the electrical energy supplied to it into heat is called a 
*passive' resistor; it may bea wire, or a strip of carbon, ora liquid which conducts 
electricity but is not decomposed by it. Since the joule (J) is the unit of heat, it 
follows that, for a tesistor, the heat H in it in joules is given by 


H-IVt 

or by H=PRt aes jeg b seme (A) 
V? 
or by H- 


The units of I, V, R are ampere (A), volt (V), ohm (Q) respectively. 


High-tension (High-voltage) Transmission 

When electricity has to be transmitted from a source, such as a power station, to 
a distant load, such as a factory, the two must be connected by cables. These 
cables have resistance, which is in effect added to the internal resistance of the 
generator. Power is wasted in them as heat. If r is the total resistance of the 
cables, and / the supply current, the power wasted is / a7 

The power delivered to the factory is IV, where V is the potential difference at 
the factory. Economy requires the waste power, Pr, to be small; but it also 
requires the cables to be th/n, and therefore cheap to buy and erect. The thinner 
the cables, however, the higher their resistance r. Thus the most economical way 
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to transmit the power is to make the current, Z, as small as possible; this means 
making the potential difference V as high as possible. When large amounts of 
power are to be transmitted, therefore, very high voltages are used: 400 000 volts 
on the main lines of the British grid, 23 000 volts on subsidiary lines. 

These voltages are much too high to be brought into a house, or even a 
factory. They are stepped down by transformers, in a way which we shall 
describe later; stepping-down in that way is possible only with alternating 


current, which is one of the main reasons why alternating current is so widely 
used. 


Summary of Formulae Related to Power 


In any device whatever 
Electrical power consumed — power developed in other forms, 
P IV 
watts — amperes x volts 
In a passive resistor 
: V V 
(i) V — IR Pets tes 


(ii) Power consumed = heat developed per second, in watts. 


V? 
P-ÉR-IVy-—— 
RET R 


(iii) Heat developed in time z: 
Electrical energy consumed = heat developed in joules 


: ma 
PRe=1Vt=— 
eir fi 


Commercial unit — kilowatt hour (kWh) = kilowatt x hour 
= 3:6 x 10° joule 


v2 
Power, =— 
BER 
y2 240? 
ER e M 


The area A of cross-section of the ribbon = 1 x 0.05 mm? = 0-05 x 1075 m2, 


From = pi 
A 
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* Electromotive Force 


i E.M.F. and Internal Resistance 
An electrical generator provides energy and power. This is considered later. Here 
we consider the current and potential difference, p.d., in circuits connected to a 
generator such as a battery. 

Ifa high resistance voltmeter is connected across the terminals of a dry battery 
B, the meter may read about 1:5 V, Figure 8.22 (i). Since practically no current 
flows from the battery in this case we say it is on ‘open circuit’. The p.d. across the 
terminals of a battery (or any other generator) on open circuit is called its 
CDS ME force or e.mf., symbol E. We define e.m.f. in terms of energy later 

p. 266). 

When a resistor is connected to the battery, the current flows through the 
resistor and through the internal resistance, r, of the battery to complete the 
circuit flow. d 
, The e.m.f. of a battery depends on the nature of the Chemicals used and not on 
its size. A tiny battery has the same e.m.f. as a large battery made of the same 
chemicals. The internal resistance of the tiny battery, however, is much less than 
the large battery. Provided only a small current is taken from a battery, its e.m.f. 
and internal resistance are fairly constant. 


250 52 
battery 


(i) (ii) (iii) 


Figure 8.22 Em. and internal resistance 


Any electrical generator, then, has two important properties, an e.m.f. E and 
an internal resistance r. As shown in Figure 8.22 (i), E and r may be represented 
separately in a diagram, though in practice they are inseparable between the 


terminals T, T. 


Circuit Principles, Terminal p.d. 

In Figure 8.22 (ii), a resistor of 25Q is connected to the battery B so that a current 
I, flows in the circuit. The voltmeter reading across the battery terminals, or 
terminal p.d., may then be 1:25 V, although the e.m.f. is 1-5 V. When the resistor is 
replaced by one of 50, Figure 8.22(iii), a larger current I, flows, and the 
voltmeter reading or terminal p.d. is now 075 V. 

To understand why the terminal p.d. varies when a current flows from à 
battery, it is important to realise that the voltmeter is connected across the 
external or outside resistance in Figure 822 (ii). So 1:25 V is the p.d. across the 
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250 resistor. Now the emf, 1:5 V, maintains the current in the whole circuit, 
that is, through the external and internal resistance r. So We deduce that the pd, 
across the internal resistance r — 15—1:25 = 025 V, 

Similarly, in Figure 8.22 (iii) 0-75 V is the p.d. across the external resistance 50. 
So in this case the p.d. across the internal resistance r = 1-5 (75 = 0:75V. A 
common error is to think that the voltmeter across the terminals reads the emf, 
This is not the case here as there is a p.d. across the internal resistance when a 
current flows, and the voltmeter can only read the p.d. across the external 


Similarly, the P-d. across the external resistor R of 5Q in Figure 8.22 (iii) is 
0775 V and that across the internal resistance r is 0-75 V. So r-R-50,as 


You should now see that as the external resistance R increases, the terminal 
p.d. increases. When Risan infinitely-high value, so that J = 0, the terminal p.d. 
1s equal to the e.m.f. E. _ 


Summarising: 


1. E = p.d. across the whole circuit, R plus r, 


2. Terminal P-d. V, when current flows — p.d. across R only. 


à j Circuit Formulae 
In Figure 8.22 (ii), a battery of e.m.f. E and internal resistance r is joined to an 
external resistor R, and a Current J flows in the circuit. The p.d. across R = IR 


E=IR+Ir Nc . WI 
or E 


Jimi WENT 


, the terminal P.d., V = p.d. across external resistor R. So 


i Rr . 
Further, from (1), V-E-h Eu 


This is à useful formula for the terminal 
resistance r are known. For example, sup 


p.d. when the em f. E and internal 


£ í Pose a current of 0:5 A flows from a 
battery of em f. E of 3 V and internal resistance 40, Then 


terminal p.d, y = Bm Fp 3-(05x4)— 1V 


sheesh poe =e m the e-m.f. E, the terminal p.d. V and 


Irs E-IR- Ey 
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If I is needed, we may use J = V/R. 


Example on Circuit Calculation 
A battery of e.m.f. 1-50 V has a terminal p.d. of 1-25 V when a resistor of 25 Q is joined to it. 
Calculate the current flowing, the internal resistance r and the terminal p.d, when a 
resistor of 10 replaces the 259 resistor. 


We have 
Vy 5125 
m So A 
I T7035 0-05 
Also, du A er 
current I 
B 1:50—125 .025 50 
0:05 0-05 
When the external resistor is 10, the current I flowing is 
E 1-50 
= ST. 
» R+r 1045 
So terminal p.d. V = IR = 01x 1021V 


Terminal p.d. with Current in Opposition to EMF. 
So far we have considered the terminal p.d. when the battery e.m.f. maintains the 
current. Suppose, however, that a current is passed through a battery in 
opposition to its emf, a case which occurs in re-charging an accumulator, for 


example. 
jpn aes MUS s 


Vas 


S 
EMI 
Figure8.23 Terminal p.d. 


Figure 8.23 shows a supply S sending à current I through a battery T in 
opposition to its em.f. E. The terminal p.d. Vas must be greater than E in this 


case. Since the net p.d., Van — E, across the terminals must maintain the current / 
in r, then the net p.d. — Ir. So 


Yag—E = Ir 


EE 
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In contrast, when the battery e.m.f. itself maintains a current, so that the current 


is in the same direction as the em.f, then the terminal p.d. V = E— Ir, as we have 
already seen. 


Example on Terminal p.d. 
Figure 8.24 shows a circuit with two batteries in opposition.to each other. One has an 


E£,-6V.r, «20 
T—— 


lr 
£1-4V,rn =89 


Figure 8.24 Example 


emf. E, of 6V and internal resistance rı of 20 and the other an e.m.f. E, of 4 V and 
internal resistance r2 of 8Q. Calculate the P.d. Vy across XY. 


Net e.m.f. in circuit = E,—-E, =6—4=2y 
So current, / = Ec-E, = $4 =02A 
"kr o 248 


The e.m.f. E, is in the same direction as the current. So 


terminal p.d., Vay = E, —Ir, = 6—(02x 2)=56V 


If we consider the battery of em f. Ej 


we see that J flows in opposition to E. In 
this case, 


terminal p.d., Vy = E; tir; = 4+4(0-2 x 8)=56V 


This result agrees with the terminal P.d. value obtained by using E,. 


Cells in Series and Parallel 
When cells or batteries are in series and assist each other, then the total e.m.f. 


E- E, CE, E, 4... zx —— (1) 
and the total internal resistance 


ran Th... 
where E,, E, are the individual 
cell, e.m.f. E, Say, is turned round 'ino 


resistance remains unaltered. 
l. = E, the ean.f. of any one of 
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a MM—————————————— 
where r, is the internal resistance of each cell. If different cells are i 

i ] . e in 
ae is no sinpi formula for the total e.m.f. and the total internal sions 
and any calculations involving circuits with such cells are dealt wi mu 
Kirchhoff's laws, discussed later. PANDY aap 


Examples on Circuits 
1 Two similar cells A and B are connected in series with a coil of resistance 9:80. A 
voltmeter of very high resistance connected to the terminals of A reads 096 V and when 
connected to the terminals of B it reads 1-00 V, Figure 8.25. Find the internal resistance of 


each cell. (Take the e.m.f. of a cell as 1:08 V.) (L.) 
The p.d. across both cells — 0-96-- 1-00 = 1:96 V 
= p.d. across 9:8 Q 


V 196 
ab t flowing, J, = = ==> = 9 
current flowing, R^ 98 02A 


9-82 


Figure 8.25 Example 


Now terminal p.d. across each cell = E— Ir 
<. for cell A, 096 = 1:08—02r, orr = 0:62 


for cell B, 1:00 = 108—027, or r = 042 


2 What is meant by the electromotive force of a cell? 
A voltmeter is connected in parallel with a variable resistance, R, which is in series with 


an ammeter and a cell. For one value of R the meters read 0-3 A and 0:9 V. For another 
value of R the readings are 0:25 A and 1-0 V. Find the values of R, the em.f. of the cell, and 
the internal resistance of the cell. What assumptions are made about the resistance of the 


meters in the calculation? 
If in this experiment t 
resistance of 100 Q and R was 


he ammeter had a resistance of 10Q and the voltmeter a 
20, what would the meters read? (L.) 


(i) The voltmeter reads the terminal p.d. across the cell if the resistances of the 
meters are neglected. Thus, with the usual notation (Fig. 8.26 (1), 
E-Ir 2 09,or E-03r = 09 


and E—0-25r = 10 
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Figure 8.26 Example 
Subtracting (i) from (ii), 
005r = O-l,ie.r = 20 
Also, from (i), 


E=0:3r+0-9 = 064-09 = 15V 


V 09 
Further, Rig 7503^ pR 
1-0 
d =— =4Q 
an R, 025 4 


(ii) If the voltmeter has 100Q resistance and is in parallel with. the 20 
resistance, the combined resistance R is given by (Figure 8.26 (ii)) 


PN 1 51 100 
=- -= = Q 
R^2*10- 109? A 73; 
Y m tS ix 
DE “Total TOM GE 
r5 
—-———————— 2 041A 
: m 104-2 


51 
: 100 
Also, voltmeter reading V = IR = 0-11 x "ST 0:21 V 
Electromotive Force and Energy 
We can now get a definition of electromotive force E from energy principles. 


—— ÁÁÀ(— ee ea poppe fe ee 
We can define the e.m.f. E of a battery or any other generator as the total energy 
per coulomb it delivers round a circuit joined to it. 


So if a device has an electromotive force E, then, in passing a charge Q round a 
circuit joined to it, it liberates an amount of electrical energy equal to QE. If a 
charge Q is passed through the source against its e.m.f., then the work done 


against the em.f. is QE. The above definition of e.m.f. does not depend on any 
assumptions about the nature of the generator. 
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: If a device of e.m.f. E passes a steady current I for a time t, then the charge that 
it circulates is 


Q=It 
So, from the definition of E, 
total electrical energy liberated, W,=QE=JEt . . (1) 
; : Ww 
and total electrical power generated, P — P m EP A (2) 


We can also define e.m.f. in terms of power and current, and therefore in a way 
suitable for dealing with circuit problems. From equation (2) 


P-El 
or i E=" 


So the e.m.f. of a device is the ratio of the electrical power which it generates to 
the current which it delivers. If current is forced through a device in opposition to 
its e.m.f,, then equation (2) gives the power used in overcoming the e.m.f. 

Electromotive force resembles potential difference in that both can be defined 
as the ratio of power to current. The unit of e.m.f. is therefore 1 watt per ampere, 
or 1 volt; and the e.m.f. of a source, in volt, is numerically equal to the power which 
it generates when it delivers a current of 1 ampere. 


| 


Figure 8.27 A complete circuit 


Current Formula 
We can apply the definition of E in terms of power to the circuit in Figure 8.27. 
The total power supplied by the source is EI. The power delivered to the external 
resistor is called the output power. Its value = IVan = I XIR = I^ R. The power 
delivered to the internal resistance r = Pr. So 


EI = PR Pr EC str ied UD) 

Dividing by I, E=IR+Ir A ^ i i (2) 
E 

mu See: Ses 3 

and Le ks (3) 


The same results in (2) and (3) were obtained earlier in the chapter. 
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Output Power and Efficiency 
As we have just seen, the power delivered to the external resistor R, often called 
the load of a battery or other generator, is given by P,,, = IV4g in Figure 8.27. 
The power supplied by the source or generator P,,, — IE. The difference 
between the power generated and the output is the power wasted as heat in the 
source: I?r. The ratio of the power output to the power generated is the 
efficiency, n, of the circuit as a whole: 


Pout 
qc Par (1) 
D | 
Pas dVag OV, 
g = Pow _ IVan _ Vas 
B LP yg E 
Now Vag = IR = ER/R + r). So 
R 
AR. 2 
"T Rar i 


This shows that the efficiency tends to unity (or 100 per cent) as the load 
resistance R tends to infinity. For high efficiency the load resistance must be 
several times the internal resistance of the source. When the load resistance is 
equal to the internal resistance, the efficiency is 50 per cent. (See Figure 8.28 (i)). 


Power Variation, Maximum Power 
Now let us consider how the power output varies with the load resistance. Since 
the power output = Vag = I x IR, then 


Pou = PR 
Also l= E 
R+r 
am " LEIR 
^ (R+r)? 


If we take fixed values of E and r, and plot P,,, as a function of R, we find that it 
passes through a maximum when R — r, Figure 8.28 (i). So 
———— O ÁO IRR Ste i melee ace Rp s 
power output to R is a maximum when R — r, internal resistance. 

————— a a Se cio. 

We shall explain this result shortly. Physically, this result means that the 
power output is very small when R is either very large or very small, compared 
with r. When R is very large, the terminal potential difference, V, p, approaches a 
constant value equal to the e.m.f. E (Figure 8.28 (ii)); as R is increased the current 
falls, and the power IVag falls with it. When R is very small, the current 
approaches the constant value E/r, but the potential difference (which is equal to 
IR) falls steadily with R; the power output therefore falls likewise. Consequently 
the power output is greater for a moderate value of R; the mathematics shows 
that this value is actually R = r. 

To prove R = r for maximum Power, we have, from before, 


_ EPR 
out (Rr 
Now (R +r)? = R?4+2Rr+7? = (Rp e 4Rr 


Currenttlectricily — 8D 


25 100 
! 20| 4 80| 
2 E A efficiency, 7 
[| 8 60 
= x 
$ tot & aol /i 
at E | output, Pout 
I 
5 207 l 
» i 
[9] 2 4 6 8 10 12 14 16 18 20 22 
! load resistance, R, ohms — 
(i) output and efficency 
E--12 
terminal p.d., Vag 
10) 
0 
a 
E 
[] 
Pe 
2 
6 B 
> 
2 current I 
[0] 2 4 6 ENOR A 44 AG! 18^ 9022 
load resistance, R, ohms —* 
(ii) current and effiency 
Figure8.28 Effects of varying load resistance in circuit 
So Poe E?R ig E? 
ou = (R—n)?+4Rr (R—r)/R-4r 


When R =r, the denominator of the fraction is least and so Poy is then a 
maximum. We see that the maximum output power = E?/4r, which agrees with 


the power value when R = r. 


Examples of Loads in Electrical Circuits 
Loading for greatest power output is common in communication engineering. 
For example, the last transistor in a receiver delivers electrical power to the 
loudspeaker, which the speaker converts into mechanical power as sound waves. 
To get the loudest sound, the speaker resistance (or impedance) is ‘matched’ to 
the internal resistance (or impedance) of the transistor, so that maximum power 


is delivered to the speaker. | 

The loading on a dynamo or 
efficiency, because that means grea 
used with a load not much greater than it 
beso large that the heat generated in t 


battery is generally adjusted, however, for high 
test economy. Also, ifa large dynamo were 
s internal resistance, the current would 
he internal resistance would ruin the | 


l 
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machine. With batteries and. dynamos, therefore, the load resistance is made 
many times greater than the internal resistance. 


Load Not a Passive Resistor 


Charger 


Figure 8.29 Accumulator charging 


As an example of a load which is not a passive resistor, we shall take an 
accumulator being charged. The charging is done by connecting the 
accumulator X in opposition to a source of greater e.m.f, Y in Figure 8.29, 
through a controlling resistor R. If E, E' and r, r' are the e.m.f. and internal 
resistances of X and Y respectively, then the current J is given by the equation: 


power generated | 


power converted to | | power dissipated 
+) “as heat in all 


iu | jd den ee | | resistances 
E = EI + PR+Pr'+Pr (1) 
So (E'— EJ = (Rr +r), 
from which = E-E (2) 
R+r'+r 
The potential difference across the accumulator itself, Vag, is given by 
power delivered | _ | power converted to | power dissipated 
to X {| chemicalenergy | as heat 
So Mp = IE + Pr 
and Vap=E+Ir ^. 5 : ; à (3) 


Equation (3) shows that, when current is driven through a generator in 
opposition to its e.m.f., then the potential difference across the generator is equal 
to the sum of its e.m.f. and the voltage drop across its internal resistance. This 
result follows at once from energy considerations, as we have just seen. 


Kirchhoff's Laws 
A ‘network’ is usually a complicated system of electrical conductors. KIRCHHOFF 
(1824-87) extended Ohm’s law to networks, and gave two laws, which together 
enabled the current in any part of the network to be calculated. 
The first law refers to any point in the network, such as A in Figure 8.30 (i); it 
states that the total current flowing into the point is equal to the total current 
flowing out of it; 


; h=h+h 
E a E S BOT AS E ot doin oA oe oc 


Current Electricity — — 2A 


The law follows from the fact that electric charges do not accumulate at the 
points of a network. It is often put in the form that 


—_— oe 


the algebraic sum of the currents at a junction of a circuit is zero, 


D L————M——————————————————————— 


where a current, I, is reckoned positive if it flows towards the point, and negative 
if it flows away from it. Thus at A in Figure 8.30 (i), 


I;-1;—-1, 20 


Kirchhoffs first law gives a set of equations which help towards solving of the 
network. In practice we can shorten the work by putting the first law straight 
into the diagram, as shown in Figure 8.30 (ii) for example, since 


current along AC = I, —I, 
Kirchhoff's second law connects the e.m.f. and p.d. in a complete circuit. It 
refers to any closed loop, such as AYCA in Figure 8.30 (ii). It states that 


BENE ot es SS Ae I 29 Sp NBN DIETO E M e ML e 
round such a loop, the algebraic sum of the e.m.f.s is equal to the algebraic sum of all 
^ the p.d.s in that circuit. 


So, going clockwise round the loop AYCA in Figure 8.30 (ii), 
E; = Rac(l; — 1) - RJI, 


Note carefully that a p.d. is positive if it is in the same direction as the net e.m.f. 
Since I, is opposite to E», the p.d. R,I, is negative. 


| (i) (ii) 


Figure 8.30 Kirchhoff’s laws 


Example on Kirchhoff 's laws 
Figure 8.31 shows a network in which the currents /,, [2, can 
laws. 


be found from Kirchhoff's 


From the first law, the current in the 8 Q wire is (I, +1), assuming /,, 1, are the 


currents through the cells. t 4 
Taking closed circuits formed by each cell with the 8 Q wire, we have, from the 


second law, 
E, — 6-31, 481,1) = 117, 81; 


and 
E;—4-221,48(, 1) = 8I, +101: 
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Figure 8.31 Load R across cells in parallel 


Solving the two equations, we find 


14 2 
i, = 55 = 061A, Biman = 009A 
The minus sign indicates that the current J, flows in the opposite direction to 
that shown in the diagram; so it flows against the e.m.f. of the generator E}. 


CurreniEleciricily —— OS 
The Thermoelectric Effect 
Seebeck Effect 


The heating effect of the current transfers electrical energy into heat, but we have 
not so far described any mechanism which converts heat into electrical energy. 
This was discovered by SEEBECK in 1822. 

In his experiments he connected a plate of bismuth between copper wires 
leading to a galvanometer, as shown in Figure 8.32 (i). He found that if one of the 
bismuth-copper junctions was heated, while the other was kept cool, then a 


e O 


zl 


Cu Cu 
Cu Cu 
hot cold boiling ice 
woter water 
(i) Seebeck's (ii) demonstration 
experiment 


Figure 8.32 The thermoelectric effect 


current flowed through the galvanometer. The direction of the current was from 
the copper to the bismuth at the cold junction. We can easily repeat Seebeck’s 
experiment, using copper and iron wires and a galvanometer capable of 


indicating a few microamperes, Figure 8.32 (ii). 


Thermocouples ; weet 
Seebeck went on to show that a current flowed, without a battery, in any circuit 
containing two different metals, with their two junctions at different 
temperatures. Currents obtained in this way are called ther:noelectric currents, 
and a pair of metals, with their junctions at different temperatures, are said to 
form a thermocouple. The following is a list of metals, such that any two of them 
form a thermocouple, then the current will flow from the higher to the lower in 


the list, across the cold junction: 
Antimony, Iron, Zinc, Lead, Copper, Platinum, Bismuth. 


Thermoelectric currents often appear when they are not wanted, They may 
occur from small differences in purity of two samples of the same metal, and ys 
small differences of temperature—due, perhaps, to the warmth of the hand. ^» 
can cause a great deal of trouble in circuits used for precise eroi a or d 
detecting other small currents, not of thermal origin. As sources of el cagion 
energy, thermoelectric currents are neither convenient nor economical, but they 
have been used in solar batteries with semiconductor materials. Thermocouples 
are used in the measurement of temperature, and of other quantities, such as 


radiant energy, which can be measured by a temperature rise. 


Variation of Thermoelectric EMF. win Temperature | 
Later we shall see how thermoelectric e.m-fs are meee H AA itielor 
junction of a given thermocouple is kept constant at 0 Crand s 
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Figure 8.33 Thermoelectric e.m/. variation with temperature 


temperature 0°C is varied, the e.m.f. E is found to vary as E = a0 + b0?, where a, b 
are constants. This is a parabola-shaped curve (Figure 8.33). The temperature A 
corresponding to the maximum e.m.f. is known as the neutral temperature; it is 
about 250°C for a copper-iron thermocouple. Beyond the temperature B, known 
as the inversion temperature, the e.m.f. reverses. Thermoelectric thermometers, 
which utilise thermocouples, are used only as far as the neutral temperature, 


because the same e.m.f. is obtained at two different temperatures, from Figure 
8.33. 


Exercises 8 
Circuits 

1 A battery of e.m.f. 4 V and internal resistance 2 Q is joined to a resistor of 8 Q. 

Calculate the terminal p.d. 
What additional resistance in series with the 8 Q resistor would produce a 

terminal p.d. of 3-6 V? 7 we d 

2 A battery of e.m.f. 24 V and internal resistance r is connected to a circuit having two 
parallel resistors of 3 Q and 6 Q in series with an 8 Q resistor, Figure 8A (i). The 


current flowing in the 3 Q resistor is then 0-8 A. Calculate (i) the current in the 6Q 
resistor, (ii)r, (iii) the terminal p.d. of the battery. 


E=6V E=4y 
r=20 re8Q 


x Y 
102 


(ii) 


Figure 8A 


3 A battery X of emff. 6 V and internal resistance 2 Q is in series with a battery Y of . 
c.m.f. 4 V and internal resistance 8 Q so that the two e.m.fs act in the same direction, 
Figure 8A (ii). A 10Q resistor is connected to the batteries. Calculate the terminal 
p.d. of each battery. 

If Y is reversed so that the e.m.f.s now oppose each other, what is the new 
terminal p.d. of X and Y? 

4 Two resistors of 1200 Q and 800 are connected in series with a battery of e.m.f. 

24 V and negligible'internal resistance, Figure 8B (i). What is the p.d. across each 
resistor? 
A voltmeter V of resistance 600 Q is now connected firstly across the 1200 


resistor as shown, and then across the 800 Q resistor. Find the p.d. recorded by the 
voltmeter in each case. 
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| Figure 8B 


5 In Figure 8B (ii), A has an e.m.f. of 3 V and negligible internal resistance and B has 
an e.m.f. of 4 V and internal resistance 2:0. With the switch K open, what current 

] flows in the meter M? 

| When K is now closed, no current flows in M. Calculate the value of R. 

(Hint. When no current flows in M, p.d. across B = p.d. across A.) 
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Figure 8C 


6 The 4-00-V cell in the circuits shown above has zero internal resistance, Figure 8C. 
An accurately calibrated voltmeter connected across YZ records 1:50 V. Calculate 
(a) the resistance of the voltmeter, 
(b) the voltmeter reading when it is connected across Y'Z'. 
What do your results suggest concerning the use of voltmeters? (L.) 
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Figure 8D 


| 7 (i) What is the final potential difference between A and B in the circuit in Figure 
8D (i): 
(a) in the circuit as shown, 
(b) if an additional 5009 resistor were connected from A to B. 
(c) if the 500 Q were replaced by a 2 pF capacitor? For what purpose would the 
circuit in (a) be useful? 
(ii) In the circuit of Figure 8D (ii), the batteries have negligible internal résistance 
| and the voltmeter V has a very high resistance. What would be the reading of the 
voltmeter? (L.) z 
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8 Alaboratory power supply is known to have an e.m.f. of 1000 V. However, when a 
voltmeter of resistance 10 kQ is connected to the output terminals of the supply, a 
reading of only 2 V is obtained. 

' (a) Explain this observation, 
(b) Calculate (i) the current flowing in the meter, (ii) the internal resistance of the 
power supply. (AEB, 1984.) 


Figure 8E 


A 12-V battery of negligible internal resistance is connected as shown in Figure 8E. 
The resistance of the voltmeter is 100 Q. What reading will the voltmeter show when 
the switch, S is 

(a) open, and 

(b) closed? (L.) 

10 (a) Define the volt and the ohm. Water in a barrel may be released at a variable rate 
by an adjustable tap at the bottom. If this system is compared to an electric 
circuit what in the system would be analogous to (i) the potential 
difference, (ii) the charge flowing, (iii) the current, and (iv) the resistance, in 
the circuit? 

Give two examples, illustrated by appropriate graphs, of conductors or 
components which do not obey Ohm's law. 


(b) 


V V 
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Figure 8F 


The circuits in Figure 8F (i) and (ii) may be used to measure the resistance of 
the resistor, R. If both meters are of the moving coil type, explain why in each 
case the value for R obtained would not be correct. What alternative method _ 
would you use to obtain a better value for R? (No circuit details are required.) 
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(c) In Figure 8G, what is the potential difference between the points B and D? 
What resistor could you add to the 120 resistor in branch ADC in order to 
make the potential difference between B and D zero? (L.) 

Copper wire of cross-section area 2:0 mm? carries a current of 1-5 A. Find the drift 

velocity of the electrons, assuming 9:0 x 10?* conduction electrons per metre? and 

the electron charge 1:6 x 10 !? C. 

Why is the drift velocity slow? 

Twelve cells each of e.m.f. 2 V and of internal resistance 4 Q are arranged in a battery 

of n rows and an external resistance of 1 Q is connected to the poles of the battery. ' 

Determine the current flowing through the resi.tance in terms of n. 

Obtain numerical values of the current for the possible values which n may take 
and draw a graph of current against n by drawing a smooth curve through the 
points. Give the value of the current corresponding to the maximum of the curve 
and find the internal resistance of the battery when the maximum current is 
produced. (L.) 

Describe with full experimental details an experiment to test the validity of Ohm's 

law for a metallic conductor. : 

An accumulator of e.m.f. 2 V and of negligible internal resistance is joined in series 
with a resistance of 500 Q and an unknown resistance X Q. The readings of a 
voltmeter successively across the 500 Q resistance and X are 2/7 and 8/7 V 
respectively. Comment on this and calculate the value of X and the resistance of the 
voltmeter. (J MB.) 

Explain clearly the difference between e.m.f. and potential difference. 

Write down the Kirchhoff network laws and point out that each is essentially a 
statement of a conservation law. 
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Figure 8H 


Find, for the above circuit, Figure 8H, (i) the readings on the ammeters A, B and 
C (assumed to have effectively zero resistances), (ii) the potential difference 
between X and Y, (iii) the power dissipated as heat in the circuit, (iv) the power ' 
delivered by the 12 V cell. 

Account carefully for the difference between (iii) and (iv). (W.) 
State Ohm's law, and describe the experiments you would make in order to verify it. 
The positive poles A and C of two cells are connected by a uniform wire of 
resistance 4 ohms and their negative poles B and D by a uniform wire of resistance 
6Q. The middle point of BD is connected to earth. The e.m.f.s of the cells AB and 
CD are 2 V and 1 V respectively, their resistances 1 Q and 2 respectively. Find the 
potential at the middle point of AC. (0. & C.) 


Power. Heating Effect 


The maximum power dissipated in a 100000 resistor is 1 W. What is the maximum 
current? 

Two heating coils A and B, connected in parallel in a circuit. produce powers of 

12 W and 24 W respectively. What is the ratio of their resistances, R,/R,, when 
used? 

A heating coil of power rating 10 W is required when the p.d. across it is 20 V. 
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Calculate the length of nichrome wire needed to make the coil if the cross-sectional 

area of the wire used is 1 x 107 7 m? and the resistivity of nichrome is 1 x 1076 Q m. 
What length of wire would be needed if its diameter was half that previously 

used? 

The running temperature of the filament of a 12-V, 48-W tungsten filament lamp is 

2700°C and the average temperature coefficient of resistance for tungsten from 0°C 

to 2700°C is 64 x 107? K ~', Calculate the resistance of the filament at 0°C. (L.) 


25V 
806.5w 


Figure 81 


In the above circuit, Figure 8I, what must be the values of R, and R, for the two 
lamps A and B to be operated at the ratings indicated? If lamp A burns out, what 
would be the effect on lamp B? Give reasons. (W.) 
A thin film resistor in a solid-state circuit has a thickness of 1 um and is made of 
nichrome of resistivity 10^ ° Qm. Calculate the resistance available between 
opposite edges of a 1 mm? area of film 
(a) if it is square shaped, 
(b) if it is rectangular, 20 times as long as it is wide. (C.) 
State the laws of the development of heat when an electric current flows through à 
wire of uniform material. * 

An electrical heating coil is connected in series with a resistance of X Q across the 
240 V mains, the coil being immersed in a kilogram of water at 20°C. The 
temperature of the water rises to boiling-point in 10 minutes. When a second 
heating experiment is made with the resistance X short-circuited, the time required 
to develop the same quantity of heat is reduced to 6 minutes. Calculate the value of 
X. (Heat losses may be neglected.) (L.) 
(a) Explain what is meant by (i) the electrical resistance of a conductor, and 

(ii) the resistivity of the material of a conductor. 
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Figure 8J 


(b) The graphs in Figure 8J show how the current varies with applied potential 
difference across (i) a 12 V, 36 W filament lamp,and (ii) a metre length of 
nichrome wire of cross-section 0-08 mm?. Using the graphs, find the ratio of the 
values of the electrical resistance of the filament lamp to the nichrome wire (1) 
when the potential differeneeactoss them is 12 V, and (2) when the potential 
difference across them is 0-5 V, 

How does the resistance of the filament lamp change as the current increases? 
Suggest a physical explanation for this change, 
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(c) The resistivity of copper is about 1-8 x 107° Q m at 20°C. Show, using the 
information in (b) above, that the resistivity of nichrome is approximately 60 
times this value. Explain why, in a domestic circuit containing a fire element and 
connecting cable, only the element becomes appreciably hot. (L..) 

Indicate, by means of graphs, the relation between the current and voltage 

(a) for a uniform manganin wire; 

(b) for a water voltameter; 

(c) for a diode valve. 

How do you account for the differences between the three curves? 

An electric hot plate has two coils-of manganin wire, each 20 metres in length and 
0:23 mm? cross-sectional area. Show that it will be possible to arrange for three 
different rates of heating, and calculate the wattage in each case when the heater is 
supplied from 200 V mains. The resistivity of manganin is 4-6 x 1077 Q m. (0. & C.) 
Describe an experiment for determining the variation of the resistance of a coil of 
wire with temperature. 

An electric fire dissipates 1 kW when connected to a 250 V supply. Calculate to 
the nearest whole number the percentage change that must be made in the 
resistance of the heating element in order that it may dissipate 1 kW on a 200 V 
supply. What percentage change in the length of the heating element will produce 
this change of resistance if the consequent increase in the temperature of the wire 
causes its resistivity to increase by a factor 1-05? The cross-sectional area may be 
assumed constant. (JMB.) 

Describe an instrument which measures the strength of an electric current by 

making use of its heating effect. State the advantages of this method. 

A surge suppressor is made of a material whose conducting propertiés are such 
that the current passing through is directly proportional to the fourth power of the 
applied voltage. If the suppressor dissipates energy at a rate of 60 W when the 
potential difference across it is 240 V, estimate the power dissipated when the 
potential difference rises to 1200 V. (C.) 
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In this chapter we discuss the accurate measurement of potential 
difference and resistance and their applications. As we see later, 
this enables the National Physical Laboratory to check the 
readings on current meters, for example, made by commercial 
instrument makers. Since the measurements are based on a 
comparisoii, standards of potential difference and of resistance 
will be needed, as discussed later. 


The Pofentiometer 


Pointer instruments are useless for very accurate measurements: the best of them 
have an intrinsic error of about 1% of full scale. Where greater accuracy than 
this is required, elaborate measuring circuits are used. 

One of the most useful of these circuits is the porentiometer. It consists of a 
uniform wire, AB in Figure 9.1(i), about a metre long. An accumulator X, 
sometimes called a driver cell, keeps a steady current J in AB. Since the wire is 
uniform, its resistance per centimetre, R, is constant; the potential difference 
across 1 cm of the wire, RI, is therefore also constant. The potential difference 
between the end A of the wire, and any point C upon it, is thus proportional to 
the length of wire | between A and C: 


Faooch s v mon : A oe) 


We can also sce this relation is true from Vac = [Rac = Ipl/A, where p is the 


resistivity of the wire and A its cross-sectional area. So if I, p and A keep 
constant, Vac oc l. 


: Comparison of E.M.F.s 
To illustrate the use of the potentiometer, suppose we take a cell, Y in Figure 
9.1 (ii), and join its positive terminal to the point A (to which the positive 
terminal of X is also joined). We connect the negative terminal of Y through a 
erie galvanometer to a slider S, which we can press on to any point in the 
re, 

_Let us suppose that the cell Y has an e.m.f. E, which is less than the potential 
difference Vag across the whole of the wire. Then if we press the slider on B, a 
current I’ will flow through Y in opposition to its e.m.f, Figure 9.1 (iii), This 
current will deflect the galvanometer G—let us say to the right. If we now press 
the slider on A, the cell Y will be connected straight across the galvanometer, 
and will deliver a current in the direction of its e.m.£, Figure 9.1 (iii). The 
galvanometer will therefore show a deflection to the left. If the deflections at A 
and B are not opposite, then either the e.m.f. of Y is greater than the potential 
difference across the whole Wire, or we have connected the circuit wrongly. The 
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(ii) checking connections 


Figure9.1 The potentiometer 


commonest mistake in connecting up is not joining both positive poles of X and 
Y to A. 


(ii). comparison of emf 


Figure 9.2 Use of potentiometer 


Now let us suppose that we place the slider on to the wire at a point a few 
centimetres from A, then at a point a few centimetres farther on, and so forth. 
(We do not run the slider continuously along the wire, because the scraping 


would destroy its uniformity.) 
When the slider is at a point C near A (Figure 9.2(i)) the potential difference 
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We can also sce this relation is true from Vac = [Rac = Ipl/A, where p is the 
resistivity of the wire and A its cross-sectional area. So if I, p and A keep 
constant, Vac oc l. 


) Comparison of E.M.F.s 

To illustrate the use of the potentiometer, suppose we take a cell, Y in Figure 
9.1 (ii), and join its positive terminal to the point A (to which the positive 
terminal of X is also joined). We connect the negative terminal of Y through a 
ees galvanometer to a slider S, which we can press on to any point in the 
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_Let us suppose that the cell Y has an e.m.f. E, which is less than the potential 
difference Vag across the whole of the wire. Then if we press the slider on B, a 
current J’ will flow through Y in opposition to its e.m.£, Figure 9.1 (iii). This 
current will deflect the galvanometer G—let us say to the right. If we now press 
the slider on A, the cell Y will be connected straight across the galvanometer, 
and will deliver a current in the direction of its em.f, Figure 9.1 (iii). The 
galvanometer will therefore show a deflection to the left. If the deflections at A 
and B are not opposite, then either the e.m.f. of Y is greater than the potential 
diference across the whole wire, or we have connected the circuit wrongly. The 
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Figure9.1 The potentiometer 


commonest mistake in connecting up is not joining both positive poles of X and 
Y to A. 


(ii) comparison of emf 


Figure9.2 Use of potentiometer 


Now let us suppose that we place the slider on to the wire at a point a few 
centimetres from A, then at a point a few centimetres farther on, and so forth. 
(We do not run the slider continuously along the wire, because the scraping 
would destroy its uniformity.) 

When the slider is at a point C near A (Figure 9.2 (i)) the potential difference 
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Vac is less than the e.m.f. E of Y. So current flows through G in the direction of 
E, and G may deflect to the left. When the slider is at D near B, Vap is greater 
than E, current flows through G in opposition to E, and G deflects to the right. 

By trial and error (but no scraping of the slider) we can find a point F such 
that, when the slider is pressed upon it, the galvanometer shows no deflection. 
The potential difference V 4p is then equal to the e.m.f. E; no current flows through 
the galvanometer because E and Var act in opposite directions in the galvano- 
meter circuit, Figure 9.2(i). Because no current flows, the resistance of the 
galvanometer, and the internal resistance of the cell, cause no voltage drop. So 
the full e.m.f. E therefore appears between the points A and S, and is balanced by 
Var, that is, 


E — Vip 


If we now take another cell of e.m.f. Eo, and balance it in the same way, at a 
point H (Figure 9.2 (ii)), then 


Ey = Van 
Therefore Es = Var 
Eo Van 


But, from previous, the potential differences Var, Vay are proportional to the 
lengths /, lọ from A to F, and from A to H, respectively. Therefore 


T'UFY o. " : T ; t (2) 


So the ratio of the e.m.f.s is proportional to the ratio of the balancing lengths 
and can therefore be calculated. 


er a SN- cH due 
1 The potentiometer uses a null (no-deflection) method. So it does not depend 
on the accuracy of an instrument reading. 
2 Ata potentiometer balance, no current flows from the cell. So the p.d. at the 
cell terminals — the e.m.f. of the cell. 
3 If the balance lengths are l, and J, for two cells of em.£s E ı and E, 
respectively, then E,/E, = L/h. 
4 If no balance can be found on the wire, then 
(a) the -- ve pole of the cell is not joined to the same terminal of the wire as the 
+ ve pole of the driver (potentiometer) cell, or 
(b) The p.d. between the ends of the potentiometer wire may be /ess than the 
e.m.f. to be measured. So only a small resistance is needed in series with 
the wire for more balance-length readings. 


X Accuracy of Potentiometer 
The following points should be noted: 

(1) When the potentiometer is used to compare the e.m.f.s of cells, no errors 
are introduced by the internal resistances, because no current flows through the 
cells at the balance-points. í 

(2) The potentiometer is more accurate than the moving-coil voltmeter for 
measuring e.m.f. The moving-coil voltmeter has a resistance and this lowers the 
p.d. between the terminals of the cell when it is connected. In contrast, since no 
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current flows from the cell when a balance is found, the potentiometer may be 
considered to be a voltmeter with an infinitely-high resistance, which is the ideal 
voltmeter. 

(3) The accuracy of a pocentiometer is limited by the non-uniformity of the 
slide-wire, the uncertainty of the balance-point, and the error in measuring the 
length / of wire from the balance-point to the end A. With even crude apparatus, 
the balance-point can be Idcated to within about 0-5 mm; if the length l is 50cm, 
or 500 mm, then the error in locating the balance-point is 1:1000. If the wire has 
been carefully treated, its non-uniformity may introduce an error of about the 
same magnitude. The overall error is then about ten times less than that of a 
pointer instrument. 

(4) The precision with which the balance-point of a potentiometer can be 
found depends on the sensitivity of the galvanometer. With a very sensitive 
galvanometer a very small current can be detected. 


shorting 
plug 


E 


Figure9.3 Use of protective resistance with galvanometer 


A moving-coil galvanometer must be protected by a series resistance R of 
several thousand ohms, which is shorted out when the balance is nearly reached, 
Figure 9.3. A series resistance is preferable to a shunt, because it reduces the 
current drawn from the cell under test when the potentiometer is unbalanced. 
Looking for the balance-point then causes less change in the chemical condition 
of the cell, and therefore in its e.m.f. The actual magnitude of R does not matter 
as no current flows through R at a balance. 

It is important to realise that the accuracy of a potentiometer does not depend 
on the accuracy of the galvanometer, but only on its sensitivity. The galvano- 
meter is used not to measure a current but merely to show one when the 
potentiometer is off balance. It is said to be used as a null-indicator, and the 
potentiometer method of measurement is called a null method. 

(5) The current through the potentiometer wire must be steady—it must not 
change appreciably between the finding of one balance-point and the next. The 
accumulator which provides it should therefore be neither freshly charged nor 
nearly run-down; when an accumulator is in either of those conditions its e.m.f. 
falls with time. 

Errors in potentiometer measurements may be caused by non-uniformity of 
the wire, and by the resistance of its connection to the terminal at A. This 
resistance is added to the resistance of the length | of the wire between A and the 
balance-point, and if it is appreciable it makes equation (2) not true. 
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1 Nocurrent is taken from the cell at a balance. So the potentiometer acts like a 
perfect voltmeter of infinitely-high resistance, 

2 The magnitude of the series resistance protecting the galvanometer does not 
matter because no current flows in this part of the circuit at a balance. 


Uses of Potentiometer, E.M.F. and Internal Resistance 


` All the uses of the potentiometer depend on the fact that it can measure potential - 


difference accurately, and without drawing current from the circuit under test. 
(a) E.m.f. measurement If one of the cells in Figure 9.2 (ii) is a standard cell of 
known e.m.f, say Ey, such as a Weston cadmium cell, then the unknown 
e.m.f. of the other, E is given by equation: 
Evel " 
St : ; $ : 
Equation (1) is true only if the current / through the potentiometer wire has 
remained constant. The easiest way to check that it has done so is to balance the 
standard cell against the wire before and after balancing the unknown cell. If the 
lengths to the balance-point are equal— within the limits of experimental 
error— then the current J may be taken as constant. 


R 
V 


Figure9.4 Measurement of internal resistance 


(b) The internal resistance of a cell, r, can be found with a potentiometer by 
balancing first its e.m.f, E, when the cell is on open circuit. Suppose the 
balance length is |. A known resistance R is then connected to the cell, as 
shown in Figure 9.4. The terminal p.d. V is now balanced by a smaller 
length I’ than / since a current flows from the cell. Now 


E 
V. = IR = —— 
[rv 
So 
V R 
E Rir’ e 
But dom b 
ET. ; y : h d (3) 
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where l and I’ are the lengths of potentiometer wire required to balance E and V. 
From equations (2) and (3), I/I! = (R+r)/R. So r can be found from 


1 ^ 
r=(F-1)e 


` 1 l 
Also, since r RI I 1, we can vary R and measure I’ for each value of R. A 
graph of I/I’ against 1/R is a straight line whose gradient is equal to r. 


Measurement of Current 
A current can be measured on a potentiometer by measuring the potential 
difference V which it sets up across a standard known resistance R in Figure 
9.5 (i), and then using I = V/R. A low resistance R is chosen so that it does not 
disturb the circuit in which it is placed. 


(i) circuit : (ii) resistor i 


Figure9.5  Calibration-of ammeter with potentiometer 


Figure 9.5 (i) shows how an ammeter M can be calibrated by a potentiometer. 
The rheostat S is adjusted until the required ammeter reading is obtained and 
the p.d. V between the terminals v, v of R is balanced on the potentiometer wire. 
Suppose this gives a balance length l. The emf. Eo of a standard cell is now 
balanced on the wire (see Figure 9.6 (ii)). If this balance length is lo, then 


y 
Ey dy 


So V can be found since Eo, lọ and | are known and the true current Iis then 
calculated from J = V/R. ! 

The resistance of the wires connecting the potential terminals to the points 
PP, and to the potentiometer circuit, do not affect the result, because at the 
balance-point the current through them is zero. 4 

Figure 9.5(ii) shows in detail the standard resistance used. It consists of a 
broad strip of alloy, such as manganin, whose resistance varies very little with 
temperature (p. 254). The current is led in and out at the terminals Li The 
terminals v, v are connected to fine wires soldered to points PP on the strip; they 
are called the potential terminals. The marked value R of the resistance is the 
value between the points PP. 


f Calibration of Voltmeter : f 
Figure 9.6 (i) shows how à potentiometer can be used to calibrate a voltmeter. A 
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standard cell is first used to find the p.d. per cm or volt per cm of the wire 
(Figure 9.6 (ii)). If its e.m.f. Eo is balanced by a length lọ, then 


voltperem =- . : : z 5 (1) 


Eo 


(ii) calibration 
of slide-wire 


(i) circuit 


Figure9.6 Calibration of voltmeter with potentiometer 


Different voltages Vm are now applied to the voltmeter by the adjustable 
potential divider or rheostat S, Figure 9.6(i), which has a high resistance. If l is 
the length of potentiometer wire which balances a p.d. Vm then 


The value of Vm is the true value of the p.d. across the voltmeter terminals. If 


Vm = lx (volt/cm of wire) 


cni ee : ^ ; : : (2) 


the voltmeter reading is Voss, then the correction to be added to it is Vm — V obs: 
This is plotted against Vos, as in Figure 9.7, and this provides a correction 
curve for the voltmeter readings when the meter is used. 
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A potentiometer can be used to c 
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Figure 9.7 Correction curve of voltmeter 


Comparison of Resistances 
ompare resistances, by comparing the potential 


lerences across them when they are carrying the same current /,, Figure 9.8. 


——A— ——— 
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This method is particularly useful for very low resistances, because, as we have 
just seen, the resistances of the connecting wires do not affect the result of the 
experiment. It can, however, be used for higher resistances. With low resistances 
the ammeter A’ and rheostat P are necessary to adjust the current to a value 
which will neither exhaust the accumulator Y, nor overheat the resistors, and a 
series resistor (not shown) is needed with X in the potentiometer circuit. 


Figure9.8 Comparison of resistances with potentiometer 


No standard cell is required. The potential difference across the first resistor, 
V, = R,J,, is balanced against a length /, of the potentiometer wire, as shown 
by the full lines in the figure. Both potential terminals of R, are then dis- 
connected from the potentiometer, and those of R, are connected in their place. 
If l is the length to the new balance-point, then 


This result is true only if the current /, is constant, as well as the potentiometer 
current. The accumulator Y, as well as X, must therefore be in good condition. 
To check the constancy of the current J,, the ammeter A’ is not accurate enough. 
The reliability of the experiment as a whole can be checked by balancing the 
potential V, a second time, after V2. If the new value of l, differs from the 
original then at least one of the accumulators is running down and must be 
replaced. 


Measurement of Thermoelectric E.M.F. 

The e.m.f.s of the thermojunctions (p. 273) are small—of the order of a millivolt. 
If we tried to measure such an e.m.f. on a simple potentiometer we should find 
the balance-point very near one end of the wire, so that the end-error would be 
serious. 

Figure 9.19 shows a potentiometer circuit for measuring thermoelectric e.m.f. 
A suitable high resistance R, produced by two resistance boxes R,, R 2, is needed 
in series with the wire. Suppose the wire has a resistance of 3:0 and we assume 
that the accumulator D has an e.m.f. 2 V and negligible internal resistance. If the 
p.d. across the whole wire needs to be, say, 4 mV or 0:004 V, then the p.d. across 
R is 2—0:004 = 1:996 V. Since the p.d. across resistors in a series circuit is 
proportional to the resistance, then R is given by 


R 1996 


3 0004 
So R — 1497Q on calculation. 
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Figure 9.9 Measurementof thermoelectric emf. 


R, with a galvanometer G in one lead, Figure 9.9. The total resistance from the 
boxes R, and Rz must be kept constant at 1 


3 
men E amy 2y =. 2 ~3y 


Thermoelectric emf. After re 
measure the thermoelectric e.m.f. E 
CC of the hot junction, the other jun 


624 à 
BA da: 78.49 -3 
E = doo * 392 1073 = 245 19-3 


Use of the standard cell overcomes the error in assuming that the accumulator 
emf. is 2 V, If the thermoelectric e.m.f. is not required accurately, then we can 
assume that the p.d. across 100 cm length of potentiometer wire is 4m V when 


the series resistance R is 1497 Q, as calculated above, and not use the calibration 
part of the experiment 


ous temperatures 0 in °C. The curves 
approximate to parabolas: 


Corresponding to its maximum e.m f. 


To find the values of a and b, we cM from (1) that 


Ef)—acrbü  . : : ^ : (2) 


T CNW NS T E E T VERRE 
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A graph of E/0 against is then a straight line whose gradient is the value of b. 
The value of a is the intercept on the E/0-axis. 


Copper - 
Constantan 


Figure9.10 E.m.f.s of thermocouples (reckoned positive when into copper at the cold 
junction) 


THERMOELECTRIC E.M.F.s 
(E in microvolt when 0 is in °C and cold junction at 0°C) 


- Range for Limits of 
Junction a b a and b, °C use. °C 
COG y rre E 14 —0-02 0-100 See 1 
Cu/Constantan? : 41 0:04 —50to +300 —200 to +300 
PUPL-CRDP  . 64 0:006 0-200 0-1700 
Chromel*/Alumel* . 41 0-001 0-900 0-1300 


! Simple demonstrations. ? See p. 254. 

> 10% Rh; used only for accurate work or very high temperatures. 
490% Ni, 10% Cr. 

594% Ni, 3% Mn. 2% Al, 1% Si. 


Example on Potentiometer 
In the circuit shown, the e.m.f. E, of a standard cell is 1-02 V and this is balanced by the 
p.d. across a resistance of 2040 Q in series with a potentiometer wire AB. If AB is 00m 
long and has a resistance of 49, calculate the length AC on it which balances the e.m.f. 
1-2 mV of the thermocouple XY, Figure 9.11. 


Figure 9.11 Example 
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Since 102 V is the p.d. across 20400, and the 4Q wire AB is in series with —— 
OM0Q hen © 3 


p.d. across AB — pde x 102V = AEN =2mV 


2040 2000 . 1 
So thermocouple e.m.f., 1:2 mV, is balanced by a length AC on AB (1m) given by — 
AC 12m 3 0| L 
AB 2mV 5 


SAC = x AB = 2x 00m = 060m 
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Wheatstone Bridge: Measurement of Resistance 


Wheatstone Bridge Circuit 
About 1843 Wheatstone designed a circuit called a ‘bridge circuit’ which gave an 
accurate method for measuring resistance. We shall deal later with the practical 
aspects. In Figure 9.12, X is the unknown resistance, and P, Q, R are resistance 


Figure 9.12 Wheatstone bridge 


boxes. One of these— usually R—is adjusted until the galvanometer G between 
A and C shows no deflection, a so-called *balance' condition. In this case the 
current J, in G is zero. Then, as we shall show, 


T. n 
Q X 
so x-n 
P 
Wheatstone Bridge Proof 


At balance, since no current flows through the galvanometer, the points A and C 
must be at the same potential, Figure 9.12. Therefore 


Van = Vcp and Van = Vep 
Vas _ Vee i 
So — =, 7 $ " ee rs ent 
Vao Veo } 


Also, since 1, = 0, P and R carry the same current, /,, and X and Q carry the 
same current, Iz. There 


Yau hP P 
Vp LR: R 
Va ble i 
and Vo  hX ^ X (ii) 
From equations (i) and (ii), 
P 


m 
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Exactly the same relationship between the four resistances is obtained if the 
galvanometer and cell positions are interchanged. Further analysis of the circuit 
shows that the bridge is most sensitive when the galvanometer is connected 
between the junction of the highest resistances and the junction of the lowest 
resistances. 


The Slide-wire (Metre) Bridge 
Figure 9.13 shows a simple form of Wheatstone bridge; it is sometimes called a 
slide-wire or metre bridge, since the wire AB is often a metre long. The wire is 
uniform, as in a potentiometer, and can be explored by a slider S. 

The unknown resistance X and a known resistance R are connected as shown 
in the figure; heavy brass or copper strip is used for the connections AD, FH, 
KB, whose resistances are generally negligible: When the slider is at a point C in 
the wire it divides the wire into two parts, of resistances Rac and Rep; these, 


Figure9.13. Slide-wire (metre) bridge 


with X and R, form a Wheatstone bridge. (The galvanometer and battery are 
interchanged relative to the circuits we have given earlier; that enables the slider 
S to be used as the galvanometer key. We have already seen that the interchange 
does not affect the condition for balance in G.) The connections are checked by 
placing S first on A, then on B. The balance-point is found by trial and 
error — not by scraping S along AB. At balance, 


Since the wire is uniform, the resistances Rac and Rcg are proportional to the 
lengths of wire, |, and l,. Therefore 


2 tit 1 è n $ s (1) 


The resistance R should be chosen so that the balance-point C comes fairly 
near to the centre of the wire— within, say, its middle third. If either l, or l, is 
small, the resistance of its end connection AA’ or BB’ in Figure 9.13 is not 
negligible in comparison with its own resistance; equation (1) then does not 
hold. Some idea of the accuracy of a particular measurement can be got by 
interchanging R and X, and balancing again. If the new ratio agrees with the old 
within about 1%, then their average may be taken as the value of X. 

Since the galvanometer G is a sensitive current-reading meter, a high 
protective resistor (not shown) is required in series with it until a near balance is 


~ 
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found on the wire. At this stage the high resistor is shunted or removed and the 
final balance-point found. 

The lowest resistance which a bridge of this type can measure with reasonable 
accuracy is about 1 ohm. Resistances lower than about 1 ohm cannot be 
measured accurately on a Wheatstone bridge, because of the resistances of the 
wires connecting them to the X terminals, and of the contacts between those 
wires and the terminals te which they are, at each end, attached. This is the 
reason why the potentiometer method is more satisfactory for comparing and 
measuring low resistances. 

Lorenz devised a method of measuring resistance without using a standard 
resistance. This absolute method is described on page 353. 


Temperature Coefficient of Resistance 
We have already seen that the resistance of a wire varies with its temperature. If 
we put a coil of fine copper wire into a water bath, and use a Wheatstone bridge 
to measure its resistance at various moderate temperatures 0, we find that the 
resistance, Ry, increases with the temperature, Figure 9.14. We may therefore 
define a temperature coefficient of resistance, x, such that 


4 


Wheatstone 
bridge 


Figure 9.14 Measurement of temperature coefficient 


R, = Ro(1 +20) . : j HR rs voe A) 


where Ro is the resistance at 0°C. In words, starting with the resistance at 0°C, 


increase of resistance per K rise of temperature 
a= - 
resistance at 0°C 


If R, and R, are the resistances at 0,°C and 0,°C, then, from (1), 
R, _1+06, 


R, 1+00, 


Values of æ for pure metals are of the order of 0-004 K~ +. They are much less 
for alloys than for pure metals, a fact which makes alloys useful materials for 
resistance boxes and shunts. 

Equation (1) represents the change of resistance with temperature fairly well, 
but not as accurately as it can be measured. More accurate equations are given 


(2) 
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later in the Heat section of this book, where resistance thermometers are 
discussed. 


Thermistors 

A thermistor is a heat-sensitive resistor usually made from semiconductors. One 
type of thermistor has a high positive temperature coefficient of resistance. So 
when it is placed in series with a battery and a current meter and warmed, the 
current is observed to decrease owing to the rise in resistance. Another type of 
thermistor has a negative temperature coefficient of resistance, that is, its 
resistance rises when its temperature is decreased, and falls when its temperature 
is increased. Thus when it is placed in series with a battery and a current meter 
and warmed, the current is observed to increase owing to the decrease in 
resistance. 

Thermistors with a high negative temperature coefficient are used for 
resistance thermometers in very low temperature measurement of the order of 
10K, for example. The higher resistance at low temperature enables more 
accurate measurement to be made. 

Thermistors with negative temperature coefficient may be used to safeguard 
against current surges in circuits where this could be harmful, for example, in a 
radio circuit where heaters are in series. A thermistor, T, is included in the 
circuit, as shown, Figure 9.15. When the supply voltage is switched on, the 
thermistor has a high resistance at first because it is cold. It thus limits the 


Thermistor 


heaters 
voltage T - 
supply 


Figure9.15 | Use of thermistor 


current to a moderate value. As it warms up, the thermistor resistance drops 
appreciably and an increased current then flows through the heaters. Ther- 
mistors are also used in transistor receiver circuits to compensate for excessive 
rise in collector current. 


Example on Temperature C oefficient 

How would you compare the resistances of two wires A and B, using 
(a) a Wheatstone bridge method, and 
(b) a potentiometer? 

For each case draw a circuit diagram and indicate the method of calculating the result. 

In an experiment carried out at 0°C, A was 120m of Nichrome wire of resistivity 
100 x 1075 Q m and diameter 1-20 mm, and B a German silver wire 0-80mm diameter 
and resistivity 28 x 107° Qm. The ratio of the resistances A/B was 1-20. What was the 
length of the wire B? 

If the temperature coefficient of Nichrome is 000040 K ~! and of German silver is 


page oe NS what would the ratio of resistances become if the temperature were raised 


With usual notation, 


bh R, Pih 
Ay 
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and for B, R;-—— 


URS ga lz A h l, d; 
where d;, d, are the respective diameters of B and A. 
: 100 120 08 
aru a E 
pe 100 x 1:20 x 0:64 
27 7120x28x144 


When the temperature is raised by 100 K, the resistance increases according 
to the relation Ry = Ro(1 +4). Thus 


new Nichome resistance, RA = R,(1 +a. 100) = R, x 1:04 


and new German silver resistance, Rp = R2(1 +a'.100) = R; x 1-03 


= 159m D : j (i) 


Rai Ki P0. oed ae potecet uicti» G) 


Exercises9 = "M 


Potentiometer 


1 Theem.f ofa battery A is balanced by a length of 75:0cm on a potentiometer wire. 
The e.m.f. of a standard cell, 1:02 V, is balanced by a length of 50:0 cm. What is the 
e.m.f. of A? 

Calculate the new balance length if A has an internal resistance of 2 Q and a 
resistor of 8 Q is joined to its terminals. 

2 A1-0Q resistor is in series with an ammeter M ina circuit. The p.d. aross the 
resistor is balanced by a length of 60-0 cm on a potentiometer wire. A standard cell 
of e.m.f. 102 V is balanced by a length of 50:0 cm. If M reads 1:10 A, what is the 
error in the reading? 

3 The driver cell of a potentiometer has an emf. of 2 V and negligible internal 
resistance. The potentiometer wire has a resistance of 3Q, Calculate the resistance 
needed in series with the wire if a p.d. of 5mV is required across the whole wire. 

The wire is 100cm long and a balance length of 60 cm is obtained fora 
thermocouple e.m.f. E. What is the value of E? 

4 Ina potentiometer experiment, à balance length cannot be found. Write down two 
possible reasons, with explanations. : 

5 Explain the reasons for the following procedures in potentiometer experiments: 

(a) The positive pole of a battery whose e.m.f. is required is connected to the same 
terminal of the potentiometer wire as the positive pole of the driver cell. 

(b) The protective resistor is removed before a final balance point is determined. 

(c) A rheostat is sometimes included in the potentiometer circuit with the driver 
cell but its resistance must not be too high. 

(d) A standard cell is needed in an experiment to calibrate an ammeter but not in an 
experiment to measure the internal resistance of a cell. 

(€) In comparing the resistances of two resistors A and B, the resistors are placed in 
series in a circuit. 

6 (a) Figure9A (i), in which AB is a uniformi resistance wire, is a simple potentiometer 
circuit. Explain why a point X may be found on the wire which gives zero 
galvanometer deflection. 

When the circuit was first set up it was impossible to find a balance point. 
State and explain two possible causes of this. 
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How would you use the circuit to compare the e.m.f.s of two cells with 
minimum error? Why is this circuit not suitable for the comparison of an 
e.m.f. of a few millivolts with an e.m.f. of about a volt? 


1022 c 
A X D 
Thermocouple 
ü 1.02 V (ii) 
Figure 9A 


(b) The second circuit, Figure 9A (ii), may be used to measure the e.m.f. of a 
thermocouple provided that the resistance of CD is known. Describe how you 
would use it. If the resistance of CD were 2:000, its length were 1:00 m and the 
balance length were 79 cm, what would be the e.m.f. of the thermocouple? (L.) 

7 A simple potentiometer circuit is set up as in Figure 9B, using a uniform wire AB, 

1:0 m long, which has a resistance of 2:0 Q. The resistance of the 4-V battery is ~ 

negligible. If the variable resistor R were given a value of 2:4 Q, what would be the 

length AC for zero galvanometer deflection? 
If R were made 1-0Q and the 1-5 V cell and galvanometer were replaced by a 
voltmeter of resistance 20 Q, what would be the reading of the voltmeter if the 

contact C were placed at the mid-point of AB? (L.) 


Figure 9B Figure 9C 


8 (a) Figure 9C showsa potentiometer circuit arranged to compare the values of two 
low resistance resistors. (i) Which resistors are to be compared? (ii) What 
are the functions of the remaining three resistors? (iii) During the experiment 
what connection changes would need to be made? (iv) When the circuit was 
initially set up the galvanometer was found to be deflected in the same direction 
wherever along the wire BD the sliding contact C was placed. Suggest two 
possible reasons for this. (v) For the purpose of this experiment explain 
whether or not it is necessary to calibrate the potentiometer with a standard 
cell. 

(b) A potentiometer may be regarded as equivalent to a voltmeter. Illustrate this by 
drawing the basic potentiometer circuit, marking the points which correspond 
to the positive and negative terminals of the equivalent voltmeter. 

Describe how this basic circuit may be developed in order to measure the 
internal resistance of a cell. How may the observations be displayed in the form 
ofa straight line graph and how could the internal resistance be found from 
this graph? (L.) 

9 (a) Describe, with a circuit diagram, a potentiometer circuit arranged (i) to 
compare the e.m.f. of a cell with that of a standard cell, and (ii) to measure 


10 
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accurately a steady direct current of approximately 1 A. What factors determine 
the accuracy of the current measurement? 3 
(b) A 12 V, 24 W tungsten filament bulb is supplied with current from n cells 
connected in series. Each cell has an e.m.f. of 1:5 V and internal resistance 0250. 
What is the value of n in order that the bulb runs at its rated power? 
An additional resistance R is introduced into the circuit so that the potential 
difference across the bulb is 6 V. Why is the power dissipated in the bulb not 
6 W? Is it greater or less than 6 w? (0. & C.) 
The slide connection J in the circuit shown below (Figure 9D) is moved along the 
100-cm potentiometer wire AB to find the point C at which the centre zero 
galvanometer registers zero current, 


802 200 
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Figure 9D 


(a) Both cells have negligible internal resistance. Calculate the length AC (i) with 
switches S, and S; both closed, (ii) with switch S, open and switch S; closed. 
(b) The 1:50-V cell develops an internal resistance of a few ohms. Identify and 
explain, without calculations, any effect on the two balance lengths determined 
in (a). (L) 
The circuit in Figure 9E is being used to measure the e.m.f, of a thermocouple T. 
AB is a uniform wire of length 1-00m and resistance 2:00 Q. With K, closed and K, 
open, the balance length is 90-0 cm. With K, closed and K , open, the balance length 
is 45cm. What is the e-m.f. of the thermocouple? 
What is the value of R if the resistance of the driver cell is negligible? (L.) 


12 


Figure 9E Figure 9F 


State Ohm's law. Diseuss two examples of non-ohmic conductors. 

Cells A and B and a galvanometer G are connected to a slide wire OS by two 
sliding contacts X and Y as shown in Figure OF. The slide wire is 1-0 m long and 
has a resistance of 12 Q. With OY 75cm, the galvanometer shows no deflection 
when OX is 50cm. If Y is moved to touch the end of the wire at S, the value of OX 
which gives no deflection is 62:5 cm. The e.m.f. of cell B is 1-0 V. 

Calculate 
(a) the p.d. across OY when Y is 75cm from O (with the galvanometer balanced), 
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Figure 9G 


(b) the p.d. across OS when Y touches S (with the galvanometer balanced ) 

(c)- the internal resistance of cell A, 

(d) the e.m.f. of cell A. (C) 

The circuit diagram in Figure 9G represents the slide wire potentiometer used for 

the comparison of the e.m.fs of the cells B and C. 

(a) What is the main advantage of using a potentiometer for this purpose? 

(b) What is the main quality required of the driver cell A? 

(c) What is the purpose of the rheostat R? 

(d) If, in practice, a balance point could not be found for cell B Suggest two possible 
reasons. 


(e) Outline the experimental procedure, which you would adopt for comparing 
the e.m.f.s. 


Draw a circuit diagram to show howa potentiometer may be adapted to measure 


an e.m.f. of a few millivolts, Explain how you would standardise this potentiometer 


A potentiometer consists of a fixed resistance of 2030 in series with a slide wire 
of resistance 4 Q metre - !, When a constant current flows in the potentiometer 
circuit a balance is obtained when 
(a) a Weston cell of e.m.f. 1-018 V is connected across the fixed resistance and 

150cm of the slide wire and also when 
(b) a thermocouple is connected across 125cm of the slide wire only. 


A copper coil has a resistance of 2000 at 0'C and a resistance of 28:0 Q at 100°C. 
What is the temperature Coefficient of resistance of copper? 

Used in a circuit, the p.d. across the coil is 12 V and the power produced in it is 
6 W. What is the temperature of the coil? 
A tungsten coil has a resistance of 12:00 at 15°C. If the temperature coefficient of 
resistance of tungsten is 0-004 K ~ *, calculate the coil resistance at 80°C, 
A heating coil is to be made, from nichrome wire, which will operate on a 12V 
supply and will have a power of 36 W when immersed in water at 373 K. The wire 
available has an area of Cross-section of 0-10 mm?, What length of wire will be 
required? (Resistivity of nichrome at 273 K — 1-08 x 10750 m. Temperature coef- 
ficient of resistivity of nichrome — 80x10-5K- 1(L) 


Describe how you would measure the temperature Coefficient of resistance of a 
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Give a short account of the platinum resistance thermometer. 

A steady potential difference of 12 V is maintained across a wire which has.a 
resistance of 3:0 Q at 0°C; the temperature coefficient of resistance of the material 
is "d x 10-3 K~ !. Compare the rates of production of heat in the wire at 0°C and at 
100°C. AN 

The wire is embedded in a body of constant heat capacity 600 J K ^ '. Neglecting 
heat losses, and taking the thermal conductivity of the body to be large, find the 
time taken to increase the temperature of the body from 0°C to 100°C, (O.) 

Define temperature coefficient of resistance. Describe how you would measure the 
average temperature coefficient of resistance for an iron wire across the temperature 
range 0°C to 100°C by a potentiometer method, using an iron wire of resistance 
about 4Q at 0°C and 6:5 Q at 100°C wound on an insulating former and provided 
with copper leads. State approximate values for the circuit components which you 
would use. (L.) 
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Figure 9H 


(a) In the Wheatstone bridge arrangement shown above (Figure 9H) X is the 
resistance of a length of constantan wire and Y is the resistance of a standard 
resistor. Derive from first principles the equation relating X, Y, L, and L, 
when no current flows through the galvanometer, stating any assumptions you 
make. 

(b) A student plans to use the apparatus described in (a) to determine the resistance 
of several different lengths of constantan wire of diameter 0:50 mm. If a 2 Q 
standard resistor is available, suggest the range of lengths he might use given 
that the resistivity of constantan wire is approximately 5 x 107" Qm. Give 
reasons for your answers. (JM B.) 

What do you understand by temperature coefficient of resistance? 

Describe fully how you would use two equal resistors, one calibrated variable 
resistor, and other apparatus, to measure the temperature coefficient of resistance 
of copper, by means of a Wheatstone bridge circuit. Derive from first principles 
the equation which is satisfied when your bridge is ‘balanced’. 

To a good approximation, the resistivity of copper near room temperature is 
proportional to its absolute temperature. Calculate the temperature coefficient of 
resistance of copper, and explain your calculation. (Take 0°C as 273 K.) (C.) 
Derive the balance condition for a Wheatstone bridge. Describe a practical form 
of Wheatstone bridge and explain how you would use it to determine the 
resistance of a resistor of nominal valve 202. 

An electric fire element consists of 4:64 m of nichrome wire of diameter 0-500 mm, 
the resistivity of nichrome at 15"C being 112 x 1078 Qm. When connected to a 
240 V supply the fire dissipates 2:00 kW and the temperature of the element is 
1015°C. Determine a value for the mean temperature coefficient of resistance of 
nichrome between 15°C and 1015°C. (L.) 

Describe the Wheatstone bridge circuit and deduce the condition for ‘balance’. 

State clearly the fundamental electrical principles on which you base your 

argument. Upon what factors do : 

(a) the sensitivity of the bridge, 


300 Advanced Leve! Physics 


(b) the accuracy of the measurement made with it, depend? 

Using such a circuit, a coil of wire was found to have a resistance of 5Q in 
melting ice. When the coil was heated to 100°C, a 1000 resistor had to be connected 
in parallel with the coil in order to keep the bridge balanced at the same point. 
Calculate the temperature coefficient of resistance of the coil. (C.) 

24 (a) Define the volt and use your definition to derive an expression for the power 
dissipated (in watt) in a resistor of resistance R (in ohm) when a current / 
- (in amp) flows through it. 

(b) Explain how you would use a metre bridge to determine the resistivity of a 
metal in the form ofa wire. 

(c) Discuss the process of conduction in a metal. Derive an expression for the 
current flowing in a wire in terms of the number of free electrons per unit 
volume n, the area of cross section of the wire A, the electronic charge e, and 
the average drift velocity of the electrons v. (AEB, 1982.) 
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Magnetic Field and Force on 
Conductor 


In this chapter we introduce magnetic fields. We shall see the 
difference in pattern of the lines of force or magnetic flux round 
magnets, and round current-carrying straight and coiled 
conductors. 

The force on a current-carrying conductor in a magnetic field 
is due to the ‘interaction’ between two magnetic fields. We 
discuss in detail how the force on a conductor is used in the 
moving-coil meter and the electric motor. Finally, we consider 
the force on moving charges in a magnetic field and show how it is 
applied in the Hall effect. 


Magnetism 

Natural magnets were known some thousands of years ago, and in the eleventh 
century AD. the Chinese invented the magnetic compass. This consisted of a 
magnet, floating on a buoyant support in a dish of water. The respective ends 
of the magnet, where iron filings are attracted most, are called the north and 
south poles. 

In the thirteenth century the properties of magnets were studied by Peter 
Peregrinus. He showed that 


like poles repel and unlike poles attract. 


His work was forgotten, however, and his results were rediscovered in the 
sixteenth century by Dr. Gilbert, who is famous for his researches in magnetism 
and electrostatics. - 


Ferromagnetism 

About 1823 STURGEON placed an iron core into a coil carrying a current, and 
found that the magnetic effect of the current was increased enormously. On 
switching off the current the iron lost nearly all its magnetism. Iron, which can be 
magnetised strongly, is called a ferromagnetic material. Steel, made by adding a 
small percentage of carbon to iron, is also ferromagnetic. It retains its 
magnetism, however, after removal from a current-carrying coil, and is more 
difficult to magnetise than iron. 

Nickel and cobalt are the only other ferromagnetic elements in addition to 
iron, and are widely used for modern magnetic apparatus. A modern alloy for 
permanent magnets, called alnico, has the composition 54 per cent iron, 18 per 
cent nickel, 12 per cent cobalt, 6 per cent copper, 10 per cent aluminium. It 
retains its magnetism extremely well, and, by analogy with steel, is therefore said 
to be magnetically very hard. Alloys which are very easily magnetised, but do not 
retain their magnetism, are said to be magnetically soft. An example is mumetal, 
which contains 76 per cent nickel, 17 per cent iron, 5 per cent copper, 2 per cent 
chromium, 


Magnetic Fields 
The region round a magnet, where a magnetic force is experienced, is called a 
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magnetic field. Fhe appearance of a magnetic field is quickly obtained by iron 
filings, and accurately plotted with a smal! compass, as the reader knows. The 
direction ofa magnetic field is taken as the direction of the force on a north pole if 
placed in the field. 

Figure 10.1 shows a few typical fields. The field round a bar-magnet is ‘non- 
uniform', that is, its strength and direction vary from place to place, Figure 
10.1 (i). The earth’s field locally, however, is uniform, Figure 10.1 (ii). A bar of soft 
iron placed north-south becomes magnetised by induction by the earth's field, 
and the lines of force become concentrated in the soft iron, Figure 10.1 (iii). The 


tangent to a line of force at a point gives the direction of the magnetic field at that 
point. 


5 
north north 
Soft iron 
bar- magnet field earth's local Soft iron in 
(non-uniform) field (uniform) earth's field 
(i) (ii) (iit) 


Figure 10.1 | Magnetic fields 


Oersted's Discovery 
The magnetic effect of the electric current was discovered by OERSTED in 1820. 
Like. many others, Oersted suspected a relationship between electricity and 
magnetism, and was deliberately looking for it. In the course of his experiments, 
he happened to lead a wire carrying a current over, but parallel to, a compass- 


(ii) 


current 


Z 


Figure 10.2 Deflection of compass needle by electric current 
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needle, as shown in Figure 10.2 (i); the needle was deflected. Oersted then found 
that if the wire was led under the needle, it was deflected in the opposite sense, 
Figure 10.2 (ii). 


current 
© 


Figure 10.3 Magnetic field of long straight conductor 


From these observations he concluded that the magnetic field was circular 
round the wire. We can see this by plotting the lines of force of a long vertical 
wire, as shown in Figure 10.3. To get a clear result a strong current is needed, and 
we must work close to the wire, so that the effect of the earth's field is negligible. 
It is then seen that the lines of force are circles, concentric with the wire. 


Directions of Current and Field; Rules 
The relationship between the direction of the lines of force and of the current is 
expressed in Maxwell's corkscrew rule: if we imagine ourselves driving a 
corkscrew in the direction of the current, then the direction of rotation of the 
corkscrew is the direction of the lines of force. Figure 10.4 illustrates this rule, the 
small, heavy circle representing the wire, and the large light one a line of force. At 
(i) the current is flowing into the paper; its direction is indicated by a cross, which 
stands for the tail of an arrow moving away from the reader. At (ii) the current is 
flowing out of the paper; the dot in the centre of the wire stands for the point of 


an approaching arrow. 


(i) (ii) | 


EE LUE e UI e ae 
Figure 10.4 Illustrating corkscrew rule Figure 10.5 Magnetic field of narrow coil 


If we plot the magnetic field of a circular coil carrying a current, we get the 
result shown in Figure 10.5. Near the circumference of the coil, the lines of force 
are closed loops, which are not circular, but whose directions are still given by 
the corkscrew rule,.as in Figure 10.5. Near the centre of the coil, the lines are 
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almost straight and parallel. Their direction here is again given by the corkscrew 
rule, but the current and the lines of force are interchanged, that is, if we turn the 
screw in the direction of the current, then its point travels in the direction of the 
lines. 


The clenched fist rule is an alternative to the corkscrew rule: Hold the right , 


hand so that 
(a) the fist is tightly clenched with the fingers curled, and 
(b) the thumb is straight and pointing away from the fingers. With 
(1) a straight conductor, grasp the wire with the clenched right hand, pointing 


the thumb in the current direction. Then the curled fingers give the direction of | 


the circular lines of force of the magnetic field. If 

(2) a coiled conductor, hold the wire with the clenched right hand so that the 
fingers curl round it in the current direction. Then the straight thumb gives the 
esr of the magnetic field. The reader should verify this rule with Figure 10.4 
and 10.6. 


The Solenoid 


The magnetic field of a long cylindrical coil is shown in F igure 10.6. Such a coil is | 


called a solenoid; it has a field similar to that of a bar-magnet, whose poles are 
indicated in the figure. Ifan iron orsteelcore were putinto the coil, it would become 
magnetised with the polarity shown. 


Figure 10.6 Magnetic field of solenoid 


If the terminals of a battery are joined by a wire which is simply doubled back 
on itself, as in Figure 10.7, there is no magnetic field at all. Each element of the 
outward run, such as AB, in effect cancels the field of the corresponding element 


Figure 10.7 A doubled-back current has no magnetic field 


of the inward run, CD. But as soon as the wire is opened out into a loop, its 
magnetic field appears, Figure 10.8. Within the loop, the field is strong, because 
all the elements of the loop give magnetic fields in the same sense, as we can see 
by applying the corkscrew or other rule to each side of the square ABCD. 
Outside the loop, for example at the point P, corresponding elements of the loop 
give opposing fields (for example, DA Opposes BC); but these elements are at 
different distances from P (DA is farther away than BC). So there is a resultant 
field at P, but it is weak compared with the field inside the loop. A magnetic field 
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Figure 10.8 An open loop of current has magnetic field 


can thus be set up either by wires carrying a current, or by the use of permanent 
magnets. 


Force on Conductor, Fleming's Left hand Rule 
When a conductor carrying a current is placed in a magnetic field due to some 
source other than itself, it experiences a mechanical force. To demonstrate this, a 


Figure 10.9 Force on current in magnetic field 


T NUN 
(fore- finger) B R 
B 
metal current I 
rod (middie) 


fi 
motion 
(thumb) No force on R 


(i) (ii) 


Figure 10.10 — Left-hand rule 


short brass rod R is connected across a pair of brass rails, as shown in Figure 
10.9. A horseshoe magnet is placed so that the rod lies in the vertically upward 
field between its N, S poles. When we pass a current J through the rod, from an 
accumulator, the rod rolls along the rails. 

The relative directions of the current, the applied field, and the motion are 
shown in Figure 10.10(i). They are the same as those of the middle finger, the 


'J 
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forefinger, and the thumb of the /eft hand when held all at right angles to one 
another. If we place the magnet so that its field B lies in the same direction as the 
current J, then the rod R experiences no force, Figure 10.10 (ii). 

Experiments like this were first made by Ampére in 1820. As a result of them, 
he concluded that 


the force on a conductor is always at right angles to the plane which contains both 
the conductor and the direction of the field in which it is placed. 


He also showed that, if the conductor makes an angle x with the field, the force 
on it is proportional to sing. So the maximum force is exerted when the 
conductor is perpendicular to the field, when sin « — 1. 


Dependence of Force on Physical Factors 
Since the magnitude of the force on a current-carrying conductor is given by 


F cc sing : X S " (1) 


where a is the angle between the conductor and the field, it follows that F is zero 
when the conductor is parallel to the field direction. This defines the direction of 
the magnetic field. To find which way it points, we can apply Fleming's rule to 
the case when the conductor is placed at right angles to the field. The direction of 
the field then corresponds to the direction of the forefinger. 


j Variation of F with / 
To investigate how the magnitude of the force F depends on the current / and 
the length / of the conductor, we may use the apparatus of Figure 10.11. 


Figure 10.11 Experiment to show F varies with 1 


Here the coriductor AC is situated in the field B of a solenoid S. The current 
flows into, and out of, the wire via the pivot points Y and X. The scale pan T is 
placed at the same distance from the pivot as the straight wire AC, which is 
perpendicular to the axis of the coil. The frame is first balanced with no current 
"flowing in AC. A current is then passed, and the extra weight needed to restore 
the frame to a borizontal position is equal to the force on the wire AC. By 
~ varying the cufrent in AC with the rheostat P. for example, by doubling or 


h^ 
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halving the circuit resistance, it may be shown that: 
Frog TUN, Ln em : F AUR (2) 


If different frames are used so that the length, /, of AC is changed, it can be 
shown that, with constant current and field, 


"oe [29* B ‘ : ` (3) 


Effect of B 

The magnetic field due to the solenoid will depend on the current flowing in it. If 
this current is varied by adjusting the rheostat R, it can be shown that the larger 
the current in the solenoid, S, the larger is the force F. It is reasonable to suppose 
that a larger current in S produces a stronger magnetic field. Thus the force F 
increases if the magnetic field strength is increased. The magnetic field is 
represented by a vector quantity which is given the symbol B and is defined 
shortly. This is called the flux density in the field. We assume that: 


Fo B op em eed) 
Magnitude of F 
From the results expressed in equations (1) to (4), we obtain 
F x Bllsinx 
or ; 
F-kBllsna . T 5 d 3 (5) 


where k is a constant. 

In the SI system of units, the unit of B is the tesla (T). One tesla may be defined 
as the flux density of a uniform field when the force on a conductor 1 metre long, 
placed perpendicular to the field and carrying a current of 1 ampere, is | newton. 
Substituting F = 1, B = 1,1 = 1 and sina = sin 90° = 1 in (5), then k = 1. So in 
Figure 10.12 (i), with the above units, 


F = Bilsina s p A 5 ; (6) 


When the whole length of the conductor is perpendicular to the field B, Figure 
10.12 (ii), then, since « = 90° in this case, 


FissBlls o ness hp 00. eet ai) 


F * Bl sina * F=BIt 
(} (n) 


Figure 10.12 Magnitude of © which ovis towards reader 
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It may be noted that the apparatus of Figure 10.11 can be used to determine 
the flux density B of the field in the solenoid. In this case, x = 90° and sing=1. 
So measurement of F, I and l enables B to be found from (7). 7 

It may help the reader if we now summarize the main points about B: 


1 When a current-carrying conductor XY is turned in a uniform magnetic field 
of flux density B until no force acts on it, then XY points in the direction of B. 

2 When a straight conductor of length / carrying a current / is placed 
perpendicular to a uniform field and a force F acts on the conductor, then the 
magnitude B of the flux density is defined by 

F 
xy 
Since F, / and / can all be measured, B can be calculated. 
3 Bis a vector. So its component in a direction at an angle 0 to B is B cos. 


Example on Force on Conductor 
A wire carrying a current of 10A and 2 metres in length is placed in a field of flux density 
U 

4 

j 

i 

1 


0-15 T. What is the force on the wire if it is placed 

(a) at right angles to the field, 

(b) at 45° to the field, 

(c) along the field. 

From (6) F = Bilsina 

(a) F —015x10x2 x sin90° 
=3N 

(b) F —015x10x2x sin45* 
= 2:12N 

(c) F = 0, sincesin 0° = 0 


Interaction of Magnetic Fields 


The force on a conductor in a magnetic field can be accounted for by the 
Interaction between magnetic fields. 


Se 


TT 
NC 


(i) a (ii) 


Figure 10.13 7; nteraction of magnetic fields 
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Figure 10.13 (i) shows a section A of a vertical conductor carrying a downward 
current. The field pattern consists of circles round A as centre (p. 303). When the 
conductor is in the uniform horizontal field B due to the poles N, S, the magnetic 


- flux (lines) due to B, which consists of straight parallel lines, passes on either side 


of A. The two fields interact. As shown, the resultant field has a greater flux 
density above A in Figure 10.13(ii) and a smaller flux density below A. The 
conductor moves from the region of greater flux density to smaller flux density. 
So A moves downwards as shown. As the reader should verify, the direction of 
the force F on the conductor is given by Fleming's left hand rule. 

If a current-carrying conductor is placed in the same direction as a uniform 
magnetic field, the flux-density on both sides of the conductor is the same, as the 
reader should verify. The conductor is now not affected by the field, that is, no 
force acts on it in this case. i 


Torque on Rectangular Coil in Uniform Field 
A rectangular coil of insulated copper wire is used in the moving-coil meter, 
which we discuss shortly. Industrial measurements of current and p.d. are made 
mainly with moving-coil meters. 

Consider a rectangular coil situated with its plane parallel to a uniform 
magnetic field of flux density B. Suppose a current J is passed into the coil, 
Figure 10.14(i). Viewed from above, the coil appears as shown in Figure 
10.14 (ii). 


(ii) 


Figure 10.14 Torque on coil in radial field 


The side PS of length l is perpendicular to B. So the force on it is given by 
F = BII. If the coil has N turns, the length of the conductor is increased N times 
and so the force on the side PS, F, = BIIN. 

The force on the opposite side QR is also given by F = BIIN, but its direction 
is opposite to that on PS. There are no forces on the sides PQ and SR although 
they carry currents because PQ and SR are parallel to the field B. 

The two forces F on the sides PS and QR tend to turn the coil about an axis 
XY passing through the middle of the coil. The two forces together are called a 
couple and their moment (turning-effect) or torque T is given, by definition, by 


T=Fxp 
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where p is the perpendicular distance between the two forces. See p. 100. Now 
from Figure 10.14 (i), p = b, the width PQ or SR of the coil. So. 


T=Fxp = BIIN xb 
But I x b = area A of the coil. So 


— a 


torque T = BANI . t : d 4 (1) 
E US PIENE Paii SRE SEY MOT ar ch p» a ni 
The unit of torque (force x distance) is newton metre, symbol Nm. In using 
T = BANI, B must be in units of T (tesla), A in m? and I in A. 

If there were no opposition to the torque, the coil PQRS would turn round 
and settle with its plane normal to B, that is, facing the poles N, S in Figure 
10.14 (i). As we sce later, springs can control the amount of rotation of the coil. 

Figure 10.14 (ii) is a plan view PQ of the rectangular coil with its plane in the 
same direction as the uniform magnetic field of the magnet N, S. As we explained 
previously, the magnetic field of the current in the straight sides PS, QR of the 
coil interacts with the field of the magnet. Figure 10.14 (ii) shows roughly the 
appearance of the resultant field round the vertical sides of the conductors whose 
tops are P and Q respectively. The current is downward in Q and upward 
towards the reader in P. The forces F act from the dense to the less dense flux and 
together they produce a torque on the coil. 


Torque on Coil at Angle to Uniform Field 
Suppose now that the plane of the coil is at an angle 0 to the field B when it 
carries a current I. Figure 10.15 (i) shows the forces F 1 On its vertical sides PS and 
QR; these two forces set up a torque which rotate the coil. The forces F 2 On its 
horizontal sides merely compress the coil and are resisted by its rigidity. 


| Li 


(i) ja 


(ii) 


Figure 10.15 Torque on coil at angle to uniform field 


The forces F, on the sides PS and QR ill gi 
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E 1 
the coil breadth. The perpendicular distance p is less 
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than b and is given by (Figure 10.15 (ii)) 
p = bcos0 
So this time 
torque T = F, x p = BIIN x bcos 0 


So T= BANIcos0 . , E 1 : (2) 


When the plane of the coil is parallel to B, then 0 = 0° and cos 0 = 1. So the 
torque T = BANI as we have already’ shown. If the plane of the coil is 
perpendicular to B, then 0 = 90° and cos @ = 0. So the torque T = 0 in this case. 

If « is the angle between B and the normal to the plane of the coil, then 
0 — 90" — «. From (2), the torque T is then given by 


T=BANIsina . ^ " " $ (3) 


Magnetism is due to circulating and spinning electrons inside atoms. The 
moving charges are equivalent to electric currents. Consequently, like a current- 
carrying coil, permanent magnets also have a torque acting on them when they 
are placed with their axis at an angle to a magnetic field. Like the coil, they turn 
and settle in equilibrium with their axis along the field direction. Thus the 
magnetic compass needle will point magnetic north-south in the direction of the 
Earth's magnetic field. By analogy with the torque on a magnet in a magnetic 
ies a current-carrying coil is said to have a magnetic moment equal to NIA, 
rom (3). 


Example on Torque 
A vertical rectangular coil of sides 5cm by 2cm has 10 turns and carries a current of 2 A. 
Calculate the torque on the coil when it is placed in a uniform horizontal magnetic field of 
0-1 T with its plane 
(a) parallel to the field, 
(b) perpendicular to the field, 
(c) 60° to the field. 


The area A of the coil = 5x 10 2m x 2 x 1072m = 107° m? 


So (a) torque T = BANI = 10x10^? x01 x2 
-22x10?Nm 
(b) Here T0 
(c) T= BANI cos 60° or BANI sin 30° 


=2x 107? x05 =107?Nm 


The Moving-coil Meter 

All current measurements except the most accurate are madè today with a 
moving-coil meter. In this instrument a rectangular coil of fine insulated copper 
wire-is suspended in a strong magnetic field, Figure 10.16 (i). The field is set up 
between soft iron pole-pieces, NS, attached to a powerful permanent magnet. 

The pole-pieces are curved to form parts of a cylinder coaxial with the 
suspension of the coil. And between them lies a cylindrical core of soft iron, C. It 
is supported-on a brass pin, T in Figure 10.16 (ii), which is placed so that it does 
not foul the coil. As the diagram shows, the magnetic field B is radial to the core 
and pefe-pieces, over the region in which the coil can swing. In this case the 
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Figure 10.16 Moving-coil meters 


jewelled bearing 


deflected coil always comes to rest with its plane parallel to the field in which it is 
then situated, as shown in Figure 10.16 (ii). 

The moving-coil milliammeter or ammeter have hair-springs and jewelled 
bearings. The coil is wound on.a rigid but light aluminium frame, which also. 
carries the pivots. The pivots are insulated from the former if it is aluminium, and 
the current is led in and out through the springs. The framework, which carries 
the springs and jewels, is made from brass or aluminium— if it were steel it would 
affect the magnetic field. An aluminium pointer, P, shows the deflection of the 
coil; it is balanced by a counterweight, Q, Figure 10.16 (i). 

In the more sensitive instruments, the coil is suspended on a phosphor-bronze 
wire, WM, which is kept taut, Figure 10.16 (iii). The current is led into and out of 
the coil EABD through the suspension, at X and Y, and the deflection of the coil 


is shown by a beam of light, reflected by a mirror M to a scale in front of the 
instrument. 


Theory of Moving-coil Instrument 
The rectangular coil is situated in the radial field B. When a current is passed 
into it, the coil rotates through an angle 0 which depends on the strength of the 
! Comes to rest, the field B in which it is situated 
always lies along the plane of the coil because the field is radial. As we have 


coil is then alw. j 
torque T « I, since B, A, N are constant. 995 given by BANI. So the 


and on its dimensions. So 


| 
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calibrated scale represent equal steps in current. This is an important advantage. 
of the moving coil meter. It can be accurately calibrated and its subdivisions read 
accurately. 

If the radial field were not present, for example, if the soft iron cylinder were 
removed, the torque would then by BANI cosÓ (p. 311) and T would be 
proportional to 6/cos @. The scale would then be non-uniform and difficult to 
calibrate or to read accurately. 

The pointer type of instrument (Fig. 10.16(i)) usually has a scale calibrated 
directly in milliamperes or microamperes. Full-scale reading on such an 
instrument corresponds to deflection 0 of 90° to 120°; it may represent a current 
of 50 microamperes to 15 milliamperes, according to the strength of the hair 
springs, the geometry of the coil, and the strength of the magnetic field. The less 
sensitive models are more accurate, because their pivots and springs are more 
robust, and therefore are less affected by dust, vibration, and hard use. 


Summary. À moving-coil meter has: ` 
(1) arectangular coil, (2)springs (3) a radial magnetic field which produces 
a linear (uniform) scale, (4) a current given by BANI (deflection torque) = có 
(opposing spring torque) 


Sensitivity of Current Meter 

The sensitivity of a current meter is the deflection per unit current, or 6/I. Small 
currents must be measured by a meter which gives an appreciable deflection. 
From BANI = c0, we have 6/I = BAN/c. So greater sensitivity is obtained with 
a stronger field B, a low value of c, that is, weak springs, and a greater value of N 
and A. The size and number of turns ofa coil would increase the resistance of the 
meter, which is not desirable. The elastic constant c of the springs can be varied, 
however. 

When a galvanometer is of the suspended-coil type (Figure 10.16 (iii)),. its 
sensitivity is generally expressed in terms of the displacement of the spot of light 
reflected from the mirror on to the scale. A Scalamp or Edspot, a form of light 
beam galvanometer, may give a deflection of 25 mm per microampere. 

All forms of moving-coil galvanometer have one disadvantage: they are easily 
damaged by overload. A current much greater than that which the instrument is 
intended to measure will burn out its hair-springs or suspension. 


Sensitivity of Voltmeter 
The sensitivity of a voltmeter is the deflection per unit p.d., or 0/V, where 0 is the 
deflection produced by a p.d. V. 
If the resistance of a moving coil meter is R, the p.d. V across its terminals 
when a current I flows through it is given by V = IR. From our expression for I 
given previously, 


cR 
yx 
BAN g 
So voltage sensitivity = m BAN 
2 YTV cR 


So unlike the current sensitivity, the voltage sensitivity depends on the 
resistance R of the meter coil. 
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Example on Sensitivity of Meter 
A moving coil meter X has a coil of 20 turns and a resistance 10. Another moving coil 
meter Y has a coil of 10 turns and a resistance of 4. If the area of each coil, the strength 
of the springs and the field B are the same in each meter, which has 
(a) the greater current sensitivity, 
(b) the greater voltage sensitivity? 


(a) The current sensitivity is given by 
0 BAN 


1^ 
Since the sensitivity oc N, with A, cand B constant, then X (20 turns) has a greater 
sensitivity than Y (10 turns). 
(b) The voltage sensitivity — BAN/cR. So with A, B, c constant, 


sensitivit A 
nsitiv, OC = 
ity R 


Now N/R = 20/10 = 2 numerically for X, and N/R = 10/4 = 2:5 for Y. So Y has 
the greater voltage sensitivity. 

As we showed on p. 247, a moving-coil milliammeter can be converted to a 
voltmeter by adding a suitable high resistance in series with the meter, and to an 
ammeter by adding a suitable low resistance in parallel with the meter to act as a 
shunt. See pp. 249—251. 

Multimeters, widely used in the radio and electrical industries, are moving- 
coil meters which can read potential differences or currents on the same scale, by 
Switching to series or shunt resistors at the back of the meter. 


The Wattmeter 

The wattmeter is an instrument for measuring electrical power. In construction 
and appearance it resembles a moving-coil voltmeter or ammeter, but it has no 
permanent magnet. Instead it has two fixed coils, FF in Figure 10.17, which set 
up the magnetic field in which the suspended coil, M, moves. 

When the instrument is in use, the coils FF are connected in series with the 
device X whose power consumption is to be measured. The magnetic field B, set 
up by FF, is then proportional to the current J drawn by X: : 


3 Bal 


Figure 10.17 Principle of wattmeter 
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The moving-coil M is connected across the device X. In series with M isa high 
resistance R, similar to the multiplier of a voltmeter; M is, indeed, often called the 
volt-coil. The current I^ through the volt-coil is small compared with the main 
current I, and is proportional to the potential difference V across the device X: 


Tav 

The torque acting on the moving-coil is proportional to the current through it, 

and to the magnetic field in which it is placed: 

T « BI 
Therefore To IV 
So the torque on the coil is proportional to the product of the current through 
the device X, and the voltage across it. The torque is therefore proportional to 
the power consumed by X, and the power can be measured by the deflection of 
the coil. 

The diagram shows that, because the volt-coil draws current, the current 
through the fixed coils is a little greater than the current through X. Asa rule, the 
error arising from this is negligible; if not, it can be allowed for as when a 
voltmeter and ammeter are used separately. 


Force on Charges Moving in Magnetic Fields 
We now consider the forces acting on charges moving through a magnetic field. 
The forces are used to focus the moving electrons on to the screen of a television ' 
receiver using a magnet. The forces due to the Earth's magnetic field make 
electrical particles bunch together near the North pole of the Earth and produce 
a glow in the sky called Northern Lights. 

As we explained earlier, an electric current in a wire can be regarded as a drift 
of electrons in the wire, superimposed on their random thermal motions. If the 
electrons in the wire drift with average velocity v, and the wire lies at right angles 
to the field, then the force on each electron, as we soon show, is given by 


F = Bev A J i yok ay (1) 
ae oe RUE NET eee ee a csi 
Generally, the force F on a charge Q moving at right angles to a field of flux 
density B is given by 

F = BQv j t À " 510) 

c3] 
N electrons 
metal rod 
e 
B 
v 
F = Bev 
(i) (ii) 
Bechet ae 


Figure 10.18 Force on moving electron in magnetic field (v at right angles to page) 
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If B is in tesla (T), e or Q is in coulomb (C) and v in metre second - ! (ms^!), 
then F will be in newton (N)( Figure 10.18 (i)). 

The proof of equation (1) can be obtained as follows. Suppose a current J flows 
in a straight conductor of length / when it is perpendicular to a uniform field of 
flux density B. From p. 243, J = nvAe, where n is the number of electrons per unit 
volume, v is the drift velocity of the electrons, A is the area of cross-section of the 
conductor and e is the electron charge. Then the force F' on the conductor is 
given by 


F' = BII = BnevAl = Bev x nAl 

Now Al is the volume of the wire. So nAl is the number N of electrons in the 
conductor. Figure 10.18 (ii). 
So force on one electron, F — = = Bev 
Generally, a charge Q moving perpendicular to a magnetic field B with a velocity 
v has a force on it given by 

F = BQv 

If the velocity v and the field B are inclined to each other at an angle 0, 


F = BQvsin0 


Force Direction, Energy in Magnetic Field 
It should be carefully noted that the force F acts perpendicular to v.and to B. 
This means that F is a deflecting force, that is, it changes the direction of motion 
of the moving charge when the charge enters the field B but does not alter the 
magnitude of v. 

Further, since F is perpendicular to the direction of motion or displacement of 
the charge, no work is done by F as the charge moves in the field. So no energy is 
gained by a charge when it enters a magnetic field and forces act on it. 

The direction of F is given by Fleming’s left hand rule. The middle finger 
points in the direction of the conventional current or direction of motion of a 
positive charge. If a negative charge moves from X to Y, the middle finger points 
in the opposite direction, Y to X, since this is the equivalent positive charge 
movement. 

An electron moving across a magnetic field experiences a force whether it is in 
a wire or not—for example, it may be one of a beam of electrons in a vacuum 
tube. Because of this force, a magnetic field can be used to focus or deflect an 
electron beam, instead of an electrostatic field as on p. 766. Magnetic deflection 
and focusing are common in cathode ray tubes used for television. In nuclear 
energy machines, protons may be deflected and whirled round in a circle by a 


oan field. A proton is a hydrogen nucleus carrying a positive charge 
p. . 


Hall Effect 
In 1879, Hall found that an e.m.f. is set up transversely or across a current- 


carrying conductor when a perpendicular ma etic field i lied. This i 
pes gnetic field is applied. This is called 


To explain the Hall effect, consider a slab of metal carryi i 
» Cons Trying a current, Figure 
10.19. The flow of electrons is in the opposite direction to the conventional 
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current. If the metal is placed in a magnetic field B at right angles to the face 
AGDC of the slab and directed out of the plane of the paper, a force Bev then 
acts on each electron in the direction from CD to AG. Thus electrons collect 
along the side AG of the metal, which will make AG negatively charged and lower 
its potential with respect to CD. So a potential difference or e.m.f. opposes the 
electron flow. The flow ceases when the e.m.f. reaches a particular value Vi called 
the Hall voltage as shown in Figure 10.19; which may be measured by using a 


high impedance voltmeter. 


+++ + + + 


conventional electron 
———— 


current 


| 
| 
d 
| 


metal 


Figure 10.19 Hall voltage 


Magnitude of Hall Voltage 
Suppose Vy is the magnitude of the Hall voltage and d is the width of the slab. 
Then the electric field intensity E set up across the slab is numerically equal 
to the potential gradient and hence E=V,/d. So the force on each 
electron = Ee = Viye/d. > 
The force, which is directed upwards from AG to CD, is equal to the force 
produced by the magnetic field when the electrons are in equilibrium. 


., Ee = Bev 
Vi 
ar a = Bey 
“Vy = Bid. -i he gent ave e IB RLY 
From p. 243, the drift velocity of the electrons is given by 
T=nevA” . ; g i (2) 


where n is the number of electrons per unit volume and A is the area of cross- 
section of the conductor. In thiscase A = td where t is the thickness. Hence, from 


(2), 


Substituting in (1), 


= : * z 3 A (3) 


necs c WAT Le Lr en 
We now take some typical values for copper to see the order of magnitude of 
Va. Suppose B = 1 T. à field obtained by using a large laboratory electromagnet. 
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For copper, n = 10?? electrons per metre?, and the charge on the electron is 
1-6 x 10^? coulomb. Suppose the specimen carries a current of 10 A and that its 
thickness is about 1 mm or 107? m. Then 


1x10 
ž =06pV ; 
"n = Rx 16x 10x 19-3 7 SHV (approx) 


This e.m.f. is very small and would be difficult to measure. The importance of the 
Hall effect becomes apparent when semiconductors are used, as we now see. 


Hall Effect in Semiconductors 

In semiconductors, the charge carriers which produce a current when they move 
may be positively or negatively charged (see p. 788). The Hall effect helps us to 
find the sign of the charge carried. In Figure 10.19, p. 317, suppose that electrons 
were not responsible for carrying the current, and that the current was due to the 
movement of positive charges in the same direction as the conventional current. 
The magnetic force on these charges would also be downwards, in the same 
direction as if the current were carried by electrons. This is because the sign and 
the direction of movement of the charge carriers have both been reversed. Thus 
AG would now become positively charged, and the polarity of the Hall voltage 
would be reversed. 

Experimental investigation of the polarity of the Hall voltage hence tells us 
whether the current is predominantly due to the drift of positive charges or to the 
drift of negative charges, In this way it was shown that the current in a metal 
such as copper is due to movement of negative charges, but that in impure 
semiconductors such as germanium or silicon, the current may be 
predominantly due to movement of either negative or positive charges (p. 788). 

The magnitude of the Hall voltage Vy in metals was shown as above to be very 
small. In semiconductors it is much larger because the number n of charge 
carriers per metre? is much less than in a metal and Vy = BI/net. Suppose that n 
is about 10?5 per metre? in a semiconductor, and B= 1T, t= 107?m, 
e = 16x 107? C, as above. Then 


1x10 
= = T = 
^ 7 TUSXT6x 1019x103 = Ó 107" V (approx) = 6mV 


The mn voltage is thus much more measurable in semiconductors than in 
metals. 


Use of Hall Effect 
Apart from its use in semiconductor investigations, a Hall probe may be uscd to 
measure the flux density B of a magnetic field. A simple Hall probe is shown in 
Figure 10.20. Here a wafer of semiconductor has two contacts on opposite sides 
which are connected to à high impedance voltmeter, V. A current, generally less 
than one ampere, is passed through the semiconductor and is measured on the 


ammeter, A. The 'araldite" glue prevents the wires from being detached from the 
wafer. Now, from (3) on p.317. 


RR DNE, RR SERE 
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Figure 10.20 Measurement of B by Hall voltage 


Now net is a constant for the given semiconductor, which can be determined 
previously. Thus from the measurement of V4 and I, B can be found. 

In practice, the voltmeter scale is calibrated in teslas(T) by the manufacturer 
and so the flux density B of the magnetic field is read directly from the scale. 
Note that the direction of B must be perpendicular to the semiconductor probe 
when measuring B. Later we shall use the Hall probe to measure the flux density 
B round a straight current-carrying conductor and inside a current-carrying 


solenoid (p. 324). 


Summary 


1 With B perpendicular to a conductor S, a Hall voltage is obtained on the sides 
of S normal to the current flowing through S. 
2 Hall voltage Vy = Bl/net. ` 
3 The Hall voltage is used 
(a) in semiconductors to find whether the current flow is due mainly to positive 
or negative charges, 
(b) to measure z, the charge density, 
(c) asa basis of a Hall probe, for measuring the flux density B of a magnetic 


field. 
HERUM Eee 


Exercises 10 


1 A vertical straight conductor X of length 0-5 m is situated in a uniform horizontal 
magnetic field of 0-1 T. (i) Calculate the force on X when a current of 4A is passed 
into it. Draw a sketch showing the directions of the current, field and force. 

(ii) Through what angle must X be turned in a vertical plane so that the force on X is 
halved? 7 

2 A straight horizontal rod X, of mass 50 g and length 0:5 m, is placed in a uniform : 
horizontal magnetic field of 0-2 T perpendicular to X. Calculate the current in X if 
the force acting on it just balances its weight. Draw a sketch showing the directions 
of the current, field and force. (g = 10Nkg '.) : 

3 A narrow vertical rectangular coil is suspended from the middle of its upper side 

* with its plane parallel to a uniform horizontal magnetic field of 0-02 T. The coil has 
10 turns, and the lengths of its vertical and horizontal sides are 0-1 m aad dou 
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respectively. Calculate the to?que on the coil when a current of 5 A is passed into it. 
Draw a sketch showing the directions of the current, field and torque. 

What would be the new value of the torque if the plane of the vertical coil was 
initially at 60° to the magnetic field and a current of 5 A was passed into the coil? 

A horizontal rod PQ, of mass 10 g and length 0-10 m, is placed on a smooth plane 
inclined at 60° to the horizontal, as shown in Figure 10A. 

A uniform vertical magnetic field of value B is applied in the region of PQ. 
Calculate B if the rod remains stationary on the plane when a current of 1-73A 
flows in the rod. 

What is the direction of the current in the rod? 


Figure 10A 


An electron beam, moving with a velocity of 105 m s^ !, moves through a uniform 
magnetic field of 0-1 T which is perpendicular to the direction of the beam. Calculate 
the force on an electron if the electron charge is — 1-6 x 10- 1° C. Draw a sketch 
showing the directions of the beam, field and force. 
A current of 0-5 A is passed through a rectangular section of a semiconductor 4 mm 
thick which has majority carriers of negative charges or free electrons. When a 
magnetic field of 0-2 T is applied perpendicular to the section, a Hall voltage of 
60 mV is produced between the opposite edges. 

Draw a diagram showing the directions of the field, charge carriers and Hall 
voltage, and calculate the number of charge carriers per unit volume, 
Figure 10B represents a cylindrical aluminium bar A resting on two horizontal 
aluminium rails which can be connected to a battery to drive a current through A. 
A magnetic field, of flux density 0-10 T, acts perpendicularly to the paper and into it. 
In which direction will A move if the current flows? 


A 


m 


Figure 10B 


Calculate the angle to the horizontal to which the rails must be tilted to keep A 
stationary if its mass is 5:0 g, the current in it is 4-0 A and the direction of the field 
remains unchanged. (Acceleration of free fall, g = 10ms^2)(L.) 

Describe an experiment to show that a force is exerted on a conductor cartying a 
current when it is placed in a magnetic field. Give a diagram showing the directions 
of the current, the field, and the force. 

A rectangular coil of 50 turns hangs vertically in a uniform magnetic field of 
magnitude 10^? T, so that the plane of the coil is parallel to the field. The mean 
height of the coil is 5 cm and its mean width 2 cmi. Calculate the strength of the 
current that must pass through the coil in order to deflect it 30° if the torsional 


constant of the suspension is 107? newton metre per degree. Give a labelled 
diagram of a moving-coil galvanometer. (L.) 


10 
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Describe with the aid of diagrams the strvz: ure and mode of action of a moving coil 
galvanometer having a linear scale and suitable for measuring small currents. If the 
coil'is rectangular, derive an expression for the deflecting couple acting upon it 
when a current flows in it, and hence obtain an expression for the current sensitivity 
(defined as the deflection per unit current). 

If the coil of a moving galvanometer having 10 turns and of resistance 4 Q is 
removed and replaced by a second coil having 100 turns and of resistance 160 
calculate 
(a) the factor by which the current sensitivity changes and 
(b) the factor by which the voltage sensitivity changes. 

Assume that all other features remain unaltered. (JM B.) 

Define the coulomb. Deduce an expression for the current / in a wire in terms of the 

number of free electrons per unit volume, n, the area of cross-section of the wire, A. 

the charge on the electron, e, and its drift velocity, v. 

A copper wire has 1-0 x 107? free electrons per cubic metre, a cross-sectional area 
of 2:0 mm? and carries a current of 5:0 A. Calculate the force acting on each electron 
if the wire is now placed in a magnetic field of flux density 0-15 T which is 
perpendicular to the wire. Draw a diagram showing the directions of the electron 
velocity, the magnetic field and this force on an electron. 

Explain, without experimental detail, how this effect could be used to determine 
whether a slab of semiconducting material was n-type or p-type. (Charge on 
electron = — l:6x 107 '* C)(L.) ; 

(a) A moving coil meter posses a square coil mounted between the poles of a strong 
permanent magnet. The torque on the coil is 42 x 107° N m when the current is 
100A. (i) The meter is designed so that whatever the deflection of the coil, the 
magnetic flux density is always parallel to the plane of the coil. Explain, with the 
aid of a labelled diagram how this is achieved. .(ii) The restoring springs bring 
the coil to rest after it has turned through a certain angle. If the restoring couple 
per unit angular displacement applied by the springs is 30 x 107° N m per 
radian, through what angle, in radian, will the coil turn when a current of 
100 1A flows? (iii) Explain what is meant by the current sensitivity of such a 
meter. If the pointer on the instrument is 70cm long, what length of ar^ c. ne 
scale would corresp nd to a change in current of 2A? (iv) The inst -nicit 
indicates full scale deflection for a current of 100 pA. What current produces full 
scale deflection if the number of turns in the coil is doubled? 

Increasing the number of turns also increases the resistance of the coil. 
Explain whether or not this change affects the sensitivity of the meter. 

(b) A moving coil meter has a resistance of 1000 Q and gives a full scale deflection 
fora current of 100A. (i) What value resistor would be required to convert it 
to an ammeter reading up to 1-00 A? Draw a circuit diagram showing where the 
resistor would be connected. What form might this resistor have? (ii) Draw a 
diagram showing the additional circuitry needed for the moving coil meter to be 
adapted to measure alternating currents. Mark clearly on the diagram the 
connecting points for the meter and for the a.c. supply. 

What is the relationship between the steady current registered by the meter 
and the current from the a.c. supply? (L.) 

Draw a labelled sketch showing the construction of a moving-coil galvanometer. 

Deduce an expression for the angle of deflection in terms of the current and any 
other relevant quantities. 

Discuss the factors that determine the sensitivity of the galvanometer. 

You are provided with two identical meters of f.s.d. 50 mA and resistance 100 Q. 
Describe how to convert one of them to an ammeter reading up to 1 A and the other 
1o a voltmeter reading up to 200 V. 

They are to be used to check the power consumption of a lamp rated 100 W and 
200 V. Two circuits can be arranged, with the voltmeter connected (i) across the 
lamp only or (ii) across the lamp and the ammeter. 

(a) Show that when the power is determined from the readings on the meters both 
methods give the wrong answer. 

(b) Which, if cither, is the more accurate? (V) 
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Write down a formula for the magnitude of the force on a straight current-carrying 
wire in a magnetic field, explaining clearly the meaning of cach symbol in your 
formula. 

Derive an expression for the couple on a rectangular coil of n turns and 
dimensions a x b carrying a current / when placed in a uniform magnetic field of 
flux density B at right angles to the sides of the coil of length a and at an angle 0 to 
the sides of length b. Describe briefly how you would demonstrate experimentally 
that the couple on a plane coil in a uniform field depends only on its area and not 
on its shape. 

A circular coil of 50 turns and area 1:25 x 10 m? is pivoted about a vertical 
diameter in a uniform horizontal magnetic field and carries a current of 2 A. When 
the coil is held with its plane in a north -south direction, it experiences a couple of 
0-04 N m. When its plane is east - west, the corresponding couple is 0-03 N m. 
Calculate the magnetic flux density. (Ignore the earth's magnetic field.) (O. & C.) 

A strip.of metal 1-2cm wide and I:5 x 107 ? cm thick carries a current of 0-50 A 
along its length. If it is assumed that the metal contains 5 x 10?? free electrons per 
cm", calculate the mean drift velocity of these electrons (e = 1-6 x 10^ '* C). 

The metal foil is placed normal to a magnetic field of flux density B. Explain why, 
in these circumstances, you might expect a p-d. to be developed across the foil. By 
equating the magnetic and electric forces acting on an electron when the p.d. has 
been established, derive an expression for the p.d. in terms of B, the current I, the 
electron charge e, the number of electrons per unit volume N and the thickness of 
the foil r. Illustrate your answer with a clear diagram. (JM B.) 

Describe a moving-coil type of galvanometer and deduce a relation between its 
deflection and the steady current passing through it. 

A galvanometer, with a scale divided into 150 equal divisions, has a current 
sensitivity of 10 divisions per milliampere and a voltage sensitivity of 2 divisions per 
millivolt. How can the instrument be adapted to serve 
(a) as an ammeter reading to 6 A, 

(b) as a voltmeter in which each division represents 1 V?(L.) 

Explain the origin of the Hall effect. Include a diagram showing clearly the 
directions of the Hall voltage and other relevant vector quantities for a specimen in 
which electron conduction predominates. 

A slice of indium antimonide is 2-5 mm thick and carries a current of 150 mA. A 
magnetic field of flux density 0-5 T, correctly applied, produces a maximum Hall 
voltage of 8:75 mV between the edges of the slice. Calculate the number of free 
charge carriers per unit volume, assuming they each have a charge of 

— 16x 107 !'* C. Explain your calculation clearly. 

What can you conclude from the observation that the Hall voltage in different 

conductors can be positive, negative or zero? (C.) 
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In this chapter we shall deal more fully with the magnetic fields 
due to currents in the main types of conductor, the solenoid, the 
straight conductor (wire) and a narrow circular coil. 

Solenoids are widely used, particularly with soft iron inside, in 
the electrical and radio industries. The straight conductor can be 
used in a basic current-measuring meter and is used to define 
the ampere. Two narrow circular coils are used as so-called 
Helmholtz coils to provide a uniform magnetic field in experi- 
ments. 

We shall first state the values of the flux density B of each of 
the three conductors and show how they are applied. 

Experiments to verify these formulae for B will also be given 
and a formal proof of the formulae will be found at the end of the 


chapter. 


/ Solenoid 
Solenoids, or relatively long coils of wire, are widely used in industry. For 
example, solenoids are used in telephone earpieces to carry the speech current 
and in magnetic relays used in telecommunications. 
The magnetic field inside an infinitely-long solenoid is constant in magnitude. 
A form of coil which gives a very nearly uniform field is shown in Figure 11.1 (i). 
It is a solenoid of N turns and length L metre wound on a circular support 


N turns 


Figure 14.1 A toroid and solenoid 


instead of a straight one, and is called a toroid. VW its average diameter D is several 
times its core diameter, then the turns of wire are almost equally spaced around 
its inside and outside circumferences, their number per metre is therefore 
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The magnetic field within a toroid is very nearly uniform, because the coil has 
no ends. The coil is equivalent to an infinitely long solenoid. If / is the current, 
the flux density B at all points within it is given by 


B = ponl . , s ` : , (2) 


Ho is a constant known as the permeability of free space which has the value 
4nxl07Hm'^! (H is a unit called a ‘henry’ and is discussed later). The 
constant lo is necessary to make the units correct, that is, B is then in teslas (T) 
when / is in amperes (A) and / is in metres (m). 


Solenoids of Finite Length 
In practice, solenoids cannot be made infinitely long. But if the length L ofa 
solenoid is about ten times its diameter, the field near its middle is fairly uniform, 
and has the value given by equation (2). Figure 11.1 (ii) shows a solenoid of 
length L and N turns, so that n — N/L. The flux density in the middle of the coil 


is given approximately by 
` 1 


Ni 
B= ponl = ig oo pine a ay 


——————— 


field B/2 at their end R. We therefore see that the field at the end of any long 
solenoid is half that at the centre and is given by 


b ME 


Nod 
22L 


(4) 
DASS MM 

Figure 11.1 (iii) shows roughly the variation of B along the solenoid. 

As we explained on p. 303. the direction of B inside the solenoid can be found 


from the ‘corkscrew rule’ or the ‘clenched fist rule’, The reader should verify the 
directions of B shown in Figure 11.1 (i) and (ii). 


Experiment for B using Hall Probe 


toM 


—B 
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Figure 11.2 B measured hy Hall probe inside solenoid 
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Figure 11.2 shows how the flux density B in the middle of a long solenoid can 
be investigated. S is a ‘Slinky’ (loose) coil, with its N turns uniformly spaced in a 
length L. P is a Hall probe in the middle of S and placed so that the flux density 
B is normal to P. As shown on p. 318, the Hall voltage produced at P is 
proportional to the value of B and this can be read. directly in tesla (T) on the 
meter M. 

In the experiment, the uniform spacing of S is varied by pulling out the coil 
more and the total length L of the coil and the value of B in the middle are 
measured each time. The number of turns per metre length is given by n = N/L, 
so n c 1/L as N is constant. A graph of B against 1/L produces a straight line 
passing through the origin, so showing that B oc n. The same circuit can be used 
to verify B oc I, the current in the solenoid, for a given value of n. 


Effect on Bof Relative Permeability 
As we have stated, the constant jo in the formula for flux density B is called the 
permeability of free space (or vacuum) and has the value 4z x 1077H m7 1, The 
permeability of air at normal pressure is only very slightly. different from that of 
a vacuum. So we can consider the permeability of air to be practically 
4nx10 7 Hm>! 

If the solenoid is wound round soft iron, so that this material is now the core 
of the solenoid, the permeability is increased considerably. The name ‘relative 
permeability’, symbol 44, is given to the number of times the permeability has 
increased relative to that of free space or air. So if u, = 1000, the vaiue of B in the 
solenoid is 1000 times as great as with an air core. Generally, the permeability 4 
of an iron core would be given by 


H = Ero 
Note that u, is a number and has no units, unlike jj and y. 


Long Straight Conductor 
We now consider the magnetic field of a long straight current-carrying con- 
ductor. A submarine cable carrying messages is an example of such a conductor, 
All round a straight current-carrying wire, the field pattern consists of circles 
concentric with the wire. Figure 11.3 (i) shows the field round one section of the 


(ii) (iii) 


Figure 11.3 Field due to long straight conductor 


conductor. Maxwell's corkscrew rule gives the field direction: If a right-handed 
corkscrew is turned so that the point moves along the current direction, the field 
direction is the same as the direction of turning. 

The direction of B is along the tangent to a circle at the point concerned. So at 
P due north of the wire, B points east for a downward current. At a point due 
east, B points south and at a point due west, B points north. 
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At a point distance r from an infinitely-long wire, the value of B is given by 
re RU OPI Er. 


So for a given current, B x l/r, Figure 11.3 (ii). | 
The earth's horizontal magnetic field Bhor is about 4x 1075 T and acts due 
north. When this cancels exactly the magnetic field of the current, a neutral point 
is obtained in the combined field of the carth and the current. Since the field due 
to the current must be due south, the neutral point P in Figure 11.3 (iii) is due 

| 

| 


east of the wire. Suppose the current is 5A. The distance r of the neutral point 
from the wire is then given by 


ÉS 
2rx4xi0 S 2nx4x10^5 
= 0025m = 25mm t 
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Variation of B using a Search Coil 
An apparatus suitable for findin 
straight wire CD is shown in Figure 11.4. Alternating current (a.c.) of the order 


r e Esos 


A. A small search coil S, with thousands of turns of wire, such as the coil from an 
output transformer, is placed near CD. It is positioned with its axis at a small 


g the variation of B with distance r from a log  - 
distance r from CD and so that the flux from CD enters its face normally. S is : 


| 


sensitivity, such as 5 mV/cm, is used. 


Figure 11.4 Investigation of B due to long straight conductor CD 

of 10A, from a low voltage mains transformer, is passed through CD by using 
another long wire PQ at least one metre away, a rheostat R and an a.c. ammeter 
joined by long twin flex to the Y-plates of an oscilloscope H and the greatest 
When the a.c. su 
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The distance r of the coil CD is then increased and the corresponding length 
of the trace is measured. The length of the trace plotted against l/r gives a 
straight line graph passing through the origin. Hence B oc l/r. A similar method 
can be used for investigating the field B inside of a solenoid. 


Forces between Currents 

In 1821, Ampere discovered by experiment that current-carrying conductors 
exert a force on each other. For example, when the currents in two long 
neighbouring straight conductors X and Y are in the same direction, there isa 
force of attraction between them, Figure 11.5(i). If the currents flow in opposite 
directions, there is a repulsive force between them, Figure 11.5 (ii). Each 
conductor has a force on it due to the magnetic field of the other, from the law of 
Action and Reaction. 


attraction 


Figure 11.5 Forces between currents 


Figure 11.5(i) shows the resultant magnetic flux round two long straight 
vertical conductors X, Y in a horizontal plane when the currents are both 
downwards. The lines tend to pull the conductors towards each other. In Figure 
11.5 (ii), the currents are in opposite directions. Here the lines tend to push the 
conductors apart. 

Fleming's left hand rule confirms the direction of the forces. At Y, the 
flux-density B due to the conductor X is perpendicular to Y (the ‘flux due to X 
alone consists of circles with X as centre and at Y the tangent to the circular line 
is perpendicular to Y). So, from Fleming's rule, the force F on Y in Figure 11.5 (i) 
is towards X. From the law of action and reaction, the force F on X is towards Y 
and equal to that on Y. So the conductors attract each other. 

In Figure 11.5 (ii), the current I in Y is opposite to that in Figure 1 1.5(i). From 
Fleming’s left hand rule, the force F on Y is now away from X and so the force is 
repulsive. A 


Magnitude of Force, The Ampere 
1f two long straight conductors X and Y lie parallel and close together at a 
distance r apart, and carry currents I, I’ respectively as in Figure 11.5 (i), then the 
current I is in a magnetic field of flux density B equal to fol’/2 nr due to the 
current I (p. 326). The force per metre length, F, on X is hence given by 


D 
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From the law of Action and Reaction, this would also be the force per metre 
on the other conductor Y. 
Nowadays the ampere is defined in terms of the force between conductors. 


It is that current, which flowing in each of two infinitely-long parallel straight wires 


of negligible cross-sectional area separated by a distance of 1 metre in vacuo, 
produces a force between the wires of 2 x 10^ " newton metre! . 


Taking J = I' —1A, r = 1 metre, F = 2x 10^" newton metre" !, then, from _ 
E LES 
— 2nxl 


Jio = 4n x 1077 henry metre ^ 


2x1077 
1 


which is the value used in formulae with ji. 

It may be noted that the electrostatic force of repulsion between the negative 
charges of the moving electrons in the two wires is completely neutralised by the 
attractive force on them by the positive charges on the stationary metal ions in 
the wires. Thus the force between the two wires is only the electromagnetic force, 
which is due to the magnetic fields of the moving electrons. 


Example on Force between Conductors 
A long straight conductor X carrying a current of 2A is placed parallel to a short 
conductor Y of length 0-05 m carrying a current of 3A, Figure 11.6. The two conductors 
are 0-I0 m apart. Calculate (i) the flux density due to Xat Y, (ii) the approximate force 
on Y. 


(i) Due to X 3 (And ie, i pep 


2nr 2n x 010 
=4x10°°T 
! 
1 
^ Ix 
Y 


Figure 11.6 Force between conductors 


(ii) On Y, length | = 005m 
force F = BIL 2 4x10 *x3x0:05 
—6x107N 
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zero adjuster 


Figure 11.7 Laboratory form of ampere balance 


Absolute Determination of Current, Ampere Balance 
A simple laboratory form of an ampere balance, which measures current by 
measuring the force between current-carrying conductors, is shown in Figure 
11.7. 

With no current flowing, the zero screw is adjusted until the plane of ALCD is 
horizontal. The current J to be measured is then switched on so that it flows 
through ALCD and EHGM in series and HG repels CL. The mass m necessary 
to restore balance is then measured, and mg is the force between the conductors 
since the respective distances of CL and the scale pan from the pivot are equal. 
The equal lengths / of the straight wires CL and HG, and their separation r, are 
all measured. 

From equation (1) above, 


for x ode NE Barolo) H 
orce per metre = 35 
: 4n x1077 I2 
T gm c 
d 2nr 


5o . mgr 
N2x10771 


In this expression J will be in ampere if m is in kilogram, g = 9-8 ms~? and / and 
r are measured in metre. 
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Figure11.7A Ampere balance. Current balance at the National Physical Laboratory. One 
large coil (bottom left) has been lowered so that the small suspended coil above it, at the end of the 
beam on the left, can be seen. To measure current, the large coils (left and right) and the two 
suspended coils above them are all connected in series, in such a way that one suspended coil is 
IM repelled upwards and the other is attracted downwards when the current flows. Equilibrium is 
| restored by adding masses on one of the scale pans. These are placed on or lifted off the scale pan 
by rods controlled by the knobs outside the case. (Crown copyright, Courtesy of National 
Physical Laboratory) 


Narrow Circular Coil 
The third of our typical conductors is the narrow circular coil. 

Figure 11.8(i) shows the magnetic field pattern round a narrow vertical 
circular coil C carrying a current I, in the horizontal (perpendicular) plane 
passing through the middle of the coil. In the middle M of the coil, the field is 
uniform for a short distance either side. Here the field value B is given by 


where r is the radius in metres. 
Figure 11.8(ii) shows how B varies as we move from the centre of the coil 
| along a line perpendicular to the plane of the coil. The field value decreases 
continuously. Helmholtz, an eminent scientist of the 19th century, showed that 
two narrow circular coils of the same radius and carrying the same current could 
provide a uniform magnetic field between them. For this purpose they are placed 
facing each other at a distance apart equal to their radius R. As shown in 
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B 
circular D 
coil ^ i 
M 
R/2—-X 


(i) (ii) A 


—————- 
narrow coils- Helmholtz 
(iii) 


Figure 11.8 Fields due to narrow circular coils. Helmholtz coils 


resultant 8 


Figure 11.8 (iii), the resultant magnetic field B round a point half-way between 
the coils P and Q is fairly uniform for some distance on either side of the point. 
The flux density B of the uniform field is given approximately by 


B= one £ 


where N is the number of turns in each coil, I is the current in amperes and R is 


the radius in metres. 

Helmholtz coils were used by Sir J. J. Th 
field of known value in a famous experimen 
electron (see p. 769). 


omson to obtain a uniform magnetic 
t to find the charge-mass ratio ofan 
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We conclude this chapter with proofs of the values of B used earlier for a narrow 
circular coil, a straight conductor and a solenoid. 


Law of Biot and Savart 
To calculate B for any shape of conductor, Biot and Savart gave a law which 
can now be stated as follows: The flux density AB at a point P due to a small 
element Al of a conductor carrying a current is given by 


AB aes i 


(1) 


where r is the distance from the point P to the element and a is the angle between 
the element and the line joining it to P, Figure 11.9, 


Figure 11.9 Biot and Savart law 


. The formula in (1) cannot be proved directly, 
infinitesimally small conductor. We believe in its truth because the deductions 
for large practical conductors turn out to be true. 


The constant of proportionality in equation (1) depends on the medium in 


which the conductor is situated. In air (or, more exactly, in a vacuum), we write 
Gone aR SS USAT 


as We cannot experiment with an 


AB- Ho Alsina 


41 pr? ; : ] y $ a 
The value of Ho, from p. 328, is 
Ho = 4n x1077 


and its unit is ‘henry per metre’ (H m™~')as will be shown later. 


Bfor Narrow Coil 
The formula for the value of 


: r B at the centre of a narrow circular coil can be 
immediately deduced from (2). Here the radius r is constant for all the elements 


Figure 11.10 Field of circular coil 


{ 
| 
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Al, and the angle x is constant and equal to 90°, Figure 11.10. If the coil has N 
turns, the length of wire in it is 2zrN. and the field at its centre is therefore given, 


jif the current is J, by 
p= fan- te IRIN 
4r Jo r 


-—— E : : ‘ : : : (1) 


From (1), Boc I where r and N are constant, B œ 1/r when J and N are 
constant, and B oc N when I and r are constant. 


Balong Axis of a Narrow Circular Coil 
We will now find the magnetic field at a point anywhere on the axis of a narrow 
circular coil (P in Figure 11.11). We consider an element Al of the coil, at right 
angles to the plane of the paper. This sets up a field AB at P, in the plane of the 
paper, and at right angles to the radius vector r. If f is the angle between r and 


[- xd 


Figure 11.11 Field on axis of flat coil 


the axis of the coil, then the field AB has components AB sin f along the axis, 
and AB cos f at right angles to the axis. If we now consider the element Al’ 
diametrically opposite to Al, we see that it sets up a field AB’ equal in magnitude 
to AB. This also has a component, AB’ cos fj, at right angles to the axis; but this 
component acts in the opposite direction to AB cos f! and therefore cancels it. By 
considering elements such as Al and A/' all round the circumference of the coil, 
we see that the field at P can have no component at right angles to the axis. Its 
value along the axis is 


B= [asin f 


From Figure 11.11, we see that the length of the radius vector-r is the same for 
all points on the circumference of the coil, and that the angle c is also constant, 
being 90°. Thus, if the coil has a single turn, and carries a current /, 

_ Mol Alsina — pol 


AP S uU TAa 


AI 
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And, if the coil has a radius a, then 


, 2ra Hol K 
c = sin f 
B fossins [ pee disin / 


. polasin ff 


B 22 


(i) 


When the coil has more than one turn, the distance r varies slightly from one 
turn to the next. But if the width of the coil is small compared with all its other 
dimensions, we may neglect it, and write, 

HoN La sin [f 


p 2r? 


(ii) 


where N is the number of turns. 
Equation (ii) can be put into a variety of forms, by using the facts that 


" a 
sin B = 
r 


and r? = x? +a? 


where x is the distance from P to the centre of the coil. Thus 


Ho Nla? Ho Nla? 
A MMC 


Helmholtz Coils 
The field along the axis of a single coil varies with the distance x from the coil. In 
order to obtain a uniform. field, Helmholtz used two coaxial parallei coils of 
equal radius R, &eparated by a distance R. In this case, when the same current 
flows around each coil in the same direction, the resultant field B is uniform for 
oi e on either side of the point on their axis midway between the coils. 
p. 331. 
The magnitude of the resultant field B at the midpoint can be found from our 
previous formula for a single coil. We now have a = R and x = R/2. Thus, for 


the two coils, 
TEMG gl ACE ial ful le NT 
2(R7/4+ R73? \5 R 
SL BAS AN iis ee 3i zz - 
B=0-72 mt (approx.) 


rr cA MESES. uM CUM SRM eS u 


B on Axis of a Long Solenoid 
We may regard a solenoid as a long succession of narrow coils; if it has n turns 
per metre, then in an element Ax of it there are nAx coils, Figure 11.12. At a 
point P on the axis of the solenoid, the field due to these is, by equation (ii), 


Holasin [i 
AB =- = 
Oed 
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Figure 11.12 Field on axis of solenoid 


in the notation which we have used for the flat coil. If the element Ax subtends 
an angle Af at P, then, from the figure, 


rAp = Axsin f 


r Af 
so X —— 
sin f 
Also, a — rsinff 
uolrsin? fl rAf 
Thus RATE 
T ABS pittance snp 
í A sin BAB 


If the radii of the coil, at its ends, subtend the angles £, and £, at P, then the 
field at P is 


By 
a= | Hon Sin Bap 
2 


= Holl (cos f, - cos Ba) ARES Dis se cL) 


Figure 11.13 A very long solenoid 


If the point P inside a very long solenoid—so long that we may regard it as 
infinite—then f, = 0 and fj; = 7, as shown in Figure 11.13. Then, by equation 


(1): 
pz cose | 
= ts à 


so B = ponl . : : E : » (2) 


A aa 


The quantity n! is often called the ‘ampere-turns per metre’. 
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| Bdue to Long Straight Wire 

ait} In Figure 11.14, AC represents part of a long straight wire. P is taken as a point 
WI so near it that, from P, the wire looks infinitely long—it subtends very nearly 
"i 180°. An element XY of this wire, of length Al, makes an angle « with the radius 


| Cc 
I a 
N P 
4 f ha 
E r 
7 2a 
a 
A 


Figure 11.14 Field of a long straight wire 
vector, r, from P. It therefore contributes to the magnetic field at P an amount 
TAlsin g n 
Apu reat EL. . 0 
4nr 


when the wire carries a current I. If a is the perpendicular distance, PN, from P 


to the wire, then 


PN = PXsinx or a =rsing 


so Fie sh EE —. od) 
sing 
Also, if we draw XZ perpendicular to PY, we have 
XZ = XY sina = Alsina 
If Al subtends an angle Az at P, then 


XZ = rAa = Alsina 


From (i) np Hol Alsina zi Holr Ax — Hol Ax 
; 4nr? 4nr? 4nr 
From (ii), LAB = Hol Sin Ag 
4na 
When the point Y isat the bottom end A of the wire, x = 0: and when Y is at the 
top C of the wire, x = x. Therefore the total magnetic field at P is 


B= Mo “IsinaAa = Hal —cosa : 
4njo a 4na 


ee 
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Ampére's Theorem 
In the calculation of magnetic flux density B, we have used so far only the Biot 
and Savart law. Another law useful for calculating B is Ampére's theorem. 
Ampère showed that if a continuous closed line or loop is drawn round one or 
more current-carrying conductors, and B is the flux density in the direction of an 
element dl of the loop, then for free space 


B 
—.di-2I 
5. 


where the symbol $ represents the integral taken completely round the closed 
loop and is the total current enclosed by the loop. So we can write 
$B.dl = pol s E ; t : (1) 
The proof of (1) is outside the scope of this book. 
We now apply the theorem to two special cases of current-carrying 
conductors. 


D 


| Straight wire 
Figure 11.15 shows a circular loop L of radius r, drawn concentrically round a 
straight wire carrying a current I. The flux lines are circles and so, at every part 


Figure 11.15 B due to straight wire 


of a closed line, B is directed along the tangent to the circle at that part. Further, 
by symmetry, B has the same value everywhere along the line. 


So $B.dl = Bédl = B.2ar 
since B is constant. Hence, from (1), 
B.2nr = Hol 
and so B= Hol 
2mnr 


This agrees with the result derived earlier. 


2 Toroid (Solenoid) 

Consider the closed loop M indicated by the broken line in Figure 11.16. 
Again B is everywhere the same at M and is directed along the loop at every 
point. 

So $B.dl = Bhd! = BL 


where L is the total length of the loop M. Hence, from (1), 


Figure 11.16 B due to torc 
BL = hNi 
dto I 
So ; i 
where N is the total num 


V A vertical conductor X carries a downward curi 


(a) Draw the pattern of the magnetic f] 
(b) What is the flux density due to the 
of X. 


(c) If the earth's horizontal magnetic flux de: 
the resultant flux density at P. 

Is the resultant flux density at 

than at P? Explain your answer. 

2 A horizontal wire, of length Sem and ca 

middle of a long solenoid at right angles 


Figure HA 


ber of turns, and n is the num 
This agrees with the result previously obtained on p.335 


Exercises 14 
or LC aN es or Seb 


Total length ¢ 


vid or solenoid 


Ls Moni 


rent of 5 A, 


ux in a horizontal plane round X. 
current alone at a point P I0 cm due east 


ber of turns per metre, 


———M————————ÉÉÓ 


msity has a value 4 x 10 5 T, calculate 


à point 10cm due north of X greater or less 
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(c) Calculate the force per metre on X and on Y, and show their directions in a 
sketch. 

In Figure 11A (ii), X is a very long straight conductor carrying a current of 5A. 

A metal rectangle PQRS is suspended with PS 2cm from X as shown. The 

dimensions of PQRS are 10 cm by 3cm, and a current of 2.A flows in the coil. 

Calculate the resultant force on PQRS in magnitude and direction. 

Two very long thin straight parallel wires each carrying a current in the same 

direction are separated by a distance d. With the aid of a diagram which indicates 

the current directions, account for the force on each wire and show on the diagram 

the direction of one of the forces. 

Write down an expression for the magnitude of the force per unit length of 
wire and hence define the ampere. Why is the electrostatic force between charges 
ignored in the definition? (uy = 4z x 10^ ?^Hm^!)(JMB) 

Define the ampere. Write down expressions for (i) the magnitude of the flux 
density B at a distance of d from a very long straight conductor carrying a 
current I,and (ii) the mechanical force acting on a straight conductor of length / 
carrying a current I at right angles to a uniform magnetic field of flux density B. 

Show how these two expressions may be used to deduce a formula for the 
force per unit length between two long straight parallel conductors in vacuo 
carrying currents I, and J, separated by a distance d. 3 

A horizontal straight wire 5cm long weighing 1-2 gm ' * is placed perpendicular 
to a uniform horizontal magnetic field of flux density 0-6 T. If the resistance of the 
wire is 3:8 Qm !, calculate the p.d. that has to be applied between the ends of 
the wire to make it just self-supporting. Draw a diagram showing the direction 
of the field and the direction in which the current would have to flow in the 
wire (g = 9:8ms ?).(C.) 

State the law of force acting on a conductor carrying an electric current in a 
magnetic field. Indicate the direction of the force and show how its magnitude 
depends on the angle between the conductor and the direction of the field. 

Sketch the magnetic field due solely to two long parallel conductors carrying 
respectively currents of 12 and 8A in the same direction. If the wires are 10cm 
apart, find where a third parallel wire also carrying a current must be placed so 
that the force experienced by it shall be zero. (L.) 

Define the ampere. 

Two long vertical wires, set in a plane at right angles to the magnetic 
meridian, carry equal currents flowing in opposite directions. Draw a diagram 
showing the pattern, in a horizontal plane, of the magnetic flux due to the currents 
alone— that is, for the moment ignoring the earth's magnetic field. 

Next, taking into account the earth's magnetic field, discuss the various situations 
that can give rise to neutral points in the plane of the diagram. 


A/ 


E rider on non- 
conducting 
$ F ^ support 
[7 


Figure 11B 


Figure 11B shows a simple form of current balance. The ‘long’ solenoid S, 
which has 2000 turns per metre, is in series with the horizontal rectangular 
copper loop ABCDEF, where BC = 10cm and CD = 3cm. The loop, which is 
freely pivoted on the axis AF, goes well inside the solenoid, and CD is 
perpendicular to the axis of the solenoid. When the current is switched on, a 


a 


12 
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rider of mass (2 g placed 5 cm from the axis is needed to restore equilibrium. 

Calculate the value of the current, /. (O.) 

(a). A long straight wire of radius a carries a steady current. Sketch a diagram 
showing the lines of magnetic flux density (B) near the wire and the relative 
directions of the current and B. Describe, with the aid of a sketch graph, how 
B varies along a line from the surface of the wire at right-angles to the wire. 

(b) Two such identical wires R and S lie parallel in a horizontal plane, their 
axes being 0-10 m apart. A current of 10 A flows in R in the opposite direction 
to a current of 30A in S. Neglecting the effect of the earth's magnetic flux 
density calculate the magnitude and state the direction of the magnetic flux 
density at a point P in the plane of the wires if P is (i) midway between 
Rand S, (ii) 0-05 m from R and 0-15 m from S. The permeability of free space. 
Ho = Ax 10 7 Hm". (JMB) 

Define the ampere. 

Draw a labelled diagram of an instrument suitable for measuring a current 
absolutely in terms of the ampere, and describe the principle of it. 

A very long straight wire PQ of negligible diameter carries a steady current 
1,- A square coil ABCD of side | with n turns of wire also of negligible diameter 
is set up with sides AB and DC parallel to and coplanar with PQ; the side AB is 
nearest to PQ and is at a distance d from it. Derive an expression for the 
resultant force on the coil when a steady current /, flows in it, and indicate on a 
diagram the direction of this force when the current flows in the same direction in 
PQ and AB. 

Calculate the magnitude of the force when J, = 5A, I, = 3A, d = 3cm,n = 48 
and | = 5cm.(0. & C.) 

Draw a sketch showing clearly the direction of the magnetic flux density at a 

point due to a long straight wire carrying a steady current. Mark the direction of 

the current in the wire. 

The formula for the magnitude of the flux density B is given below. Describe 
an experiment to test both the formula and the direction. 

A long straight wire in a uniform magnetic field carries a steady current. Show 
on a sketch the directions of the field, the current and the force experienced by a 
small element of the wire. Assume that the field is in some arbitrary direction with 
respect to the wire. 

Two infinitely long parallel wires 0-5 m apart each carry a current of 2 A in the 
same direction. Find the force per metre on each wire and deduce the directions 
of these forces. 

Two flat coils each of 20 turns have a mean radius of 30 cm. They are mounted 
coaxially and are ! cm apart. Find an approximate value for the force between 


them when a current of 5 A flows in the same sense through each coil. Comment 
briefly on whether the a i i 


and whether the approximati 
the coils is increased, 
(B = uoI/2 na where I is the current, a the perpendicular distance from the wire 
and po —4nzxl0 "Hm !(w.) 
(a) Figure 11C shows à conducting circular coil of radius 10cm mounted in a 

north south vertical plane. A current in the coil generates a magnetic flux 
density B, inan easterly direction at its centre and à magnetic flux density Bata 
point along the line perpendicular to the plane of the coil and passing through 
its centre. If ( is the angle shown in the diagram it can be shown that 

B= Bocos? 0 

Explain how you would verify this relation experimentally. Give details of 
the apparatus you would use and the measurements you would make. 
Write down an expression for the force F on a straight wire of length / and 
which carries current [ ina uniform magnetic field of flux density B. 
Use this expression to derive a relation for the couple on a. rectangular coil with 
sides of length a and b, with N turns and carrying current /, mounted with its 
plane parallel to a uniform magnetic field of flux density B. 


(b 
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Figure 11C Figure 11D 


A square coil of side 1-2 cm and with 20 turns of fine wire is mounted centrally 
inside, and with its plane parallel to the axis of, a long solenoid which has 50 
turns per cm, Figure 11D. The current in the coil is-70 mA and the current in the 
solenoid is 6:2 A. 

Calculate (i) the magnetic flux density in the solenoid, (ii) the couple on the 
square coil. (Permeability of vacuum = 4x x 10 " Hm '.) (L.) 
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Electromagnetic Induction 
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In this chapter we first discuss the experiments and laws of 
induced e.m.f. and current due to Faraday and Lenz. We then 
apply the laws to the straight conductor, the simple dynamo coil 
and the rotating disc, all moving in magnetic fields, followed by 
the relation between flux linkage and charge. We conclude with 
self and mutual induction and with the variation of current and 
p.d. in an inductor-resistor circuit. 


^ Faraday's Discovery 
After Ampere and others had investigated the magnetic effect of a current 
Faraday tried to find its opposite. He tried to produce a current by means of a 
dense field. He began work on the problem in 1825 but did not succeed until 
The apparatus with which he worked is represented in Figure 12.1; it consists 
of two coils of insulated wire, A. B. wound on a wooden core. One coil was 


Figure 12.1 Farada y's experiment on induction 


Conditions for Generation of Induced Current 
The results of Faraday’s experiments Showed that a current flowed in coil B of 


Electromagnetic Induction —— —— ——— —————— — —— 343 


wooden one. This historic apparatus can be seen at the Royal Institution, 
London. 

Once he had realised that an induced current was produced only by a change 
in the magnetic field inducing it. Faraday was able to find induced currents 
wherever he had previously looked for them. In place of the coil A he used a 
magnet, and showed that as long as the coil and the magnet were at rest, there 
was no induced current, Figure 12.2 (i). But when he moved either the coil or the 
magnet an induced current flowed as long as the motion continued, Figure 
12.2 (ii), (iii). If the current flowed one way when the north pole of the magnet 
was approaching the end X of the coil, it flowed the other way when the north 
pole was moving away from X. : 

Since a flow of current implies the presence of an e.m.f., Faraday's experiments 
showed that an e.m.f. could be induced in a coil by moving it relatively to a 


[zz 


moving 
| N|magnet N 


LI EE 


moving coil 
(i) (ii) (iii) 


000000 


Figure 12.2 Induced current by moving magnet or moving coil 


magnetic field, Figure 12.2 (iii). In discussing induction it is more fundamental to 
deal with the e.m.f. than the current, because the current depends on both the 
e.m.f. and the resistance. 

Summarising, relative motion is needed between a magnet and a coil to 
produce induced currents. The induced current increases when the relative 
velocity increases and when a soft iron core is used inside the coil. 


Direction of Induced Current or E.M.F.: Lenz's Law of Energy 
Before considering the magnitude of an induced e.m.f., let us investigate its 
direction. To do so we must first see which way the galvanometer deflects when a 
current passes through it in a known direction: we can find this out with a 
battery and a megohm resistor, Figure 12.3(i). We then take a coil whose 
direction of winding we know, and connect this to the galvanometer. In turn we 
plunge each pole of a magnet into and out of the coil; and we get the results 
shown in Figure 12.3 (ii), (iii), (iv) for the currents flowing in the coil. 

These results were generalised into a simple rule by Lenz in 1835. He said tha | 


the induced current flows always in such a direction as to oppose the change 
causing it. 


For example, in Figure 12.3 (ii), the clockwise current flowing in the coil makes 
this end an S pole. So it repels the approaching S pole. In Figure 12.3 (iii), the 
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Figure 12.3 Direction of induced currents 


induced anticlockwise current makes the end of the coil an N pole. So the 


approaching N pole is repelled. In Figure 12.3 (iv), the induced clock wise current 
in the coil now attracts the N pole moving away from it. 


e e.m.fs tending to oppose the change... etC. 
ng force unless the circuit is closed and a current 


Circuit 
made 


H 


(i) 


(ii) 


1 Figure 12.4 Direction of induced emj. 
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can flow: If the terminals of a coil are not closed, and a flux change is made in the 
coil, an e.m.f. is produced between the terminals but no current flows. 

In Figure 12.4 (ii), a coil X connected to a battery is placed near a coil Y. When 
the circuit in X is made be pressing the switch K, the current in the face of the coil 
near Y flows anticlockwise when viewed from Y. This is similar to bringing a N- 
pole suddenly near Y. So the induced current in Y is anticlockwise, as shown. If 
the current in X is switched off, this is similar to removing a N-pole suddenly 
from Y. So the current in Y is now clockwise, that is, in the opposite direction to 
before. The induced e.m.f. in Y, which follows the direction of the current, 
therefore reverses when the current in X is switched on and off. 


Magnitude of E.M.F., Faraday's Law 
Accurate experiments on induction are difficult to do with simple apparatus; but 
rough-and-ready experiments will show on what factors the magnitude depends. 
We require coils of the same diameter but different numbers of turns, coils of the 
same number of turns but different diameters, and two similar magnets, which 


Ss 
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Figure 12.5 E.mf. induced by turning coil 


we can use singly or together. If we use a high-resistance galvanometer, the 
current will not vary much with the-resistance of the coil in which the e.m.f. is 
induced, and we can take the deflection as a measure of the e.m.f. There is no 
need to plunge the magnet into and out of the coil: we can get just as great a 
deflection by simply turning the coil through a right angle, so that its plane 
changes from parallel to perpendicular to the magnet, or vice versa, Figure 12.5. 
We find that the induced e.m.f. increases with: (i) the speed with which we turn 
the coil, (ii) the area of the coil, (iii) the strength of the magnetic field (two 
magnets give a greater e.m.f. than one), (iv) the number of turns in the coil. 

To generalise these results and to build up useful formulae, we use the idea of 
magnetic flux, or field lines, passing through a coil. Figure 12.6 shows a coil, of 
area A, whose normal makes an angle 0 with a uniform field of flux density B. 
The component of the field at right angles to the plane of the coil is B cos 0, and 

„we say that the magnetic flux ® through the coil is 


= ABcosð . $ $ h i (1) 


Ifeither the strength B of the field is changed, or the coil is turned so as to change 
the angle 0, then the flux through the coil changes. 

_ Results (i) to (iii) above, therefore, show that the e.m.f. induced in a coil 
increases with the rate of change of the magnetic flux through it. More accurate 
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Figure 126 Magnetic flux 


experiments show that the induced e.m.f. is actually proportional to the rate of 
change of flux through the coil, This result is sometimes called Faraday's, or 
Neumann's, law: The induced e.m.f. is Proportional to the rate of change of 
magnetic flux linking the coil or circuit, s 

The unit of magnetic flux @ is the weber (Wb). So the unit of B. the flux density 
or flux per unit area, is the weber per metre? (Wbm ~*) or tesla (T). 


Ifa coil has more than one turn, then the flux through the whole coil is the sum of 
the fluxes through the individual turns. We call th., the flux linkage through the 
whole coil. If the magnetic field is uniform, the flux through one turn is given, 


from (1), by AB cos 0. If the coil has N turns, the total flux linkage d is given by 
: D= BAN cos : [ ! à : 


(2) 


From Faraday's or Neumann'slaw, the emf. 


induced ina coil is proportionalto 
the rate of change of the flux linkage, @. Hence 


or E=~ Xr JO. CER a OF 


Sct eae - vui psu 
1 Lenz's law states that the induced Current opposes the motion or change 
producing it 

2 Faraday’s (Neumann’s) Law States that the 


induced e.m.f.. is directly 
Proportional to the rate of cha 
3 


nge of magnetic flux linking the circuit or coil 
E = —ddydr i 
Si ae Dr 


* Hiep rx E a Me i t Uca L 
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Example on e.m.f. due to Flux Change > 
(a) A narrow coil of 10 turns and area 4x 107? m? is placed ina uniform magnetic field of 
flux density B of 10^? T so that the flux links the turns normally. Calculate the 
average induced e.m.f. in the coil if it is removed completely from the field in 05 s. : 
(b) If the same coil is rotated about an axis through its middle so that it turns through 60 
in 0-28 in the field B, calculate the average induced e.m.f. 


() (ii) 


Figure 12.7 Example 


(a) Flux linking coil initially = NAB = 10x 4x 107? x 107? 
= 4 x 1073 Wb (Figure 12-7 (i) 
fluxchange 4x 107° 
time 0-5 
-8x10 ?V 


(b) When the coil is initially perpendicular to B, flux linking coil — NAB, 
Figure 12.7 (ii). When the coil is turned through 60°, the flux density normall 
to the coil is now B cos 60°. So 


flux change through coil = NAB— NAB cos 60° 
—4x107?—4x107? x05 
fluxchange  2x107 
time 02 
- 107v. 


So average induced e.m.f. — 


So average induced e.m.f. — 


E.M.F. Induced in Moving Straight Conductor 
Generators at power stations produce high induced voltages by rotating long, 
straight conductors. Figure 12.8 (i) shows a simple apparatus for demonstrating 
that an e.m.f. may be induced in a straight rod or wire, when it is moved across a 
„magnetic field. The apparatus consists of a rod AC resting on rails XY, and lying 
between the poles NS of a permanent magnet. The rails are connected to a 
galvanometer G. 

If we move the rod to the left, so that it cuts across the field B of the magnet, a . 
current J flows as shown. If we move the rod to the right, the current reverses. We 
notice that the current flows only while the rod is moving. and so we conclude, 
that the motion of the rod AC induces an e.m.f. E in it. 

By turning the magnet into a vertical position (Figure 12.8 (ii)) we can show 
that no e.m.f. is induced in the rod. when it moves parallel to the field B. Wd 
conclude that an e.m.f. is induced in the rod only when it cuts across the field. 
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(i) demonstration 


(thuMb) 
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motin N 7 UE 
"Ne 127 


LoL second) 
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Eol 


(Forefinger) 
48 
(iii) 


(ii) no e.m.f, 


Figure 12.8 E.mf. induced in moving rod. Fleming Right-hand rule. 


And, whatever the direc 
tod parallel to its own length. The induced e.m.f. i 


Singers of the right hand, so that they are all- 
directions of field, motion, and induced emf. 


Students should remember that the right hand rule is used for induced current or 
e.m.f. but the /eft hand rule 


refers to the force on a conductor. 
eoo. 


To show EMF. oc Rate of Change 


nd e.m.f. depend on the speed of the rod, we keep 
t; and vary the rate at which we turn the wheel. We 
P-watch, and find that the deflection 0 is 
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n 
(i) apparatus (ii) results 


Figure 12.9 Induced e.mf. experiment 


proportional to the number of revolutions per second, n, Figure 12.9 (ii). It 
follows that the induced e.m.f. is directly proportional to the speed of the rod. 


Calculation of E.M.F. in Straight Conductor 
Consider the circuit shown in Figure 12.10. PQ is a straight wire touching the 
two connected parallel wires QR, PS and free to move over them. All the 
conductors are situated in a uniform vertical magnetic field of flux density B, 
perpendicular to the horizontal plane of PQRS. 


Figure 12.10 Calculation of induced emf. 


Suppose PQ, length l, moves with uniform velocity to a position SR. If the 
distance moved is x in a time t, then 


flux cut, 6 = B x area PQRS = Bix 
So, numerically, induced e.m.f. E = ®/t = Blx/t = Blv, since velocity v = x/t. So 
E — Blv 
The induced e.m.f. E produces a current I which flows round the circuit. A 
force will now act on the wire PQ due to the current flowing and to the presence 
of the magnetic field. From Fleming's left hand rule, we find that the force F acts 
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in the opposite direction to the motion of the rod PQ, as shown. So, as Lenz's law 
States, the induced current flows in a direction so as to oppose the motion of PQ, 

Ifthe current flowing is J, and the length of PQ is |, the force on PQ is BIL This 
is equal to the force moving PQ because PQ is not accelerating. From the 
principle of conservation of energy, work done per second by force moving 
PQ = electrical energy produced per second. So 


Bll xv = EI 
.. Bly =E 
as already deduced from flux changes. 


eee ———— — c UEM 


When a straight conductor of length / moves with constant velocity v in a magnetic 
field B, 

1 the induced c.m.f. E = Bly when I and v are both 90° to B 

2 E=Owhen/or vis parallel to B 


Pope ee RUNDE lo rms c6 ool 


Examples on Induced e.m.f. in Straight Conductors 
1 A train travels at 30 m s7 ! due east. M 
Calculate the induced e.m.f; between the ends of a horizontal axle CD of thetrain which 
is 15m long, assuming the Earth's magnetic field strength is 6x 10-5 T and acts 
downwards at 65° to the horizontal. Which end of CD is ata higher potential? 


The induced emf. along CD will be due to the vertical component, B of the 
Earth's magnetic field, 


B —6x1075sin65* = 54x 10-5T 
With the traimand CD moving due east. Figure 12.11 (i), 
induced em.f. E = Blv = 54 x 10-5 x 1-5 x 30 
-24x10 v 


Using Fleming's Right hand rule, E acts from D to C. So C is at the higher 
potential. 


+C + I 
v 
E east t 
- D =| 
(i) (ii) (iii) 
Figure t2.11 Induced emf. in straight conductors 
2 A horizontal metal frame POST moves with uniform velocity v of 0-2ms ' into a 
ES field Bof I0 ? T acting vertically downwards. Figure 12.11 (ii). PT = 0-1 m and 
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(b) when the whole frame is moving through the field, : 
(c) when QS just moves out of the field on the other side? Draw à sketch graph showing 
the variation of current. 


(a) The sides PQ and TS move parallel to v, so no induced e.m.f. is obtained in 
these sides. For the moving side QS in the field, 


E = Bly =1072 x01 x02 = 2 x 1074 V 
So I=EJR = 2x 1074/5 = 4x 1075A 


(b) With the whole frame PQST moving through the field, the flux through 
PQST in constant. So no induced em.f. is obtained. Alternatively, the 
induced e.m.f. in QS and PT act in opposite directions round the frame, so 
their resultant e.m.f. is zero. 

When QS just leaves the field on the other side, the induced e.m.f. in PT 
moving through the field is the same as in (a) and so the current J has the 
same value. But the direction of J round the frame is now opposite to the 
oed y (a). So the graph of I with time t is that shown roughly in Figure 

.11 (iii). 


(c 


2 


. Induced E.M.F. and Force on Moving Electrons 
The &m.f. induced in a wire moving through a magnetic field is due to the motion 
of electrons inside the metal, as we now explain. 
When we move the wire downwards across the field B as in Figure 12.12, each 


Pian 
6 — “a 


Figure 12.12 Forces on a moving electron 


electron moves downwards across the field. A downward movement of electron. 
charge—e is equivalent to an upward movement of positive charge or 
conventional current J, as shown. Applying Fleming’s left hand rule (in which the 
force F is at right angles to the velocity v of the wire and to B), we see that F 
drives the electrons along the wire from A to C. So if the wire is not connected ina 
closed circuit, electrons-will pile up at C. Thus the end C will gain a negative 
charge and A will be left with an equal positive charge. After a time the charge at 
C will oppose further electron movement along the wire and so the drift stops. 

‘The charges between A and C produce an electromotive force E, Figure 12.13. 
As in a battery, A is the ‘positive pole’ of the wire generator and C is the ‘negative 
pole’. So when an external resistor R is joined to A and C, the conventional 
current flows in it as shown. 


Homopolar or Disc Generator eee 
Another type of generator, which gives a very steady e.m.f., is illustrated in 
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Figure 12.13 (i). It consists of a copper dise which rotates between the poles ofa 
magnet. Connections are made from its axle X and circumference Y to 4 
galvanometer G. We assume for simplification that the magnetic field B js 
uniform over the radius XY. 


Conventional 
current 


Figure 12.13 Disc generator 


The radius XY Continuously cuts the Magnetic flux between the poles of the 
Magnet. For this straight conductor, the velocity at the end X is zero and that at 


the other end Y is rw, where o is the angular velocity of the disc. Since the 
velocity varies uniformly from X to YS 


average velocity of XY,v = 30+re) = = 
Now the induced emf. E in a Straight conductor of length / and moving with 
velocity v normal to a field B is given by E = Blv. Since in this case | = r and 
v = tr, then 


E=Bxrxdry = AD a a X 


AS w = 2n f, where f is the number of revolutions per second of the disc, we can 
Say that 


: EB, xr? fo! eus Pee pmo 7 
n by Fleming's right hand rule. Applying the rule, we 
fi So that Y is at the higher potential, as shown. 
We can understand the origin of the e.m.f. by 
X and Y, Figure 12.13 (ii). When the disc rotates, ; 
END. The equivalent. conventional Current / is then to the right. Applying 


: Diameter of Disc, EM.F. with Axle 
As the disc rotates clockwise, Figure 12.13 (ii), the radius XY moves to the left at 
the same time as the radius XZ moves to the right. If the magnetic field covered 


| 
| 
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the whole disc, the induced e.m.f. in the two radii would be in opposite directions. 
So the resultant e.m.f. between the ends of the diameter YZ would be zero. 
B.nr?. f, the em.f. between the centre and rim of the disc, is the maximum e.m.f. 
which can be obtained from the dynamo. L 

If the disc had a radius r, and an axle at the céntre of radius r;, the area swept 
out by a rotating radius of the metal disc — nr? —nry. = (ri? —r;) In this 
case the induced e.m.f. would be E = B.í(r;? r7). f. 

Generators of this kind are called homopolar because the e.m.f. induced in the 
moving conductor is always in the same direction. They are sometimes used for 
electroplating, where only a small voltage is required, but they are not useful for 
most purposes, because they give too small an e.m.f. The e.m f. of a commutator 
dynamo can be made large by having many turns in the coil but the em f. of a 
homopolar dynamo is limited to that induced in one radius of the disc. 


Lorenz Absolute Method for Resistance : 

Lorenz devised a method of measuring resistance in which no electrical 
quantities are needed, that is, this is an absolute method. It is therefore adopted 
for measuring resistance in national physical laboratories. In contrast, when 
measuring resistance by V/J, one relies upon the accuracy of the voltmeter and 
ammeter used. In measuring resistance by a Wheatstone bridge method, one 
relies upon the accuracy of the standard resistance provided. y 

Figure 12.14 shows the principle of the method. A long coil A with n turns per 
metre is placed in series with the resistance R so that each carries a current I. A 
circular metal disc D is placed with its plane perpendicular to the magnetic field 
B inside the coil. By means of brushes, connections are made to R from the axle 
or centre of the disc and the circumference or edge. A galvanometer G is 
included in one lead. , 


Figure 12.14 Absolute method for measuring resistance 


As explained before, the disc acts as a generator (dynamo) when i no 
steadily in the field B. By varying the angular velocity o, the indu im E 
between the centre and circumference is used to balance the constant p.¢. 
across R. The galvanometer then shows no deflection. 

The e,m.f. E = wr?B/2, where r is the radius of the disc (p. 352). The field value 
B = jon = 4nnl x 10-7 (p. 324). Since there is a balance, 

Bro _ 4nnir2o x 1077 
een 2 
OR 22nnro x 1077 Q 
So by measuring o in rad s i in metre and n, the resistance R can be calculated 
in ohms. 
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Example on Rotating Disc 
A circular metal disc is placed with its plane perpendicular to a uniform magnetic field of 
flux density B. The disc has a radius of 0-20 m and is rotated at Srevs’ ' about an axis 
through its centre perpendicular to its plane. The e.m.f. between the centre and the rim of 
the disc is balanced by the p.d. across a 10 resistor when carrying a current of 1-0 mA. 
Calculate B. 


The induced e.m.f. E = B.nr?. f = Bx n x02? x 5 - 02nB 
and p.d. across 10Q, V = IR = 1x107? x 10 = 107? V 


2:02zB = 107? 
A B=16x 107? T 
The Dynamo Generator 


Faraday’s discovery of electromagnetic induction was the beginning of electrical 
engineering. Nearly all the commercial electric current used today is generated 
by induction, in machines which contain coils moving continuously in a 
magnetic field. 

Figure 12.15 illustrates the principle of such a machine, which is called a 
dynamo, or generator. A coil DEFG, shown for simplicity as having only one 
turn, rotates on a shaft, (not shown), between the poles NS of a horseshoe 
magnet. The ends of the coil are connected to flat brass rings R, which are 
supported on the shaft by discs of insulating material, also not shown. Contact 
with the rings is made by small blocks of carbon H, supported on springs, and 
shown connected to a lamp L. 

As the coil rotates, the flux linking it changes, and a current / is induced in it 
which flows, through the carbon blocks H, to the lamp L. The magnitude (which 


à Coil vertical coil passes vertical 
coil horizontal v parallel to 8 I reverses 
v 90° to B 
(i) (ii) (iii) 


Figure 12.15 Action of simple d. lynamo 


we study shortly) and the direction of the current are not constant. Thus when 
the coil is in the position shown, the side ED is moving downwards through the 
lines of force, and GF is moving upwards. Half a revolution later, ED and GF 
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will have interchanged their positions, and ED will be moving upwards. 
Consequently, applying Fleming's right-hand rule (p. 348), the current round the 
coil must reverse as ED changes from downward to upward motion, Figure 
12.15 (iii). The actual direction of the current at the instant shown on the 
diagram is indicated by the double arrows, using Fleming's rule. By applying this 
rule, it can be seen that the current reverses every time the plane of the coil passes 
the vertical position. 

Note that when the coil is vertical, Figure 12.15 (ii), the velocity of ED and GF 
are both parallel to the field B. So at this instant the induced current is zero, 


current 


direction 


opposite 


Figure 12.16 Current generation by dynamo of Figure 12.15 plotted against time and coil 
position 


l ies with 

We shall see shortly that the magnitude of the e.m.f. and current varies wi! 
time as shown in Figure 12.16 (i). This diagram also shows the SOM 
position of DG in Figure 12.16 (ü), which should be verified by the SAS eoaipieté 

This type of current is called an alternating ritu Gn h te of 
alternation, such as from A to B in the figure, is called a ‘cycle and penn 
cycles which the current goes through in poc sue is called its ‘keqnenty 
frequency of the current represented in the figu hi 
supplies in Britain—50 Hz (cycles per second). Thus from A to B, Dn. MA 
cycle, the time taken (004-002) = 002 = 1/505. So the frequency 1S 
When the dynamo coil is horizontal, the e.m.f. is a : Pans 


E.M.F. in Dynamo 
i i il. If the coil of N turns has an 
We can now calculate the e.m.f. in the rotating co! buie a aes 


area A, and its normal makes an angle 0 with the ma l 
12.17 (i), then the flux linkage with the coil = NA x component of B normal to 
coil. 


So $ = NAB cos 0 


Figure 12.17 (ji) shows how the flux linkage ® varies with the angle 0 starung 


from 0 — 0, when the coil is vertical (V). Since 0 = wt, then oct. So’ 


i ` dicate = 90° il 
horizontal axis can also represent the time t, as indicated. When 0 = 90° the co! 
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is horizontal (H) and no flux links the coil. As the coil rotates further the flux 
linking the face same reverse and so 9 becomes negative as shown. 
We can now find the induced e.m.f. E. If the coil turns with a steady angular 
velocity @ or d/dt, then the e.m. induced in the coil is given by 
= —d/dt = — gradient of the ®—t graph in Figure 12.17 (ii). Figure 12.17 (iii) 
shows the negative gradient variation found from Figure 12.17 (ii). This is the 
variation of E with time t. 


o 


lii 
m 


Coil 


4 [9] 
A ^ 
(eZ ‘ 
(iii) 
N,A o 


(i) 


Figure 12.17 Coil inclined to magnetic field 


We can calculate E exactly as follows. 
do 


E ase n 
dt 


d 
= —NAB-- 
AB (cos 0) 


= NABsin e 4 : 4 : : (1) 
d0/dt is w, the angular velocity and w = 2nf where f is the number of revolutions 
per second. Also, in a time t, Ó = wt = 2nft. So, from (1), we can write 

E-oNABsinot . .. ES 6. 030 
or E = 2nfN AB sin 2zft Hi Pamper) 


Thus the e.m.f varies sinusoidally with time, that is, like a sine wave, the 
frequency being f cycles per second, 


' The maximum (peak) value or amplitude of E occurs when sin 2nft reaches the 
value 1. If the maximum value is denoted by Eo, it follows that : 


E, = 2nf NAB 
and E Eysin2gft. 2s leere sth hbro s (4) 


Uie EA 
The e.m.f. E sends an alternating current of 


: a similar sine equation through a 
resistor connected across the coil. : : 


Dynamo EM.F. from Energy Principles 


The c.m.£. in a simple dynamo can also be found from energy principles. 
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At a time t, suppose the normal to the plane of the coil makes an angle 0 with 
the field B, Figure 12.17 (i). The torque (moment of couple) acting on the coil is 
then given by NABI sin 0 (p. 311), where J is the current flowing if the ends of the 
coil are connected to an external resistor. .. " 

The work done by a torque in rotation through an angle — torque x angle of 
rotation (p. 121). So if the coil is rotated through a small angle A0 in a time At, 


mechanical work done per second by torque = torque x A0/At 
7^ 2NABlsin0 x o ; 


since o = A0/At. But if E is the induced em.f. in the coil, the electrical energy per 
second generated in the coil — EI. So 


EI = NABlsinÜ x 
or E = oNABsin0 = oNABsinot 
This result for E agrees with the calculation using E= -—dġ/dt 


A simple dynamo rotating at a constant angular velocity o (or f rev/s) ina 
uniform field B has an alternating e.m.f. (a.c. voltage) given by E = Eosin wt, 
where E, = maximum e.m.f. = oNAB = 2nfNAB. 


Alternators 

Generators of alternating current are often called alternators. In all but the 
smallest, the magnetic field of an alternator is provided by an electromagnet 
called a field-magnet or field, as shown in Figure 12.18. It has a core of cast steel, 
and is fed with direct current from a separate d.c. generator. The rotating coil, 
called the armature, is wound on an iron core, which is shaped so that it can turn 
Within the pole-pieces of the field-magnet. With the field magnet, the AANE 
core forms a system which is almost wholly iron, and can be strongly magnetis 

by a small current through the field winding. The field in which the ames 
turns is much stronger than if the coil had no iron core, and the e.m.f. 1$ 


proportionately greater. In the small alternators used for bicycle lighting the 


field winding 


armature core 
coil 


Figure 12.18 Field magnet and armature 
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armature is stationary, and the field is provided by permanent magnets, whic! 
rotate around it. In this way rubbing contacts, for leading the current into a 
out of the armature, are avoided. , 
When no current is being drawn from a generator, the power required to turn 
its armature is merely that needed to overcome friction, since no electrical energy * 
is próduced. But when a current is drawn, the power required increases, to — 
provide the electrical power. The current, flowing through the armature. 
winding, causes the magnetic field to set up a couple which opposes the rotation — 
of the armature, and so demands the extra power. 1 


The Transformer i 

A transformer is a device for stepping up—or down—an alternating voltage. It 
has primary and secondary windings but no make-and-break, Figure 12.19. It ` 
has an iron core, which is made from E-shaped laminations, interleaved so that _ 
the magnetic flux does not pass through air at all. In this way the greatest flux is — 
obtained with a given current. $ 
When an alternating e.m.f. E, is connected to the primary winding, it sends an — 
alternating current through it. This sets up an alternating flux in the core of 
magnitude BA, where B is the flux density and A is the cross-sectional area. This — 


primary 
voltage 


secondary 
voltage 
& 


à Figure 12.19 Transformer with soft iron core 
(Power losses in use: (i) heat losses in coils (ii) eddy-current losses in core (reduced by 
laminations, p. 361), (iii) magnetic hysteresis (reduced by special iron alloys with low 
'magnetic friction!) (iv) magnetic flux leakage from coils.) 


induces an alternating e.m.f. in the secondary E,. If N,, N, are the number of 
turns in the primary and secondary coils, their linkages with the flux are: 


%,=N,AB ®, = N,AB 
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The magnitude of the e.m.f. induced in the secondary is, 
do dB 
E. 2——- sie 
“dt MA dt 
The changing flux also induces a back-e.m.f. in the primary, whose magnitude is 
do, dB 
By sae re a 


The voltage applied to the primary, from the source of current, is used simply in 
overcoming the back-e.m.f. E,, if we neglect the resistance of the wire. Therefore 
it is equal in magnitude to Ep. (This is analogous to saying, in mechanics, that 
action and reaction are equal and opposite.) Consequently we have 
e.m f. induced in secondary Beas 
ST RSD ET TT ae Doe Fou 4 (1) 
voltage applied to primary Ep N, 


So the transformer steps voltage up or down according to its ‘turns-ratio’. 


secondary voltage _ number of secondary turns 
primary voltage — number of primary turns f 


The relation in (1) is only true when the secondary is on open circuit. When a 
load is connected to the secondary winding, a current flows in it, Thus the power 
drawn from the secondary is drawn, in turn, from the supply to which the 
primary is connected. So now a greater primary current is flowing than before 
the secondary was loaded. : 

Transformers are used to step up tlie voltage generated at a power station 
from 23000 to 400000 volts for high-tension transmission (p. 259). After 
transmission they are used to step it down again to a value safer for distribution 
(240 volts in houses). Inside a house a transformer may be used to step the 
voltage down from 240 V to 4V, for ringing bells. Transformers with several 
secondaries are used in television receivers, where several different voltages are 
required. 


D.C. Generators i 

Figure 12.20(i) is a diagram of a direct-current (d.c.) generator or dynamo. : 
essential difference from an alternator is that the armature winding is connecte 
to a commutator instead of slip-rings. . 

The commutator consists of two half-rings of copper C, D, insulated from one 


another, and turning with the coil. Brushes BB, with carbon tips, press nen 
the commutator and are connected to the external circuit. The indigens 
arranged so that it reverses the connections from the coil to the circuit at 


instant when the e.m.f. reverses in the coil. $ ihe 

Figure 12.20 (ii) shows several positions of the coil and commutator, an 
e.m.f. observed at the terminals XY. This em/f, varies in magnitude, but it acts 
always in the same way round the circuit connected to XY and so it n a vanm 
direct e.m.f. The average value in this gm pr be shown to be 2/n o 
maximum e.m.f. Eo, given in equation (4), p. 336. b À 

In practice, as in un alternator, the armature coil is wound with insulated us 
on a soft iron core, and the field-magnet is energised by a current. This au hi 
provided by the dynamo itself. The steel of the field-magnet has ala aaro 
residual magnetism, so that as soon as the armature 1$ turned an em. is he 
in it. This then sends a current through the field winding, which increases 
field and the e.m.f. The e.m.f. rapidly builds up to its working value. 
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(i) principle 
B P Q P 
E E | 
P Q Q P Y | 
P 
Q Q 
E 
o H 
| 
time 
(ii) output 


Figure 12.20 D.c. generator 


Most consumers of direct current wish it to be steady, not varying as in Figure 
12.20. A reasonably Steady e.m.f. is given by an armature with many coils, 
inclined to one another, and a commutator with a correspondingly large number 
of segments. The coils are connected to the commutator in such a way that their 


Applications of Alternating and Direct Currents 
S 


nts are less easy to generate than alternating currents, and 


because filament lamps depend on the heating effect, and gas-discharge 
lamps— neon, sodium, mercury —run as well on alternating current as on direct. 
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do not. Direct current is therefore used on most electric railway systems. These 
systems either have their own generating stations, or convert alternating current 


from the grid into direct current, One way of converting alternating current into 
direct current is to use a rectifier, whose principle we shall describe later. 


Eddy-currents and Power Losses 
The core of the armature of a dynamo is built up from thin sheets of soft iron 
insulated from one another by an even thinner film of oxide, as shown in Figure 


12.21 (i). These are called laminations, and the armature is said to be laminated. 


(i) laminated (ii) solid (iii) 


Figure 12.21. Armature cores. Eddy currents 


If the armature were solid, then, since iron is a conductor, currents would be 
induced in it by its motion across the magnetic field, Figure 12.21 (ii). These 


sing the rotation of the armature, and they 
currents woule aa a A Id damage the insulation of the 


would dissipate that power as heat, which woul ihi 
winding. But when the armature is laminated, these currents canno k 


because the induced e.m.f. acts at right angles to the laminations, and therefore 


to the insulation between them. The magnetisation of the core, npete L2 jist 


affected, because it acts along the laminations. Thus the induced md si 
eddy-currents, are practically eliminated, while the desired e.m.f.—in 
armature coil—is not. y i 

Eddy-currents, by Lenz's law, always tend to oppose the motion of ‘ ud 
conductor in a magnetic field. The opposition can be shown in biped pea d ui 
of the most impressive is to make a chopper with a thick copper pe ald H 
to slash it between the poles of a stronger electromagnet, i en Pon jus 
delicately and allow it to drop between Ux The resistance to the mo! 
case of the fast-moving chopper can be felt. x 

Ifa rectangular md plate of aluminium is set swinging pian nie ie 
strong magnet, it soon comes to rest. The edd corre em P ple inue 
metal oppose the motion. But if many deep slots are cut into Asean ei 
comb, the pendulum now keeps oscillating for a much longer d postu 
to rest. Figure 12.21 (iii). The eddy-currents are considerably reduci 


as they cannot flow across the many air gaps formed by the slots. 


Damping of Moving-Coil Meters _ damping a meter. 
Sometimes eddy-currents can be made use of— for example, in ml be on the 
When a current is passed through the coil of an ammeter, à itz wei of the 
coil which sets it swinging. If the swings are opposed only by the 
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air, they decay very slowly and are said to be naturally damped, Figure 12.22. 
The pointer then takes a long time to come to its final steady deflection 0. 


natural damping 


e 


E 


hes 
excessive damping 


deflection 


Critical damping 


time — 


Figure 12.22 Damping of galvanometer 


To bring the pointer more rapidly to rest, the damping must be increased. One 
way of increasing the damping is to wind the coil on a metal frame or former 


If the coil is overdamped, as shown in Figure 12.22, it may take almost as long 
to come to Test as when it is undamped. The damping which is just sufficient to 
Prevent ‘overshoot’ is called ‘critical’ damping. 


/ s Electric Motors 
Ifa simple direct-current dynamo, with a split-ring commutator, is connected to 
a battery it will run as a motor, Figure 12.23, Current flows round the armature 
coil, and the magnetic field exerts a couple on this, as in a moving-coil meter. The 


$ 
lih 
WER eS a E] 


igure 12.23 Principle of d.c. motor 
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commutator reverses the current just as the sides of the coil are changing from 
upward to downward movement and vice versa. Thus the couple on the 
armature is always in the same direction, and so the shaft turns continuously. 

The armature of a motor is laminated, in the same way and for the same 
reason, as the armature ofa dynamo. — 


Back-e.m.f. in Motor 
When the armature of a motor rotates, an e.m.f. is induced in its windings. By 
Lenz's law this e.m.f. opposes the current which is making the coil turn. It is 
therefore called a back-e.m,f. If its magnitude is E, and V is the potential 
difference applied to the armature by the supply, then the armature current is 


[E OT a iy pane. “emis N odis 


ae 
Here R, is the resistance of the armature, which is generally small—of the order 
of 1 ohm. 

The back-e.m.f. E is proportional to the strength of the magnetic field, and to 
the speed of rotation of the armature. When the motor is first switched on, the 
back-e.m.f. is zero: it rises as the motor speeds up. In a large motor the starting 
current would be much too great and destroy the armature coil. To limit it, a 
variable resistance is therefore inserted in series with the armature, and this is 
gradually reduced to zero as the motor gains speed. 3 

When a motor is running, the back-e.m.f. in its armature E is not much less 
than the supply voltage V. For example, a motor running off the mains 
(V — 240 V say) might develop à back-e.m.f. E = 230 V. If the armature had a 
resistance of 1 ohm, the armature current would then be 10A (equation (1)). 
When the motor was switched on, the armature current would be 240A if no 


starting resistor were used. à x i 
The following example shows how the back e.m.f. is taken into account. 


tor and Speed 
A motor has an den ERR ae a maY supply and a light load, the 
motor speed is 200 rev min™ ! and the armature current is 5A. Calculate the motor speed 
at a full load when the armature current is20A. 
240—e, 
Generally, Jig 


where e, is the back-e.m.f. So at I = 5A, 
240—e, = 5x4 = 20 
e, = 240-20 = 220V 


and 
20 A. Then, from the equation for 


Suppose e, is the new back-e.m.f. when I = 
240—e; = 20 x 4 = 80 
So : e; = 240—80 = 160 V 


Now the speed of the motor is proportional to the back-e.m.f. 


160 jns 
So full load speed = 55 X 200 rev min * 


= g45revmin ^! (approx) 
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3 Back-e.m.f. and Power 
If V is the supply voltage to a motor and I, is the current, the power supplied to 
the motor is /, V. Part of this power is dissipated in the resistance R, of the motor 
coil and this is equal to /,^R. The rest of the power is the mechanical power 
developed in the motor. 
If Ey is the back-e.m.f. in the motor, then 


: V-E 
lur ex : 
a 
So V =1,Ry+Ey 


Multiplying by /,, then 
LV =1,7R+1,E, 
AES = HV — IR, 
So I,E, = mechanical power developed in motor. 


In the Example on the motor just done, the supply voltage was 240 V and the 
armature current was 5A. So the power supplied — I,V = 5x 240 = 1200 W. 
The heat per second in the resistance R,— ER, = 5? x4 = 100 W. So the 
mechanical power developed in the motor = 1200— 100 = 1100 W. 


Series- and Shunt-Wound Motors 
The field winding of a motor may be connected in series or in parallel with the 
armature, If it is connected in Series, it carries the armature current, which is 
large, Figure 12.24. The field winding therefore has few turns of thick wire, to 
keep down its resistance and so waste little power in it as heat. The few turns are 
enough to magnetise the iron, because the current is large. 

Series Motors are used where great torque is required in starting—for 
example, in cranes. They develop a great starting torque because the armature 
current flows through the field coil. At the start the armature back-e.m.f is small, 
: and the Current is great—as great as the starting resistance will allow. The field- 

magnet is therefore very strongly magnetised. The torque on the armature is 
Proportional to the field and to the armature current; since both are great at the 


If the field coil is connected in parallel with the armature, as in Figure 12.25, 
the motor is said to be ‘shunt-wound’. The field winding has many turns of fine 
Wire to keep down the current which it consumes. 1 

Shunt-wound motors are used for driving machine-tools, and in other jobs 
where a Steady speed is required. A shunt motor keeps a nearly steady speed for 
the following reason. If the load is increased, the Speed falls a little; the back- 


[Mee 


Figure 12.24 Series-wound motor 
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PRES A 
field winding ’ 
j 
| 
Figure 12.25 Current and voltages in shunt-wound motor 
e.m.f. then falls in proportion to the speed, and the current rises, enabling the 
} motor to develop more power to overcome the increased load. A series motor 
: does not keep such a steady speed as a shunt motor. 


Exercises 12A... —————————— 
Electromagnetic Induction 
1 A bar magnet M, with its S pole at the bottom, is dropped vertically through a 
horizontal flat coil C, Figure 12A (i). Draw a sketch showing the direction of the 


induced current 
(a) just before M passes through C, ; 
(b) just after M has passed completely through C. 


[0] (i) 
Figure 12A 


2 Figure 12A (ii) shows a vertical copper disc D 
horizontal magnetic field B directed normally à i 
connected to contacts at O and A. The radius OA can be considered as a straight 
conductor moving in the field. Copy the diagram and show in your sketch the 

! direction of the induced current flowing through G. Has A or O the higher 
A oria i i i horizontal field B 

3 A horizontal rod PQ of length 1:5m is perpendicular to à uniform ERR zm 
| of 0-1 T, Figure 12B (i). Calculate the induced e.m.f., if any, in PQ when the rod is 


rotating clockwise in a uniform. 
towards D. A galvanometer Gis 


15m 


" 
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moved through the field with a uniform velocity of 4 m s ' 
(a) in the direction of B, 
(b) perpendicular to B and upwards. Which end of PQ has the higher potential? 
Figure 12B (ii) shows a vertical rectangular coil PQRS with its plane parallel to a 
uniform horizontal magnetic field B of 0-4 T. The coil has 5 turns, PS is 10cm long 
and SR is 5cm long. Calculate the average induced e.m.f. in the coil, if any, 
(a) when it is moved sideways in the direction of B with a velocity of 2m s ' !, 
(b) when it is rotated through 90° about the vertical axis XY in Ols. 

If the resistance of the coil PQRS is 109 and its terminals are connected, what 
charge circulates in the coil in case (b)? 
In Figure 12B (ii) the coil PQRS is rotated about the axis XY at SO revs”. 
Calculate the maximum e.m.f. induced in the coil. 

What is the instantaneous e.m.f. in the coil when its planeis (i)parallel to the 
direction of B, (ii) 60° to B, (iii) 90° to B? 
Explain. using the case of a N pole of a magnet approaching a coil, why Lenz's law 
is a consequence of the law of the conservation of energy. 

How is Lenz's law applied to explain why an induced e.m.f. is obtained in a 
straight conductor cutting flux in a magnetic field? 
Figure 12C (i) shows a horizontal metal rod XY moving with a uniform velocity v 
perpendicularly to a uniform magnetic field B acting into the paper. By considering 
is force on electron, charge — e, explain why an induced e.in.f. is obtained along 


10 


Figure 12C 


Figure 12C (ii) shows an n-type semiconductor S, with a battery D connected so 

thata current I flows through it. When a strong magnetic field B is applied 

perpendicularly to the plane of S, explain why an e.m.f. (Hall voltage) E is obtained. 
Show that 

(a) E = Bod, where v is the drift velocity of the n-charges, 

(b) en BI/net, where n is the number of n-charges per metre? and t is the thickness 
of S. 

A closed square coil consisting ofa single turn of area A rotates at a constant 

angular Speed, €) about a horizontal axis through the mid-points of two opposite 

sides. The coil rotates in a uniform horizontal magnetic flux density, B, which is 
directed perpendicularly to the axis of rotation. 

(a) Give an expression for the flux linking the coil when the normal to the plane of 
the coil is at an angle a to the direction of B. 

(b) Ifat timet = 0 the normal to the plane of the coil is in the same direction as that 
of B, show that the e m.f. E, induced in the coil is given by E = BAw sin ot. 

(c) With the aid of a diagram, describe the positions of the coil relative to B when E 
is (i)a maximum — (ii) zero, Explain your answer. (JM B.) 

(a) Show, by considering the force on an electron, that a potential difference will be 
established between the ends ofa metal rod which is moving in a direction at 
right angles toa magnetic field. Draw a diagram in which the direction of 
motion of the rod is shown, the direction of the magnetic field is stated and the 
polarity of the ends of the conductor is shown. 

(b) How would you show that an induced current in a conductor moving in a 
magnetic field is such a direction as to oppose the motion of the conductor? 
Explain why this follows from conservation of energy. 
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(c) The primary of a transformer is connected to a constant voltage a.c. supply and 
the secondary is on open circuit. Discuss the factors which determine the current 
flowing in the primary winding. (L.) 

(a) A wire of length l is horizontal and oriented North-South. It moves East with 
velocity v through the earth's magnetic field which has a downward vertical 
component of flux density B. Write down an expression for the potential 
difference between the two ends of the wire. Which end of the wire is at the more 
positive potential? E 
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Figure 12D 


(b) A horizontal square frame ABCD, of side d, moves with velocity v parallel to 
sides AB, DC from a field-free region into a region of uniform magnetic field of 
flux density B, Figure 12D. The boundaries of the field are parallel to the sides 
BC, AD of the frame and the field is directed vertically downward. Write down 
expressions for the electromotive force induced in the frame (i) when side BC 
has entered the field but side AD has not, (ii) when the frame is entirely within 
the field region, (iii) when side BC has left the field but side AD has not. «d 

For each position derive an expression for the magnitude and direction of the 
current in the frame and the resultant force acting on the frame due to the 
current. The total resistance of the wire frame is R, and its self-inductance may 


be neglected. (O. & C.) 


12. State the laws of electromagnetic induction. Show how Lenz's law is consistent with 


the principle of conservation of energy. 


Figure 12E 


wing the directions of the currents 


Draw four arrows, labelled A, B, C and D, sho ted. Explain how the e.m.f. arises 


induced in the resistors in the experiments illustra: E 
in cases C and D, Figure 12E. he centre of a long sole noid of 


I. The plane of the disc is normal to 


of the copper disc and its rim is 1% of the potenti f the 
Solenoid. Deduce an expression for the em.f. generated between the PTE f jg, Af 
copper disc and its rim. Hence find the resistance of the solenoid 1 

andn. (C) ; ici sing the 
Define electromotive force and state the laws of electromagnetic ind mess pd 
definition and the laws, derive an expression for the e.m.f. indu 

moving in a magnetic field. 
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When a wheel with metal spokes 1:2 m long is rotated in a magnetic field of flux 
density 5 x 10^ 5 T normal to the plane of the wheel, an e.m.f. of 10? V is induced 
between the rim and the axle. Find the rate of rotation of the wheel. (L.) 

State Lenz's law and describe how you would demonstrate it using a solenoid with 
two separate superimposed windings with clearly visible turns, a cell with marked 
polarity, and a centre-zero galvanometer. Illustrate your answer with diagrams. 

A metal aircraft with a wing span of 40 m flies with a ground speed of 
1000 km h * ' in a direction due east at constant altitude in a region of the northern 
hemisphere where the horizontal component of the earth's magnetic field is 
1:6x 1075 T and the angle of dip is 71-6". Find the potential difference in volts that 
exists between the wing tips and state, with reasons, which tip is at the higher 
potential (JM B.) 

State the laws relating to the electromotive force induced in a conductor which is 
moving in a magnetic field. 

Describe the mode of action of a simple dynamo. 

Find in volts the e.m.f. induced in a straight conductor of length 20 cm, on the 
armature of a dynamo and 10 cm from the axis when the conductor is moving ina 
uniform radial field of 0-5 T and the armature is rotating at 1000 r.p.m. (L.) 

State Lenz's law of electromagnetic induction and describe, with explanation, an 
experiment which illustrates its truth. 

Describe the structure of a transformer suitable for supplying 12 V from 240-V 
mains and explain its action. Indicate the energy losses which occur in the 
transformer and explain how they are reduced to a minimum: 

When the primary of a transformer is connected to the a.c. mains the current in it 


_ (a) is very small if the secondary circuit is open, but 


(b) increases when the secondary circuit is closed. Explain these facts. (L.) 
State the laws of electromagnetic induction and describe experiments you would 
perform to illustrate the factors which determine the magnitude of the induced 
current set up in a closed circuit. 

A simple electric motor has an armature of 0-1 Q resistance. When the motor is 
running on a 50 V supply the current is found to be 5 A. Explain this and show what 
bearing it has on the method of starting large motors. (L.) 


Figure 12F 
In Figure 12F a uniform ma. 


shaded region. Outside this 
loops of wire, 


(a) Loop X is a rigid rectangle in the plane of the paper with dimensions 
50x 100 mm and resistance 0-5 Q. It is pulled through the field at a constant 
velocity of 20 mms "as shown. Its leading edge enters the field at time 1 = 0. 
Sketch graphs, giving explanations, of how the following vary with time from 
(—0tor—20s (i) the magnetic flux linking loop X... (ii) the induced e.m.f. 


gnetic field of 2:0 T exists, normal to the paper. in the 
region the magnetic field is zero. X. Y and Z are three 
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(b) 


(c 


19 (a) 


(b) 


(c 


around the loop, (iii)the current in the loop. Neglect any effect of self- 
inductance. 

Loop Y of the same dimensions as X is mounted on a shaft within the field 
region. It is rotated at a constant frequency f to provide a source of alternating 
em.f. At t = 0 the loop is in the plane of the paper. (i) Give an expression for 
the e.m.f. between the terminals A and B at any instant. (ii) Calculate the 
frequency of rotation required to give an output of 3 V r.m.s. 

Loop Z, made of a fixed length 0-3 m of flexible wire, rests on a smooth surface 
in the plane of the paper within the field region. A direct current I in the wire 
causes it to take up a circular shape. (i) Explain this observation. (ii) What 
would you expect to happen if the current / was reversed in direction? (0. & C.) 
Magnetic fields can be described in terms of field lines (lines of force). Use this | 
concept to distinguish between magnetic flux density (magnetic induction) and 
magnetic flux. 

A coil of cross-sectional area 0-001 6 m? and length 50cm, having 400 turns, is to 
be used to produce a uniform magnetic field of value 1-51 mT. Tt is calculated 
that this can be done if there is a current of 1-5A in the coil, (i) State where the 
magnetic field will be uniform. (ii) Show how the value of the current is 
calculated. (iii) Calculate the total flux through the coil for this current value. 
(Permeability of free space, uo = 4x x 1077H m~") 

A coil of 8 turns is now wound around the centre portion of the above coil and 
its ends are connected to the Y plates of a cathode ray oscilloscope. A 50-Hz 
alternating current is passed through the 400-turn coil. (i) Explain briefly why 
an e.m.f. will be induced in the 8-turn coil. (ii) Explain how, with the time base 
switched off, you would use the oscilloscope to measure the emf. induced in the 
coil. (iii) If the waveform of the 50-Hz alternating current is as shown in Figure 
12G. 


Current/A 


-Figure 12G 
(1) Calculate the change in the flux linkage through the. 


8-turn coil during the 
time interval between the points P and Q on the diagram; also calculate the 


induced e.m.f. during this time interval. erae 7 
(2) Sketch a Graph aho Wing how the induced e.m.f. varies with time over (wo 


cycles of current change, beginning at t = 0 and using the same time scale as 
above. (L.) 
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Self-induction 


The phenomenon called self-induction was discovered by the American, Joseph 
Henry, in 1832, It is used in the inductor, a component widely use in 
communication and radio circuits. 

When a current flows through a coil, it sets up à magnetic field. And that field 
threads the coil which produces it, Figure 12.26 (i). If the current / through the 
coil is changed —by means of a variable resistance, for example— the flux linked 
with the turns of the coil changes. An e.m.f. is therefore induced in the coil. By 


1 increasing 


— E 


() flux linked 
with. coil 


(i induced emis 


Figure 12.26 Self-induction 


Lenz's law the direction of the induced e.m.f. will be such as to oppose the change 
of current. So the e.m.f. will be against the Current if it is increasing, but in the 
same direction if it is decreasing, Figure 12.26 (ii). 


l) Circuit 


(i) Results t 


Figure 12.27 Self-induction experiment 
M ERR in ves with a similar lamp A,. Initially R is adjusted so 
at the two lamps have the same brightness in their ctive circuits with 
steady poh Boeing: ghtness their respective circuits 
With the circuit open as shown in Figure 12.27 (i) K is closed, so that B is now 
penas. The lamp A; with R is seen to become bright almost immediately but 
the amp A, with L increases slowly to full brightness. The induced or back-e.m.f. 
in the coil L Opposes the growth of current so the glow in the lamp filament in A, 
increases slowly. The resistor R, however, has a negligible back-c.m.f. So its lamp 
A; glows fully bright as soon as K is closed. See Figure 12.27 (ii), 
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Induced e.m.f. Across Contacts 
Just as self-induction opposes the rise of an electric current when it is switched. 
on, so also it opposes the decay of the current when it is switched off. When the 
circuit is broken, the current starts to fall very rapidly, and a correspondingly 
great c.m.f. is induced, which tends to maintain the current. 

This e.m.f. is often great enough to break down the insulation of the air 
between the switch contacts, and produce a spark. To do so, the e.m.f. must be 
about 350 volts or more, because air will not break down—not over any gaps, 
narrow or wide— when the voltage is less than that value. The e.m.f. at break 
may be much greater than the e.m.f. of the supply which maintained the 
current. A spark can easily be obtained, for example, by breaking a circuit 
consisting of an iron-cored coil and accumulator. 


Non-inductive Coils 


In some circuits containing coils, self-induction is a nuisance. To minimise their 


d 


Figure 12.28 Non-inductive winding 

re wound so as to set up extremely 
28, the wire is doubled-back on 
is then travelled by the same 
t magnetic field is negligible. 


self-inductance, the coils of resistance boxes ài 
small magnetic fields. As shown in Figure 1228, 
itself before being coiled up. Every part of the coil 
current in opposite directions, and so its resultan 
Such a coil is said.to be non-inductive. 


Self-inductance, L s 
To discuss the effects of self-induction more fully, we define the property ofa coil 


called its self-inductance. By definition, 
back-e.m f. induced in coil by a changing current 


rate of change of current through coil 
; i fore 
Self-inductance is denoted by the symbol L. Numerically, we may there 


self-inductance — 


Esack 
L= rdt 
d/ Es: 
or En mL di INL yd 


ADI rinductance of 1 
The unit of self-induction is the henry (H). 4 coil has rp s 
henry if the back-e.m.f. in it is I volt, when the current through i 
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rate of | ampere per second. Equation (1) then becomes: 
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Eyax(VOlts) = L(henrys) x Sl ampere second) 


The iron-cored coils used for smoothing the rectified supply current to a 
television receiver are usually very large and have an inductance L of about 50H. 
An air-cored coil may have a small inductance of 0-001 H or 1 millihenry 
(1 mH). 
Resistance, R, of coil = J = Opposition to steady current 
Inductance, L , of coil = E/(dl/dt) = opposition to varying current 


L for Coil 
Since the induced emf. E = d®/dt = L didt, numerically, it follows by 


integration from zero that 
7 ga, Dee 550 255 0 0 aie NN NN -—— 
®= LI 


Earlier we saw that when a long coil of N turns and length / carries a current /, 
the flux density B inside the coil with an air core is given by B = uo N1/l, where ju; 
is the permeability of air, 4z x l0 'Hm'^! (p. 324). With an iron core of relative 
permeability u.. the flux density is given by B = uus NI/I (p. 325). In this case 

flux linkage @ = y.4p = eHoN?AL 


L=—= (1) 


metre~'. Note that L depends on N2, the s 
i : quare of the number of turns. 
From (1). Ho = Ll/u,N? 4. Now the unit of L is henry, H, the unit of I/A is 
metre ^! m^! ang Hr and N? are numbers, So 


T dm Co ddr l- Hm: 


z . Energy Stored 

When the current in a coil is interrupted by breaking the circuit, a spark passes 
across the gap and energy is liberated in the form of heat and light. The energy 
has been Stored in the magnetic field of the coil, just as the energy of a charged 
capacitor is Stored in the electrostatic field between its plates (p. 466). When the 
M in the coil is first Switched on, the back-e.m.f. Opposes the rise of current. 
doces against the back.e m f. and therefore does work against il 
p. 247). When the current becomes Steady, there is no back-e.m.f. and no more 
WOrk done against it. The total Work done in bringing the current to its linal 
value is stored in the magnetic field of the coil. It becomes liberated when the 
current collapses because then the induced c.m.f. tends to maintain the current, 
and to do external work of some kind. 
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To calculate the energy stored in a coil, suppose that the current through it is 
rising at a rate di/dt ampere per second. Then, if Lis its self-inductance in henrys, 
the back-e.m.f. across it is given numerically by 


The total work W done against the back-e.m.f. in bringing the current from 
zero to a steady value I, is therefore 


lo ql lo 
w= {era | ude | LI.dl 
yee 


0 


So W= SLI? 


This is the energy stored in the magnetic field of the coil. 


E.M.F. across Contacts at Break É d» 
To calculate the e.m.f. induced at break is, in general, a complicated business. 
But we can easily do it for one important practical circuit. To prevent sparking 


induced current 


| current 
| 
(i) steady state, (ii) switch open 
switch closed ' 


Figure 12.29 Prevention of sparking by capacitor 
at the contacts of a switch in an inductive circuit, such jd a A qos 
telecommunications, a capacitor is often connected across e f ani a 
12.29 (i). When the circuit is broken, the collapsing flux through the 


maintain the current because the current can cone ie av, yon Cgil 
i aci i ii). seque I 
charging the capacitor, Figure 12.29 (ii). Con pr Uy e cem. never ries 


decay as rapidly as it would without the capacitor, tial 

as high. if the capacitance of the capacitor is great Duces cee $e 

difference across it (and therefore across the switch) never rt £ 

cause a spark. M. " at all 
To find the value to which the potential difference does Lone ia io 

the energy originally stored in the magnetic field of the con! 

electrostatic field of the capacitor. ; i lue of 
If C is the capacitance of the capacitor in farad, and oe oe joule 

potential difference across it on volt, then the energy store ae V oil we 

(p. 229). Equating this to the original value of the energy 5 

have 


4CVo? = 1LIo! 


2 : sparking. ina 
Let us suppose that a current of 1 ampere !5 to be broken, without 
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circuit of self-inductance | henry and to prevent sparking, the potential 
difference across the capacitor must not rise above 350 volt. The least 
capacitance that must be connected across the switch is therefore given by 


4C x 350? 2 1x 1x 12 


1 " 
So Cep = 8X10 °F=8uF 


A capacitor of capacitance 8 HF, and able to withstand 350 volts, would therefore 
be required. 


Current in Land R Series Circuit 
Consider a coil of inductance L = 2H and resistance R = §Q connected to a 
10 V battery of negligible internal resistance, with a switch S in the circuit, Figure 
12.30 (i). 
When the switch is closed 80 that current flows, part of the 10 V is needed to 
maintain the current in R and the rest of the p.d. is needed to maintain the 


growth of the current against the back-e.m.f. E, due to the inductance L. 


E=10v 
(i) 


Figure 12.30 C urrent variation in L, R series circuit 


1. At the instant the switch is closed (time ¢ = 


PEE : 0), there is no current in the 
Circuit. So there is no 


Venn bask berg Ber R, from V = FR, Hence the whole of the 
Ej = 10 = a = m 

Hence esas 

and del Eds oe i eed a rate of change of current with time at ¢ = 0 


2. Suppose the Current I rises to a value 1-4 A, which i i 
: j . ted by B in 
Figure 12.30 (ii). The P-d. across R is then given by UR M 
V=IR = l4x5=7y 


back-e.m f. £,=10-7=3y 
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change in the coil and hence no back-e.m.f. In this case the whole of the 10 V 
maintains the current in R. So if Ig is the final or steady current, V = 10 = IR. 
Hence ; 


This is the current value corresponding to C in Figure 12.30 (ii). The graph shows 
how J increases to its final value after a time t. It is an exponential graph (see 
below). 

Generally, we see that E = V+Ldl/dt = 1R+Ldl/dt. When we solve this 
differential equation (see Scholarship Physics by the author), the result is 


1=1,1-e7*") 
So the curve OC in Figure 12.30 (ii) is exponential. : 
When the circuit is broken, the flux in the coil decreases rapidly and the 
current falls quickly along CD in Figure 12.30 (ii). A spark may then be obtained 
across the switch due to the high voltage, as we previously explained. 


Mutual Induction d } 
We have already seen that an e.m.f. may be induced in one circuit by a changing 
current in another (Figure 12.1, p. 342). The phenomenon is often called mutual 
induction, and the pair of circuits which show it are said to have mutual 
inductance. The mutual inductance, M, between two circuits is defined by the 
equation: 


e.m.f. induced in B, by} yf x pr of change of 
changing current in A current in A 


explained: 


s the switc. i viously 
across the switch due to the high voltage, as We previous y Qo cited bin 


The same value of M would be obtained if we changed 
observed the e.m.f. induced in A. So, from above, 


Egr Md [Ate CU eS, (1) 
m Faraday's law, then if Dp is the 


Furth . SÍ ^w. , ically fro! ! 
Wien o A, then we can write 


flux change in B due to a current change J in 
Og = Ml, gute Lo GM (2) 
used for defining or calculating M. 


Either equation (1) or equation (2) can be a er ile AS” À 


So if 0-02 V is the induced e.m.f. in B when t 
then 
M = Es/(dI,/dr) = 002/2 = 0019... e di 
Also, if the flux linking a coil B is 004 Wb when the current 1n à neighbouring 
Coil A is 2 A, then f 
M = dI, = 004/2 = 002H 
ils A and B 
The greatest value of mutual inductance M occurs when the 0 cte p 
are wound over each other on a soft iron core, as In the e 2 ras 
Secondary coils of a commercial (soft iron) transformer. In. Spem 
shown that M = ,/L,Lg, where La and Ly are the respective ances 
of the separate coils A and B. 
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— Exercises 12B 
Self and Mutual Induction 


1 Define self inductance, 

A 12-V battery of negligible internal resistance is connected in series with a coil of 

istance 1-00 and inductance L. When switched on the current in the circuit 
grows from zero. When the current is 10A the rate of growth of the current is 
500A5-'. What is the value of L? (L.) 

2 A circuit contains an iron-cored inductor, a switch and a d.c. source arranged in 
series. The switch is closed and, after an interval, reopened. Explain why a spark 
jumps across the switch contacts. 

In order to prevent sparking a capacitor is placed in parallel with the switch. The 
energy stored in the inductor at the instant when the Circuit is broken is 2-00J and 


minimum capacitance required. (AEB, 1982.) 
3 In the circuit shown in Figure 12H below, L has a very large inductance and 
ae resistance and R has 4 resistance of 6002. The four cells are each of em.f. 


(a) (i) Sketch a graph showing how the current, J, varies with time, t, when switch S, 
is left open and Switch S, is closed. Draw a Matching graph to show how the 
P.d., K across L varies with time over the same interval, (ii) Account for the 
Shapes of the graphs. (iij) If S; is closed before S, is closed, J and V vary with 
sne “mal as before, Explain why the silicon diode makes no difference to I> 


and V. 
(b) (i) With s, open, S, is opened to Switch offa stead i 
t F ; y current /, Explain why 
Sparking occurs at the switch contacts. (ii) With S. closed, S, pee to 
Switch off a steady current J. Explain why no Sparking occurs, (L.) 


S. he final current, (ii) the 
(iii) the rate of change of current 


xplain why an em f. reatly i 4 ji 

current is switched a greatly in excess of 2.0 y will be produced when the 

(b) UN Casu solenoid has 1000 turns of wire Per metre and a cross-sectional 
nbi cm’. A secondary coil, of 2000 turns, is wound around its centre, and 

d ed toa ballistic galvanometer, the total resistance of coil and 

8alvanometer being 600. Th " ti it f the galvanometer is 2-0 divisions per 

“Aan the primary solenoid were switched off, 

what would be the deflecti ili 

space = 4x x 10 ^ ur Ciel » the galvanometer? (Permeability of free 

5 Explain what is meant by the bm inductance of two coils. If you were provided 

ray osei 


with a calibrated cathode losco; i i illi 
A ay o pe (or a high Tesistance millivoltmeter) and a 
means of producing a steadily Increasing current, nd Would you measure the 
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mutual inductance of two coils? (Assume that normal laboratory equipment is also 
available.) - 

Five turns of wire are wound closely about the centre of a long solenoid of radius, 
20 mm. If there are 500 turns per metre in the solenoid, calculate the mutual 
inductance of the two coils. Show your reasoning. (The permeability of free space is 
4nx 1077 Hm™!)(L) 

6 State what is meant by 
(a) self induction, and 
(b) mutual induction. 
Describe one experiment in each case to illustrate these effects. 

In the circuit shown (Figure 121) A and B have equal ohmic resistance but A is of 

negligible self inductance whilst B has a high self inductance. 


Figure 121 - 


Describe and explain how the currents through A and B change with time 
(i) when the switch Sisclosed,and (ii) when it is opened. Illustrate your answers 
graphically. ? 
Describe briefly two applications of selfinductors.(L) 
7 Describe the phenomena of self induction and mutual induction. 
Describe the construction and explain the action of a simple form of a.c. 


transformer. dns 
i i imary and secondary windings are perfectly 
In an a.c. transformer in which the primary A TAAA 


coupled and in which a negligible primary current j e 
incon a current of 5A (r.m.s.) was observed to flow in the primary in P A 

applied voltage of 100 V (r.m.s.) when the secondary was connected E m ors only. 
If the primary contains 100 turns and the secondary 25 000 turns, calculate 


(a) the voltage PA T 
(b) the core in the secondary, stating any simplififying assumptions you make. 
oie oft a battery and a switch are 


8 A choke of large self inductance and small resistance, à o ) 
connected in cries Sketch and explain a graph illustrating how n Kod pin 
with time after the switch is closed. If the self inductance and resista 


are 10H and 5Q respectively and the battery hasan emf. ies bey negligible 
resistance, what are the greatest values after the switch is c 


(a) the current, 
(b) the rate of change of current? (JMB) 
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Flux Linkage and Charge Relation 


We have already seen that an electromotive force is induced in a circuit when the 
magnetic flux linked with it changes. If the circuit is closed, a current flows. and 
electric charge, Q, is carried round the circuit. As we shall now show, there is a 
simple relationship between the charge and the change of flux. 
Consider a closed circuit of total resistance R ohm, which has a total flux 
linkage ® with a magnetic field, Figure 12.31. If the flux linkages start to change, 
d 


induced emf, E = — — 
dt 


E 
a tI==s=-= — TINA i 1 
curren R (1) 


Figure 12.31 Coil with changing flux 


In general, the flux linkage will not change at a steady rate, and the current will 
not be constant. But, throughout its change, charge is being carried round the 
Circuit. In a time t from zero, the charge carried round the circuit is 


Q= f Idt 
0 
1 (‘dd 
From (1), 440-25——]| — 
Pra, ard 
1 [* 
ra ois the number of linkages att = 0,and $, is the number of linkages at time 
. Thus 


Q=- 2% 0-0, 
R R 


The quantity ®o—®, is positive if the link 

quar E ages ® have decreased, and 
negative if they have increased. But as a rule we are interested only in the 
magnitude of the change, and so we may write 


ch li 
Q = ange of flux linkage (2) 


Equation (2) shows that the charge ci i i 
ge circulated f 
flux-linkages, and is independent of the time, PR ese hte d 


Ballistic Galvanometer 


From equation (2), we see that if the charge Q flowing is measured by a ballistic 
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galvanometer G, as shown in Figure 12.31, then we have a measure of the change 
in the flux linkage, ®. ie 

Ballistics is the study of the motion of an object, such as a bullet, which is set 
off by a blow, and then allowed to move freely without friction. A ballistic 
galvanometer is one used to measure an electrical blow, or impulse, for example, 
the charge Q which circulates when a capacitor is discharged through it. 

A galvanometer which is intended to be used ballistically has (i) a heayier 
coil than one which is not, and (ii) has as little damping as possible—an 
insulating former, no short-circuited turns, no shunt. The mass of its coil makes 
it swing slowly. In the example above, for instance, the capacitor has dicharged, 
and the charge has finished circulating, while the galvanometer coil is, just 
beginning to turn. The galvanometer coil continues to turn, however: and as it 
does so it twists the controlling spring. The coil stops turning when its kinetic 
energy, which it gained from the forces set up by the current, has been converted 
into potential energy of the spring. The coil then swings back, as the spring. 
untwists, and it continues to swing back and forth for some time. Eventually it 
comes to rest, but only because of the damping due to the viscosity of the air, 
and to the spring. Theory shows that, if the damping is negligible, the first 
deflection of the galvanometer is proportional to the quantity of charge, Q, that 
passed through its coil, as it began to move. This first deflection, 0, is often called 
the ‘throw’ of the galvanometer; We then haye 


Que kOn o ae mM ae) 


where k is a constant of the galvanometer. _ is te 

Equation (1) is true only if all the energy given to the coil is spent in twisting 
the suspension. If an appreciable amount of energy is used to overcome 
damping —that is, dissipated as heat by eddy currents—then thegalvanpmeieri 
not ballistic, and @ is not proportional to Q. : has 

To calibrate the Pallistic nisu a capacitor of known ULP ARS s 
example, 2 uF, is charged by a battery of known em.f such as 50 di Speed The 
discharged through the instrument, Suppose the deflection Is 200 ae ity Wo 
charge Q = CV = 100 microcoulomb, and so the galvanometer sensitivity 


divisions per microcoulomb. 


Measurement of Flux Density e EG AOT 
Figure 12.32 illustrates the principle of measuring the flux density B in the fi 


E $ O | 


search coil 
N turns 


Figure 12.32 Flux density by ballistic quiranomeier 
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between the poles of a powerful magnet such as a loudspeaker magnet. A small 
coil, called a search coil, with a known area and number of turns, is connected to 
a ballistic galvanometer G. It is positioned at right angles to the field to be 
measured, as shown, so that the flux enters the coil face normally. 

The coil is then pulled completely out of the field by moving it smartly 
downwards, for example, and the throw 6 produced in the galvanometer is 
observed. The charge Q which passes round the circuit is proportional to 0, from 
above. 


Suppose B is the field-strength in tesla (T), A is the area of the coil in m? and N 
is the number of turns. Then 


change of flux-linkages = NAB 
-, quantity, Q, through galvanometer — “ae 
where R is the total resistance of the galvanometer and search coil. But 
Q=cé 
where c is the quantity per unit deflection of the ballistic galvanometer. 
. NAB 


R =cé 


Rc0 
wert . . . . . (1) 


The constant c is found by discharging a capacitor through the galvanometer 
(see p. 216). By knowing c, 0, R, N and A, the flux density B can be calculated 
from (1). 


In this way, by using a suitable so-called ‘search’ coil connected to a ballistic 


galvanometer, the flux-density at various points between the poles of a large 
horseshoe magnet can be compared. 


Example on Measuring B 
A long solenoid carries a current which produces a flux-density B as its centre. A narrow 
coil Y of 10 turns and mean area 4-0 x 1075 m? is placed in the middle of the solenoid so 
that the flux links its turns normally and the ends of Y are connected, 


resistance of Y is 0:2 Q, calculate B. 
When current reverses, the flux reverses, So - 
flux change 6 = NAB-(-NAB) =2NAB 
Since R^ Q 


2x10x4x1075B s 

EaR, VERENC 16 x 10 
A 16 x 107° x 0:2 
2x10x4x 1075 


=4x10°*T 


——— 


i" 
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Charge and Flux Linkage 


A flat search coil containing 50 turns each of area 20x 107*m? igconnected toa 
galvanometer; the total resistance of the circuit is 1000. The coil is placed so that its 


plane is normal to a magnetic field of flux density 025 T. 
(a) What is the change in magnetic flux linking the circuit when the coil is moved to 

a region of negligible magnetic field? 
(b) What charge passes through the galvanometer? (C.) 
(i) A flat coil of N turns and area A is placed so that its plane is perpendicular to a 
magnetic field of flux density B. The coil is suddenly removed from the field, If the 
coil is in a closed circuit of resistance R prove, from first principles, that the charge q 
which is circulated is given by 

NBA 


3 RS 
sensitivity 100 mm uC^ ‘anda resistance of 


Describe and account for two cons 
galvanometer used to measure current T 

An electromagnet has plane-parallel pole faces. Give details of an experiment, X 
using a search coil and ballistic galvanometer of known sensitivity, to determine the 
variation in the magnitude of the magnetic flux density along à line parallel to the 
pole faces and mid-way between them. Indicate in qualitative terms thé variation 

ou would ex to get. £55 

: A coil of quae e of area 20 x 107? m? has a resistance of 120. Tt lies ina 
horizontal plane in a vertical ma ic flux density of 30 x 10^ Wbm *. What 
charge circulates through the coil if its ends are short-circuited and the coil is 
rotated through 180° about à diametral axis? (JMB.) 


13 
A.C. Circuits 


A.C. circuits are needed for understanding the action and design 
of radio and television circuits. We start with the root-mean- 
square value of a.c. The single components L,C and R in a.c. 
circuits are then discussed, and the analogy with d.c. circuits is 
stressed. This is followed by series L, R and C. R circuits and the 
important series resonance L, C, R circuit and its application in 
radio reception. As we show, power in a.c. circuits depends on the 
phase difference between current and voltage. 


Measurement of A.C. 
If an alternating current (a.c.) is passed through a moving-coil meter, the pointer 
does not move. The coil is urged clockwise and anticlockwise at the frequency of 
the current —50 times per second if it is drawn from the British grid—and does 
not move at all. In a sensitive instrument the pointer may be seen to vibrate with 
a small amplitude. 

The relation between current / and pointer deflection 6 in a moving-coil meter 
is I oc 0. This is unsuitable for measuring alternating current as the deflection 
reverses on the negative half of the cycle. Instruments for measuring alternating 
currents must be so made that the pointer deflects the same way when the 
current flows through the instrument in either direction. As we shall see, a 
suitable law of deflection is @ oc 1?, a square-law deflection. 


Hot-wire Instrument, Mean-square Value of Current 
One type of ‘square law’ instrument is the hot-wire ammeter, Figure 13.1. In it 
the current flows through a fine resistance-wire XY, which it heats. The wire 


Figure 1.1 Hot wire meter 
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deflection of the pointer is roughly proportional to the average rate at which 
heat is developed in the wire XY. It is therefore roughly proportional to the 
average value of the square of the alternating current, and the scale is a square- 
law (non-uniform) one as shown. 


Root-mean-square Value of A.C. Sinusoidal (Sine Wave) A.C. 
Earlier we saw that an alternating current J varied sinusoidally; that is, it could 
be represented by the equation J = Im sin wt, where Im was the peak (maximum) 
value of the current. In commercial practice, alternating currents are always 
measured and expressed in terms of their root-mean-square (r.m.s.) value. 

Consider two resistors of equal resistance R, one carrying an alternating 
current and the other a direct current. Suppose both are dissipating the same 
power P, as heat. The root-mean-square (r.m.s.) value of the alternating current, 
I, is then defined as equal to the direct current, Ia. Thus: 


the root-mean-square value of an alternating current is defined as that value of 
steady current which would dissipate heat at the same rate in a given resistance. 


Since the power dissipated by the direct current is 


P-ISR 
our definition means that, in the a.c. circuit, 
P-I?R EL os an ae TUE) 


Whatever the wave-form of the alternating current, if J is its value at any 
instant, the power which it delivers to the resistance R at that instant is PR. 
Consequently, the average power P is given by 

P = average value of (I^R) 
= average value of (I?) x R 
since R is a constant. Therefore, by equation (1), taking the average value over a 
cycle, 


I,? = average value of (1?)  . » = (2) 
The average value of (I?) is called the mean-square current. Figure 13.2(i) 


nee 


/ 
average value of I? 
(makes and 
equal) 


(i) (ii) 


Figure 13.2 Mean-square values 
t 
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shows a sínusoidal (sine variation) current / from the a.c. mains and the way its 
I? values vary. The values are positive on the negative half cycle. Since this graph 
of I? is a symmetrical one, the mean or average value of I? is 1,,?/2, where I,m is 
the maximum or peak value of the current. So in this case, the root-mean-square 
(r.m.s.) value, I;, of the current is given by taking the square root of J,?/2 and 
therefore 


1,- I» oni, Ew. (3) 
ji 
If the r.m.s. value J, is known, the peak value of the current Im is calculated 
from 


Is = Al, 


In Britain, the a.c. mains supply is 240 V (r.m.s.). So the peak or maximum value 
of the voltage is 


Va = /2V, = 1:41 x 240 = 338 V 


This means that an electrical appliance is unsuitable for use on the a.c. mains if it 
cannot withstand a voltage of about 338 V. 


Other A.C. Waveforms, Square Wave A.C. 
The root-mean-square (r.m.s.) value of a varying current or voltage depends on 
its waveform. 

Figure 13.2 (ii) shows an alternating current J which is not sinusoidal and the 
way its I? values vary with time. Unlike the sine-wave current in Figure 13.2 (i), 
the mean-square value is not half-way between the zero and the peak or 
maximum value. The mean-square value corresponds to the value which, for a 
cycle, makes the areas equal on both sides, as shown in Figure 13.2üi). In this 
case it can be seen that the mean-square value is less than 15?/2, where Im is the 
maximum value of the current. So the r.m.s. is less than In/ 2. 

Figure 13.3(i) shows one form of a Square wave alternating current. Unlike 


deflection - 
t 9 


(i) 


Figure 13,3 (i) Square wave (ii) Scale of a.c. ammeter 


A T 
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sinusoidal a.c., this has a constant positive current Im for half a cycle OA and a 
constant negative current I, for the other half of the cycle AB. The square of the 
current is positive on both halves of the cycle and equal to Im? throughout. So 
the root-mean-square value is Zm- The power delivered to a pure resistance R 
would therefore be Im’ R. 


A.C. Meter and Scale 
We can see that for measuring alternating current, we require a meter whose 
deflection measures not the current through it but the average value of the 
square of the current. As we have already seen, hot-wire meters have just this 
property. 

For ccnvenience, such meters are scaled to read amperes, not (amperes), as in 
Figure 13.3 (ii). The scale reading is then proportional to the square-root of the 
deflection, and indicates directly the root-mean-square value of the current, Ip. 
An a.c. meter of the hot-wire type can be calibrated by using direct current. This 
follows at once from the definition of the rms. value of current as the value of 
direct current which produces the same heat per second in a resistor. 

Moving-coil meters with semiconductor diode rectifiers are widely used in 
multimeters for measuring alternating current and voltage, as described later 
(p. 792). They work in a different way to a hot-wire meter and give much more 
accurate readings of a.c. current or voltage. 


In many radio circuits, resistors, capacitors, and inductors or coils are present. 
An alternating current can flow through a resistor, but it is not obvious at first 
i i be demonstrated, however, by 
connecting a capacitor of 1 uF or more in series with a mains filament lamp of 
low rating such as 25 W. The lamp lights up. showing that a current 1s flowing 
through it. Direct current cannot flow through a capacitor because an insulating 
medium is between the plates. So with a mixture of a.c. and d.c., only the a.c. 
flows through a circuit with a capacitor. 
The current flows because the capacitor pl 
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Figure 13.4. Flow of ac. through capacitor, frequency 50 Hz 
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discharged, and charged the other way round by the alternating voltage of the 
mains, Figure 13.4(i). The current thus flows round the circuit, and can be 
measured by an a.c. milliammeter inserted in any of the connecting wires. 

Figure 13.4 (ii) shows how the alternating voltage V varies with time, r. Since 
the charge Q on the capacitor plates is given at any instant by Q = CV, and C is 
constant, the graph of Q is in phase (in step) with that of V as shown. 

The current / is the rate of change of Q with time, that is, / = dQ/dr. So the 
value of I at any instant is the corresponding gradient of the Q — : graph. At O, 
the gradient value OP is a maximum, so / is then a maximum. From O to A, the 
gradient of the Q — t graph decreases to Zero. So I decreases to zero at N. From A 
to B, the gradient of the Q —t curve is negative and so I is negative from N to R. 
In this way we see that the J —t graph is PNRST. 


f So Zand V are 90° out of phase, with I leading V by 90°. 


If V is made bigger, we see that the gradient at O is bigger. So Jm increases 
when Vp increases. Also, if the frequency f of V is doubled, for example, so that 
there are now two cycles between O and B, the gradient at O becomes greater. So 
Tm increases when both f and Vp increase. 


Calculation for / 
To find the exact variation of J with time t, suppose the amplitude or peak of the 
voltage V applied to the capacitor C is Vn and its frequency is J. Then, assuming 
à sinusoidal voltage variation, the instantaneous voltage at any time t is 


V= V, sin2zft 
If C is the capacitance of the capacitor, then the charge Q on its plates is 
s Q=CV 
so Q = CV, sin 2xft 
The current, J, flowing at any instant, is equal to th i é i 
accumulating on the Capacitor plates, Thus - ARA el 
dO d t 
Iz idi: = di € Mm sin2z fi) 


= 2n f CV, cos2n fi E. (10) 


frequency, the more rapidly i i 
» th Y is the capacit 
therefore again the greater is the bibi Ve 


the voltage across it is zero. Si 
; Since the current / i i 
cycle ahead of the Voltage V, we see that / leads V by 90° Gh pte 


387 


RCo EE 


For a capacitor C 
I leads V by 90° 


Reactance of C 
The reactance of a capacitor is its opposition in ohms to the passage of 
alternating current. We do not use the term ‘resistance’ in this case because this is 
the opposition to direct current. 
The reactance, symbol X c, is defined by 


where Vp and Im are the peak or maximum of the a.c. voltage and current. Since 

the ratio Vin/Im = V/I where V. and J, are the rms. voltage and current 

respectively, we can also define reactance X c by the ratio V,/I,. We shall omit the 

suffix r when using r.m.s. values and so 

V 

Xc== 
Gast 


Here X is in ohms when V is in volts (r.m.s.) and I is in amperes (r.m.s.). As we 
have just seen, the amplitude or peak value of the current through a capacitor is 


given by 
Ig = 2x f CV 


The reactance of the capacitor is therefore 


Xc is in ohms when f is in Hz (cycles per second), and C in farads. 

For convenience we often write œ = 21 f. The quantity w is called the angular 
frequency of the current and voltage. It is expressed in radians per second. Then 
an alternating voltage, for example, may be written as 

V= Vp sin ot 


The reactance of a capacitor can therefore also be written as 


1 
Xc = oC 
Calculations of Reactance Xe 


As an illustration, suppose -a capacitor C of (pF is used on the mains 


frequency of 50 Hz. Then the reactance is 


1 1 
Xc = FFE ~ 2x 314 x 50x01 x 10 * 
10° 
= 32000 Q (approx.) 


72x314x50x01 


From the formula for reactance we note that Xc oc 1/C for a given frequency. 
So if a 1 pF capacitor is used on the 50 Hz mains, its reactance is 10 times less 
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Xe Xc 
C . f 
constant constant 
j f C 
(i) 


(ii) 


EE 


Figure 13.5 Reactance of capacitor 
than that of 0:1 uF, which is 32000010 or 32002. Figure 13.5(ii) shows how 
Xc varies with C. 


Also, since X c oc 1/f fora given capacitor, at f. = 1000 Hz a capacitor of | uF 


has 20 times less reactance than at f = 50 Hz. So Xe = 3200 9/20 = 1602. See 
Figure 13.5 (i). 


Since Xc = V/I, where V and / are both r.m.s. (or peak) values, we can see that 


V 
=— Vx IX, 
1 Xc and c 
These are similar formulae to d.c. circuit formulae. The difference with d.c. 
ci 


rcuits is that we must always consider the phase difference between V and J, 
and V and I are 90° out of Phase as we have Previously shown. 


A capacitor C of 1 HF is used in a radio circuit where the frequency is 1000 Hz and the 
current flowing is 2 mA (r.m.s.). Calculate the voltage across C. 

What current flows when an ac, voltage of 20 V rm.s., f = S0 Hz is connected to this 
capacitor? 


1 


E 1 
R ON eee eae SL TN : 
(i) Reactance, Xc M aap 1000 x 1078 159 Q (approx.) 


. 2 

SV-IXe- 1000 X 159 — 9:32 V (approx.) 
(ii) When 20 v r.m.s., f = 50 Hz, is Connected to C, the reactance of C changes. 
Ince Xe oc 1/f, 


Xcatf = 30 Hz is 20 times X at f = 1000 Hz 
So 


Xc = 20x 1590 = 31900 
Ve 20 
Shs eee. - 
Xc 3180 63x 10-3 Arms 
For a capacitor C 


V lags on I by 99° 
Xe ! 


See "P 


alternating current can flow through it. However, if the coil has appreciable self- 
inductance, the current is less than would flow through a non-inductive coil of 
the same resistance. We have already seen how self-inductance opposes changes 
of current; it must therefore oppose an alternating current, which is continuously 
changing. 

Let us suppose that the resistance of the coil is negligible, a condition which 
can be satisfied in practice. We can simplify the theory by considering first the 
current, and then finding the potential difference across the coil. Suppose the 
current is 

T=I,sin2nft . - ee. T) 


where Im is its peak value, Figure 13.6. If L is the inductance of the coil, the 
changing current sets up à back-e.m.f. in the coil, of magnitude 
dI 


7 E-Ly 


To maintain the current, the applied supply voltage must be equal to the back- 
e.m.f. The voltage applied to the coil must therefore be given by 


Since L is constant, it follows that V is proportional to dI/dt. 


-—— ——* 


v 
(i) 


Figure 13.6 Flow of a.c. through a coil 


Figure 13.6 (ii) shows how the current J varies with time t. The values of dI/dt 
are the gradients of the 1—t graph at the time concerned. At O the gradient is a 
maximum; so the maximum voltage of V, or Vn, occurs at O and is represented 
by OP as shown. From O to A, the gradient of the J — t graph decreases to zero. 
So the voltage V decreases from P to Q. From A to B the gradient of the I—t 
graph is negative (downward slope). So the voltage decreases along QR. We now 


see that V leads I by 90° (1/2). : 
We can find the value of Vn from the equation V = Ldl/dt. From (1), 


I= I, sin2nft 
So, by differentiation with respect tot, 


dI 
VEL i 


= LÊ- Umsin2nft) = Inf LI s, cos 2n ft 
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So Vin = maximum (peak) voltage = 2zf LI m 

Hence the reactance of the ind uctor is 


Vin 


RUM 


X, = 2nfL 

X; is in ohms when Sis in Hz, and Lis in henrys (H). An iron-cored coil has a 
high inductance L such as 20H. Used on the mains frequency f of 50 Hz, its 
reactance X, = 2nfL—2x 3-14 x 50x 20 = 62802. Since this type of inductor 
Provides a high reactance, it is Sometimes called a ‘choke’. 


X X, 
t r L ; 
constant constant 
f L 
(i) 


(ii) 


Figure 13.7 Variation of reactance X, 


Since X, = 2nfL, it follows that Xi oc f. for a given inductance, Figure 
13.7 (i), and that X L € Lfor a given frequency, F; igure 13.7 (ii) 


.. Example on Reactance X, 
An inductor of 2H and negligible resistance is connected to à 12V mains supply, 
f = 50Hz. Find the current flowing. What current flows when the inductance is changed 
to6H? 


H? 
Reactance, X, = 2nfL=2nx 50x? = 628Q 


V 12 
quy T calc d du 
X ex^ 19mA (approx.) | 


4 e sits reactance X L is increased 3 times 
Since Xr OL for a'given frequency. So th 


value. So now L—6mA (approx). 
For an inductor E 
V leads on Į by 90° 


X, = OL = rfl 


Phasor Diag : 

In the Mechanics Section of this book, it is shown that a quantity which varies 
may be represented as the projection of a rotating vector 

(P. 76). These quantities are called p rs, as the phase angle must also be 


— =. - 
cmm 
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0 z 


s» 1 
$3 


Figure 13.8 Phasor diagram for capacitor 


through a capacitor, and the voltage across it. Since the current leads the voltage 

by 7/2, the current vector I is displaced by 90° ahead of the voltage vector V. 
Figure 13.9 shows the phasor diagram for a pure inductor. In drawing it, the 

voltage has been taken as V= V,sinot, and the current drawn lagging 7/2 


Figure 13.9 Phasor diagram for pure inductance 


behind it. This enables the diagram to be readily compared with tnat for a 
e 13.6 (ii), we have only 


capacitor. To show that it is essentially the same as Figur 


to shift the origin by 7/2 to the right, from 0 to 0. 

When an alternating tance R, the current I 
at any instant — V/R, w! 
is zero and I is a maximum W 


voltage is connected to a pure resis 
here V is the voltage at that instant. So I is zero when V 
hen V is a maximum. Hence I and V are in phase, 


Figure 13.10 Phasor diagrams for R, L, c 
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rares m. EPA TIO I: 


Figure 13.10(i). Since th 
the same direction 
values. 

Figure 13.10 (ii) summarises the 
(a) a pure resistance R, 
(b) a pure inductance L and 
(c) a pure capacitance C. 


They should be memorised by the reader for use in all kinds of a.c. circuits, 


— (Sa 


Taw the vector or phasor 7 in 
nt either peak values or rms, 


phase angle is zero, we d 
as V, where the phasors represe: 


phasor diagrams for 
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Series Circuits 


Land Rin Series 
Consider an inductor L in series with resistance R, with an alternating voltage V 
(r.m.s.) of frequency f connected across both components, Figure 13.11 (i). 
The sum of the respective voltages Vi and Vg across Land R is equal to V. But 
the voltage V; leads by 90° on the current /, and the voltage Vp is in phase with J 
(see p. 391). Thus the two voltages can be drawn to scale as shown in Figure 


(i) Gi) 


Figure 13.11 Inductance and resistance in series 


13.11 (ii), and hence, by Pythagoras’ theorem, it follows that the vector sum V is 
given by 
V2=V?+W? 
But V, = 1X1, Vg = IR. 
y =PX,7+PR = P?(X,2+R?) 


V s 
—— .. x P > (i) 
SX? + R? 


Also, from Figure 13.11 (ii), the current I lags on the applied voltage V by an 
angle 0 given by 


oy IX, Xr "a 
tans Me IR ^R : j ; T (ii) 


From (i), it follows that the ‘opposition’ Z to the flow of alternating current is 


given in ohms by 


zat = JKR PSE a S) 


This ‘opposition’, Z, is known as the impedance of the circuit. 


Example on L and R in Series 
An iron-cored coil of 2H and 50Q resistance is placed in series with a resistor of 450 
and a 100 V, 50 Hz, a.c. supply is connected across the arrangement. Find 
(a) the current flowing in the coil, 
(b) its phase angle relative to the voltage supply, 
(c) the voltage across the coil. 
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(a) The reactance X, = 27 fL = 2n x 50x 2 = 6280. 
Total resistance R = 504-450 = 5000. 


~. circuit impedance Z = \/X,?+R? = ,/628? +500? = 8030 


mu fe a^ = 12-5mA (approx.) 
i i X, ^ 628 
(b) tan Borm gri 71206 
So 0 —5155* 
(c) For the coil, X, — 628Q and R = 500 
So coil impedance Ze XP ER e ./628? +50? = 6300 
Thus voltage across coil V = IZ = 12:5 x 1073 x 630 
= 79 V (approx.) i 


Cand Rin Series 
A similar analysis enables the impedance to be found of a capacitance C and 
resistance R in series, Figure 13.12(i). In this case the voltage Vc across the 


vf | 


(i) (ii) 


Figure 13.12 Capacitance and resistance in series 


capacitor lags by 90° on the current J (see P. 386), 
Tesistance is in phase with the current /. As the 
voltage, it follows by Pythagoras" theorem that 


V? = Vo? + Vp? = PX_?4PR? = P(X¢2 +R?) 


and the voltage Vp across the 
vector sum is V, the applied 


V E n 
Iry A 5 : - k ‘ (i) 


Also, from Figure 13.12 (ii), the current 7 leads on V by an angle 0 given by 


bs 


Ve IX. X 
t Settee 1: 
an M UN S - Y i i (ii) 


It follows from (i) that the impedance Z of the C-R series circuit is 
i oom ore cea iro NN s 


Z-q7 Xe Ri 
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It should be noted that although the impedance formula for a C-R series 
circuit is of the same mathematical form as that for a L-R series circuit, the 
current in the C- R series case leads on the applied voltage but the current in the 
L-R series case lags on the applied voltage. 


For L-R series: 
impedance Z = /Xi^ * R^, tan0 = X,/R 


For C — R series: 


impedance Z= /Xc^ * P, tand — Xc/R 


L, C, Rin Series 
The most general series circuit is the case of L, C, R in series, Figure 13.13 (i). As 
we see later, it is widely used in radio. The phasor diagram has V, leading by 90* 
on Vp, Vc lagging by 90° on Vg, with the current I in phase with Vg, Figure 
13.13 (ii). If V; is greater than Vc, their resultant is (Vj, — Vc) in the direction of Vi, 
as shown. Thus, from Pythagoras’ theorem for triangle ODB, the applied voltage 


V is given by 


y?-(Q Y +h 


PLA conet 


(i) 


Figure 13.13 L,C, R in series 
But Vj, = 1X1, Vo =IXc, Va = IR. 3 
is yim Xy - IX o? + PR - PXL- Xo +R] 
á s : f . (i) 


2 e 
JO. - Xo)? +R 


Also, I lags on V by an angle 0 given by 
DB V-V IXi-IXc Xp-—Xc i 
tanb = BS ym IR R l 


Resonance in the L, C, RSeries Circuit 


From (i), it follows that the impedance Z of the circuit is given by 


ze Xr Nou R ast 
rr ri ce, 
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The impedance varies as the frequency, f, of the applied voltage varies, because 
Xy and X both vary with frequency. Since Xy = 2nfL, then X, « f, and thus 
the variation of X, with frequency is a straight line passing through the origin, 
Figure 13.14 (i). Also, since Xç = 1/2nfC, then Xc ac 1/f, and thus the variation 
of Xc with frequency is a curve approaching the two axes, Figure 13.14 (i). The 
resistance R is independent of frequency, and is thus represented by a line 


pe = Ius 


Figure 13.14 Resonance curves 


parallel to the frequency axis. The difference (X1 —X¢) is represented by the 
dotted lines shown in Figure 13.14 (i), and it can be seen that (X, — X c) decreases 
to zero for a particular frequency fo, and thereafter increases again. Thus, from 
Z = (Xy — X c) 4- R?, the impedance diminishes and then increases as the 
frequency f is varied. 

The variation of Z with f is shown in Figure 13.14 (i), and since the current 
f= V/Z, the current varies as shown in Figure 13.14 (ii). Thus the current has a 
maximum value at the frequency fo, and this is known as the resonant frequency 
of the circuit. i 

The magnitude of fo is given by X_-—Xc =0,or XL =Xc. 

1 


“nfl = 
Tjo Mfc 


or LCR? = 1 


1 
2n,/LC 


e erus above and below the resonant frequency, the current is less than 
hemo eee see Figure 13.14 (ii), and the phenomenon is thus basically 
E € torced and resonant vibrations obtained in Sound or Mechanics. 


At resonance: (1) fy = 1/2r,/LC (2) X= Xe (3) impedance Z = R 


(4) maximum current 7 — VIR (5) Zand V are in phase 


: Tuning in Ri i 
The series Tesonance circui a Sei aaa 


Incoming waves of freque 


AOC A eee, 


Y 


‘aerial 
' 
i 
' 


T c 
Vf 


- 1 
(i) (ii) | 


Figure 13.15 Tuning a receiver 


The sharpness of the resonance is an important matter in radio reception of 
transmitting stations. If it is not sharp, other transmitting stations may produce 
a current J or ‘response’ in the circuit of about the same value as the station 
required. Considerable ‘interference’ then occurs. If the resistance R in the 
L,C,R series is small, then the resonance is sharp. as illustrated roughly in 
Figure 13.15 (ii). An inductor (L,R) and a capacitor (C) in series form an L, C, R 
series circuit, and the resistance R is low if the inductor coil is made with the 
minimum wire needed. In this case the resonance is sharp. 


Parallel Circuits 
We now consider briefly the principles of a.c. parallel circuits. In d.c. parallel 
circuits, the currents in the individual branches are added arithmetically to find 
their total. In a.c. circuits, however, we add the currents by vector methods, 


taking into account the phase angle between them. 


L, Rin Parallel 
In the parallel circuit in Figure 13.16 (i), the supply current I is the vector sum of 


E 

E 
pee 

c 


Vf 
0) (i) 


Figure 13.16 L,R in parallel 


I, and Ip, Figure 13.16 (ii) shows the vector addition. J, is 90° out of phase with 
Ig, since Ip is in phase with V, and /, lags 90° behind V. So 


VM y 2 
PETRY twee M 
BHO 
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LL s 
Then I-V Rx 


Also, from Figure 13.16 (ii), J lags behind the applied voltage V by an angle o 
given by t 
Iie eR 
tang = i = XL 
Similar analysis shows that when an a.c. voltage V r.m.s. is applied to a 
parallel C, R circuit, the supply / is given by 


CE. R 
rv fes and ES 


where J now leads V by the angle o. 


L, Cin Parallel, Coil-capacitor Resonance 
A parallel arrangement of coil (L,R) and capacitor (C) is widely used in 
transistor oscillators and in radio-frequency amplifier circuits. To simplify 
matters, let us assume that the resistance of the coil is negligible compared with 


its reactance. We then have effectively an inductor L in parallel with a capacitor 
C, Figure 13.17 (i). 


©) In 


Vf 
(i) = 


(ii) 


Figure 13.17 L, C in parallel 


Fi fe ? 
kra 13.17 (ii) shows the two currents in the components. I; lags by 90° 


but [c 1 i i ony 
ien c leads by 90° on V. If Ie is greater than I, at the Particular frequency f, 
xpi. 
Since I leads b uc 
ince [leads by 90° on V in this ca: IPIE MES ERI 
however, I; is greater than Ic, ther. We say that the circuit is ‘net capacitive’. If, 
V V 
E opom act 
EC oe L Xc 
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(i) 


Figure 13.18 L, C in parallel —variation of Z and 1 


Figure 13.18(i). A special case occurs when Xy, —'Xc. Then I; = Ic and so 
I = 0, Figure 13.18 (ii). At this frequency fo, we have Xi, = Xc,so 
1 


1 
2n hL ==, or EE EST 
RO a H on /LE 


Figure 13.18 (ii) shows how the current I varies with the frequency f. Figure 
13.18 (iii) shows how the impedance Z of the parallel L, C circuit varies with 
frequency f. Since Z = V/I, and I is zero at the frequency fo, it follows that Z is 
infinitely high at fo. The parallel inductor-capacitor circuit has therefore a 
resonant frequency (fo) so far as its impedance Z is concerned. 

In practice, when the resistance R of the coil is taken into account, a similar 
variation of Z with frequency f is obtained. The maximum value of Z is now 
finite and theory shows that Z — L/CR. The resonant frequency fo is practically 
still given by fo = 1/22,/LC. 4 

For a particular frequency, a high impedance is often needed as a ‘load’ in 
certain radio circuits. A parallel coil-capacitor circuit is then used, tuned to the 
frequency wanted. In contrast, the series L, C, R circuit gives a maximum current 
I at resonance in a radio tuning circuit. 


Power in AC. Circuits 
Resistance R. The power absorbed is usually P = IV. In the case of a resistance, 
V = IR, and P = I? R. The variation of power is shown in Figure 13.19 (i), where 
Im = the peak (maximum) value of the current. On p. 363 we explained the 
reason for choosing the root-mean-square value of alternating current. So the 
average power absorbed in R is given by 


where I is the r.m.s. value. 
The power P in a resistor can also be written as 


In Vin 
2 


P-IV- 


as shown in Figure 13.19 (i). 
Inductance L. In the case of a pure inductor, the voltage V across it leads by 


90° on the current I. Thus if I= Ij, sinot, then V = Vm sin (90° + wt) = 
Vin cos wt. Hence, at any instant, 


power absorbed = IV = Im V, Sin cot.cos wt = Hn V, sin 20t 


/ 


400 
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quarter-cycle the power is returned (—)to the generator, and so on. 
Capacitance. With a pure capacitance, the voltage V across it lags by 90° on 
the current / (p. 386). Thus if I = I m Sin wt, 


V = Va sin (wt —90°) = — Va cos ot 
, 
Hence, numerically, 


A 3 Dass 
power at an instant, P = IV = Im V. sin wt cos wt = ES T sin2ot 


Thus, as in the case of the inductance, the Power absorbed in a cycle is zero, 
Figure 13.19 (i), This is explained by the fact that on the first quarter of the cycle, 


Figure 13.20 Power absorbed 
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can be resolved into a component Vcos@ in phase with the current, and a 
voltage Vsin@ perpendicular to the current, Figure 13.20. The former 
component, V cos 0, represents that part ofthe voltage across the total resistance 
in the circuit, and hence the power absorbed is 1 


P = IV cos0 


The component Vsin is that part of the applied voltage across the total 
inductance and capacitance. Since the power absorbed here is zero, it is 
sometimes called the ‘wattless component’ of the voltage. 
The power factor of an a.c. circuit is defined as the ratio 
power absorbed/IV 


since IV is the maximum power which would be absorbed if the whole circuit 
was a resistance. So 


wer factor = ee = cos0 
yi die ey 


If the circuit has considerable reactance (X; or Xc) compared to the amount of 
resistance (R), then the phase angle 0 is nearly 90°. So cos 6, and hence the power 
factor, is very small. This is because a pure inductor L and a pure capacitor C 
absorb no power as we have seen. 


Examples on A.C. Circuits * 
1 A circuit consists of a capacitor of 2uF and a resistor of 1000 Q. An alternating e.m.f. 
of 12 V (r.m.s.) and frequency 50 Hz is applied. Find (1) the current flowing, (2) the 
voltage across the capacitor, (3) the phase angle between the applied e.m.f. and current, 
(4) the average power supplied. 


The reactance X c of the capacitor is given by 
Meer 1 

CORfC 2nx50x2x1075 
<. total impedance Z = \/R? + Xc? = /1000* + 1600? = 1880 Q (approx.) 


i Vege oe. = 
(1) current, = ro = 64 x10 A 


= 1590 (approx.) 


Xc 


12 
(2) voltage across C, Vc — IXc = T880 x 1590 = 10:2 V (approx) 


(3) The phase angle 0 is given by 


7.0 = 58° (approx.) 


10.2 V5 
(4) Power supplied = I *Re (azo) x 1000 = 0-04 W (approx.) 


2 A capacitor of capacitance C, a coil of inductance Land resistance R, and a lamp are 
placed in series with an alternating voltage V. Its frequency f is varied from a low to a high 
value while the magnitude of V is kept constant. Describe and explain how the brightness 


ofthe lamp varies. 
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If V = 001 V (r.m.s) and C = 0-4uF, L = 04H, R = 100, calculate (i) the resonant 
frequency, (ii) the maximum current, (iii) the voltage across C at resonance, neglecting 
the lamp resistance. What is the effect of reducing the resistance R to 5? 


When f is varied, the impedance Z of the circuit decreases to a minimum value 
(resonance) and then increases. Z is a minimum when X, = X c 50 that Z = R 
at resonance. Since the current flowing in the circuit increases to a maximum and 
then decreases, the brightness of the lamp increases to a maximum at resonance 
and then decreases. ; 


1 
(i) Resonant frequency f; = — 


1 
2m JLC 2m 04x04x10" 
EE 
2nx04 
001 


(ii) Maximum current J = r AT 0-001 A (r.m.s.) 


= 400 Hz (approx.) 


1 
2n x 400 x 04 x 1075 
- 0000x105 _ 
— 2nx400x04 — 


When R is reduced to 50, the maximum current J is doubled, since J = V/R. 
Also, the sharpness of resonance is considerably increased, 


(iii) Voltage across C = IX ç = 0:001 x 


ny 
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1 Figure 13A reresents alternating currents of different 
(amplitude) value 3-0 A. (i) is a sinusoidal a.c., 
rectangular wave. Calculate the r.m.s. value of th 


ent wave shapes, each of peak 
(ii) isa square wave and (iii) is a 
€ current in each case. 


Figure 13A 


2 Analternating voltage of 10 V r.m i 
aung, m.s. and frequency 50 Hz is applied to (i) a resistor 
of59, (i)aninductor of 2H, and (iii) a capacitor of 1 uF, enin the r.m.. 


current flowing in : 
for each. gin each case and draw a phasor diagram of the current and voltage 


t200, an inductor L of 0-15 H 
pe LU ELTA Calculate the a.c. voltage (i) across enh s 
total voltage across L, C, es Ltogether, (iii) across Land C together, (iv) the 


What power is dissipated in each 
RETKE componnt? 
Eel 2 Eden ee resistance is in series with a resistance R. A 
qo at cred Rd 5.) 18 connected to them. If the voltage across L is equal 


(a) the voltage across cach component, 


10 
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(b) the frequency f of the supply, 

(c) the power absorbed in the circuit, if L = 0-1 H and R = 402. 

An inductor L of negligible resistance is connected in parallel with a capacitor C and 

an a.c. voltage V of constant r.m.s. value is connected across the arrangement. With 

the aid of a phasor diagram, explain why the current J drawn from the a.c. supply is 
zero at particular frequency. 

Draw a sketch showing the variation of I with frequency f when f is varied from 
a very low value to a very high value. 

Ifa sinusoidal current, of peak value 5 A, is passed through an a.c. ammeter the 

reading will be si 2 A. Explain this. 

What reading would you expect if a square-wave current, switching rapidly 
between +0-5 and —0:5 A, were passed through the instrument? (L.) 

(a) The impedance of a circuit containing a capacitor C anda resistor R connected 
to an alternating voltage supply is given by „/ R? -- X 2 where X is the reactance 
of the capacitor. Define the two terms in italics. 

The current in the circuit leads the voltage by a phase angle 0, where 
tan 0 = X/R. Explain, using a vector diagram, why this is so. 

An inductor is put in series with the capacitor and resistor and a source of 
alternating voltage of constant value but variable frequency. Sketch a graph to 
show how the current will vary as the frequency changes from zero to a high 
value, 

(b) An alternating voltage of 10 V r.m.s. and 5-0kHz is applied to a resistor, of 
resistance 4-0 Q, in series with a capacitor of capacitance IO pF. Calculate the 
r.m.s. potential differences across the resistor and the capacitor. Explain why the 
sum of these potential differences is not equal to 10 V. (Assume z? = 10.) (L.) 

A coil having inductance and resistance is connected to an oscillator giving a fixed 

sinusoidal output voltage of 5-00 V r.m.s. With the oscillator set at a frequency of 

50 Hz, the r.m.s. current in the coil is 1-00 A and at a frequency of 100 Hz, the r.m.s. 

current is 0:625 A. 

(a) Explain why the current through the coil changes when the frequency of the 
supply is changed. 

(b) Determine the inductance of the coil. 

(c) Calculate the ratio of the powers dissipated in the coil in the two cases. (JM B.) 

An inductor and a capacitor are connected one at a time to a variable-frequency 

power source. State how, and explain in non-mathematical terms why, the current 

through the inductor and the capacitor varies as the frequency is varied. 

A circuit is set up containing an inductor, a capacitor, a lamp and a variable- 
frequency source with the components arranged in series. Explain why, as the 
frequency of the supply is varied, the lamp is found to increase in brightness, reach a 
maximum and then become less bright. Explain why the inductor is heated by the 

ge of the current while the capacitor remains cool. (L.) 

(a) A flat coil of wire is rotated at constant angular velocity in a uniform field 
between the poles of a magnet. Prove the em.f. generated varies sinusoidally 
with time. US 

Explain what is meant by the peak value of the e.m.f. 

Why was the concept of a root-mean-square introduced into a.c. theory? State 
the numerical relation between the root-mean-square value and the peak value. 

(b) Calculate the reactance of a pure inductance of 1 mH carrying a.c. of frequency 
0-5: MHz and that of an inductance of 10H carrying a.c. of frequency 50 Hz. 

(i) Comment on the average power dissipated in each. (ii) What is the 
advantage of a variable inductance for controlling a.c. rather than a variable 
resistance? 

(c) Why would the larger inductance have an iron core? The cores of large 
transformers are found to become warm in use. Explain why this is so, and point 
out how this would be minimised in practice. (W.) 

A lamp, which may be regarded as a non-inductive resistor, is rated at 2 A, 220 W. 

In order to operate the lamp from the 240 V, 50 Hz mains, an inductor is placed in 

series with it. If the resistance of the inductor is 5-0 what should the value of its 


inductance be? (L.) 
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I-HH 
Li 
60 80 


Figure 13B 


12 A potential difference varying with time t as shown in the F igure 13B is applied to a 

capacitor of reactance 1-0kQ. 

(a) Use the graph to calculate (i) the peak value of the current in the circuit, and 
(ii) the capacitance of the capacitor, 

(b) Sketch a graph, using the same origin and time scale as in the diagram above, to 
show how the current varies with time over the first 40 ms. 

(c) Calculate the new peak value of the current if the frequency of the applied p.d. 
were increased by a factor of 107. (L.) 


Figure 13C 


13 A constant voltage source in the circuit illustrated supplies a sinusoidal alternating 
e.m.f, Figure 13C. The voltages marked against the other components are the peak 


(b) If the variable capacitor C is now adjusted until the voltage across R is a 
maximum, the circuit is said to be resonant. Explain why the current in the 
ü circuit has its maximum value when this is so. (L.) 
A series circuit consists ofan inductor L, a resistor R and a capacitor C driven by an 
i bs of constant peak voltage E, and variable frequency f. Connections are 
» de from C and L to the Y plates of a double-beam oscilloscope so that the time 
ariation of the potential differences across each of these components, V. and V,, | 
can be simultaneously displayed. 
_ Sketch the displays you would see (i) when f is very small, (ii) at resonance, | 
E ras f is very large. Give brief explanations in each case. 1 
bs t a certain frequency the peak p.d.'s across the three components are found to 
di Vinh " 100 V (V) = 150 V, (V) = 100 v. 
$ the frequency greater tha ? 
(b) Find the pel Ak "dp n, equal to, or less than the resonant frequency? 
p E de phase difference between the €.m.f. and the current. Which leads? 
2 i : = oa age a and the power dissipated in the circuit at 
(a) UMS why a moving coil ammeter cannot be used to measure an alternating 
urrent even if the frequency is low. Draw a diagram of a bridge rectifier circuit 
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which could be used with such an ammeter and explain its action. (You are not 
required to explain the mode of operation of an individual diode in the bridge.) 

(b) An alternating voltage is connected to a resistor and an inductor in series. By 
using a vector diagram, and explaining the significance of each vector, derive an 
expression for the impedance of the circuit. 

A 50 V, 50 Hz a.c. supply is connected to a resistor, of resistance 400, in series 
with a solenoid whose inductance is 020 H. The p.d. between the ends of the 
resistor is found to be 20 V. What is the resistance of the wire of the solenoid? 
(Assume n? = 10) (L) 

Explain what is meant by the peak value and root-mean-square value of an 
alternating current. Establish the relation between these quantities for a sinusoidal 
waveform. 

What is the r.m.s. value of the alternating current which must pass through a 
resistor immersed in oil in a calorimeter so that the initia] rate of rise of temperature 
of the coil is three times that produced when a direct current of 2A passes through 
the resistor under the same conditions? (J MB.) x 
A pure capacitor.C is connected across an a.c. source. Draw sketch-graphs on the 
same time axis td show how the current, the p.d. across C and the source e.m.f. vary 
with time. 

Write down, in terms of appropriate quantities which must be defined, an 
expression for the power drawn from the source at any instant. Show, with the aid 
of a sketch-graph, that the average power dissipated is zero. 


£ Eg sinut 
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Figure 13D 


For the circuit given (Figure 13D), draw a typical vector diagram representing Vc, 
Vp and V,, the peak potential differences across C, R and L respectively, together 
with Eo, Express Ve, V4 and V; in terms of the quantities shown in the abóve " 
diagram together with 1o, the peak current: Up 2.5 05.01 "2 

Deduce from your vector diagram expressions for (i) the phase difference 
between the applied e.m.f. and the current, (ii) the impedance of the circuit, 

(iii) the value of /; at resonance. 5 

Describe briefly how yoù would use an oscilloscope to measure ġ and Vc. (W) 
(a) Define the impedance of a coil carrying an alternating current. Distinguish 
between the impedance and resistance of a coil and explain how they are relate '. 
Describe and explain how you would use a length of insulated wire to make a 
resistor having an appreciable resistance but negligible inductance. 

Outline how you would determine the impedance of a coil at a frequency of 
50 Hz using a resistor of known resistance, a 50 Hz a.c. supply and a suitable 
measuring instrument. Show how to calculate the impedance from your 


measurements. 3 t 
(c). A coil of inductance L and resistance R is connected in series with a capacitor of 


capacitance C and a variable frequency sinusoidal oscillator of negligible 
impedance. Sketch qualitatively how the current in the circuit varies with the 
applied frequency and account for the shape of the curve. Sketch on the same 
axes the curve you would expect for a considerably larger value of R, the values 
of Land € remaining unchanged, taking care to indicate which curve refers to 
the larger value of R. (JMB.) 

(a) A sinusoidal alternating potential difference of which the peak value is 20 V is 
connected across a resistor of resistance 109. What is the mean power 
dissipated in the resistor? 


(b 
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(b) A sinusoidal alternating potential difference is to be rectified using the circuit in 
Figure 13E (i), which consists of a diode D, a capacitor C and a resistor R. 
Sketch the variation with time of the potential difference between A and B which 
you would expect and explain why it has that form. 


à E 
| 
A RL R L6 
1 : me PUN 
i = ~ 
(i) (ii) (iii) 
E 
Figure 13E 


(c) A sinusoidal alternating difference of a constant amplitude is applied across the 
resistor R and inductor L, Figure 13E (ii). Explain why theamplitude of the 
current through the circuit decreases as the frequency of the alternating potential 
difference is increased. 

(d) A sinusoidal alternating potential difference of constant frequency and 
amplitude is applied to the circuit in Figure 13E (iii). Describe and explain how 
the amplitude of the current through the circuit changes as the capacitance C is 
increased slowly from a very small value to a very large value. (O. & C.) 

20 Define the impedance of an a.c. circuit. 
A 2:5 pF capacitor is connected in series with a non-inductive resistor of 

300Q across a source of p.d. of r.m.s. value 50 V alternating at 1000/2z Hz. Calculate 

(a) the r.m.s. values of the current in the circuit and the p.d. across the capacitor, 

(b) the mean rate at which energy is supplied by the source. (JMB.) 

21 A source of a.c. voltage is connected by wires of. negligible resistance across a 
capacitor. Explain, without the use of mathematical expressions, why 

(a) a current flows; 

(b) the current is not in phase with the voltage; 

(c) thesize of the current depends upon the frequency of the supply voltage; 

(d) the power output of the source is zero. 

If a resistor, of resistance R, is connected in series with a capacitor, of capacitance 

C, to an acc. voltage of frequency f, derive an expression for the phase difference 

between the voltage and the current. 

If the supply voltage were 10 V, the frequency 1-0 kHz and the capacitance 20 pF, 

what value of R in the circuit would allow a current of 0-10 A to flow? (L.) 


22 Explain what is meant in an alternating current circuit by 
(a) reactance, : 


(b) impedance, 

(c) resonance. 
Describe an ex 
A coil of self-ind: 

current of 1-00 A from a 240 V, 50 H: 


tartin. JA rcuit containing a pure capacitor of capacitance C. 
Starting from the definition of capacitance, show that the potential difference across 
lue I,/oC. Sketch graphs to show the variation 


; C rcuit and .d. a apaci i 
same time axes for both. of the p.d. across the capacitor, using the 


pure variable resistor is Connected in series wi i i 
p s n series with a pure fixed capacitor. With 
the aid of a phasor diagram, or otherwise, explain what happens to i 


—_—— 
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(a) the impedance of the circuit and 

(b) the phase angle between the current and the p.d. across the combination as the 
resistance is increased from zero. 

If the capacitor has a capacitance of 1-6 pF, determine the value of the resistance 
so that the phase angle is 45° at a frequency of 50 Hz. (C.) 

Explain what is meant by the reactance of an inductor or capacitor. 

An alternating potential difference is applied (i) to an inductor, (ii) toa 
capacitor. Describe and explain the phase lag or lead between the current and the 
applied potential difference in each case. 

Calculate the reactance of an inductor L of inductance 100 mH and of a capacitor 
C of capacitance 2 pF, both at a frequency of 50 Hz. At what frequency f, are their 
reáctances equal in magnitude? 

The inductor L and capacitor C are connected in parallel and an alternating 
potential difference of constant amplitude and variable frequency f is applied, 


Figure 13F. 


Figure 13F 


(a) Whatis the phase relationship between i, and ic? ; 
(b) What are the relative magnitudes of i, and ic when f = fo and what is then the 


value of i? , 
(c) What are the relative magnitudes of i, i, and ic when f is very much greater than 


‘fo? Explain briefly your conclusions in each case. (0. & C.) 


Part 3 
Geometrical Optics. Waves. 
Wave Optics. Sound Waves 


14 
Geometrical Optics 


Reflection, Refraction, 
Principles of Optical Fibres 


LIGHT is an electromagnetic wave and later we shall discuss 
the wave theory of light in detail. In this first chapter in Optics, 
however, we are mainly concerned with geometrical (ray) optics. 
So we start with the effect on light rays when they meet mirrors 
(reflection) and when they travel from one medium such as air to 
another such as glass (refraction). In particular, total internal 
reflection occurs when rays meet the boundary between two 
different media at an angle of incidence greater than the critical 
angle. 

The principles of optical fibres are discussed at the end of the 
chapter. These very thin strands of glass are now used in 
telecommunications to transmit signals along them. We shall 
show how the laws of refraction and total internal reflection are 
applied in optical fibres. 


Light Energy and Light Beams 

Light is à form of energy. We know this is the case because plants and vegetables 
grow when they absorb sunlight. Also, electrons are emitted by certain 
metals when light is incident on them, showing that there was some energy 
in the light. This phenomenon is the basis of the photoelectric cell (p. 848). 
Substances like wood or brick which allow no light to pass through them are 
called ‘opaque’ substances. Unless an opaque object is perfectly black, some of 
the light falling on it is reflected. A ‘transparent’ substance, like glass, is one 
which allows some of the light energy incident on it to pass through. The rest of 
the energy is absorbed and (or) reflected. 


—————- 
= — 
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(i) (ii) (iii) 


Figure 14.1 Beams of light 


A ray of light is the direction along which the light energy or light waves 
travel. Although rays are represented in diagrams by straight lines, in practice a 
ray has a finite width. A beam of light is a collection of rays. A searchlight emits a 
parallel beam of light. The rays from a point on a very distant object like the sun 
are substantially parallel, Figure 14.1 (i). A lamp emits a divergent beam of light; 
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while a source of light behind a lens, as in a projection lantern, can provide a 
convergent beam, Figure 14.1 (ii), (iii). 


Reflection by Plane Mirrors, Reversibility of Light 
When we see an object, rays of light enter the eye and produce the sensation of 
vision. In Figure 14.2 (i), rays from a small (point) object O are reflected bya 
plane mirror so that the angle of incidence i — the angle of reflection r (law of 
reflection). The rays enter the eye of an observer at D. We always see images in 
the direction in which the rays enter the eye. So the image of O appears to be at I, 
behind the mirror. 


mirror 


(i) (ii) 


Figure 14.2 Reflection and refraction images 


In Figure 14.2 (ii), the rays OA and OC from a point object O on a fish change 
their direction at the boundary with air. They travel along AB and CD. So 
an observer sees the image of O at I, higher in the water than O. 

Light rays never change their light path. So if the ray of light CD is reversed in 
direction to travel along DC, it will travel along CO in the water. This is known 
as the principle of reversibility of light. We shall need to use this principle later. It 
follows from a general law in Optics due to Fermat. This states that light travels 
between two points such as O and D in the minimum (or maximum) time. So the 
light path between O and D is the same in either direction, .. 21515 arf 


Virtual and Real Images in Plane Mirrors 

As was shown in Figure 14.2, an object O in front of a mirror has an image I 
behind the mirror. The rays reflected from the mirror do not actually pass 
through I, but only appear to do so. The image cannot be received on a screen 
because the image is behind the mirror, Figure 14.3 (i). This type of image is 
therefore called a virtual image. You can see that the light beam from O is a 
diverging beam. After reflection from the mirror it is still a diverging beam which 
appears to come from I. 
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Figure 14.3 Virtual and real image in plane mirror 


Curved Mirrors, Spherical and Paraboloid 
Curved mirrors are widely used as driving mirrors in cars. Make-up and dentists 
mirrors are curved mirrors. The largest telescope in the world uses an enormous 
curved mirror to collect light from distant stars. British Telecom use large 
curved reflectors in suitable parts of the country to transmit and receive radio 
signals, which are electromagnetic waves like light waves (p. 414). 


- 
spherical 
mirror parabolic 
mirror 
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+ 
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(ii) 


Figure 14.4 Spherical and paraboloid reflectors 


Figure 14.4 (i) shows B concave mirror P. Its surface is part of a sphere of centre 
C. When a narrow parallel beam of rays from a distant object such as the sun is 
incident on the middle of P, all the rays are reflected to one point or focus F. 

When a wide beam of light XY, parallel to the principal axis, is incident on a 
concave spherical mirror, reflected rays such as R and S do not pass through a 
single point, as was the case with a narrow beam. In the same way, if a small 
lamp is placed at the focus F of a concave spherical mirror, those rays from the 
lamp which strike the mirror at points well away from the pole P will be 
reflected in different directions and not as a parallel beam. In this casc the 
reflected beam diminishes in intensity as its distance from the mirror increase». 

So a concave spherical mirror is useless as a searchlight mirror. For this 
reason a mirror whose section is the shape of a parabola (the path of a ball 
thrown forward into the air) is used in searchlights. A paraboloid mirror has the 


. 
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property of reflecting the wide beam of light from a lamp at its focus F as a 
perfectly parallel beam. The intensity of the reflected beam is practically 
undiminished as the distance from the mirror increases, Figure 14.4 (ii). For the 
same reason, motor headlamp reflectors and those used in torches are 
paraboloid in shape. 

British Telecom use aerials in the shape of a paraboloid dish to send and 
receive radio signals. See Plate 14A (below). A communications satellite high 
above the Earth sends a parallel beam of radio signals to all parts of the 
dish. This is reflected to a receiver at the focus, like light waves. One aerial 
reflector dish has a diameter of 32m. It is steered by mechanisms to point 
directly at the communications satellite and so to receive maximum power 
from it. 
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Refraction at Plane Surfaces 


Laws of Refraction 
When a ray of light AO is incident at O on the plane surface of a glass medium, 
. some of the light is reflected from the surface along OC in accordance with the 
| laws of reflection. The rest of the light travels along a new direction, OB, in the 
glass, Figure 14.5. The light is said to be 'refracted' on entering the glass. The 
aigle of refraction, r, is the angle made by the refracted ray OB with the normal 
at O. 


a 


Figure 14.5 Refraction at plane surface 


SNELL, a Dutch professor, discovered in 1620 that the sines of the angles of 
incidence and refraction have a constant ratio to each other. The laws of 
refraction are: 


Ae um PE Mon quie Vc. TREE TR ATUM M E EE 
1 The incident and refracted rays, and the normal at the point of incidence, all lie 
in the same plane. 


$ „ Sini. io s ; 
2 For two given media, sin is a constant, where i is the angle of incidence and r is 


the angle of refraction (Snell's law). 


Refractive Index 

The constant ratio sin i/sin r is known as the refractive index, symbol n, for the 
two given media. As the value of n depends on the colour of the light used, it is 
usually given as the value for a particular yellow wavelength emitted from 
sodium vapour. If the medium containing the incident ray is denoted by 1, and 
that containing the refracted ray by 2. the refractive index can be denoted by ,n;. 

Scientists have drawn up tables of refractive indices when the incident ray is 
travelling in a vacuum and is then refracted into the medium for example, glass 
or water. The values obtained are known as the absolute refractive indices of the 
media; and as a vacuum is always the first medium, the subscripts for, the 
absolute refractive index, n, can be dropped. An average value for the magnitude 
of n for glass is about 1-5, n for water is about 1-33, and n for air at normal 
pressure is about 100028. In fact the refractive index of a medium is only very 
slightly altered. when the incident light is in air instead of a vacuum. So 
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experiments to determine the absolute refractive index n are usually performed 
with the light incident from air into the medium. We can take 4j-Mgias; as equal to 
vacuumMglass fOr most practical purposes. 

Light is refracted because it has different speeds in different media. The Wave 
Theory of Light, discussed later, shows that the refractive index ,n; for two 
given media 1 and 2 is given by 


speed of light in medium 1 (c,) 


- 1 
speed of light in medium 2 (c3) c) 


jn 


This is a definition of refractive index which can be used instead of the ratio 
sin i/sinr. An alternative definition of the absolute refractive index, n, of a 
medium | is then 


speed of light in a vacuum, c 
speed of light in medium 1, c, 


Q) 


In practice the velocity of light in air can replace the velocity in a vacuum in 
this definition. 


Relations between Refractive Indices 
1 Consider a ray of light, AO, refracted from glass to air along the direction 
OB. The refracted ray OB is bent away from the normal, Figure 14.6. The 
refractive index from glass to air, ,n,, is given by sin x/sin y where x is the angle 
of incidence in the glass and y is the angle of refraction in the air. 


Figure 14.6 Refraction from glass to air 


From the principle of the reversibility of light (p. 412), it follow 

"From le of ti s . s that a ray 
travelling along BO in air is refracted along OA in the glass. The refractive index 
from air to glass, ally, is given by sin y/sin x. But gly = Sin x/sin y. 


"SEEN 
uris cet aes) 


If ang is ES, then yn, = 1/15 = 0:67, Simi i ive i 
r5, FUN = 0:67. Similarly, if the refre ai 
by water is 4/3, the refractive index from Hes o air is 34. mcs 
Wiese AO incident in air on a plane glass boundary, then refracted 
i PR a water medium, and finally emerging along a direction CD 
- If the boundaries of the media are parallel. the emergent ray CD is parallel 
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to the incident ray AO, although there is a relative displacement, Figure 14.7. 
Thus the angles made with the normals by AO, CD are equal, and we shall 
denote them by ia» 


Figure 14.7 Refraction at parallel plane surfaces 


. Suppose ig, iy are the angles madz with the normals by the respective rays 
in the glass and water media. Then, by definition, jm, = sini,/sini,. 


sity _ SInig z sini, 


But HR ini ini 
sini, sini,  Sinly 
sini, sini 
and R = pha and-. —" = yy 
sin i, sini, 


ee ES —— 

os gly = gla X ally SSH 

We can derive this relation more simply from the definition of refractive index 

n in terms of the speed of light (p. 416). Assuming the speed of light in air ts 
practically the same as the speed c in a vacuum, then 


Cy E [4 € in 
hi Kalu eh ee 
gha ^ aw C C. C. gw 
A 1 1 
Iso, as „n, = ——, we can write: 
- allg = 
a" 5 o ae SPUR ee 
alw 
ghee 
1-33 
—— = 089. 


Using ,n,, = 1:33 and ,, = 1-5, it follows that pny = 15 
We see from equation (i) above that, for different media 1, 2and 3, 
(4) 


dts = 142% 283 
The order gfithe suffixes enables this formula to be easily memorised. 


au 
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Example on Refractive Index 
A film of oil, refractive index 1-20, lies on water of refractive index 1-33. A light ray is 
incident at 30° in the oil on the oil- water boundary. 
Calculate the angle of refraction in the water. 
Using the suffix o for oil, w for water and a for air, 
olly = ola X aly = (1/,no) X aw 
1 
-——x]1332111 
1-20 
So sin 30°/sinr = ony = 1:11 
^. sinr = sin 307/1-11 = 0:45 
r = 27° (approx.) 


General Relation between n and Sin / 
From Figure 14.7, sin i,/sin i = a'g 


PAS ar Pee PU () 


~ Also, sin iy/sin ig,= «n, = 1/yny 


J. Sini, = any sini, . 4 ; ^ (ii) 
From (i) and (ii), 
sini, = ang sini, = any sini, 


If the equations are re-written in terms of the absolute refractive indices of air 
(na), glass (nj), and water (ny), we have 


nasin i, = ny sini, = ny SÌN iy 


since n, = 1. This relation shows that when a ray is refracted from one medium 
to another, the boundaries being parallel, 


nsini = constant . " a T ; (5) 


where n is the absolute refractive index of a medium and i is the angle made by 
the ray with the normal in that medium. 


Figure148 Refraction from water to glass 
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This relation, used later in fibre optics, also applies to the case of light passing 
directly from one medium to another. Suppose a ray is incident on a water-glass 
boundary at an angle of 60°, Figure 14.8. Then, applying ‘n sini is a constant," 
we have 


1-33 sin 60° (water) = I-Ssinr(glass) . E " (iii) . 


where r is the angle of refraction in the glass, and 1:33, 1-5 are the respective 
values of n, and n,. So sinr = 1:33 sin 60°/1-5 = 0-7679, from which r = 50-1°. 


Total Intemal Reflection 
Ifa ray AO in glass is incident at a small angle « on a glass-air plane boundary, 
part of the incident light is reflected along OE in the glass, while the rest of the 
light is refracted away from the normal at an angle f into the air. The reflected 


ray OE is weak, but the refracted ray OL is bright, Figure 14.9(i). This means ' 


that most of the incident light energy is transmitted, and only a little is reflected. 
When the angle of incidence, o, in the glass is increased, the angle of 
emergence, f, is increased at the same time. At some angle of incidence C in the 
glass the refracted ray OL travels along the glass-air boundary, making the angle 
of refraction 90°, Figure 14.9 (ii). The reflected ray OE is still weak in intensity, 
but as the angle of incidence in the glass is increased slightly the reflected ray 
. suddenly becomes bright, and no refracted ray is seen. Figure 14.9 (iii) shows 
what happens. Since all the incident light energy is now reflected, total internal 
reflection is said to take place in the glass at O. 


total reflection 
(iii) 


critical angle 2c 
(ii) 


Figure 14.9 Total internal reflection at a perfectly smooth glass surface 


Critical Angle Values 
When the angle of refraction in air is 90°, a critical stage is reached at the point 
of incidence O. The angle of incidence in the glass is known as the critical angle 
for glass and air, Figure 14.9 (ii). Since ‘n sini is a constant’ (p. 418), we have 


nsin C (glass) — 1 x sin 90" (air) 
where n is the refractive index of the glass. As sin 90* — 1, then 
nsinC = 1 


or, sin C = : 5 : : y £ : (8) 
n 


Crown glass has a refractive index of about 1-51 for yellow light, and thus the 
critical angle for glass to air is given by sin C = 1/1-51 = 0:667. Consequently 
C = 41-5°. Thus if the incident angle in the glass is greater than C, for example 
45°, total internal reflection occurs, Figure 14.9 (iii). ; 

The refractive index of glass for blue light is greater than that for red light 
(p. 418). Since sin C = 1/n, we see that the critical angle for blue light is less than 
for red light. 
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Figure 14.10 Critical angle for water and glass 


Total reflection may also occur when light in glass (n, = 1:51, say) is incident 
on a boundary with water (n, = 1-33). Applying ‘nsini is a constan. to the 
critical case, Figure 14.10, we have 

ny sin C = ny sin 90° 
where C is the critical angle. As sin 90° = 1 
nsin C = ny 
4 hoc 1:33 
z. sin C =— = —— = 0-889 
hg ll 
So <. C = 63° (approx) 
So if the angle of incidence in the glass exceeds 63°, total internal reflection 
Occurs. 

Note that total internal reflection can occur only when light travels from one 
medium to another which has a smaller refractive index, i.e. which is optically 
less dense. It cannot occur when light travels from'one medium to another 
optically denser, for example from air to glass, or from water to glass. In this case 
a refracted ray is always obtained. 


Exercises 14A 
Refraction at Plane Surface, Critical Angle 


1 A ray of light is incident at 60° in air-glass plane surface. Find the angle of refraction 
in the glass (n for glass — 1:5). 

2 Arayoflight is incident in water at an angle of 30° on à water-air plane surface. Find 
the angle of refraction in the air (n for water = 4/3). 

3 A ray of light is incident in water at an angle of (i) 30°, 
plane pes Calculate the angle of refraction in the glas: 
ally = E33). : 


4. Calculate the critical angle for (i) an air-glass surface, (ii) an air-water 


D 
F : 


(ii) 70° on a water-glass 
s in each case (ang = 1-5, 
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surface, (iii) a water-glass surface; draw diagrams in each case illustrating the total 
reflection of a ray incident on the surface (an, = 1°5, n, = 1:33). 

5 State the conditions under which total reflection occurs. Show total reflection will 
occur for light entering normally one face of an isosceles right-angle prism of glass of 
n = 1-5 but not in the case when light enters similarly a similar thin hollow prism full 
of water of n = 1-33. 

6 Explain the meaning of critical angle and total internal reflection. Describe fully 
(a) one natural phenomenon due to total internal reflection, 

(b) one practical application of it. 

Light from a luminous point on the lower face of a rectangular glass slab, 2-0 cm 
thick, strikes the upper face and the totally reflected rays outline a circle of 3-2 cm 
radius on the lower face. What is the refractive index of the glass? (J MB.) 

7 Figure 14A shows a narrow parallel horizontal beam of monochromatic light from a 
laser directed towards the point A on a vertical wall. A semicircular glass block G is 
placed symmetrically across the path of the light and with its straight edge vertical. 
The path of the light is unchanged. 

The glass block is rotated about the centre, O, of its straight edge and the bright 
spot where the beam strikes the wall moves down from A to Band then disappears. 


OA = 150m AB = 168m 
(a) Account for the disappearance of the spot of light when it reaches B. 
(b) Find the refractive index of the material of the glass block G for light from 
the laser. 
(c) Explain whether AB would be longer or shorter if a block of glass of higher 
refractive index was used. (L.) 


Figure 14A Figure 14B 


8 (a) For light travelling in a medium of refractive index n, and incident on the 
boundary with a medium of refractive index n,, explain what is meant by 
total internal reflection and state the circumstances in which it occurs. 

(b) A cube of glass of refractive index 1-500 is placed on a horizontal surface 

separated from the lower face of the cube by a film of liquid, as shown in 
Figure 14B. A ray of light from outside and in a vertical plane parallel to one 
face of the cube strikes another vertical face of the cube at an angle of incidence 
i = 48° 27' and, after refraction, is totally reflected at the critical angle at the 
glass-liquid interface. Calculate (i) the critical angle at the glass-liquid interface 
and (ii) the angle of emergence of the ray from the cube. (J MB.) 
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Refraction Through Prisms 


Glass prisms are used in many optical instruments, for example, prism 
binoculars. They are also used for separating the colours of the light emitted by 
glowing objects, which would then give an accurate knowledge of their chemical 
composition. A prism of glass is used to measure the refractive index of glass 
very accurately. 

The angle between the inclined plane surfaces XDFZ, XDEY is known as the 
angle of the prism, or the refracting angle, the line of intersection XD of the planes 
is known as the refracting edge, and any plane in the prism perpendicular to XD, 
such as PQR, is known as a principal section of the prism, Figure 14.11. A ray of 


Figure 14.11 Prism 


light ab, incident on the prism at b in a direction perpendicular to XD, is 
refracted towards the normal along bc when it enters the prism, and is refracted 
away from the normal along cd when it emerges into the air. From the law of 
refraction, the rays ab, bc, cd all lie in the same plane, which is PQR in this case. 
If the incident ray is directed towards the refracting angle at X, as in 
Figure 14.11, the light is always deviated by the prism towards its base. 


Refraction through a Prism 
Consider a ray HM incident in air on a prism of refracting angle A, and suppose 
the ray lies in the principal section PQR, Figure 14.12. Then, if lj, rj and i5, rz 


3 


Figure 14.12 Refraction through prism 
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are the angles of incidence and refraction at M, N as shown, and n is the prism 
refractive index, 

sini; —nsinr, |. 1 i : 5 (i) 

sini;—nsinr; . . : i s (ii) 
Further, as MS and NS are normals to PM and PN respectively, angle MPN + 
angle MSN = 180°, considering the quadrilateral PMSN. But angle NST + 
angle MSN = 180°. 

-. angle NST = angle MPN = A 


Ra [PS s cu al end PR] 


as angle NST is the exterior angle of triangle MSN. Memorise equation (iii) as 
this is often needed in prism refraction. 

In Figure 14.12, D is the angle of deviation of the ray HM produced by the 
prism. The angle of deviation at M — angle OMN =i,—r,; the angle of 
deviation at N = angle MNO = i,—r,. Since the deviations at M, N are in the 
same direction, the total deviation, D (angle BOK), is 


D=(i,-r,)+(,—r2) $ s j ^ (iv) 


Equations (i)-(iv) are the general relations which hold for refraction through 
a prism. 
We can now illustrate refraction through a prism by examples. 


Examples on Refraction through a Prism 
1 A glass prism with a refracting angle A has a refractive index 1-6. A ray PO is incident 
normally on one side and strikes the other side at Q, Figure 14.13 (i). 
Calculate the least value of A for the ray not to be refracted at Q into the air. 


For ray at Q not to be refracted into air, angle of incidence in glass — C, 
critical angle. 


Now sinC — H = Ji = 0-625 
n 16 
So C = 39° (approx.) 


Now, by geometry, A = C in this special case 
So minimum value of A = 39° 


(i) (ii) 


Figure 14.13 Refraction through prism 
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2 A ray PO is incident at 40° at O on a glass prism of angle A = 60° and refractive index 
n = 1-5, Figure 14.13 (ii). : ; ; Vi 

Calculate the angle i; at which the ray comes out at Q into the air and the deviation of 
the ray PO produced by the prism. 


The angle of refraction r, at O in the glass is given by 


sind) — 
sinrj a E 
So sinr, = = ie 0-429 
4 Su = 25° (approx) . F f : : (1) 
At Q, the angle of incidence r, in the glass is found from r, + 7; =A, 
So rı = A—r, = 60°—25° = 35° 
sini; ^, 
A ms 
So sini, = 1:5 x sin 35° = 0-860 
T. i, = 59° 


Also, deviation of PO = deviation at O(40° —r,)+ deviation at Q(i, — rj) 
= (40* — 25*) - (59* — 35°) 
z39' 


3. A glass prism has a refractive index n = 1-5. What is the largest angle A of the prism if 
light incident at 90° on one face just emerges (comes out) at the other face into the air after 
refraction through the prism. 


The light just comes out at the other face if the angle of refraction in the 
air = 90’. 

So the angles in the glass\on both sides = C, the critical angle value. Since 
sin € = I/n = 1/1-5 = 06667. C = 42° (approx.). 


So A=r+r,=C+C=2C = 84 
Ifthe prism angle is greater than 84°, no light can be refracted through the prism. 


: Deviation by Prism, Angle of Incidence 90° 
Maximum deviation, Dy, occurs when the angle of incidence on the face of 
the prism is 90°, In this case the Tay has ‘grazing incidence’ on the face of the 
prism, as shown in Figure 14.14(i), and it comes out making an angle i to the 
normal at the second face. From the Principle of the reversibility of light, it 
follows that a ray making an angle of incidence i on the face of the prism comes 
out making an angle of 90° to the normal, Figure 14.14 (ii). So maximum 
deviation occurs for two angles of incidence on the face of a prism, 90° and i. 
Also, from Figure 14.14 (i), 


t0 Ds = didi -(90— C) (i - r) 
since the angle in the glass is the critical angle C when the angle in the air is 90°, 


Geometrical Optics 425 


Figure 14.14 Maximum deviation 


Example on Refraction through Prism for Incident Angle 90° 
Calculate the angle of emergence i, and the deviation, when light is incident at 90° on the 
face of a 60° prism of refractive index 1-5. 


In Figure 14.14 (i), the incident ray PO is refracted at the critical angle C along 
OQ in the glass. From sin C = 1/n = 1/1-5 = 0-6667, then C = 418°. 

Since A = 60° = C+r, where r is the angle of incidence at Q, then 
r = 60°—41-8° = 18-2°. From sin i/sinr = n, the angle of emergence i is given by 


sini 
unigr 5 

or sini = 1-5 x sin 182" = 0:4685 
So t= 279° 
Deviation, Dmax = dı d; =90°—C+i-r 

-90'—418'4-279'—182* 

z519' 

Minimum Deviation 


Experiment shows that as the angle of incidence i on a glass prism is increased 
from zero, the deviation D begins to decrease continuously to some minimum 


D maximum 


7 deviation ~ 


minimum 
deviation 


Figure 14.15 Minimum deviation by prism 
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value Dmin, and then increases to a maximum as i is increased further to 90°. A 
graph of D plotted against i has the appearance of the curve X, which has a 
minimum value at R, Figure 14.15 (i). 

Experiment and theory show that the minimum deviation, Dyin, of the light 
occurs when the ray passes symmetrically through the prism. Suppose the ray is 
PQRS in Figure 14.15 (ii). Then the incident angle, i, at Q is equal to the angle of 
emergence, i, into the air at R for this special case. 

An example will illustrate how to find the minimum deviation. 


Example on Minimum Deviation 
In Figure 14.15 (ii), the glass prism has an angle A = 60° and a refractive index n = 1:5. 
Calculate the angle of incidence i for minimum deviation, and the value of the minimum 
deviation, assuming the ray passes symmetrically through the prism in this case. 


Since the angle i is the same at Q and R, the angles r in the glass at Q and R 
are the same. 


So r+r=A= 60° 
" if "gan 30 
sini 
At Q, —— SN = l 
Q sin3 ^" fe) 

So sini = 1-5 x sin 30° = 0-75 

^. 1 = 49° (approx.) 

Then minimum deviation = deviation at Q + deviation at R 
= (49°— 30°) +(49° — 30°) 
= 38° 

Dispersion 


the change in speed of light when it enters a different medium. So when a ray AO 
of white light is incident at O On a glass prism, the colours are refracted in 


Figure 14.16 Dispersion in a glass prism 
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different directions such as OBR and OCS, Figure 14.16. The glass prism has 
therefore separated or dispersed the white light into its various colours or 
wavelengths, as Newton first discovered in 1666. After leaving the glass a band 
or spread of impure colours are formed on a white screen S. The spectrum of 
white light consists of (bands of) red, orange, yellow, green, blue, indigo and 
violet. The separation of the colours by the prism is known as dispersion. As we 
see shortly, the wavelengths in a light signal produced in telecommunications is 
dispersed when it travels along a glass optical fibre. 

The sun and the hot tungsten filament of a lamp have a continuous spectrum 
of visible wavelengths. Hot gases such as hydrogen and krypton have visible 
wavelengths which form a line spectrum. The light from a laser has practically 
one wavelength, so it is a monochromatic light source. The topic of Spectra is 
discussed more fully in a later chapter. 


The Spectrometer 
The spectrometer is an optical instrument which is mainly used to study the 
light from different sources. Using dispersion by a glass prism, it can be used to 
investigate the different wavelengths from a light source. It can measure 
accurately the deviation of light by a prism and the refractive index of the glass 
prism. It can also measure accurately the wavelength of light using a diffraction 
grating (p. 552). 


Figure 14.17 Spectrometer 


The instrument consists essentially of a collimator, C, a telescope, T, and a 
table, on which a prism PMN, for example, can be placed. The lenses in C, T are 
achromatic lenses (p. 461). The collimator is fixed, but the table and the telescope 
can be rotated round a circular scale graduated in half-degrees (not shown) 
which has a common vertical axis with the table, Figure 14.17. A vernier is also 
provided for this scale. The source of light, S, used in the experiment is placed in 
front of a narrow slit at one end of the collimator, so that the prism is 
illuminated by light from S. 

Before the spectrometer can be used, however, three adjustments must be 
made: (1) The collimator C must be adjusted so that parallel light emerges from 
it; (2) the telescope T must be adjusted so that parallel rays entering it are 
brought to a focus at cross-wires near its eyepiece; (3) the refracting edge of the 
prism must be parallel to the axis of rotation of the telescope, that is, the table 
must be ‘levelled’ using the screws a, b, c. 
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Details of experiments with a spectrometer will be found in Advanced Level 
Practical Physics by Nelkon and Ogborn (Heinemann). 


Exercises 14B 
Refraction through Prisms 


1 A ray of light is refracted through a prism of angle 70°. If the angle of refraction 
in the glass at the first face is 28°, what is the angle of incidence in the glass at the 
second face? 

2 A prism of glass of refractive index 1-63 has an angle A between two of its faces. 
Ifa ray of light is incident normally on one face of the prism, for what range of 
values of A will the ray emerge from the second face? (C.) 

3 A narrow beam of light is incident normally on one face of an equilateral prism 
(refractive index 1-45) and finally emerges from the prism. The prism is now 
surrounded by water (refractive index 1:33). What is the angle between the 
directions of the emergent beam in the two cases? (L.) 

4 Aisthe vertex ofa triangular glass prism, the angle at A being 30°. A ray of light 
OP is incident at P on one of the faces enclosing the angle A, in a direction such 
that the angle OPA = 40°. Show that, if the refractive index of the glass is 1:50, the 
ray cannot emerge from the second face. 

5 The refracting angle of a prism is 62-0 and the refractive index of the glass for 
yellow light is 1-65*. Find the smallest possible angle of incidence of a ray of this 
yellow light which is transmitted without total internal reflection. Explain what 
happens if white light is used instead, and the angle of incidence is varied about 
this minimum. 

6 Aray passes symmetrically through a glass prism of angle 60* and refractive 
index 1-6, when the deviation is a minimum. 

Calculate - 
(a) the angle of incidence, 
(b) the minimum deviation. 
7 Draw a sketch showing the dispersion by a glass prism when the source is 
(a) a hot gas such as hydrogen, 
(b) a hot tungsten filament, 
(c) the sun. 
The sun's spectrum is crossed by fine dark lines. What is the cause of the lines? 
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Optical Fibres in Communications 


Monomode and Multimode Fibres 
As we shall see shortly, light signals can travel along very fine long glass fibres 
roughly the same diameter as a human hair. Optical fibres, as they are called, are 
replacing the copper cables previously used in telecommunications. The fibre is 
a very fine glass rod of diameter about 125 um (125 x 107° m). After manufacture 
it has a central glass core surrounded by a glass coating or cladding of smaller 
refractive index than the core, Plate 14B. 


Figure 14B Optical fibres are being used in telephone and other transmitting cables by 

British Telecom in a new network. The fibres are hair thin strands of specially coated glass. 

They can transmit a laser or other light beam from one end to the other as a result of 

repeated total internal reflections at the glass boundary, even if the fibre is bent or twisted. 

Each fibre can carry as many as 2000 telephone conversations, with less signal loss than in 
conventional telephone cables. (By courtesy of The Post Office). 


Step- index Graded index | 


Figure 14.18 —. Monomode and multimode fibres 


The fibres are classified into two main types. 
(a) The monomode fibre has a very narrow core of diameter about 5pm 
(5 x 1075 m) or less, so the cladding is relatively big, Figure 14.18 (i). 
(b) The multimode fibre has a core of relatively large diameter such as 50 jm. 
In one form of multimode fibre the core has a constant refractive index n, 
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such as 1:52 from its centre to the boundary with the cladding, Figure 

14.18 (ii). The refractive index then changes toa lower value n; such as 1:48 

which remains constant throughout the cladding. This is called a step-index 

multimode fibre, in the sense that the refractive index ‘steps’ from 1-52 to 
1-48 at the boundary with the cladding. ? : 

c discuss later, to transmit light signals more efficiently a multimode fibre 

As v hose refractive index decreases smoothly from the middle to the outer 

e pn of the fibre, Figure 14.18(iii). There is now .no noticeable boundary 

eran E core and the cladding. This is called a graded index multimode fibre. 

x 


Optical Paths in Fibres 
We shall now see what happens when a light signal enters one end of an optical 
c 
fibre -i fibre. With a | ngle of incid i 
"igure 14.19 shows a step-index fibre. With a large angle of incidence, a ray 
F a s one end at O is refracted into the core along OP and then refracted 
OA PO in the cladding. At Q, the fibre surface, the ray passes into the air. In 
dod d only a very small amount of light, due to reflection, passes along the 


fibre. 


Figure 14.19 Light path by total internal reflection —multiple reflections 


With a smaller angle of incidence, however, a ray such as BO is refracted in 
the core along OD and meets the boundary between the core and cladding at 
their critical angle, C. In this case, since n sini is constant (p. 418), - 


ny sinC = n, sin90° = n; 


where n; is the core refractive index and n, the sli 


HUM ghtly smaller claddin 
refractive index. If n, = 1-52 and n, = 1-48, it follows th. ‘ ; 


at 
n; 1-48 
mC =—- 27, 
m 152 0:974 
and so 


ee any oy ee reflection, 4 ray of light entering one end of a fibre can 
ihe ie ki e f re by multiple reflections with a fairly high light intensity. At 
pen of the fibre the ray emerges in a direction X (odd number of 

Ple reflections) or a direction Y (even number of multiple reflections). 
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Maximum Angle of Incidence 
The maximum angle of incidence in air for which all the light is totally reflected 
at the core-cladding fibre is the angle i in Figure 14.19. To calculate i, we have 


I x sini = n, sinr (refraction from air to core)  . : (1) 
and n, sin C = n, sin 90° = n, (refraction from core to cladding) . (2) 
Also, *r = 90°—C, so sinr = cos C 


From (1), cos C = sin i/n,; from (2), sin C = n;/n; 
Using the trigonometrical relation sin?C + cos?C = 1, then 
P AREN F 
n? sin?i 
- + 
ny ny 


2 


Simplifying, 


sini = +,/n,?—n,? 


With n, = 1-52 and n, = 1-48, calculation shows that i = 20° (approx.). So an 
incident beam from air, making an angle of incidence not more than 20° will be 
transmitted along the fibre with appreciable intensity. 


Losses of Power, Dispersion 

When a light signal travels along fibres by multiple reflections, some light is 
absorbed due to impurities in the glass. Some is scattered at groups of atoms 
which collect together at places such as joints when fibres are joined together. 
Careful manufacture can reduce the power loss by absorption and scattering. 

The information received at the other end of a fibre can be in error due to 
dispersion or spreading of the light signal. No light signal is perfectly mono- 
chromatic. A narrow band of wavelengths is present in the spectrum of the light 
signal. As we saw when we considered dispersion in a glass prism (p. 426), the 
various wavelengths are refracted in different directions when the light signal 
enters the glass fibre and the light spreads. 


Graded index 
(ii) 


Figure 14.20 Light paths in step-index and graded index fibres 


Figure 14.20 (i) shows the light paths followed by three wavelengths 2,, 4; and 
Ay. 4, meets the core-cladding at the critical angle and 4; and 7, at slightly 
greater angles. All the rays travel along the fibre by multiple reflections as 
previously explained. But the light paths have different lengths. So the wave- 
lengths reach the other end of the fibre at different times. The signal received is 
therefore faulty or distorted. 

Figure 14.20 (i) shows a step-index fibre. Its disadvantage can be considerably 


432 Advanced Level Physics 


reduced by using a graded index fibre (p. 430). Figure 14.20 (ii) shows roughly 
what happens in this case. Each wavelength still takes a different path and at 
some layer in the glass, different for each, the rays are totally reflected. But 
unlike the step index fibre, all the rays come to a focus at X as shown, and then 
again at Y, and so on. We can see this is possible because the speed is 
inversely-proportional to the refractive index (speed = c/n). So the wavelength 
A, travels a longer path than A, or A; but at a greater speed. Fermat's principle 
(p. 412) states that light takes the minimum (or maximum) time to travel 
between points such as O and X, so the time of travel is the same whichever path 
is taken. 

In spite of the different dispersion, then, all the wavelengths arrive at the other 
end of the fibre at the same time. With a step index fibre, the overall time difference 
may be about 33 ns (33 x 10^? s) per km length of fibre. Using a graded index fibre, 
the time difference is reduced to about 1 ns per km. 

Figure 14.21 shows diagrammatically the monomode and multimode fibres, 
the light paths through them and their effect on an input light pulse, where J is 
the light intensity and t is the time. ; 


Fibre path travel 
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Figure 14.21 Monomode and multimode fibres 


| : Light Signal Transmission, Conversion to Sound 
A gallium phosphide (GaP) light-emitting diode (LED) can be used as a light 
| source with a graded index fibre. Its light intensity is weak, however, and the 
| absorption and scattering in a long fibre makes this an unsatisfactory source in 
practice. 
A gallium-arsenide (GaAs) semiconductor laser is a much better light source 
| than the LED, though it is more expensive. It has a relatively high light intensity 
and a much narrower band of wavelengths about a mean value such as 1:3 um, 


Geometrical Optics ____ AS 


which reduces dispersion problems. With a laser light source, British Telecom 
prefer to use a monomode fibre for long distance transmission. The monomode 
fibre with a very thin core of diameter 5pm or less can now be manufactured 
with precision. Using a narrow band of wavelengths of mean value 1-3 um, the 
light travels straight along the core with only one mode or path. See Figure 14.21. 


OPTICAL FIBRE 
(repeaters) 


CELLE 


electrical 
signal 


—» 
Digital light pulse 


electrical 
signal 


Microphone! de 


Figure 14.22 Transmission and reception of sound information (diagrammatic) 


Figure 14.22 shows in block form how sound energy is transmitted along a 
fibre and reconverted at the other end to sound energy. Sound information such 
as speech is converted to an electrical audio signal by'a microphone and this is 
made to modulate light from a laser. The information is then carried along the 
fibre as a train of light pulses in digital form. Signal losses occur by absorption 
and scattering, so amplifiers or boosters called repeaters (R) are placed at places 
along the fibre cable. Between Nottingham and Sheffield, repeaters are placed 
every 50km of cable. Copper cables would need many more amplifiers per 
50km length than optical fibres due to greater power losses. 

At the other (receiving) end of the cable, a photodiode converts the digital 
light pulses into a corresponding electrical signal. Technical problems of noise 
carried by the incoming signal are overcome by using special types of transistors 
and the audio currents are reconverted to sound in the earpiece of the listener in 
the telephone system. By a system called time division multiplexing, many 
thousands of telephone calls can be transmitted along one optical fibre by using 
light pulses in digital form. 

Furthertelecommunication details are outside the scope of this book and should 
be obtained from specialist books on telecommunications. 


____ Exercises 14C 
Optical Fibres 


| (a) Explain in terms of a wave model how a beam of light is refracted as it crosses an 

interface between two transparent media. Hence derive Snell’s law of refraction in 
terms of the speeds of light in the media. (see Chap, 18.) 

(b) Describe the phenomenon of total internal reflection and explain what is meant 
by the critical angle. How is the critical angle related to the speeds of light in 
the media involved? 

(c) A portion of a straight glass rod of diameter d and refractive index n is bent 
into an arc of a circle of mean radius R, and a parallel beam of light is shone 
down it, as shown in Figure 14C. (i) Derive an expression in terms of R and 
d for the angie of incidence i of the central ray C on reaching the glass-to-air 
surface at thecirculararc. (ii) Show that the smallest value of R which will 
allow all the light to pass around the arc is given by 
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(iii) Use this result to explain why glass fibres, rather than rods, are used to 
- carry optical signals around sharp corners. 
(d) A glass fibre of refractive index 1:5 and diameter 0-50mm is bent into a 
semi-circular arc of mean radius 4:0 mm, and a beam of light is shone along it. 
(i) Show that no light escapes from the sides of the fibre. (ii) Show by a 
suitable calculation that if the fibre is immersed in oil of refractive index 1-4 
some light will escape. (iii) Suggest an application for such a device. (O.) 
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Figure 14C Figure 14D 


2 What do you understand by angle of refraction and refractive index? 

A ray of light crosses the interface between two transparent media of refractive 
indices n, and ng. Give a formula relating the directions of the ray on the two sides of 
the interface. Show the angles you use in your formula on a diagram. Hence, deduce 
the conditions necessary for total internal reflection to take place at an interface. 

In the simple ‘light pipe’ shown in Figure 14D, a ray of light may be transmitted 
(with little loss) along the core by repeated internal reflection. The diagram shows a 
Cioss-section through the diameter of the ‘pipe’ with a ray incident in that plane. The 
core, cladding and external medium have refractive indices n,, n; and n, respectively. 
Show that total internal reflection takes place at X provided that the angle 0 is 
smaller than a value ĝm given by the expression sin @,, = ./(n;? — n;?)/n,. Explain 
c the pipe does not work for rays for which 0 > 0,,. (Reminder: sin? 0+cos* 0 = 1.) 

3 Draw sketches showing the different light paths through a monomode and a 
multimode fibre. Why is the monomode fibre preferred in telecommunications? 

4 The refractive index of the core and cladding of an optical fibre are 1-6 and 1-4 
respectively. Calculate 
(a) the critical angle at the interface, 
(b) the (maximum) angle of incidence in the air of a ray which enters the fibre and is 

then incident at the critical angle on the interface. 

5 A short pulse of white light is sent out at one end of an optical fibre 4 km long. 
(i) Calculate the time interval between the red and blue light emerging at the other 
end, given the speed of light in air is 3 x 105 m s^ ' and the refractive index of blue and 
red light are respectively 1-53 and 1-50. (ii) If the pulse of white light is a train of 
short duration square waves of intensity against time, draw a labelled sketch of the 
pulse arriving at the other end of the fibre. With a telecommunication optical fibre, 
how is this disadvantage overcome? (iii) What is the frequency of the white light 
pulses at one end if the red and blue pulses at the other end are just separated? 


19 
Lenses and Optical Instruments: 


In this chapter we-deal first with refraction through converging 
and diverging lenses and the different images obtained. We then 
apply the lens equation to calculate image positions and 
magnification. Next, we consider the astronomical telescope in 
normal adjustment and show that its magnifying power is the ratio 
of the focal lengths of its two lenses. The eye-ring and resolving 
power then follow, and the radio telescope is discussed. The chapter 
concludes with the simple microscope and its magnifying power. 


Converging and Diverging Lenses 
A lens is an object, usually made of glass, bounded by one or two spherical 
surfaces. Figure 15.1 (i) illustrates three types of converging lenses, which are 
thicker in the middle than at the edges. Figure 15.1 (ii) shows three types of 
diverging lenses, which are thinner in the middle than at the edges. 


d 


| 


biconvex Fiano- converging biconcave plano- diverging 
convex meniscus concave meniscus 


(i) (i) 
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Figure 15.1 (i) Converging lens (ii) Diverging lens 


The principal axis of a lens is the line joining the centres of curvature of the two 
surfaces, and passes through the middle of the lens. Experiments with a ray-box 
show that a thin converging lens brings an incident parallel beam of rays to a 
principal focus, F, on the other side of the lens when the beam is narrow and 
incident close to the principal axis, Figure 15.2 (i). On account of the convergent 
beam contained with it, the lens is better described as a ‘converging’ lens. If a 
similar parallel beam is incident on the other (right) side of the lens, it converges 
to a focus F', which is'atthe same distance from the lens as F when the lens is 
thin. To distinguish F from F” the latter is called the ‘first principal focus’; F is 
known as the ‘second principal focus’, 

When a narrow parailel beam, close to the principal axis, is incident on a thin 
diverging lens, experiment shows that a beam is obtained which appears to 
diverge from a point F on the same side as the incident beam, Figure 15.2 (ii). F is 
known as the principal ‘focus’ of the diverging lens. 
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Figure 15.2 Focus of (i) converging, and (ii) diverging lenses 


Signs of Focal Length, f 
From Figure 15.2(i), it can be seen that a converging lens has a real focus. By 
convention (p. 438), the focal length, f, of a converging lens is positive in sign. 
Since the focus of a diverging lens is virtual, the focal length of such a lens is 
negative in sign, Figure 15.2 (ii). These signs are needed when optical formulae 
are used (p. 438). 


Images in Lenses 

Converging lens. (i) When an object is.a very long way from this lens, i.e., at 
infinity, the rays arriving at the lens from the object are parallel. Thus the image 
is formed at the focus of the lens, and is real and inverted. 

(ii) Suppose an object OP is placed at O perpendicular to the principal axis of 
a thin converging lens, so that it is farther from the lens than its principal focus, 
Figure 15.3(i). A ray PC incident on the middle, C, of the lens is very slightly 
displaced by its refraction through the lens, as the opposite surfaces near C are 
parallel. We therefore consider that PC passes straight through the lens, and this 
is true for any ray incident on the middle of a thin lens. 


Figure 15.3 Images in converging lenses 


> 
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A ray PL parallel to the principal axis is refracted so that it passes through the 
focus F. Thus the image. Q, of the top point P of the object is formed below the 
principal axis, and hence the whole image IQ is real and inverted. In making 
accurate drawings the lens should be represented by a straight line, as illustrated 
in Figure 15.3, as we are only concerned with thin lenses and a narrow beam 
incident close to the principal axis. 

(iii) Image same size as object. When an object is placed at a distance 2 f from 
the lens, the real inverted image has the same size as the object and is also a 
distance 2 f from the lens on the other side. So if a converging lens has a focal 
length 10cm, an object 20cm (2 f) from the lens forms an image of the same size 
at 20cm from the lens on the other side. 

If the object is further than 20 cm from the lens, the real inverted image moves 
nearer the lens and becomes smaller than the object. If the object is nearer than 
20cm but greater than 10cm (f) from the lens, the image moves back and 
becomes bigger than the object. 

(iv) The least distance between an object and a real image formed by a lens is 
4f Q.f - 2f). To form a real image on a screen, the distance between the object 
and the screen must be at least 4 f. So if a lens has a focal length 10cm, and a 
screen is placed 30 cm (less than 4 x 10 cm) from the object, the lens can not form 
an image on the screen. 

(v) The image formed by a converging lens is always real and inverted until the 
object is placed nearer the lens than its focal length, Figure 15.3 (ii). In this case 
the rays from the top point P diverge after refraction through the lens. and hence 
the image Q is virtual. The whole image, IQ, is erect (the same way up as the 
object) and magnified, besides being virtual, and hence the converging lens can 
be used as a simple ‘magnifying glass’ (see p, 450). 


Images in Converging lens: 

When the object is 

1 at distance 2 f from lens, image is real, inverted and same size as object. 

2 Between 2 fand f, image is real, inverted and bigger than object. 

3 Further than 2 f, the image is real, inverted and smaller than object. 

4 Nearer than f, image is upright, magnified and virtual (magnifying glass). 


virtual erect 


virtual erect 
i image 


image 


(i) (ii) 


Figure 1&4 Images in diverging lenses 


Diverging lens. In the case of a converging lens, the image is sometimes real 
and sometimes virtual. In a diverging lens, the image is always virtual; in 
addition, the image is always erect and diminished. Figure 15.4 (i), (ii) illustrate 
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the formation of two images. A ray PL appears to diverge from the focus F after 
refraction through the lens, a ray PC passes straight through the middle of the 
lens and emerges along CN, and hence the emergent beam from P appears to 
diverge from Q on the same side of the lens as the object. The image IQ is thus 
virtual. 


Lens Equation and Magnification Formula 

Provided a sign rule is used for the distances, the equation 

LU l l 

ET favs’ 3 Se i TU) 
ev una SRE pe e EN OE 
is the relation between the object distance u from the lens, the image distance v 
and the focal length f. The "Real is Positive’ sign rule, which we shall use, is: 
(1) give a plus(--) sign for real object and image distances, (2) give a minus( —) 
sign for virtual object and image distances. 

The sign rule also applies to focal lengths. A converging lens has a real focus. 
So f = + 10cm for a converging lens of focal length 10 cm. A diverging lens hasa 
virtual focus. So f = — 20 cm for a diverging lens of focal length 20 cm. 

The linear (transverse) magnification m produced by a lens is defined as the 
ratio height of image/height of object. Numerically, 


"mt 3 È : a ? s (2) 
u 


Applications of Lens Equation and Magnification Formula 
The following examples illustrate how to apply the lens equation 
1/v+ l/u = 1/f and the magnification formula m = v/u. The case of a virtual 
object should be carefully noted. 


Examples on Lenses 
1 Converging lens. Real object 
An object is placed 12cm from a converging lens of focal length 18 cm. Find the position 
of the image. 


Since the lens is converging, f = -- 18cm. The object is real, and therefore 


u — 12cm. Substituting.in= +7 = z 


J f 


<. v = —36 cm 
Since v is negative in sign the image is virtual, and it is 36cm from the lens. See 
Figure 15.3 (ii). 
The magnification, 
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So the object is magnified 3 times and the minus shows it is upright (magnifying 
glass). j 

2 Converging lens. Virtual object 

A beam of light, converging to a point 10cm behind a converging lens, is incident on the 
lens. Find the position of the point image if the lens has a focal length of 40cm. 


Figure 15.5 Virtual object 


If the incident beam converges to the point O, then O is a virtual object, Figure 


15.5. Thus u= —10cm. Also, f = +40cm, since the lens is converging. 
suc dne dae Magi 
Substituting in 5 TF P 
1 Ak AA 
v (—10) (440) 
V Y 4H NS. 
‘yp 40 10 40 
40 
Dire 


Since v is positive in sign the image is real, and it is 8cm from the lens. The 
image is I in Figure 15.5. 

If the beam of light formed an object of finite size at O, and a real image of this 
object at I, then 


\ 


magnification = seas De —08 
u- —10 


So the image is smaller than the object. 

Diverging lens. Suppose a beam converges to a point 10cm behind a 
diverging lens of focal length 40cm, so f = —40cm. Then u = — 10cm (virtual 
object). So 


1/o 4- 1/(—10) = 1/(—40) 


Solving, v = 40/3 = 13:3 cm. So a real image is formed 13:3 cm behind the lens. 

3 A luminous object and a screen are placed on an optical bench and a converging lens 
is placed between them to throw a sharp image of the object on the screen; the linear 
magnification of the image is found to be 2-5. The lens is now moved 30 cm nearer the 
screen and a sharp image again formed. Calculate the focal length of the lens. 


If O, I are the object and screen positions respectively, Figure 15.6, and L,, L; 
are the two positions of the lens, then OL, = IL}, because the u and v values are 
interchanged. Suppose OL, = x = L,I. 
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Figure 15.6 Example 


For the lens in the position L}, u = OL, = x, andv = L,I = 30+ x. 


Oss i v 
But magnification, m pia 25 


So Zu 
X 
=. x= 20cm 
` u = OL, = 20cm 
v = L,I = 30+ x = 50cm 
ae sR: Coy | 
Substituting in- +- = — 
ee ORBE P 
TON es 
20s Sg Tf 
from which f =143cm 


4 Aslideprojector hasa converging lens of focal length 20-0 cm and is used to magnify the 
area ofa slide, 5 cm?, to an area of 0-8 m? on a screen. 
Calculate the distance of the slide from the projector lens. 


The ratio area of image/area of object = 0-8 m?/5 cm? 


8000 cm? 
nist, ee 


So linear magnification m = square root of area ratio = 40 


S 2 dread d dn 
u 


AC e M 
From the lens equation ES g^ FUREY and v are both real and + ve, 


I l 1 


40u 7 u7 +20 


; 4 
Solving, u- 3 = 20 5cm 


m 


10 
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Lenses 


An object is placed (i)!2cm, (ii)4cm from a converging lens of focal length 6 cm. 
Calculate the image position and the magnification in each case, and draw sketches 
illustrating the formation of the image. 

What do you know about the image obtained with a diverging lens? The image of a 
real object in a diverging lens of focal length 10cm is formed 4 cm from the lens. 
Find the object distance and the magnification. Draw a sketch to illustrate the 
formation of the image. 

The image obtained with a converging lens is upright and three times the length of 
the object. The focal length of the lens is 20cm. Calculate the object and image 
distances. 

Used as a magnifying glass, the image of an object 4cm from a converging lens is 
five times the object length. What is the focal length of the lens? 

A slide of dimensions 2cm by 2cm produces a clear image of area 6400 cm? on a 
projector screen. Calculate the focal length of the projector lens if the screen is 82 cm 
from the slide. 

An object placed 20cm from a converging lens forms a magnified clear image on a 
screen. When the lens is moved 20 cm towards the screen, a smaller clear image is 
formed on the screen. Calculate the focal length of the lens. 

A beam of light converges to a point 9cm behind (i) a converging lens of focal 
length 12cm, (ii) a diverging lens of focal length 15cm. Find the image position in 
each case, and draw sketches illustrating them. 

Draw a ray diagram to show how a converging lens produces an image of finite size 
of the moon clearly focused on a screen. If the moon subtends an angle of 9-1 x 107? 
radian at the centre of the lens, which has a focal length of 20 cm, calculate the 
diameter of this image. With the screen removed, a second converging lens of focal 
length 5-0 cm is placed coaxial with the first and 24 cm from it on the side remote 
from the moon. Find the position, nature and size of the final image. (J MB.) 

‘A converging lens of 6 cm focal length is mounted at a distance of 10cm from a 
screen placed at right angles to the axis of the lens. A diverging lens of 12 cm focal 
length is then placed coaxially between the converging lens and the screen so that an 
image of an object 24 cm from the converging lens is focused on the screen. What rs 
the distance between the two lenses? Before commencing the calculation state-the 
sign convention you will employ. (J MB.) 

A lamp and a screen are 80 cm apart and a converging lens placed midway between 
them produces a focused image on the screen. 

A thin diverging lens is placed 10 cm from the lamp, between the lamp and the 
converging lens. When the lamp is moved back so that it is 30 cm from the diverging 
lens, the focused image reappears on the screen. What is the focal length of the 
diverging lens? (L.) 

Light from an object passes through a thin converging lens, focal length 20 cm, 
placed 24 cm from the object and then through a thin diverging lens, focal length 
50 cm, forming a real image 62:5 cm from the diverging lens. Find 

(a) the position of the image due to the first lens, 

(b) the distance between the lenses, 

(c) the magnification of the final image. 
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Optical Instruments 

When a telescope or microscope is used to look at an object, the image we see 
depends on the eye, We therefore need to know some basic points about vision. 

Firstly, the image formed by the eye lens L must appear on the retina R at the 
back of the eye if the object is to be clearly seen, Figure 15.7. Secondly, the 
normal eye can focus an object at infinity (the ‘far point’ of the normal eye). In 
this case the eye is relaxed or said to be ‘unaccommodated’, Thirdly, the eye can 
see an object in greatest detail when it is placed at a certain distance D from the 
eye, known as the least distance of distinct vision, which is about 25cm, for a 
normal eye. The point at a distance D from the eye is known as its ‘near 
point’. 


Figure 15.7 Length of image on retina, and visual angle 


à Visual Angle 

Consider an object O placed some distance from the eye, and suppose 0 is the 
angle in radians subtended by it at the eye, Figure 15.7. Since the opposite angles 
at L are equal, the length b of the image on the retina is given by b — a6, where a 
is the distance from R to L. But a is a constant; so b oc 0. We thus arrive at the 
important conclusion that the length of the image formed by the eye is 
proportional to the angle subtended at the eye by the object. This angle is known as 
p» visual angle; the greater the visual angle, the greater is the apparent size of the 
object. 


4 


Figure 15.8 Relation between visual angle and length of image 
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Figure 15.8 (i) illustrates the case of an object moved from A to B, and viewed 
by the eye in both positions. At B the angle $ subtended at the eye is greater than 
the visual angle œ subtended at A. So the object appears larger at B than at A, 
although its physical size is the same. Figure 15.8 (ii) illustrates the case of two 
objects, at P, Q respectively, which subtend the same visual angle 0 at the eye. 
The objects then appear to be of equal size, although the object at P is physically 
bigger than that at Q. Of course, an object is not clearly seen if it is brought 
closer to the eye than the near point. 


Angular Magnification of Telescopes 
Telescopes and microscopes are instruments designed to increase the visual 
angle, so that the object viewed can be made to appear much larger with their 
help. Before they are used the object may subtend a small angle « at the eye; 
when they are used the final images should subtend an increased angle f at the 
eye. The angular magnification, M, of the instrument is defined as the ratio 


Met c) Ass am 


This is also popularly known as the magnifying power of the instrument. It 
should be carefully noted that we are concerned with visual angles in the theory 
of optical instruments, and not with the physical sizes of the object and the image 
obtained. 

Telescopes are instruments used for looking at distant objects. High power 
telescopes are used at astronomical observatories. In 1609 Galileo made a 
telescope through which he saw the satellites of Jupiter and the rings of Saturn. 
The telescope led the way for great astronomical discoveries, particularly by. 
Kepler. Newton also designed telescopes. He was the first to suggest the use of ’ 
curved mirrors for telescopes, as we see later. 

If « is the angle subtended at the unaided eye by a distant object, and f is the 
angle subtended at the eye by its final image when a telescope is used, the angular 
magnification M (also called the ‘magnifying power’) of the telescope is given by 


m=! 
g 


Astronomical Telescope in Normal Adjustment 

An astronomical telescope made from lenses consists of an objective of long focal 
length and an eyepiece of short focal length, for a reason given on p. 444. Both 
lenses are converging. The telescope is in normal adjustment when the final image 
is formed at infinity. The eye is then relaxed or unaccommodated when viewing 
the image. The unaided eye is also relaxed when a distant object viewed can be 
considered to be at infinity. 

The objective lens O collects parallel rays from the distant object. So it forms 
an image I at its focus Fy. Figure 15.9 shows three of the many non-axial rays a 
from the top point of the object, which pass through the top point T of the image. 
The three rays b from the foot of the object would pass through the foot of I (not 
shown). As the final image is at infinity, I must be at the focus F, of the eyepiece. 
So F, and Fo are at the same place. 

To draw the final image, take one lens at a time. 
(a) For O, draw a central ray a straight through C, to T, the top of the objective 
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objective eyepiece 


ca 


Figure 15.9 Telescope in normal adjustment 


image below Fo. Then draw the other two rays a to pass through T, as 
shown. 

(b) For E, draw a line from T to pass straight through C; and another line from 
T parallel to the principal axis to pass through Fe. The lines emerging from E 
are parallel; so the final image is at infinity. 

(c) Now continue the rays passing through T from O so that they meet the lens 
E; then draw each refracted ray parallel to TC, because they must pass 
through the top of the image of T when produced back. Note carefully that 
the two lines first drawn from T to E to find the image position are 
construction lines and not actual light rays, and so should not have arrows 
on them. : 

To find the angular magnification M of the telescope, assume that the eye is 
closed to the eyepiece. Since the telescope length is very small compared with the 
distance of the object from either lens, we can take the angle a subtended at the 
unaided eye by the object as that subtended at the objective lens, as shown. Since 
Tis distance f, from C,, where f, is the focal length of O, we see that « = h/f,, 
where h is the length of I. Also, the angle fj subtended at the eye when the 
Sappe is used is given by h/ fọ, where f; is the focal length of the eye-picce E. 

o 


B h/f, 
M=>—=—+2 
a S h/f, 
Wie ipa OG lees) A ES E RS EAR 
Em 
Go d E : ] à n (2) 


Telescope in normal adjustment — Final image at infinity 
"Then ? M - f, (objective)/ f; (eyepiece) 
and separation of (distance between) lenses = f, + h 


Lenses and Optical Instruments ...— — — — — ——— 445 


Examples on Telescopes 
1 An astronomical telescope has an objective of focal length 120 cm and an eyepiece of 
focal length 5cm. What is 
(a) the angular magnification (magnifying power), 
(b) the separation of the two lenses? 


fi 120 
a M=2=—=24 
(a) pae 
(b) separation = fı +f, = 120-5 = 125cm 


2 An astronomical telescope has an objective focal length of 100cm and an eyepiece 
focal length of 5cm, Figure 15.10. With the eye close to the eyepiece, an observer sees 
clearly the final image of a star at a distance 25 cm from the lens. 

Calculate 
(a) the separation between the lenses, 
(b) the angular magnification (magnifying power M.) 


Figure 15.10 Telescope with image at 25 cm from eye (not to scale) 


(a) The objective lens O forms an image I, of the star at its focus Fo since 


parallel rays are incident on the lens. Fo is 100 cm from O. 

The eyepiece E, f = 5cm, forms a magnified and virtual image of I, at Iz, 
which is 25 cm from E. Suppose u is the distance of I, from E. Then, for lens 
E, v = —25cm (virtual image) and f = +5cm. From t/v+1/u = 1/f, 

bpd 
-25 ^u 


Solving ia = 42cm 


So separation OE of lenses = 100+4:2 = 1042cm 


(b) In Figure 15.10, final image 1, subtends an angle f at the eye close to E. If h is 
the height of I;, then 


_B_ hu _ 100 
M T V 
Saee 
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Eye-Ring of Telescope 


When an object is viewed by an optical instrument, only those rays from the 
object which are bounded by the perimeter or edge of the objective lens enter the 
instrument. The lens thus acts as a stop to the light from the object. With a given 
objective, the best position of the eye is one where it collects as much light as 
possible from that passing through the objective. 


7 image of AB 
Y in E 


f, fe. 


Figure 15.11 Eye-ring position 


Figure 15.11 shows the rays from the field of view which are refracted at the 
boundary of the objective O to form an image at Fo or F, with the telescope in 
normal adjustment. These rays are again refracted at the boundary of the 
eyepiece E to form a small image ab. From the ray diagram, we see that a is the 
image of A on the objective and b is an image of B on the objective. So ab is the 
image of the objective AB in the eyepiece. 

The small circular image ab is called the eye—ring. It is the best position for the 
eye: Here the eye can collect the maximum amount of light entering the objective 
from outside so that it has a wide field of view. If the eye were placed closer to the 
eyepiece than the eye-ring the observer would have a smaller field of view. 

If the telescope is in normal adjustment, the distance u of the objective from 


the eyepiece E, focal length f; is (f, + f2). From the lens equation, the eye-ring 
distance v from E is given by 


1 1 
2 3*5. 0) 


from which v “o +h) 
Now the objective diameter: eye-ring Piae = AB:ab = u:v 
SAABAS) 
= filh 


But the angular magnification of the telescope = i 
magnification, M, is also given by Ree e angular 
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diameter of objective 6) 
diameter of eye-ring 
E a aH a TN MR 
the telescope being in normal adjustment. 

The relation in (3) provides a simple way of measuring M for a telescope. 


M= 


Resolving Power 
If two distant objects are close together, it may not be possible to see their images 
apart through a telescope even though the lenses are perfect and produce high 
magnifying power. This is due to the phenomenon of diffraction and is explained 
later (p. 544). Here we can state that the smallest angle 0 subtended at a telescope 
by two distant objects which can just be seen separated is given approximately 


by 
oe CUm ese ease te NL UN 
1224 
oS Ds. 
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where 2 is the mean wavelength of the light from the distant objects and D is the 
diameter of the objective lens. 

8 is called the resolving power of the telescope. The smaller the value of 0, the 
greater is the resolving power because two distant objects which are closer 
together can then be seen separated through the telescope. Note that the formula 
for 0 only depends on the diameter of the objective and not on its focal length, 
and that it does not concern the eyepiece. As we have seen, the focal lengths of 
the objective and eyepiece affect the angular magnification of a telescope but 
high angular magnification does not produce high resolving power. Higher 
resolving power is obtained by using an objective lens of greater diameter. 

So if the objective of a telescope has a diameter of 200mm, and the mean 
wavelength of the light from distant stars is 6 x 107 7 m, the resolving power 


üs 1:22x6x 1077 

0-200 
This means that the two stars which subtend this angle at the telescope objective 
can just be seen separated or resolved. 


= 4x 10^ 5 rad (approx.) 


Reflector Telescope 
The astronomical telescope so far discussed has a lens objective and is therefore 
. a refractor telescope, A reflector telescope, with a large curved mirror as its 
objective, was first suggested by Newton. 

The construction of the Hale telescope at Mount Palomar, the largest 
telescope in the world, is one of the most fascinating stories of scientific skill and 
invention. The major feature of the telescope is a parabolic mirror, 5 metres 
across, which is made of pyrex, a low expansion glass. The glass itself took more 
than:six years to grind and polish, and the front of the mirror is coated with 
aluminium, instead of being covered with silver, as it lasts much longer. The huge 
size of the mirror enables enough light from very distant stars and planets to be 
collected and brought to a focus for them to be photographed. Special cameras 
are incorporated in the instrument. This method has the advantage that plates 
can be exposed for hours, if necessary, to the object to be studied, enabling 
records to be made. It is used to obtain useful information about the building-up 
and breaking-down of the elements in space, to investigate astronomical theories 
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Plate 15A Radcliffe Refractor 
Telescope. The larger telescope has an 
objective of 60 cm diameter and focal length 
about 7m. The resolving power is of the 
order 1075rad. This telescope acts as a 
camera whereas the smaller telescope shown 
in use, which has a 50 cm objective, acts as a 
guide telescope. 


Plate 15B Allen Reflector Telescope. 
This has an objective mirror of 60cm 
diameter and focal length about 2m. A 
Cassegrain mirror is at the top of the tube, 
which has a length much shorter than the 
refractor telescope. (Photographs of the 
Allen and Radcliffe telescopes of the 
University of London Observatory are 
reproduced by courtesy of the University 
of London Observatory, Department of 
Physics and Astronomy, University 
College, London.) 


of the universe, and to photograph planets such as Mars. The Hale telescope was 
built on the top of Mount Palomar, California, where the air is particularly free 
of mist and other hindrances to night vision. 

Besides the main parabolic mirror O, which is the telescope objective, seven 
other mirrors are used in the 5 metre telescope. Some are plane, Figure 15.12 (i), 
while others are convex, Figure 15.12 (ii), and they are used to bring the light to a 
more convenient focus, where the image can be photographed, or magnified 
several hundred times by an eyepiece E for observation. The various methods of 
focusing the image were suggested Tespectively by Newton, Cassegrain, and 


ee i last thing being a combination of the other two methods, Figure 
5.12 (iti). i 
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Plate 15C Fifty one fibres plugged into an aperture pue at the Cassegrain focus of the 
4-metre Anglo- Australian Telescope. The output of the fibre bundle feeds the spectrograph 
slit, allowing simultaneous spectroscopy of fifty separate objects. 

Courtesy of Peter Gray, Epping Laboratory, Anglo-Australian Observatory 


——— — ——— 


convex 


mirror 


plane | 


(i) (ii) (iii) 


Figure 15.12 (i) Newton reflector (ii) Cassegrain reflector (iii) Coudé reflector 


The reflecting telescope is free from the coloured images produced by 
refraction at the glass lenses of the refractor telescope. This so-called ‘chromatic 
aberration’ of the lens makes the image seen indistinct. The image is also brighter 
than in a refractor telescope, where some loss of light occurs by reflection at the 
lens’ surfaces and by absorption. The large diameter of the mirror, which is the 
telescope objective, also produces high resolving power. 

Radio waves from galaxies in outer space are detected by radio telescopes. 
These consist of a concave aerial ‘dish’ of metal rods which reflect the radio 
waves to a sensitive detector at the focus of the dish. See p. 414. The signal 
received is then amplified and recorded automatically. The resolving power of 
the telescope is increased by moving several widely-spaced dishes along rails, 
while pointing them skywards in the same direction. This effectively increases 
the diameter of the telescope objective. / 
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Simple Microscope or Magnifying Glass 


A microscope is an instrument used for viewing near objects. When it is in 
normal use, therefore, the image formed by the microscope is usually at the least 
distance of distinct vision, D, from the eye, i.e., at the near point of the eye. With 
the unaided eye (that is, without the instrument), the object is seen clearest when 
it is placed at the near point. So the angular magnification of a microscope in 
normal use is given by 


where f is the angle subtended at the eye by the image at the near point, and a is 
the angle subtended at the unaided eye by the object at the near point. 


Figure 15.14 Sinple microscope, or magnifying glass 


Suppose an object of length h is viewed at the near point A by the unaided eye, 
Figure 15.13, The visual angle, «, is then /t/D in radian measure. Now suppose that a 
converging, lens Lis used as a magnifying glass to view the same object. An erect, 
magnified image is obtained when the object O is nearer to L than its focal 
length (p. 437), and the observer moves the lens until the image at I is situated at 
his orhher near point. If the observer's eye is close to the lens at C, the distance IC 
is then equal to D, the least distance of distinct vision, Figure 15.14. Thus the 
new visual angle f is given by h'/D, where h’ is the length of the virtual image. We 
can see that £ is greater than a by comparing Figure 15.13 with Figure 15.14. 

The angular magnification, M, of this simple microscope can be found in 
terms of D and the focal length f of the lens. From definition, M — pla. 
But aed _h 
B-y a=5 
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Now h’/h is the ‘linear magnification’ produced by the lens, and is given by 


h'/h = v/u, where v is the image distance CI and u is the object distance CO (see 
p. 438). Since 1/v+ 1/u = 1/ J, with the usual notation, we have 


v v 
7 or —-=--1 

f , ` 

by multiplying throughout by v. Since the image is virtual, v = CI = — D, where 
D is the numerical value of the least distance of distinct vision, ' 

v D 


ES 
u 


v 
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from (1) above. So numerically, M — G + 1) 


If the magnifying glass has a focal length of 5cm, f = +5 as it is converging; 
also, if the least distance of distinct vision is 25cm, D =25 numerically. 


Substituting in (2), 
; 25 
M=- G + 1) =—6 


Thus the angular magnification is 6. The position of the object O is given by 
substituting v = —25 and f =+5 in the lens equation 1/v+1/u = 1/f, from 
which the object distance u is found to be +42cm. 

From the formula for M in (2), it follows that a lens of short focal length is 
required for high angular magnification. : 

When an object OA is viewed through a converging lens acting as a 
magnifying glass, various coloured virtual images, corresponding to Ig, Iy for 
red and violet rays for example, are formed, Figure 15.15. The top point of each 
image lies on the line CA. So each image subtends the same angle at the eye close 


Figure15.15 Dispersion with magnifying glass 
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to the lens, so that the colours received by the eye will practically overlap. Thus 
the virtual image seen in a magnifying glass is almost free of chromatic 
aberration. A little colour is observed at the edges as a result of spherical 
aberration. A real image formed by a lens, however, has chromatic aberration, as 


explained on p. 461. 


Magnifying Glass with Image at Infinity 
We have just considered the normal use of the simple microscope, where the 
image formed is at the near point of the eye and the eye is accommodated 
(p. 442). When the image is formed at infinity, however, which is not a normal 
use of the microscope, the eye is undergoing the least strain and is then 
unaccommodated (p. 442). In this case the object must be placed at the focus, F, 
of the lens, Figure 15.16. 


Top point of. 
image Xe 


Figure 15.16 Final image at infinity 
Suppose that the focal length of the lens is f. The visual angle fj now subtended 
at the eye is then h/f if the eye is close to the lens, and hence the angular 
magnification, M, is given by 


as « = h/D, see Figure 15.13, 


-— BENE: ce odiis (3) 


mm f =+5cm and D = 25cm, M = 5. The angular magnification was 6 
when the image was formed at the near point (p. 451). It can easily be verified 
a the angurie magie gn varies between 5 and 6 when the image is formed 
ween infinity and the near point. The maxim I ification i 
obtained when the image is at the near point. AE dis NE Dae MN 


Exercises 15B 
Optical Instruments 


1A simple astronomical telescope i j 
scope in normal adjustment has an objective of focal 
length 100 cm and an eyepiece of focal length 5cm. (i) Where is the fdal iei 


10 


Lenses and Optical Instruments —_ 453 


formed? -(ii) Calculate the angular magnification. (ii) How would you increase 
the resolving power of the telescope? 

Draw a ray diagram showing how the image of a distant star is formed at the least 
distance of distinct vision of an observer using a simple astronomical telescope. In 
your sketch show the principal focus of the two lenses. 

The same telescope is now required to produce the image of the star ona 
photographic plate beyond the eyepiece. What adjustment is required? Draw a 
diagram to explain your answer. 

What is the eye-ring of a telescope? Draw a ray diagram showing how the eye-ring is 
formed in a simple astronomical telescope and explain why this telescope has a wide 
field of view. 

Calculate the distance of the eye-ring from the eyepiece of a simple astronomical 
telescope in normal adjustment whose objective and eyepiece have focal lengths of 
80cm and 10cm respectively. 

Calculate the position of the eye-ring for an astronomical telescope consisting of 
two thin converging lenses, an objective of focal length 1-0 m and an eyepiece of 
focal length 20 mm, placed 1-02 m apart. 

Explain the advantage of placing the eye at the eye-ring position when using the 
telescope. (L.) 

Draw a sketch of a reflector telescope and show with a ray diagram how an observer 
sees the final image of a distant star. 

State (i) the advantages of a reflector telescope over a refractor telescope, 

(ii) how the resolving power of the reflector telescope can be increased, (iii) the 
purpose of a radio reflector telescope. 


* Explain the term angular magnification as related to an optical instrument. Describe, 


with the aid of a ray diagram, the structure and action of an astronomical telescope. 
Derive an expression for its angular magnification when used so that the final image 
is at infinity. With such an instrument what is the best position for the observer's 
eye? Why is this the best position? 

Even if the lenses in such an instrument are perfect it may not be possible to 
produce clear separate images of two points which are close together. Explain why 
this is so. Keeping the focal lengths of the lenses the same, what could be changed in 
order to make the separation of the images more possible? (L.) 

A refracting telescope has an objective of focal length 1-0 m and an eyepiece of focal 
length 2-0cm. A real image of the sun, 10 cm in diameter, is formed on a screen 
24cm from the eyepiece. What angle does the sun subtend at the objective? (L.) 
Draw a diagram showing the passage of rays through a simple astronomical 
refracting telescope when it is used to view a distant extended object such as the 
moon, and is adjusted so that the final image is at infinity. Using the diagram, show 
how the magnifying power of the telescope is related to the focal lengths of the 
objective and eyepiece lenses. 

The objective of a telescope has a diameter of 100 mm. Estimate the approximate 
angular separation of two stars which can just be resolved by the telescope. 

What are the advantages of using a reflecting (rather than a refracting) objective 
in an astronomical telescope? (O. & C.) 

Explain the essential features of the astronomical telescope. Define and deduce an 
expression for the magnifying power of this instrument. 

.A telescope is made of an object glass of focal length 20 cm and an eyepiece of 
5cm, both converging lenses. Find the magnifying power in accordance "s your 
definition in the following cases: 

(a) when the eye is focused to receive parallel rays, and 

(b) when the eye sees the image situated at the nearest distance of distinct vision 
which may be taken as 25 cm. (L.) 

An astronomical telescope may be constructed using as objective either 

(a) a converging lens, or 

(b) a concave mirror. 

Draw diagrams to illustrate the optical system of both types of telescope. Include 
in each diagram at least three rays reaching the instrument from an off-axial 
direction. 
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Define the magnifying power of a telescope. A telescope consists of two thin 
converging lenses of focal lengths 0-3 m and 0:03 m separated by 0-33 m. It is focused 
on the moon, which subtends an angle of 0-5’ at the objective. Starting from first 
principles, find the angle subtended at the observer's eye by the image of the moon 
formed by the instrument. 

Explain why one would expect this image to be coloured. Suggest how this defect 
might be rectified. (O. & C.) 

What is the eye-ring ofa telescope? Y 

For an astronomical telescope in normal adjustment deduce expressions for the 
size and position of the eye-ring in terms of the diameter of the object glass and the 
focal lengths of the object glass and eye-lens. 

Discuss the importance of (i) the magnitude of the diameter of the object glass, 
(ii) the structure of the object glass, (iii) the position of the eye. (L.) 

Show, by means of a ray diagram, how an image of a distant extended object is 
formed by an astronomical refracting telescope in normal adjustment (i.e. with the 
final image at infinity). 

A telescope objective has focal length 96 cm and diameter 12 cm. Calculate the 
focal length and minimum diameter of a simple eyepiece lens for use with the 
telescope, if the magnifying power required is x 24, and all the light transmitted by 
the objective from a distant point on the telescope axis is to fall on the eyepiece. 
Derive any formulae you use. (0. & C) 

An astronomical telescope consisting of an objective focal length 60cm and an 
eyepiece of focal length 3 cm is focused on the moon so that the final image is 
formed at the minimum distance of distinct vision (25 cm) from the eyepiece. 
Assuming that the diameter of the moon subtends an angle of 1* at the objective, 
calculate 

(a) the angular magnification, 

(b) the actual size of the image seen. 

How, with the same lenses, could an image of the moon, 10cm in diameter, be 
formed on a photographic plate? (C.) 

Explain, with the aid ofa ray diagram, how a simple astronomical telescope 
employing two converging lenses may form an apparently enlarged image of a 
distant extended object. State with reasons where tbe eye should be placed to 


5x 1075 radian. Explain how these lenses would be placed for normal adjustment 
and calculate thé angle subtended at the eye of the observer by the final image. 


(b) The moon is 3:5 x 10? km in diameter and is 3:8 x 10° km away from the Earth. 
(i) Calculate the angle in radian measure that it subtends at the eye of an 
observer on Earth. (ii) If the lens has a focal length'of 0-30 m, what is the 
diameter of the image of the moon produced on the screen? (iii) If the observer 
views the image on the screen from a distance of 0:25 m, what angle will it 


subtend at his eye? (iv) Calculate the an; ificati 
achieved by using this lens, ve ot don VEA 


(c) Explain carefully the effect on th ificati i 
longer focal length. © angular magnification of wake 
A much greater angular Magnification can be achi i i 
ngu eved by using two convergin; 
S one as an objective and the other as an eyepiece. If aconte lens of focal 
ose viewed the moon ous tea (uow removed) ne 
would be the new angular magnification? 0000 ie ener la 
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Apart from greater magnification, name one other difference between the image 
produced in this case and when only one lens was used. (L.) 
A converging lens of focal length 5 cm is used as a magnifying glass. If the near point 
of the observer is 25 cm from the eye and the lens is held close to the eye, calculate 
(i) the distance of the object from thelens, (ii)the angular magnification. 

What is the angular magnification when the final image is formed at infinity? 
Explain what is meant by the magnifying power of a magnifying glass. 

Derive expressions for the magnifying power of a magnifying glass when the 
image is 
(a) 25cm from the eye and 
(b) at infinity. 

In each case draw the appropriate ray diagram. (JM B.) 


16 
Further Topics in Optics 


In this chapter we shall consider three optical topics: (1) the 
compound microscope and its magnifying power, (2) the lens 
camera f-number and depth of field, (3) defects of lenses 
(chromatic and spherical aberrations) and the way to reduce 
these defects. 


Compound Microscope 
From the formula M = -F+ for the magnifying power of a single lens 


(p. 451), we see that M is greater numerically the smaller the focal length of the 
lens. As it is impracticable to decrease f beyond a certain limit, owing to the 
mechanical difficulties of grinding a lens of short focal length (great curvature), 
two separated lenses are used to obtain a high angular magnification. This forms 
a compound microscope. The lens nearer to the object is called the objective; the 
lens through which the final image is viewed is called the eyepiece. The objective 
and the eyepiece are both converging, and both have small focal lengths for a 
reason explained later. 

When the microscope is used, the object O is placed at a slightly greater 
distance from the objective than its focal length. In Figure 16.1, F, is the focus of 
this lens. An inverted real image is then formed at I, in the microscope tube, and 
the eyepiece is adjusted so that a large virtual image is formed by it at L,. Thus I, 
is nearer to the eyepiece than the focus F, of this lens. It can now be seen that the 
eyepiece acts as a simple magnifying glass, used for viewing the image formed at 
I, by the objective. 


I 


RSS 
M 


c) 


Figure 16.1 Compound microscope in normal use 


To draw the final image I 2; We first draw construction lines from the top of I, 
R ae ere im s d Figure 16.1. The actual rays, shown by heavy lines in 
. Fig .l, can then rawn as we explained for the telesco . 443, t 
pan the reader should refer. = a 5 
igure 16.1 illustrates only the basic principle of i 

j i a ple of a compound microscope. 
Moos lens — shown would produce a real image of the object which 
is coloured (see chromatic aberration, P. 461). The single lens eyepiece would 
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produce a virtual image fairly free of colour (p. 452). In practice, both the 
objective and eyepiece of microscopes are made of several lenses which together 
reduce chromatic aberration as well as spherical aberration. 

The best position for the eye is at the image of the objective in the eyepiece or 
eye-ring. All the rays from the object pass through this image. See p. 446. 
Suppose the objective is 16cm from L,, which has a focal length of 2cm. The 
* i A Stead 1 1 1 

image distance, v, in L, is given by 2 + (+16 GA 
Thus the eye-ring is a short distance from the eyepiece, and in practice the eye 
should be farther from the eyepiece than in Figure 16.1. This is arranged in 
commercial microscopes by having a circular opening fixed at the eye-ring 
distance from the eyepiece, so that the observer's eye has automatically the best 
position when it is placed close to the opening. 


, from which v = 2:3cm. 


Angular Magnification with Microscope in Normal Use 
When the microscope is in normal use the image at I, is formed at the least 
distance of distinct vision, D, from the eye (p. 450). Suppose that the eye is close 
to the eyepiece, as shown in Figure 16.1. The visual angle f subtended by the 
image at I, is then given by B = h;/D, where h, is the height of the image. With 
the unaided eye, the object subtends a visual angle given by « = h/D, where his 
the height of the object, see Figure 15.13. 


.. angular magnification, M = f 


TDS pu 
h/D h 
hy : h, dh : à : 
Now X: can be written as ui x ae where h, is the length of the intermediate 
i 1 
image formed at I,. 
h, h, ; 
WMIT.C : : : a 

C (i) 


The ratio h/h, is the linear magnification of the ‘object’ at I, produced by the 
eyepiece, and we have shown on p. 451 that the linear magnification is also given 
by v/ f; — 1, where v is the image distance from the lens and f, is the focal length. 
Since » = —D where D is the numerical value of the least distance of distinct 


vision, it follows that 
Shy D 
=s) . 0 . . i 
ih (s ) H 


Also, the ratio h,/h is the linear magnification of the object at O produced by 
the aud lens. Thus if the distance of the image I, from this lens is denoted by 
v, we have 


A5 BROMO E  . . 0 di) 


cui Mh m v 
Paci REIR og 


It can be seen that if f, and f, are small, M is large. Thus the angular 
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magnification is high if the focal lengths of the objective and the eyepiece are 
small. 


Example on Compound Microscope 
A model of a compound microscope is made up of two converging lenses of 3 cm and 9 cm 
focal length at a fixed separation of 24 cm. Where must the Object be placed so that the final 
image may be at infinity? What will be the magnifying power if the microscope as thus 
arranged is used by a person whose nearest distance of distinct vision is 25 cm? State what is 
the best position for the observer's eye and explain why. 


f=+3 e— 24 -re fag 


Figure 16.2 Example on compound microscope 


(i) Suppose the objective A is 3 cm focal length, and the eyepiece B is 9 cm focal 
length, Figure 16.2. If the final image is at infinity, the image I, in the objective 
must be 9 cm from B, the focal length of the eyepiece, see p. 452. So the image 
distance LI,, from the objective A = 24—9 = 15cm. The object distance OL is 
thus given by 


1 d Z 1 
(+15) u (+3) 
from which u = OL = 33cm 


. (ii) The angle f subtended at the observer's eye is given by f = h,/9, where h, 
is the height of the image at I,, Figure 16.2. Without the lenses, the object 
subtends an angle « at the eye given by a = h/25, where h is the height of the 
object, since the least distance of distinct vision is 25 cm. 


id hj/9 25 h 
~. magnif LB 25 h 
magnifying power M a^ h2s^ 9 x h 
But PELEUS ISI 
h LO 3 


MeT xac 11:1 


The best position of the eye is at the eye-ring, which is the image of the 
objective A in the eyepiece B. 


S Lens Camera; f#number 
The photographic camera consists essentially of a lens system L, a light. 


= 
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and separated lenses which together reduce considerably chromatic and 
spherical aberration (p. 461). An aperture or stop of diameter d is provided so 
that the light is incident centrally on the lens, thus diminishing distortion 


(p. 462). 
mam 


D Leda 7, 
KKK 


Figure 16.3 Photographic camera 


Figure 16.4 Brightness of image 


The amount of luminous flax falling on the image in a camera is proportional 
to the area of the lens aperture, or to d?, where d is the diameter of the aperture. 
The area of the image formed is proportional to f?, where f is the focal length 
of the lens, since the length of the image formed is proportional to the focal 
length, as illustrated by Figure 16.4. It therefore follows that the luminous flux 
per unit area of the image, or brightness B, of the image, is proportional to d?/ f°. 
The time of exposure, t, for activating the chemicals on the given negative is 
inversely proportional to B. Hence 


T ne Hatha aeg osos) 


The relative aperture of a lens is defined as the ratio d/f, where d is the 
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diameter of the aperture and f is the focal length of the lens. The aperture is 
usually expressed by its f-number. If the aperture is f-4, this means that the 
diameter d of the aperture is f/4, where f is the focal length of the lens. An 
aperture of f-8 means a diameter d equal to f/8, which is a smaller aperture 
than f/4 — 

Since the time t of exposure is proportional to f?/d?, from (i) it follows that 
the exposure required with an aperture /-8 (d — f/8) is 16 times that required 
with an aperture f-2 (d — f/2). The f-numbers on a camera are 2, 28, 3:5, 4, 48, 
for example. On squaring the values of f/d for each number, we obtain 4, 8, 12, 
16, 20, or 1, 2, 3, 4, 5, which are the relative exposure times. 


Depth of Field 

An object will not be seen by the eye until its image on the retina covers at least 
the area of a single cone, which transmits along the optic nerve light energy just 
sufficient to produce the sensation of vision. As a basis of calculation in 
photography, a circle of finite diameter about 0-25 mm viewed 250 mm away will 
Just be seen by the eye as a fairly sharp point, and this is known as the circle of 
least confusion. It corresponds to an angle of about 1/1000th radian subtended 
by an object at the eye. 


depth of 
field 


Figure 16.5 Depth of field 


On account of the lack of resolution of the eye, a camera can take clear 
pictures of objects at different distances. Consider a point object O in front of a 
camera lens A which produces a point image I on a film, Figure 16.5. If XY 
represents the diameter of the circle of least confusion round I, the eye will see all 
points in the circle as reasonably sharp points. Now rays from the lens aperture 
to the edge of XY meet at T; beyond I, and also at I, in front of I. The point 
images I,, I; correspond to point objects O,, O; on either side of O, as shown. 
Cotiapealty the images of ali objects between O,, O, are seen clearly on the 

m. 


The distance O; O, is therefore known as the depth of field. The distance I, I, 


is known as the depth of focus. The depth of field depends on the lens aperture. If 
the aperture is made smaller, and the diameter XY of the circle of least confusion 
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Defects of Lenses 


Chromatic Aberration, Achromatic Lenses 
When white light from an object is refracted by a lens, a coloured image is 
formed. This is because the glass refracts different colours such as red, r, and 
blue, b, to a different focus (Figure 16.6). The coloured images are formed at 
slightly different places and this is called the chromatic aberration (colour defect) 
ofa single lens. 


- 


(i) (ii) 


Figure 16.6 Dispersion produced by converging and diverging lens 


A converging lens deviates an incident ray such as AB towards its principal 
axis, Figure 16.6(i). A diverging lens, however, deviates a ray PQ away from its 
principal axis, Figure 16.6 (ii). The dispersion between two colours produced by 
a converging lens can thus be neutralised by placing a suitable diverging lens 
beside it. Two such lenses which together eliminate the chromatic aberration of 
a single lens are called an achromatic combination of lenses. Figure 16.7 
illustrates an achromatic lens combination, known as an achromatic doublet. 
The biconvex lens is made of crown glass, while the diverging lens is made of 


crown flint 


Figure 16.7 Achromatic doublet in telescopic objective 


flint glass and is a plano-concave lens. So that the lenses can be cemented 
together with Canada balsam, the radius of curvature of the curved surface of 
the plano-concave lens is made numerically the same as that of one surface of the 
converging lens. The achromatic combination acts as a converging lens when 
used as the objective lens in a high-quality telescope or microscope. 

It should be noted that chromatic aberration would occur if the diverging and 
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converging lenses were made of the same material, as the two lenses together 
would then constitute a single thick lens of one material. 


Spherical Aberration 

If a wide parallel beam of light is incident on a lens experiment it shows that the 
Tays are not all brought to the same focus, Figure 16.8. It therefore follows that 
the image of an object is distorted if a wide beam of light falls on the lens, and 
this is known as spherical aberration. The aberration may be reduced by 
surrounding the lens with an opaque disc having a hole in the middle, so that 
light is incident only on the middle of the lens as in the lens camera. But this 
method reduces the brightness of the image since it reduces the amount of light 
energy passing through the lens. 


|o 


Figure 16.8 Spherical aberration 


As rays converge to a single focus for small angles of incidence, spherical 
aberration can be diminished if the angles of incidence. on the lens’ surfaces are 


the angle of incidence of rays is large. Correction for spherical aberration is 
hence more important for the objective of this instrument than chromatic 


T — — — — — —— Exercises 16 RII OOV NN 
Compound Microscope 


State and explain 
focal length 2 cm and one of focal length 5 


with magnifying power (angular magnificati, i i 
fram erena g agnification) x 42, the final image being 25 cm 
: aame that the focal lengths quoted, and 
image formed when the object is illuminated b i i i 

further calculation, state and explain ike cha Pe in the pasinoan ca N ihoni 


' ean i nges in the position and size of the 
image formed by the Objective and in the apparent size of the final image (i.e; 


your calculations, relate to the 
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the angle it subtends at the centre of the eye lens) which would occur on changing 
the illumination of the object through the spectral range from red to violet, 

the setting of the microscope remaining unchanged. (O. & C.) 

A point object is placed on the axis of, and 3-6 cm from, a thin converging lens of 
focal length 3:0 cm. A second thin converging lens of focal length 16:0 cm is 
placed coaxial with the first and 260 cm from it on the side remote from the 
object. Find the position of the final image produced by the two lenses. 

Why is this not a suitable arrangement for a compound microscope used by an 
observer with normal eyesight? 

For such an observer wishing to use the two lenses as a compound microscope 
with the eye close to the second lens decide, by means of a suitable calculation, 
where the second lens must be placed relative to the first. (JM B.) 

Draw the path of two rays, from a point on an object, passing through the 
optical system of a compound microscope to the final image as seen by the eye. 

If the final image formed coincides with the object, and is at the least distance 
of distinct vision (25 cm) when the object is 4 cm from the objective, calculate the 
focal lengths of the objective and eye lenses, assuming that the magnifying power 
of the microscope is 14. (L.) 

Give a detailed description of the optical system of the compound microscope, 
explaining the problems which arise in the design of an objective lens for a 
microscope. 

A compound microscope has lenses of focal length 1 cm and 3 cm. An object is 
placed 1-2 cm from the object lens; if a virtual image is formed 25 cm from the 
eye, calculate the separation of the lenses and the magnification of the instrument. 
(0.& C) 


Lens Camera 


A camera has a lens, of focal length 120 mm, which can be moved along its 
principal axis towards and away from the film. If the camera is to be able to form 
perfect images of objects from infinite distance down to 1-00 m from the camera, 
through what distance must it be possible to move the lens? (L) ` 

A convex camera lens is used to form an image of an object 1:00 m away from it 
on a film 0-050 m from the lens. What is the focal length of the lens? 

If the camera is used to photograph a distant object, how far from the film 
would the clear image be formed? What type of lens should be placed close to the 
first lens in order to enable the distant object to be focused on the film if the 
separation of the first lens and film cannot be changed in this camera? What is 
the focal length of this added lens? (L.) 

Under certain conditions a suitable setting for a camera is: exposure time 1/125 

second, aperture f /56. If the aperture is changed to f/16 what would be the 

new exposure time in order to achieve the same film image density? What 

other effect would this change in f-number produce? (L.) 

(a) Define (i) linear magnification, and (ii) magnifying power. Why is the latter 
-appropriate in considering optical instruments such as telescopes? 

(b) Draw a ray diagram to illustrate the action of an astronomical telescope 

consisting of two convex (converging) lenses, the instrument being in normal 

adjustment. On your diagram indicate the positions of the principal foci of 

the lenses. 

When a single convex lens is used as a magnifying glass, and the eye is 

placed close to the lens, the angles subtended by object and image are 

approximately the same. This being the case, explain why the magnifying 

glass produces a magnified image. 

When white light is refracted on passing through a lens it undergoes 
dispersion and each colour produces a separate image. Why, then, is a series 
of coloured images not observed when the eye is placed close to a magnifying 
glass? 

(d) A camera is set at f 56, 1/120 s. If the aperture is changed to f 16, to what 
value should the exposure time be set to achieve the same exposure? What 
other effect would the change of aperture have? (AEB, 1982.) 


(c) 
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A white object in front of a converging lens produces an inverted coloured 
image. Using the lens focus for red and blue rays, draw a sketch showing how 
the red and blue-images are formed. What is this lens defect called? 

What is spherical aberration of a lens? Draw a sketch to illustrate your answer 
and explain why this produces an unclear image. How can the aberration be 
reduced? 

An achromatic doublet is used as a telescope objective. Draw a sketch of the 
doublet and explain how it reduces the colour defect due to a single lens. 

When a compound microscope is used, the tiny object viewed is close to the 
objective lens. Using a ray diagram, explain why it is particularly important to 
reduce spherical aberration. 

A parallel beam of white light is incident on a converging glass lens which has a 
focal length of 20-0 cm for yellow light. A white screen is placed 200 cm from the 
lens on the other side of the beam. With the aid of a diagram, explain the change 


in the appearance of the coloured image seen on the screen when the screen is 
moved 


(a) towards the lens, and 
(b) away from the lens. 


Miscellaneous Questions 


———————— 


) 


ome fo fe 
Ve em E 7 


Figure 16A 


(a) Explain why 
(i) the object is placed to the left of F; 
(ii) the eyepiece is adjusted so that the intermediate 
(b) In this arrangement, the focal lengths of O and E 
respectively. If B is 12mm from O and the final i 
calculate the distance apart of O and E. (JMB) 


image is to the right of Fe 
are 10mm and 60 mm 
mage is 300 mm from E, 
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17 
Oscillations and Waves 


In this chapter we first study the general properties of oscil- 
lations, together with resonance and phase difference. We then 
consider different types of waves—longitudinal and transverse 
waves, and progressive and stationary or standing waves. Matter 
waves such as sound waves, and electromagnetic waves such as 
light or radio waves, are then compared and discussed, together 
with their speeds. 


S.H.M. 
Simple harmonic motion (s.h.m.) occurs when the force acting on an object or 
system is directly proportional to its displacement x from a fixed point and is 
always directed towards this point. If the object moves with s.h.m., the variation 
of the displacement x with time t is a sine relation given by 


x = asinot s t s 1 à (1) 


Here a is the greatest displacement from the mean or equilibrium position and is 
the amplitude of the motion, Figure 17.1. The constant œ = 2nf where f is the 
frequency of oscillation or number of cycles per second. The period T of the 
motion, or time to undergo one complete cycle, is equal to 1/f, so that œ = 2n/T. 


x(*) 


Figure 17.1 Sine curve 


The small oscillation of a pendulum bob or a vibrating layer of air isa- 
mechanical oscillation, so that x is a displacement from a mean fixed position. 
Later, electrical oscillations are considered; x may then represent the instan- 
taneous charge on the plates of a capacitor when the charge alternates about a 
mean value of zero. In an electromagnetic wave, x may represent the component 
of the electric or magnetic field vectors at a particular place. 


Energy in S.H.M. 
On p. 82, it was shown that the sum of the potential and kinetic energies of a 
body moving with s.h.m. is constant and equal to the total energy in the 
vibration. Further, it was shown that the time averages of the potential energy 
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(p.e) and kinetic energy (k.e.) are equal; each is half the total energy. In any 
mechanical oscillation, there is a continuous interchange or exchange of energy 
from p.e. to k.e. and back again. 

For vibrations to occur, therefore, an agency is needed which can have and 
store p.e. and another which can have and store k.e. This was the case for a mass 
oscillating on the end of a spring, as we saw on p. 83. The mass stores k.e. and 
the spring stores p.e.; and interchange occurs continuously from one to the other 
as the spring is compressed and released alternately. In the oscillations of a 
simple pendulum, the mass stores k.e. as it swings downwards from the end of an 
oscillation, and this is changed to p.e. as the height of the bob increases above its 
mean position. 


Electrical Oscillations 
So far we have dealt with mechanical oscillations and energy. The energy in 
electrical oscillations takes a different form. There are still two types of energy. 
One is the energy stored in the electric field, and the other that stored in the 
magnetic field. To obtain electrical oscillations, an inductor (a coil) is used to 
produce the magnetic field and a capacitor to produce the electric field. This is 
discussed more fully on page 396. 

Suppose the capacitor is charged and there is no current at this moment, 
Figure 17.2). A p.d. then exists across the capacitor and an electric field is 
present between the plates. At this instant all the energy is stored in the electric 
field, and since the current is zero there is no magnetic energy. Because of the 
p.d. a current will begin to flow and magnetic energy will begin to be stored in 
the inductor. Thus there will be a change from electric to magnetic energy. The 
p.d. is the agency which causes the transfer of energy. 


Ex 
charge max charge max charge max 
su z+ +k- 


(i) (ii) (iii) (iv) (v) 


current max 


current max 


energy: 
electrical magnetic E M E 
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Figure17.2 Electrical oscillations — energy exchanges 
One quarter of a cycle later the capacitor will be fully discharged and the 


current will be at its greatest, so that the energy is now entiri i 
k p * ely stored in the 
magnetic field, Figure 172(ii. The current continues to dow for a further 


p a 
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quarter-cycle until the capacitor is fully charged in the opposite direction, when 
the energy is again completely stored in the electric field, Figure 17.2 (iii). The 
current then reverses and the processes occur in reverse order, Figure 17.2 (iv), 
after which the original state is restored and a complete oscillation has taken 
place, Figure 17.2(v. The whole process then repeats, giving continuous 
oscillations. 


Electrical oscillations are produced by exchange of energy between a capacitor, 
which stores electrical energy, and a coil or inductor, which stores magnetic 


energy. 


Phase of Vibrations 
Consider an oscillation given by x, = asin wt. Suppose a second oscillation has 
the same amplitude, a, and angular frequency, œ, but is out of step and reaches 
the end of its oscillation a fraction, £, of the period T later than the first one. The 
second oscillation thus lags behind the first by a time BT, and so its displacement 
xa is given by d 
x, = asinoXt — fT) 
—asin(ot—9) . 2 5 k E (2) | 

where 9 = ofiT = 2nf T/T = 2nf. If the second oscillation leads the first by a 
time fT, the displacement is given by 

^ x, asin(otX-9) x lm s t) 
Q is known as the phase angle of the oscillation. It represents the phase difference 
between the oscillations x, = asin wt and x; = asin(wt— 9). 


Graphs of displacement against time are in Figure 17.3. Curve 1 represents 
x, = asin ot. Curve 2 represents x; = asin(wt+7/2), so that its phase lead is 


=asin ot 3 

My ane 3 x,—asin(ot- x/2) 
3..S7asin(ot-2/2) 2 
AAA E ~ 


X 
‘N, " 


Figure 17.3 Phase difference (i) 1,2 = x/2 or 90°, (ii) 2,3 = x or 180° 


n/2 or 90°; this is a lead ef one quarter of a period. Curve 3 represents 
X3 = asin(wt—7/2) so that its phase lag is 1/2 or 90°, this is a lag of one quarter _ 
of a period on curve 1. If the phase difference is 27, the oscillations are effectively 
in phase. 

Note that if the phase difference is n or 180°, the displacement of one 
oscillation reaches a positive maximum value at the same instant as the other 
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oscillation reaches a negative maximum value. The two oscillations are thus 


| 
sometimes.said to be ‘antiphase’. This is the case for curves 2 and 3 in Figure | 
17. | 


Damped Vibrations 
In practice, the amplitude of vibration in simple harmonic motion does not 
remain constant but becomes progressively smaller. Such a vibration is said to 
be damped. The decrease in amplitude is due to loss of energy; for example, the | 
amplitude of the bob of a simple pendulum diminishes slowly owing to the 
viscosity (friction) of the air. This is shown by curve 1 in Figure 17.4. 

The general behaviour of mechanical systems subject to various amounts of 
damping may be conveniently investigated using a coil of a ballistic galvano- 
meter (p. 379). If a resistor is connected to the terminals of a ballistic galvano- | 
meter when the coil is swinging, the induced e.m.f. due to the motion of the coil | 
in the magnetic field of the galvanometer magnet causes a current to flow | 
through the resistor. This current, by Lenz’s Law (p. 343), opposes the motion of 
the coil and so causes damping. The smaller the value of the resistor, the greater 
is the degree of damping. The galvanometer coil is set swinging by discharging a 
capacitor through it. The time period, and the time taken for the amplitude to be 
reduced to a certain fraction of its original value, are then measured. The 


| 
displacement : 
| 


Figure 17.4 Damped motion 1 
experiment can then be repeated using different values of resistor connected to Í 
the terminals. 

It is found that as the damping is increased the time period increases and the 
oscillations die away more quickly. As the damping is increased further, there is 
a value of resistance which is just sufficient to prevent the coil from vibrating 
Past its rest position. This degree of damping, called the critical damping, reduces 
1 the motion to rest in the shortest possible time. If the resistance is lowered further, 
to increase the damping, no vibrations occur but the coil takes a longer time to 

settle down to its rest 

for ‘underdamped’, ‘ 

Figure 17.4. 


Position. Graphs showing the displacement against time 
critically damped’, and ‘overdamped’ motion are shown in 


OV 
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When it is required to use a galvanometer as a current-measuring instrument, 
rather than ballistically to measure charge, it is generally critically damped. The 
return to zero is then as rapid as possible. 

These results, obtained for the vibrations of a damped galvanometer coil, are 
quite general. All vibrating systems have a certain critical damping, which brings 
the motion to rest in the shortest possible time. 
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Figure17.6 Amplitude and phase in forced vibrations 
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Forced Oscillations, Resonance 
In order to keep a system, which has a degree of damping, in continuous 
oscillatory motion, some outside periodic force must be used. The frequency of 
this force is called the forcing frequency. In order to see how systems respond toa 
forcing oscillation, we may use’an electrical circuit comprising a coil L, capacitor 
Cand resistor R, shown in Figure 17.5. 

The applied oscillating voltage is displayed on the Y, plates of a double-beam 
oscilloscope (p. 781). The voltage across the resistor R is displayed on the Y, 
plates. Since the current J through the resistor is given by I = V/R, the voltage 
across R is a measure of the current through the circuit. The frequency of the 
oscillator is now set to a low value and the amplitude of the Y, display is 
recorded. The frequency is then increased slightly and the amplitude again 
measured. By taking many such readings, a graph can be drawn of the current 
through the circuit as the frequency is varied. A typical result is shown in Figure 
17.6 (i). 

The phase difference, o, between the Y | and Y; displays can be found by 
measuring the horizontal shift p between the traces, and the length q occupied by 
one complete waveform. q is given by (p/q) x 2x. A graph of the variation of 
phase difference between current and applied voltage can then be drawn. Figure 
17.6 (ii) shows a typical curve. 

The following observations may be made: 


1 The current is greatest at a certain frequency f,. This is the frequency of 
undamped oscillations of the System, when it is allowed to oscillate on its own. fois 
called the natural frequency of the system. When the forcing frequency is equal to 
the natural frequency, resonance is said to occur. The largest current is then 
produced. 

2 At resonance, the current and voltage are in phase. Well below resonance, the 
current leads the voltage by 7/2; at very high frequencies the current lags by z/2. 
The behaviour of other resonant systems is similar. 


3 The forced oscillations always have the same frequency as the forcing 
oscillations. 


Forced frequency is the frequency due to an outside periodic force. 


periodic force has a frequency equal to the natural frequency. 


5 Likewise, water waves may spread along the 
her point B, where an object floating on the 
€. No particles of water at A actually travel to 
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B in the process. The energy in the electromagnetic spectrum, comprising X-rays 
and light waves, for example, may be considered to be carried by electromagnetic 
waves from the radiating body to the absorber. Again, sound waves carry energy 
from the source to the ear by disturbance of the air (p. 473). 


| displacement 


! = 


fq- 
RE: 


distance 


Figure 17.7. Wave and wavelength 


If the source or origin of the wave oscillates with a frequency f, then each 
point in the medium concerned oscillates with the same frequency. A snapshot 
of the wave profile or waveform may appear as in Figure 17.7 at a particular 
instant. The source repeats its motion f times per second, so a repeating 
waveform is observed spreading out from it. 

The distance between corresponding points in successive waveforms, such as 
two successive crests or two successive troughs, is called the wavelength, A. Each 
time the source vibrates once, the waveform moves forward a distance A. So in 
one second, when f vibrations occur, the wave moves forward a distance fA. 
Hence the velocity c of the waves, which is the distance the profile moves in one 
second, is given by: i 


c=fa 


This equation is true for all wave motion, whatever its origin, that is, it applies 
to sound waves, electromagnetic waves and mechanical waves. 


Transverse Waves . 
A wave which is propagated by vibrations perpendicular to the direction of 
travel of the wave is called a transverse wave. Examples of transverse waves are 
waves on plucked strings and on water. Electromagnetic waves, which include 
light waves, are also transverse waves. 

The propagation of a transverse wave is illustrated in Figure 17.8. Each 
particle vibrates perpendicular to the direction of propagation with the same 
amplitude and frequency, and the wave is shown successively at t = 0, T/4, T/2, 
3T/4, in Figure 17.8, where T is the period. 
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displacement 


t=0, t= T/4, t = T/2 and t= 3T/4 are shown. The diagram for t = T is, of 
course, the same as t — 0. With displacements to R (right) and to L (left), see 
graph axis, note that (i) the displacem 
density (compressions C) and of low density (rarefactions R) to be formed along 
the wave. (ii) These regions move along with the speed of the wave, as shown 


gitudinal wave is a Sound wave. This is 
nd rarefactions of the air. 
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Figure 17.9 Progressive longitudinal wave 


A transverse wave is one in which the direction of the oscillations is perpendicular 
to the direction of the wave. Light and all other electromagnetic waves, and water 
waves, are transverse. 

A longitudinal wave is one in which the direction of the oscillations is in the same 
direction as the wave. Sound is a longitudinal wave. 


Progressive Waves 
Both the transverse and longitudinal waves described above are progressive. 
This means that the wave profile moves along with the speed of the wave. If a 
snapshot is taken of a progressive wave, it repeats at equal distances. The repeat 
distance is the wavelength A. If one point is taken, and the profile is observed as it 
passes this point, then the profile is seen to repeat at equal intervals of time. The 
repeat time is the period, T. 

The vibrations ofthe particles in a progressive wave are of the same amplitude 
and frequency. But the phase of the vibrations changes for different points along 
the wave. This can be seen by considering Figures 17.8 and 17.9. The phase 
difference may be demonstrated by the following experiment, in which sound 
waves of the order of 1000 to 2000 Hz may be used. 
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Figure 17.10 Demonstration of phase in progressive wave 


An audio-frequency (af) oscillator is connected to the loudspeaker L and to 
the Y, plates of a double-beam oscilloscope, Figure 17.10. A microphone M, 
mounted on an optical bench, is connected to the Y, plates. When M is moved 
away from or towards L, the two traces on the screen are as shown in Figure 
17.11 (i) at one position. This occurs when the distance LM is equal to a whole 
number of wavelengths, so that the signal received by M is in phase with that 
sent out by L. When M is now moved further away from L through distance 4/4, 
Where 4 is the wavelength, the appearance on the screen changes to that shown 
in Figure 17.11 (ii); The resultant phase change is z/2, so that the signal now 
arrives a quarter of a period later. When M is moved a distance 4/2 from its 
‘in-phase’ position, the signal arrives half a period later, a phase change of z, 
Figure 17.11 (iii). 
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Figure 17.11 ^ Phase difference and wavelength 
t ) 


The speed of sound in free air can be found 


—— 
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calculated from v = fA, where f is the frequency obtained from the oscillator 
dial. Another method for finding the speed of sound in free air is given on p. 488. 


Progressive Wave Equation 
An equation can be formed to represent generally the displacement y of a 
vibrating particle in a medium in which a wave passes. Suppose the wave moves 
from left to right and that a particle at the origin O then vibrates according to 
the equation y = asin wt, where t is the time and w = 2z f (p. 465). 


displacement 
phase lag on O profile at some instant 


A >| 
o 
wave direction 


Figure 17.12 Progressive wave equation 


At a particle P at a distance x from O to the right, the phase of the vibration 
will be different from that at O, Figure 17.12. A distance 4 from O corresponds 
to.a phase difference of 2x (p. 474). Thus the phase difference ¢ at P is given 
by (x/4) x 2x or 2nx/4. Hence the displacement of any particle at a distance x 
from the origin is given by i 


y = asin (ot — 9) ` 
or y = asin (o -A f s f 7 5 (4) 


Since w — 2nf = 2nw]À, where v is the velocity of the wave, this equation may be 
written: 


= asin dejo eae 
o5 em 
or y= asin (ot—x) À 1 7 f A (5) 


Also, since w = 2n/T, equation (4) may be written: 


y=asnze( 4—2), i 7 É 4 (6) 


Equations (5) or (6) represent a plane-progressive wave. The negative sign in 
the bracket indicates that, since the wave moves from left to right, the vibrations 
at points such as P to the right of O will lag on that at O. A wave travelling in the 
opposite direction, from right to left, arrives at P before O. Thus the vibration at 
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P leads that at O. Consequently a wave travelling in the opposite direction is 
given by 


y asnm( 2) d j t i A (7) 


that is, the sign in the bracket is now a plus sign. 
As an illustration of calculating the constants of a wave, suppose a wave is 
represented by 


à nx 
y=asin (2000s - i5) 
where t is in seconds, y in m. Then, comparing it with equation (5), 


. 2n 
y= asin-7-(ot x) 


2nv 2n n 
we have - 0209 and 75e 17 
J.A 2 2x017 = 034m 
and v = 10004 = 1000 x 0:34 
= 340ms"! 
v 340 
ae ic JEN SS 
equency, f, 1*4 d 1000 Hz 
Aiu a inst og (d 
s PeRod, Ty T0007 


If two layers of the wave are 1-8m apart, they are separated by 1:8/0.34 
wavelengths, or by 5492. Their phase difference for a separation 2 is 2; and hence, 
for a separation 104/34, omitting 54 from consideration, we have: 


P 10 10x 
hase diffe =— = —- radi 
p rence 34 x 2n 17 radians 
Since y represents the displacement of a particle as the wave travels, the 
velocity v of the particle at any instant is given by dy/dt. From equation (6), 


dy 2ra TS 
ci = Frome( 7-7) 


So the graph of v against x is 90° out of phase with the graph of y against x. 
Some microphones used in broadcasting are ‘velocity’ types, in the sense that the 
audio current produced is proportional to the velocity of the particles of air. 
Other microphones, such as those used in the telephone handset, may be 


‘pressure’ types—the audio current is here pro rtional 1 
PU © proportional to the pressure changes 


UR oec. lo 
In progressive waves, the amplitude may £ 3 ` 
out of phase with each other 3 be constant and neighbouring points are 


AT So posses MN — Sore cn DHT ai 
1; Principle of Superposition - 


When two waves travel through a medium, their combined effect at any point 


Oscillations and Waves ___ 477 


can be found by the Principle of Superposition. This states that the resultant 
displacement at any point is the sum of the separate displacements due to the two 
waves. : 


(a) (b) | 


Figure 17.13 Superposition of waves ay 


The principle can be illustrated by means of a long stretched spring (‘Slinky’). 
If wave pulses are produced at each end simultaneously, the two waves pass 
through the wire. Figure 17.13(a) shows the stages which occur as the two pulses 
pass each other. In Figure 17.13(a)(i), they are some distance apart and are 
approaching each other, and in Figure 17.13(a)(ii) they are about to meet. In 
Figure 17.13(a) (iii), the two pulses, each shown by broken lines, are partly 
overlapping. The resultant is the sum of the two curves. In Figure 17.13(a) (iv), 
the two pulses exactly overlap and the greatest resultant is obtained. The last 
diagram shows the pulses receding from one another. 

The diagrams in Figure 17.13(b) show the same sequence of events (i)-(v) but 
the pulses are now equal and opposite. The Principle of Superposition is widely 
used in discussion of wave phenomena such as interference, as we shall see 


(p. 515). 


Stationary or Standing Waves 
' We have already discussed progressive waves and their properties. Figure 17.14 
shows an apparatus which produces a different kind of wave (see also p. 592). If 
the weights on the scale-plan are suitably adjusted, a number of stationary 
vibrating loops are seen on the string when one end is set vibrating. This time the 
wave-like profile on the string does not move along the medium, which is the 
string, and the wave is therefore called a stationary (or standing) wave. In Figure 
17.14 a wave travelling along the string to one end is reflected here. So the 
stationary wave is due to the superposition of two waves of equal frequency and 
amplitude travelling in opposite directions along the string. This is discussed 
more fully on p. 592. 

The motion of the string when a stationary wave is produced can be studied 
by using a stroboscope (strobe). This instrument gives a flashing light whose 
frequency can be varied. The apparatus is set up in a darkened room and 
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vibroting rod light string 


Figure 17.14 Demonstration of stationary wave 


illuminated with the strobe. When the frequency of the strobe is nearly equal to 
that of the string, the string can be seen moving up and down slowly. Its 
Observed frequency is equal to the difference between the frequency of the strobe 
and that of the string. Progressive stages in the motion of the string can now be 
seen and studied, and these are illustrated in Figure 17.15. 


Properties of Stationary or Standing Waves 
The following points should be noted: 


1 There are points such as B where the displacement is permanently zero. These 
points are called nodes of the stationary wave. 
2 At points between successive nodes the vibrations are in phase. 


This last property of the stationary wave is in sharp contrast to the progressive 


Figure 17.15 Changes in motion of stationary wave 
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wave, where the phase of points near each other are all different. Thus when one 
point of a stationary wave is at its maximum displacement, all points are then at 
their maximum displacement. When a point (other than a node) has zero 
displacement, all points then have zero displacement. 


3 Each point along the wave has a different amplitude of vibration from 
neighbouring points. Points such as C in Figure 17.15 which have the greatest 
amplitude are called antinodes. 

EX D cai a lc tempted cer ir UC ERN cse tr e OM NIU SEES 
Again this is different from the case of a progressive wave, where every point 
vibrates with the same amplitude. 

Ubi Us ea eee LII cse MN RD 
4 The wavelength is equal to the distance OP, Figure 17.15. So the wavelength 
À is twice the distance between successive nodes or successive antinodes. The 
distance between successive nodes or antinodes is 4/2; the distance between a node 
and a neighbouring antinode is 1/4. 


Stationary Longitudinal Waves 

In Sound, stationary longitudinal waves can be set up in a pipe closed at one end 
(closed pipe). We shall study this in more detail in a later chapter. Here we may 
note that all the possible frequencies obtained from the pipe are subject to the 
condition that the closed end must be a displacement node of the stationary 
wave formed, since the air cannot move here, and the open end must be a 
displacement antinode as the air is most free to move here. Figure 17.16 (i) shows 
the stationary wave formed for the lowest possible frequency fọ and other 
possible or allowed frequencies 3f, and 5f,. 
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(i) (ii) (iii) 


Figure 17.16 Stationary waves in pipes 


Figure 17.16 (ii) shows the possible frequencies, fo, 2/9, 3fo,---, for the case of 
the pipe open at both ends. Here the two ends of the pipes must be antinodes 
and so the possible stationary waves are those shown. 


y Stationary Transverse Waves 
Figure 17.17 shows the possible frequencies for stationary transverse waves 
produced by plucking in the middle a string fixed at both ends. Here the ends 
must.always be displacement nodes and the middle an antinode. 
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Figure 17.17 Stationary waves in strings 


Pressure in Stationary Wave 

Consider the instant corresponding to curve 1 of the displacement graph of a 
stationary wave, Figure 17.18(i). At the node a, the particles on either side 
produce a compression (increase of pressure), from the direction of their 
displacement. At the same instant the pressure at the antinode b is normal and 
that at the node c is a rarefaction (decrease in pressure). Figure 17.18 (ii) shows 
the pressure variation along the stationary wave—the displacement nodes are 
the. pressure antinodes. So the closed end of the pipe in Figure 17.16(i) is a 
' pressure antinode. 
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Figure 17.18 Pressure variation due to stationary wave 
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A stationary or standing wave is one in which some points are permanently at rest 
(nodes), others between these points are vibrating with varying amplitude and the 
maximum amplitude is midway between the nodes (antinodes). Points between 
Successive nodes are in phase with each other. (In a progressive wave, neighbouring 
Points are out of phase with each other.) 


In air or other gases, a pressure antinode occurs at a displacement node and a 
pressure node at a displacement antinode, 


: Stationary Light Waves 
Eo waves have extremely short wavelengths of the order of 5x 10.7 
0005 mm. In 1890 Wiener succeeded in detecting stationary light 


Y 


m or 
waves. 
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He deposited a very thin photographic film, about one-twentieth of the wave- 
length of light, on glass and placed it in a position XY inclined at the extremely 
small angle of about 4’ to a plane mirror CD. Figure 17.19 is an exaggerated 
sketch for clarity. When the mirror was illuminated normally by monochro- 
matic light and the film was developed, bright and dark bands were seen. These 
were respectively antinodes A and nodes N of the stationary light waves formed 
by reflection at the mirror (see Figure 17.20). 


Figure17.20 Stationary light waves due to 
the mercury line of wavelength 546 nm 


Stationary Waves in Aerials 
Stationary waves, due to oscillating electrons, are produced in aerials tuned to 
incoming radio waves, or aerials transmitting radio waves. Figure 17.21 illus- 
trates the stationary wave obtained on a vertical metal rod acting as a ‘quarter- 


fo 


Figure 17.21 Stationary waves in aerials 
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wave’ aerial. Here the electrons cannot move at the top of the rod, so this is a 
current (/) node. The current antinode is near the other end of the rod. The 
current node corresponds to a voltage (V) antinode, as shown (compare 'dis- 
placement’ and ‘pressure’ for the case of the closed pipe on p. 479). 


Stationary Waves in Electron Orbits 
Moving electrons have wave properties (see p. 875). If we consider a circular 
orbit of the simplest atom, the hydrogen atom, there must be a complete number 
of such waves in the orbit for a stable atom; otherwise some of the waves or 
energy would be radiated as the electron:rushed round the orbit and the atom 
would then lose its energy. So stationary waves are formed in the orbit. Figure 
17.22. 


Figure 17.22. Stationary waves in electron orbit 


So if the radius is r and there are n waves of wavelength 2, we must have 
"2nr = nÀ 


. Now Bohr suggested that the angular momentum about the centre = nh/27 
(p. 862), where n is an integer and h is the Planck constant. 


+, mxr = 
nÀ nh 
From above, D aC Em 
pija 
mv 


Thus the wavelength of electrons with momentum mp is h/mv, as de Broglie 
first proposed (p. 876). 


Stationary Wave Equatioi; 
In deriving the wave equation of a progressive wave, we used the fact that the 
phase changes from point to point (p. 475). In the case of a stationary wave, we 
may find the equation. of motion by considering the amplitude of vibration at 
each point because the amplitude varies while the phase remains constant. 
As we have seen, if w is a constant, the vibration of each particle may be 
represented by the equation 


y= Ysinot à t 3 f D (8) 
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where Y is the amplitude of the vibration at the point considered. Y varies along 
the wave with the distance x from some origin. If we suppose the origin to be at 
an antinode, then the origin will have the greatest amplitude, 4, say. Now the 
wave repeats at every distance 4, and it can be scen that the amplitudes at 
differing points vary sinusoidally with their particular distance x. An equation 
representing the changing amplitude Y along the wave is thus: | 

} 
Y = Acos 7" = Acoskx nn CC Eisen 29) 


where k — 21/4. When x 2 0, Y = A; when x= 4, Y = A. When x = 4/2, 
Y = — A. This equation hence correctly describes the variation in amplitude 
along the wave, as shown in Figure 17.15. Hence the equation of motion of a 
stationary wave is, with equation (8), 


y = Acoskxsinwt. : : : : (10) 


From equation (10), y = 0 at all times when cos kx = 0. Thus kx = z/2, 37/2, 
5n/2,..., in this case. This gives values of x corresponding to 4/4, 34/4, 54/4, ... 
These points are nodes since the displacement at a node is always zero. Thus 
equation (10) gives the correct distance, 2/2, between nodes. 

A stationary wave can be considered as produced by the superposition of two 
progressive waves, of the same amplitude and frequency, travelling in opposite 
directions, as we now show. 


Mathematical Proof of Stationary Wave Properties 
The properties of the stationary wave just deduced can be obtained by a 


: : BIG XX 
mathematical treatment. Suppose y, = asin2z TW) 84 plane-progres- 


Sive wave travelling in one direction along the x-axis (p. 475). Then y; = 


ï bgp ade : 
asin 2x T'i represents a wave of the same amplitude and frequency 


À 
travelling in the opposite direction. The resultant displacement, y, is hence given 


by 
= yi*y;-—a|sin2z eu +sin2 I ipo 
y-»h : yo T ài n TT 
2 2 
from which y= 2asin Z . cos = : . 3 : (i) 


using the transformation of the sum of two sine functions to a product. 


2 
"ym Ysin ) h : 5 : (ii) 


where Yn cos 7 3 2 V - É (iii) 


From (ii), Y is the magnitude of the amplitude, of vibration of the various layers; 
and from (iii) it also follows that the amplitude is a maximum and equal to 2a at 
x=0, x= 4/2, x= å, and so on. These points are thus antinodes, and 
consecutive antinodes are hence separated by a distance 4/2. The emplitude Y 
is zero when x = 1/4, x = 37/4, x = 54/4, and so on. These points are thus nodes, 
and they are hence midway between consecutive antinodes. 


V 
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Wave Properties, Reflection 
Any wave motion can be reflected. The reflection of light waves is discussed 
later. 

Like light waves, sound waves are reflected from a plane surface so that the 
angle of incidence is equal to the angle of reflection. This can be demonstrated 
by placing a tube T, in front of a plane surface AB and blowing a whistle gently 
at S, Figure 17.23. Another tube T,, directed towards N, is place on the other 
side of the normal NQ, and moved until a sensitive microphone, connected to a 
cathode-ray oscilloscope, is considerably affected at R, showing that the 
reflected wave is in the direction NR. It will then be found that angle RNQ = 
angle SNQ. 


— 
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It can also be shown that sound waves come to a focus when they are incident 
on a curved concave mirror. A surface shaped like a parabola reflects sound 
waves to long distances if the source of sound is placed at its focus (see also 
p. 413). The famous whispering gallery of St. Paul's is a circular-shaped chamber 
whose walls repeatedly reflect sound waves round the gallery, so that a person 
talking quietly at one end can be heard distinctly at the other end. 

Electromagnetic waves of about 21 cm wavelength from outer space are now 
detected by radio-telescopes. The waves are reflected by a large parabolic ‘dish’ 
to a sensitive receiver (see p. 414). A demonstration of the reflection of 3cm 
electromagnetic waves is shown on p. 490. 


Figure 17.23 Reflection of sound 


Refraction 
Waves cau also be refracted, that is, their direction changes when they enter a 
new medium. This is due to the change in velocity of the waves on entering a 
different medium. Refraction of light is discussed on p. 415. 

Sound waves can be refracted as well as reflected. TYNDALL placed a watch 
in front of a balloon filled with carbon dioxide, which is heavier than air, and 
found that the sound was heard at a definite place on the other side of the 
balloon. The sound waves thus converged to a focus on the other side of the 
balloon, which therefore has the same effect on sound Waves as a converging lens 
has on light waves (see p. 507). If the balloon is filled with hydrogen, which is 
lighter than air, the sound waves diverge on passing through the balloon. In this 
case the gas balloon acts similarl 


case y to a diverging lens when ligh are 
incident on it (see p. 507). n EUN 


The refraction of sound explains why sounds are easier to hear at night thar 
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during day-time. In the day-time, the upper layers of air are colder than the 
layers near the earth. Now sound travels faster the higher the temperature (see p. 
496), and sound waves are hence refracted in a direction away from the earth. 
The intensity of the sound waves thus diminishes. At night-time, however, the 
layers of air near the earth are colder than those higher up, and hence sound 
waves are now refracted towards the earth, with a consequent increase in 
intensity. 

For a similar reason, a distant observer O hears a sound from a source S more 
easily when the wind is blowing towards him than away from him, Figure 17.24. 
When the wind is blowing towards O, the bottom of the sound wavefront is 


—*9 wind 


Sound 


on 


wind sound 


cree) 
o 


Figure 17.24 Refraction of sound 


moving slower than the upper part, and hence the wavefronts turn towards the 
observer, who therefore hears the sound easily. When the wind is blowing in the 
opposite direction the reverse is the case, and the wavefronts turn upwards away 
from the ground and O. The sound intensity thus diminishes. This phenomenon 
shows how wavefronts may change direction due to variation in wind velocity. 

Radio (electromagnetic) waves are refracted in the ionosphere (a layer of 
electrons and ions) high above the earth when they are transmitted from one 
side of the globe to the other. A demonstration of the refraction of microwaves, 
3cm electromagnetic waves, is shown on p. 490. 


Diffraction 
Waves can also be ‘diffracted’. Diffraction is the name given to the spreading of 
waves when they pass through apertures or around obstacles. 

The general phenomenon of diffraction may be illustrated by using water 
waves in a ripple tank, with which we assume the reader is familiar. Figure 
17.25 (i) shows the effect of widening the aperture and Figure 17.25 (ii) the effect 
of shortening the wavelength and keeping the same width of opening. In certain 
circumstances in diffraction, reinforcement of the waves, or complete cancel- 
lation occurs in particular directions from the aperture, as shown in Figure 
17.25 (i) and (ii). These patterns are called ‘diffraction bands’ (p. 540). 

Generally, the smaller the width of the aperture in relation to the wavelength, 
the greater is the spreading or diffraction of the waves. This explains why we 
cannot see round corners. The wavelength of light waves is about 6 x 107m - 
(p. 521). This is so short that no appreciable diffraction is obtained around 
obstacles of normal size. With very small obstacles or narrow apertures, how- 
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Figure 17.25 Diffraction of waves 


ever, diffraction of light may be appreciable (see p. 540). Electromagnetic waves 
can be diffracted, as shown on p. 490. 

Sound waves are diffracted round wide openings such as doorways because 
their wavelength is comparable with the width of the opening. For example, the 
wavelength for a frequency of, say, 680 Hz is about 0-5 m and the width of a door 
may be about 0:8 m. Generally, the diffraction increases with longer wavelength. 
For this reason, the low notes of a band marching away out of sight round a 
corner are heard for a longer time than the high notes. Similarly, the low notes of 


an orchestra playing in a hall can be heard through a doorway better than the 
high notes by a listener outside the hall 


Interference 
When two or more waves of the same frequency overlap, the phenomenon of 
interference occurs. Interference is easily demonstrated in a ripple tank. Two 
sources, A and B, of the same frequency are used. These produce circular waves 
which spread out and overlap, and the pattern seen on the watef surface is 
shown in Figure 17.26. 

The interference pattern can be explained from the Principle of Superposition 
(p. 476). If the oscillations of A and B are in phase, crests from A will arrive at 
the same time as crests from B at any point on the line RS. Hence by the 
Principle of Superposition there will be reinforcement or a large wave along RS. 
Along XY, however, crests from A will arrive before corresponding crests from 
B. In fact, every point on XY is half a wavelength, 4, nearer to A than to B, 
so that crests from A arrive at the same time as troughs from B. Thus, by 
the Principle of Superposition, the resultant is zero. Generally, reinforce- 
ment (constructive interference) occurs at a point C when the path difference 


AC-—BC =0 or 4 or 24, and cancellation. (destructive i 
Hh am dim do (destructive interference) when 


Interference of light waves is discussed in detail on p. 515. An experiment to 
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Figure 17.26 Interference of waves 
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Figure 17.27 Interference of sound waves 


demonstrate the interference of electromagnetic waves (microwaves) is given on 
p. 490. The interference of sound waves can be demonstrated by connecting two 
loudspeakers in parallel to an audio-frequency oscillator, Figure 17.27 (i). As the 
ear or microphone is moved along the line MN, alternate loud (L) and soft (S) 
sounds are heard according to whether the receiver of sound is on a line of 
reinforcement (constructive interference) or cancellation. (destructive inter- | 
ference) of waves. Figure 17.27 (i) indicates the positions of loud and soft sounds 
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if the two speakers oscillate in phase. If the connections to one of the speakers is 
reversed, so that they oscillate out of phase, then the pattern is altered as shown 
in Figure 17.27 (ii). The reader should try to account for this difference. 


All waves can be reflected, refracted (due to change of speed) and diffracted (they 
spread through openings comparable to their wavelength). Interference occurs 
where two waves overlap. From the Principle of Superposition, two crests arriving 
together at a place produce constructive interference but a crest and a trough 
produce destructive interference. 


Example on Sound Interference 
Two small loudspeakers A, B, 1-00 m apart, are connected to the same oscillator so that 
both emit sound waves of frequency 1700 Hz in phase, Figure 17.28. A sensitive detector, 
moving parallel to the line AB along PQ 2:40 m away, detects a maximum wave at P on 
the perpendicular bisector MP of AB and another maximum wave when it first reaches a 
point Q directly opposite to B. 
Calculate the speed c of the sound waves in air from these measurements. 


A 
oe 
Mtr— T P 
c9" 

B 


2:40 m 


Figure 17.28 Example 


There is constructive interference of the sound waves at P and Q. Since Q is 
the first maximum after P, where AP — BP, it follows that 
AQ BO A ss zu wien. - (1) 


where 4 is the wavelength of the sound waves. Now BQ = 2:40m, AB = 1:00m 
and angle ABQ = 90°. So 


AQ = \/BQ? + AB? = ,/2-40? + 1-00? = 260m 


From (1), À = 2-60—2:40 = 0:20m 
So wave speed c = f å = 1700 x 0:20 = 340ms^! 
Measurement of Speed of Sound 


Figure 17.29 shows one method of measuring the speed of sound in free air by 
an interference method. 

Sound waves of constant frequency, such as 1500 Hz, travel from a loud- 
speaker L towards a vertical board M. Here the waves are reflected and interfere 
with the incident waves. As explained before, the two waves travelling in 
Opposite directions produce a stationary wave between the board M and L. 

A small microphone, positioned in front of the board, is connected to the 


Y-plates of an oscilloscope. As the microphone is moved back fi 
L, the amplitude of the waveform seen on the scr "e 


my fort ) een increases to a maximum at 
one position A, as shown. This is an antinode of the stationary wave. When the 
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oscilloscope 


Figure17.29 Velocit y of sound in free air — interference method 


microphone is moved on, the amplitude diminishes to a minimum (a node) and 
then increases to a maximum again at a position B, the next antinode. The 
distance between successive antinodes is 4/2 (p. 479). Thus by measuring the 
average distance d between successive maxima, the wavelength 4 can be found. 
Knowing the frequency f of the note from the loudspeaker, the velocity c of the 
sound wave can be calculated from c = f 7. 


Velocity of Sound by Lissajous' Figures 

The velocity of sound can be measured by a different method using an oscillo- 
scope. In this case, the loudspeaker L is connected to the X-plates of the 
oscilloscope and the microphone A to the Y-plates. The board M in Figure 
17.29 is completely removed. 

When A faces L, the oscilloscope beam is affected 
(a) horizontally by a voltage V; due to the sound waves from L, 
(b) vertically by a voltage V4 due to sound waves arriving at A. 
These two sets of waves together produce a resultant waveform on the screen, 
whose geometrical form is called a Lissajous figure. 


Oe 


(ii) 


Figure 17.30 Lissajous figures 


If V; and V4 are exactly in phase, a straight inclined fine is seen on the screen. 
Figure 17.30 (i). If V, and V4 are out of phase, an ellipse is seen, Figure 17.30 (ii). 
By moving the microphone, the average distance between successive positions 
when a sloping straight line in the same direction as the original appears on the 
screen can be measured. This distance is 4, the wavelength. The velocity of sound 
v is then calculated from v = fA, where f is the known frequency of the sound. 
This method is more accurate than the method described earlier, as the 
Lissajous’ straight line position of the microphone can be found with far greater 
acchracy than the maxima (or minima) positions required in Figure 17.29. 
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Figure 17.31 Experiments with microwaves: 
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Wave Properties of Electromagnetic Waves 
Electromagnetic waves, like all waves, can undergo reflection, refraction, inter- 
ference and diffraction. In laboratory demonstrations, microwaves of about 3cm 
wavelength may be used. These are radiated from a horn waveguide T and are 
received by a similar waveguide R or by a smaller probe X. The detected wave 
then produces a deflection in a connected meter. Some experiments which can be 

performed in a school laboratory are illustrated in Figure 17.31 (i)-(v). 


Polarisation of Waves 
A transverse wave due to vibrations in one plane is said to be plane-polarised. 
Figure 17.32 shows a plane-polarised wave due to vibrations in the vertical 
plane yOx and another plane-polarised wave due to vibratidfis in the perpen- 
dicular plane zOx. Both waves travel in the direction Ox. 


Figure17.32 Plane-polarised waves 


Consider a horizontal rope ..D attached to a fixed point D at one end, Figure 
17.33(i). Transverse waves due to vibrations in many different planes can be set 
up along A by holding the end A in the hand and moving it up and down in all 
directions perpendicular to AD, as illustrated by the arrows in the plane X. 
Suppose we repeat the experiment but this time we have two parallel slits B and 
C between A and D as shown. A wave then emerges along BC, but unlike the 
waves along the part AB of the rope (not shown), which are due to vibrations in 
many different planes, the wave along BC is due only to vibrations parallel to 
the slit B. This plane-polarised wave passes through the parallel slit C. But when 
C is turned so that it is perpendicular to B, as shown in Figure 17.33 (ii), no wave 
is now obtained beyond C. 


polarized polarized 
wave wave 


polarized 


Figure17.33 Transverse waves and polarisation 
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It is important to note that no polarisation can be obtained with longitudindl 
waves. Figure 17.33 illustrates how transverse waves can be distinguished by 
experiment from longitudinal waves. If the rope AD is replaced by a thick 
elastic cord, and longitudinal waves are produced along AD, then turning the 
slit C round from the position shown in Figure 17.33 (i) to that shown in Figure 
17.32 (ii) makes no difference to the wave—it travels through B and C un- 
disturbed. Since sound waves are longitudinal waves, no polarisation of sound 
waves can be produced. As we shall see in a later chapter, because light waves 
are transverse waves they can be polarised. The phenomena of interference and 
diffraction occur both with sound and light waves, but only the phenomenon of 
polarisation can distinguish between waves which may be longitudinal or 
transverse. 

Figure 17.34 illustrates an experiment on polarisation carried out with 
electromagnetic waves. Here a grille of parallel metal rods is rotated between 
(a) a source T of 3 cm electromagnetic waves or microwaves, ; 

(b) detector, a probe, with a meter connected to it. 

When the rods are horizontal the meter reading is high, Figure 17.34 (i). So a 
wave travels past the grille. When the grille is turned round so that the rods are 
vertical, there is no deflection in the meter, Figure 17.34 (ii). Thus the wave does 
not travel past the grille. This experiment is analogous to that illustrated in 
Figure 17.33 for mechanical waves travelling along a rope. It shows that the 
electromagnetic waves produced by T are plane-polarised and so they are 
transverse waves. 


Figure 17.34 Plane-polarised electromagnetic waves (microwaves) 
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We can also see that the electromagnetic waves from T are plane-polarised by 
placing T in front of the probe P without using the grille, so that the meter joined 
to P indicates a high reading. If T is now rotated about its axis through 90°, the 
meter reading falls to zero. The probe P detects vibrations in one plane, so that 
when T is rotated through 90° the waves are not detected as they are 
plane-polarised. ; 


Baisipet uro c coss Sao raises BEES 
Transverse waves can be polarised. Vibrations in one plane only (plane-polarised 
waves) can be produced from transverse waves. So all electromagnetic waves such 
as light, radio waves and X-rays can be polarised. 

Longitudinal waves such as sound can not be polarised. Transverse and longi- 
tudinal waves can only be distinguished by polarisation and not by reflection, 
refraction, interference or diffraction. 


Velocity of Waves 
We now list, for convenience, the velocity c of waves of various types, some of 
which are considered more fully in other sections of the book: 


1. Transverse wave on string 
T 
c= [— k : : EX (3) 
H 
where T is the tension and p is the mass per unit length. 
2. Sound waves in gas 
ee PR: aluko OH SENE AD) 
p 


where p is the pressure, p is the density and y is the ratio of the molar heat 
capacities of the gas (p. 672). 
3. Longitudinal waves in solid 
E 
jm [ Br pes aro i ado ba 
p 
where E is Young modulus and p is the density. 
4. Electromagnetic waves 
| 1 
c= — e . . B . ^ (4) 
HE 


where jis the permeability and c is the permittivity of the medium. 
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Figure 17.35 Frequency spectrum 
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Figure 17.35(i) shows roughly the range of frequencies in the spectrum of 
matter waves—waves due to vibrations in solids, liquids and gases including 
sound waves. Sound frequencies in air range from about 20 to 20000 Hz for 
those detected by the human ear but very much higher particle frequencies can 
be obtained in solids. 

Figure 17.35 (ii) shows roughly the range of frequencies in the spectrum of 
electromagnetic waves. The various waves are discussed later. The frequency 
range detected by the eye is about 4x 1014 to 7 x 101^ Hz, a range factor of 
about 2. The human ear, however, has a range factor of about 1000. 


Velocity of Sound in a Medium 
When a sound wave travels in a medium, such as a gas, a liquid, or a solid, the 
particles in the medium are subjected to varying stresses, with resulting strains 
(p. 472). The velocity of a sound wave is thus partly governed by the modulus of 
elasticity, E, of the medium, which is defined by the relation 


_ Stress _ force per unit area (i 
strain — change in length (or volume)/original length (or volume) 


The velocity, c, also depends on the density, p, of the medium, and it can be 
shown that 


E 
c= j=. A E : à E 1 

5 (1) 
When E is in newton per metre? (N m?) and p in kg m ?, then ¢ is in metre per 
second (m s~ !). The relation (1) was first obtained by Newton. 

For a solid, E is Young modulus of elasticity. The magnitude of E for steel is 

about 2 x 10!! N m2, and the density p of steel is 7800 kg m - ?. So the velocity 
of sound in steel is given by 


E [2 x 101! w 
c E- -0 ^ 5060 ms 


For a liquid, E is the bulk modulus of elasticity. Water has a bulk modulus of 
2:04 x 10° N m^?, and a density of 1000kg m^?. The calculated velocity of 
sound in water is thus given by 


Bosxi? | 70. 
CF 7109 = [430ms 


The proof of the velocity formula Tequires advanced mathematics, and is 

ond the scope of this book. It can partly be verified by the methdd of 
ensions, however. Thus since density, p, — mass/volume, the dimensions of 
re given by ML ^?. The dimensions of force (mass x acceleration) are MLT- S 
e dimensions of area are L?; and the denominator in (i) has zero dimensions 


since it is the ratio of two similar quantities. So the dimensions of modulus of 
elasticity, E, are given by 


ML 
TLZ or ML'!T-2 

ee ee the velocity, c, = kE*p*, where k is a constant. The dimensions of c 
are 


n a (ML 'T^?* x(ML-3p 
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using the dimensions of E and p obtained above. Equating the respective indices 
of M, L, T on both sides, then 


x+y=0 : 5 3 , : (ii) 

—x-—3y=1 ; s A í x (iii) 

-2x 231... 4 à : : (iv) 

From (iv), x = 1/2; from (ii), y = — 1/2. Thus, as c = kE* p”, ; 
c= kE! p^! 


zem f 
p 


It is not possible to find the magnitude of k by the method of dimensions, but a 
rigid proof of the formula by calculus shows that c = J/ E/p, so k = 1. 


Velocity of Sound in a Gas, Laplace's Correction 
Changes in pressure and volume occur at different places in a gas when a sound 
wave travels along the gas. If the pressure-volume changes take place iso- 
thermally (constant temperature), the velocity of the sound wave is given by 
c= Jip, where p is the pressure and p is the density of the gas. 
For air at normal conditions, p = 1-01 x 105 Pa and p = 1:29 kgm ?.So 


[1-01 x 10° 
um ro (ee eee -1 
c 129 280ms 


This theoretical value was first obtained by Newton and it is well below the 
experimental value of about 340 m s~ b 

About a century later, Laplace suggested that the pressure-volume changes 
at different places in the air took place adiabatically, that is, no heat enters or 
leaves the gas while the wave travels along. In this case the speed of sound 
formula changes, if y is the ratio of the molar heat capacities of the gas 


p. 672), to 
e fee ann ee) 


The magnitude of y for air is 1-40, and Laplace's correction, as it is known, then 
; changes the value of the velocity in air at 0°C to 
1-40 x 1-01 x 105 dh 
c= J aes oC 7 331ms 


This is in good agreement with the experimental value. 


Effect of Pressure and Temperature on Velocity of Sound in a Gas 
Suppose that a mole of gas has a mass Mand a volume V. The density is then 
M/V and so the velocity of sound, ¢, is 


up. p 
p M 


But the molar gas equation is pV = RT. where R is the molar gas constant and 
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T is the absolute temperature. Hence 


= [RT j 
c= M^ i s x E i (i 


Since y, M and R are constants for a given gas, it follows that 


the velocity of sound in a gas is independent of the pressure if the tempera- 
ture remains constant. 


This has been verified by experiments which showed that the velocity of sound 
at the top of a mountain is about the same as at the bottom. It also follows 
from (i) that 


the velocity of sound is proportional to the square root of its absolute temperature. 


Thus if the velocity in'air at 16°C is 338ms' ! by experiment, the velocity, c, at 
0°C is calculated from 


i PARU 
338 289 
27 


: i 3 5 
from which c = 338 289^ 328 5ms 


Adiabatic and Isothermal Sound Waves in a Gas 

Consider a progressive sound wave travelling in a gas. At an instant, suppose 
ABC represents a wavelength 4, with a compression at A and a rarefaction at B, 
Figure 17.36. Under compression the gas temperature at A is raised; at the same 
instant the gas temperature at B is lowered. Thus heat tends to flow from A to B. 
If the temperatures can be equalised in the time taken by the wave to reverse the 
pressure conditions or temperatures at A and B, shown by the broken line in 
Figure 17.36, then the pressure-volume changes in the gas will take place 
isothermally. If not, the changes will be adiabatic. 


ompression compression 
pressure Orr ene P 


SS ar 


rarefaction 
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Figure 17.36 Adiabatic and isothermal sound waves 


Consider, therefore, a time equal to half a period, T/2. Since T = A/c, where c 
is the constant velocity of the wave, then T/2 oc 4, the wavelength. From the 
formula for conduction of heat (p. 698), assuming a linear temperature gradient 
for simplification, 


heat flow from A to B cc temperature gradient x time 


temperature difference 
e x 


AD 3 
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oc temperature difference 
Hence the temperature change of the mass of gas in the region AB 


As heat flowing 
mass x sp. ht. capacity 
temperature difference — 1 
St San: ome kaka oi dated PNE 
A à 
since the heat flowing is proportional to the temperature difference and the mass 
of gas between A and B is proportional to the wavelength. 

At audio-frequencies, the relatively long wavelength produces a small tem- 
perature change. No equalisation of temperature then occurs between B and C 
by the time the conditions reverse. Thus the wave travels under adiabatic condi- 
tions. This is why Laplace's formula, c = ./yp/p, holds for the velocity of sound 
waves. As the wavelength decreases, however, the temperature change increases. 
Thus at ultrasonic frequencies, for example, the wave travels under conditions 
which are more isothermal than adiabatic and the velocity is then c = y p/p. 

A more detailed analysis shows that isothermal conditions would be obtained 
if the frequency is extremely high, which is not tne case for normal sound waves 
(see Gases, Liquids and Solids by D. Tabor (Penguin)). 


In a gas, the speed of sound c is given by c = \/ yp/p. For air, y = 1-4, so 
c= /1T4p]p 


The speed o ./ 'T but does not depend on the pressure. 


Exercises 17 


1 A small piece of cork in a ripple tank oscillates up and down as ripples pass it. If 
the ripples travel at 0-20 m s~ ', have a wavelength of 15mm and an amplitude of 
5:0 mm, what is the maximum velocity of the cork? (L.) 
2 A beam ofelectromagnetic waves of wavelength 3:0 cm is directed normally at a grid 
of metal rods, parallel to each other and arranged vertically about 2:0 cm apart. 
Behind the grid is a receiver to detect the waves. It is found that when the grid is in 
this position, the receiver detects a strong signal but that when the grid is rotated in 
a vertical plane through 90°, the detected signal strength falls to zero. What property 
of the wave gives rise to this effect? Account briefly in general terms for the eflec 
described above. (L.) 
If the velocity of sound in air is 340 metres per second. calculate (i) the wave! 
when the frequency is 256 Hz, (ii) the frequency when the wavelength is 0-85 m 
Prove the velocity formula used in your calculations. 
4 State and explain the differences between progressive and stationary waves. 

A progressive and a stationary simple harmonic wave each have the same 
frequency of 250 Hz and the same velocity of 30 ms '. Calculate (i) the phase 
difference between two vibrating points on the progressive wave which are IU cm 
apart, (ii)the equation of motion of the progressive wave if its amplitude is 
0-03 metre, (iii) the distance between nodes in the stationary wave. 

5 Explain carefully what is meant by the term resonance and give rwo specific 
examples of its occurrence. 

There are several ways in which a metre rule, clamped at one end, may vibrate, 
With each of these ways is associated a resonant frequency. Draw sketches to 
illustrate two resonant modes for the rule and explain how the rule could be induced 
to vibrate in these modes. (L.) 
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Two waves of equal frequency and amplitude travel in opposite directions in a 

medium. 

(a) Why is the resultant wave called ‘stationary’? 

(b) State two differences between a stationary and a progressive wave. 

(c) Explain briefly, using the principle of superposition, why nodes and antinodes of 
displacement are obtained in a stationary wave. 

If the amplitudes of the two waves are 3 units and 1 unit respectively, show by the 
principle of superposition that the ratio of the amplitudes of the stationary wave at 
an antinode and node respectively is 2:1. 

Two small loudspeakers A and B are 0-50 m apart. Figure 17A (i). Both emit sound 
waves of the same frequency f. A detector moves along a line CD 1-20 m from AB 
and parallel to it. A maximum wave is detected at C where OC is the perpendicular 
bisector of AB and again at D directly opposite A. Calculate f. (Velocity of 

sound = 340ms  !.) 


16 


1t 


Figure 17A 


A small source O of electromagnetic waves is placed some distance from a plane 

metal reflector M. Figure 17A (ii). A receiver R, moving between O and M along the 

line normal to the reflector, detects successive maximum and minimum readings on 
the meter joined to it. 

(a) Explain why these readings are obtained. 

(b) Calculate the frequency of the source O if the average distance between 
successive minima is 1-5 cm and the speed of electromagnetic waves in air — 
3:0x 105 ms* '. 

Explain what is meant by the statement that 'sound is propagated in air as 

longitudinal progressive waves', and outline the experimental evidence in favour of 

this statement. Compare the mode of propagation of sound in air with that of 

(a) waves travelling along a long metal rod, produced by tapping one end, 

(b) water waves. 

Two loudspeakers face each other at a separation of about 100 m and are 
connected to the same oscillator, which gives a signal of frequency 110 Hz. Describe 
and explain the variation of sound intensity along the line joining the speakers. A 
man walks along the line with a uniform speed of 2-0 m s^ *. What does he hear? 
(Speed of sound = 330ms  !.) (O.) 

Explain the terms damped oscillation, forced oscillation and resonance. Give one 

example of each. 

Describe an experiment to illustrate the behaviour of a simple pendulum (or 
pendulums) undergoing forced oscillation. Indicate qualitatively the results you 
would expect to observe. 

What factors determine 
(a) the period of free oscillations of a mechanical system, 

(b) the amplitude of a system undergoing forced oscillation? (0. & C.) 

What is the principle of superposition as applied to wave motion? 

Discuss as fully as you can the result of superposing two waves of equal amplitude 
(a) ofthe same frequency travelling in opposite directions, 

(b) of slightly different frequencies travelling in the same direction. 

Describe how you would demonstrate the validity of your conclusions in one of 

these cases. 
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Two plane sound waves of the same frequency travelling in opposite directions 
have different amplitudes. When an observer moves along the direction of travel of 
one of the waves, the amplitude of the sound he hears fluctuates by a factor of two. 
Explain this and find the ratio of the amplitudes of the two travelling waves. 

(0.& C.) 

Write an equation that represents a progressive sinusoidal wave motion. With the 

aid of suitable diagrams, explain the meanings of the quantities appearing in your 

equation. 

On axes immediately above each other, sketch two similar sinusoidal waves each 
of amplitude A and with phase differences such that, when superposed, the waves 
would produce 
(a) maximum constructive interference, 

(b) maximum destructive interference. è 

Give the value (magnitude and unit) of the phase difference in case (b). 

If two such waves have exactly one-third of the phase difference relevant to case 
(b) and are superposed, find (by means of a phasor diagram or otherwise) (i)the 
amplitude of the resultant wave in terms of A, (ii) the ratio of the power carried by 
the resultant wave to the total power carried by the two component waves 
considered separately. Comment on your result in relation to the principle of 
conservation of energy. (C.) 

(a) A small source S emits electromagnetic waves of wavelength about 3 cm which 
can be detected by an aerial A (a straight wire) connected to a meter measuring 
the intensity of the radiation. Initially the distance SA = d. When the distance 
between the source and the aerial is increased to 2d, the meter reading falls to 
one-quarter of its original value. What conclusion can be drawn from this? 

What Would you expect the meter reading to be if the aerial were moved until 
SA = 3d? 

If the source is rotated through 90° about the line SA, the meter reading falls 
to zero. Explain briefly the reason for this. 

(b) A metal reflecting screen is now placed some distance beyond A with its plane 
perpendicular to the line SA. It is found that as the screen is moved slowly away 
from A, alternate maximum and minimum readings are shown on the meter. 
Explain briefly the reason for this. If the screen is displaced a distance of 8-7 cm 
between a first and a seventh minimum, calculate the wavelength and the 
frequency of the wave. (Speed of electromagnetic waves in air = 3-0 x I0* ms" '). 

(c) The source of the electromagnetic waves is assumed to be monochromatic. 
Explain what monochromatic means. What would you have observed in (b) if 
the source had emitted simultaneously waves of wavelength 3 cm and 6cm, of 
the same intensity? (L..) 

A plane-progressive wave is represented by the equation 


y = 01 sin (200nt —202x/17) 


where y is the displacement in millimetres, t is in seconds and x is the distance 
from a fixed origin O in metres (m). 

Find (i) the frequency of the wave, (ii) its wavelength, (iii) its speed, (iv) the 
phase difference in radians between a point 0:25 m from O and a point 1-10m 
from O; (v)the equation of a wave with double the amplitude and double the 
frequency but travelling exactly in the opposite direction. 

The equation y = asin (wt — kx) represents a plane wave travelling in a medium 
along the x-direction, y being the displacement at the point x at time t. 

Deduce whether the wave is travelling in the positive v-direction or in the 
negative x-direction 

Wa= 10x10 “mm = 66x10*s 'andk 20m '.calculate 
(a) the speed of the wave, 

(b) the maximum speed of a particle of the medium due to the wave. (JM B.) 


Sound Waves 


A source of sound of frequency 550 Hz emits waves of wavelength 600 mm in air 


17 


19 


21 


Advanced Level Physics 


at 20°C. What is the velocity of sound in air at this temperature? What would be the 
wavelength of the sound from the source in air at 0°C? (L.) 
If a detonator is exploded on a railway line an observer standing on the rail 2:0 km 
away hears two reports. Why is this so? What is the time interval between these 
reports? 

(The Young modulus for steel = 2:0 x 10'' N m ^?. Density of steel = 8:0 x 
10* kgm ^. Density of air = I4 kg m ^ ?. Ratio of the molar heat capacities of 
air = 1-40. Atmospheric pressure = 105 N m ^?) (L.) 
Describe how a sound wave passes through air, using graphs which illustrate and 
compare the variation of (i) the displacement of the air particles, (ii) the pressure 
changes, while the wave travels. 

Using the same axes as the displacement graph, draw a sketch of the graph 
showing the variation of velocity of the air particles, 
Describe the factors on which the velocity of sound in a gas depends. A man 
standing at one end of a closed corridor 57.m long blew a short blast on a whistle. 
He found that the time from the blast to the sixth echo was two seconds. If the 
temperature was 17°C, what was the velocity of sound at 0°C? (C.) 
Write down an expression for the speed of sound in an ideal gas. Give a consistent 
set of units for the quantities involved. 

Discuss the effect of changes of pressure and temperature on the. speed of sound in 
air. 

Describe an experimental method for finding a reliable value for the speed of 
sound in free air. (JM B.) N 
Describe an experiment to measure the velocity of sound in the open air. What 
factors may affect the value obtained and in what way may they do so? 

It is noticed that a sharp tap made in front of a flight of stone steps gives rise to a 
ringing sound. Explain this and, assuming that each stepiis 0-25 m deep, estimate the 
frequency of the sound. (The velocity of sound may be taken to be 340 ms ' '.)(L.) 
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Historical 

It has already been mentioned that light is a form of energy which 
stimulates our sense of vision. About 1660 Newton proposed that 
particles, or corpuscles, were emitted from a luminous object. 
The corpuscular theory of light was adopted by many scientists 
of the day owing to the authority of Newton, but Huycens, an 
eminent Dutch scientist, proposed about 1680 that light energy 
travelled from one place to another by means of a wave-motion. 


If the wave theory of light was correct, light should bend round a corner, just as 
sound travels round a corner. The experimental evidence for the wave theory in 
Huygens' time was very small, and the theory was dropped for more than a 
century. In 1801, however, THOMAS YOUNG obtained evidence that light could 
produce wave effects such as interference, and he was among the first to see 
clearly the close analogy between sound and light waves. As the principles of the 
subject became understood other experiments were carried out which showed 
that light could spread round corners, and Huygens’ wave theory of light was 
revived. Newton’s corpuscular theory was rejected since it did not agree with 
experimental observations (see p. 510). The wave theory of light has played, and 
is still playing, an important part in the development of the subject. 

in 1905 EiwsrEIN suggested that the energy in light could be carried from 
place to place by ‘particles’ whose energy depended on the wavelength of the 
light. This was a return to a corpuscular theory, though it was completely 
différent from that of Newton, as we see later. Experiments showed that 
Einstein's theory was true, and the particles of light energy are known as 
‘photons’ (p. 846). It is now considered that either the wave theory or the 
particle theory of light can be used in a problem on light, depending on the 
circumstances of the problem. In this section we shall consider Huygens' wave 
theory, which led to many important applications in light. 


Wavefronts 

Consider a point source of light, S, in air, and suppose that a disturbance, or 
wave, starts at S and travels outwards. After a time t the wave has travelled a 
distance ct, where c is the speed of light in air, and the light energy has thus 
reached the surface of a sphere of centre S and radius ct, Figure 18.1. The surface 
of the sphere is called the wavefront of the light at this instant, and every point on 
it is vibrating ‘in step’ or in phase with every other point. As time goes on the 
wave travels farther and new wavefronts are obtained. These are all surfaces of 
spheres of centre S. 

At points a long way from S, such as C or D, the wavefronts are parts of a 
sphere of very large radius, and so the wavefronts are then substantially plane. 
Light from the sun reaches the earth in plane wavefronts because the sun is so 
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far away. Plane wavefronts are also produced by a converging lens when a point 
source of light is placed at its focus. 

The significance of the wavefront, then, is that it shows how the light energy 
travels from one place in a medium to another. A ray is the name given to the 


direction along which the energy travels, and consequently a ray of light passing : 


through a point is perpendicular to the wavefront at that point. The rays diverge 
near S, but they are approximately parallel a long way from S, as the curved 
wavefronts are then fairly plane, Figure 18.1. 3 


wavefronts 


rays 


plane 
wavefronts 


Figure 18.1 Wavefronts and rays 


Huygens' Construction for the New Wavefront 

Suppose that the wavefront from a centre of disturbance S had reached the 
surface AB in a medium at some instant, Figure 18.2. To obtain the position of 
the new wavefront after a further time t, Huygens said that every point, 
A,...,C,...,E,...,B, on AB becomes a new or ‘secondary’ centre of disturbance. 
The wavelet from A then reaches the surface M ofa sphere of radius ct and centre 
A, where c is the speed of light in the medium; the wavelet from C reaches the 
surface D of a sphere of radius ct and centre C; and so on for every point on AB. 
According to Huygens, 


Figure 18.2 Huygens’ construction 
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the new wavefront is the surface MN which touches all the wavelets from the 
secondary sources 

Veneta eS SS E ESTIS 

and in the case considered, it is the surface of a sphere of centre S. 

In this simple example of drawing the new wavefront, the light travels in the 
same medium. Huygens’ Principle, however, is especially valuable for drawing 
the new wavefront when the light travels from one medium to another, as we 
soon show. 


Reflection at Plane Surface 
Suppose that a beam of parallel rays between HA and LC is incident on a plane 
mirror, and imagine a plane wavefront AB which is normal to the rays, reaching 
the mirror surface, Figure 18.3. At this instant the point A acts as a centre of 
disturbance. Suppose we require the new wavefront at a time corresponding to 
the instant when the disturbance at B reaches C. The wavelet from A reaches the 
surface of a sphere of radius AD at this instant. When other points between AC 


reflected ray 


incident 
ray 


Figure 18.3 Reflection at plane surface 


on the mirror, such as P, are reached by the disturbances starting at AB, wavelets 
of smaller radius than AD such as PM are obtained at the instant we are 
considering. The new wavefront is the surface CMD which touches all the 
wavelets. 

In the absence of the mirror, the plane wavefront AB would reach the position 
EC in the time considered. Thus AD = AE = BC, and PN = PM, where PN is 
perpendicular to EC. The triangles PMC, PNC are hence congruent, as PC is 
common, angles PMC, PNC are each 90°, and PN = PM. Thus angle 
PCM - angle PCN. But triangles ACD, AEC are congruent. Consequently 
angle ACD = angle ACE = angle PCN = angle PCM, since EC is a plane. So 
CMD isa plane surface. 

Law of reflection. We can now deduce the law of reflection for the angles of 
incidence and reflection. The triangles ABC, AEC are congruent, and triangles 
ADC, AEC are congruent. The triangles ABC, ADC are hence congruent, and 
therefore angle BAC = angle DCA. Now these are the angles made by the 
wavefronts AB and CD respectively with the mirror surface AC. Since. the 
incident and reflected rays, for example HA, AD, are normal to the wavefronts, 
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these rays also make equal angles with AC. So the angles of incidence and 
reflection are equal. 


Point Object 
Consider now a point object O in front of a plane mirror M, Figure 18.4. A 
spherical wave spreads out from O, and at some time the wavefront reaches 
ABC. In the absence of the mirror the wavefront would reach a position DEF in 
a time t. But every point between D and F on the mirror acts as a secondary 
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Figure 18.4 Point object 


centre of disturbance and so wavelets are reflected back into the air. At the end of 
the time t, a surface DGF is drawn to touch all the wavelets, as shown. DGF is 
part of a spherical wave which advances into the air, and since it appears to have 
come from a point I as centre below the mirror, then Lis a virtual image of O. 

The sphere of which DGF is part has a chord DF. Suppose the distance from 
B, the midpoint of the chord, to G is h. The sphere of which DEF is part has the 
same chord DF, and the distance from B to E is also A. It follows, from the 
theorem of product of intersection of chords of a circle, that 
DB. BF = h(2r—h) = h(2R—h), where r is the radius OE and R is the radius IG. 
So R=r, or IG = OE, and hence IB = OB. The image and object are thus 
equidistant from the mirror. 


Refraction at Plane Surface 

Considera beam of parallel rays between LO and PD incident on the plane 
surface of a water medium from air in the direction shown, and suppose that a 
plane wavefront has reached the position OA at a certain instant, Figure 18.5. 
Each point between O, A becomes a new centre of disturbance as the wavefront 
advances to the surface of the water, and the wavefront changes in direction 
when the disturbance enters the liquid because the speed is now less than in air. 

Suppose that ¢ is the time taken by the light to travel from A to D. The 
disturbance from O travels a distance OB, or Cyt, in water in a time t, where cw is 
the speed of light in water. At the end of the time t, the wavefronts in the water 
from the other secondary centres between O, D reach the surfaces of spheres to 
each of which DB is a tangent. Thus DB is the new wavefront in the water, and 
the ray OB which is normal to the wavefront is consequently the refracted ray. 

Since c is the speed of light in air, AD = ct. Now 


sini 2 sin LON _ sinAOD 
sinr sinBOM  sinODB 
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Figure 18.5 Refraction at plane surface 
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which is Snell's law of refraction (p. 415). 


It can now be seen from (i) that the refractive index, n, of a medium is given by 


n- = , where c is the speed of light in air and c,, is the speed of light 
z in the medium. 


Newton's Corpuścular Theory of Light 
Before the wave theory of light, Newton had suggested a corpuscular or particle 
theory of light. According to Newton, particles are emitted by a source of light, 
and they travel in a straight line until the boundary of a new medium is 
encountered. n e 
In the case of reflection at a plane surface, Newton stated that at some very 
small distance from the surface M, represented by AB, the particles were acted 


Figure 18.6 Newton's corpuscular theory of reflection 
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upon by a repulsive force, which gradually diminished the component of the 
velocity c in the direction of the normal and then reversed it, Figure 18.6. The 
horizontal component of the velocity remained unaltered, and hence the velocity 
of the particles of light as they moved away from M is again c. Since the 
horizontal components of the incident and reflected velocities are the same, it 
follows that 


esini = csini i : K 4 . (i) 
where i’ is the angle of reflection 
<. sini = sini’, ori =} 


Thus the corpuscular theory explains the law of reflection at a plane surface. 

To explain refraction at a plane surface when light travels from air to a denser 
medium such as water, Newton stated that a force of attraction acted on the 
particles as they approached beyond a line DE very close to the boundary N, 


| 


Figure 18.7 Newton's corpuscular theory of refraction 


Figure 18.7. The vertical component of the velocity of the particles would be 
increased on entering the water, the horizontal component of the velocity 
. remaining unaltered, and beyond a line HK close to the boundary the vertical 
component would remain constant at its increased value. The resultant velocity, 
Cw, of the particles in the water ought to be greater than the velocity, c, in air. 
Suppose i,r are the angles of incidence and refraction respectively. Then, as 
the horizontal components of the velocity are unaltered, 


csini = cy sinr 


c 
n= = = the refractive index 


Since n is greater than 1, the speed of light in water, c,,, should be greater than the 
speed in air, c, as was stated above. This is according to Newton's corpuscular 
theory. On the wave theory, however, n — c/ey (see p. 505); and hence the 
velocity of light in water is less than the velocity in air according to the wave 
theory. The corpuscular theory and wave theory are thus in conflict. In an 
experiment carried out about 150 years later, Foucault obtained a value for cy 


which showed that the corpuscular theory of Newton could not be true 
(see p. 510). 
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Dispersion 
The dispersion of colours produced by a medium such as glass is due to the 
difference in speeds of the various colours in the medium. Thus suppose a plane 
wavefront AC of white light is incident in air on a plane glass surface, Figure 
18.8. In the time the light takes to travel in air from C to D, the red light from the 


Figure 18.8 Dispersion 


centre of disturbance A reaches a position shown by the wavelet at R. The blue 
light from A reaches another position shown by the wavelet at B, since the speed 
of blue light in glass is less than that of red light, so AB is less than AR. On 
drawing the new wavefronts DB, DR, it can be seen that the blue wavefront BD 
is refracted more in the glass than the red wavefront DR. The refracted blue ray is 
AB and the refracted red ray is AR, and so dispersion occurs. 


Power of a Lens 
We can now consider briefly the effect of lenses on the curvature of wavefronts. 
The curvature of a spherical wavefront is defined as 1/r, where r is the radius of 
the wavefront surface. 

When a plane wavefront is incident on a converging lens L, a spherical 
wavefront, S, of radius f emerges from L, where f is the focal length of the lens, 
Figure 18.9 (i). This is because the light travels faster in the air at the top L than 
in the glass at the middle of the lens. Parallel rays, which are normal to the 


` (i) (ii) 


Figure 18.9 (i) Converging lens (ii) Diverging lens 
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wavefront, are thus refracted towards F, the focus of the lens. Now the curvature 
of a plane wavefront is zero, and the curvature of the spherical wavefront S is 1/f. 
So the converging lens adds a curvature of 1/f to a wavefront incident on it. 1/f 
is defined as the converging power of the lens: 


1 
Power P = — 
f 


Figure 18.9 (ii) illustrates the effect of a diverging lens on a plane wavefront R. 
The front S emerging from the lens has a curvature opposite to S in Figure 
18.9 (i), and it appears to be diverging from a point F behind the diverging lens, 
which is its focus. The curvature of the emerging wavefront is thus 1/f, where f is 
the focal length of the lens, and the powers of the converging and diverging lens 
are opposite in sign. È 

The power of a converging lens is positive, since its focal length is positive, 
while the power of a diverging lens is negative. The unit of power is the dioptre, 
D, which is the power of a lens of 1 metre focal length. A lens of +8 dioptres, or 
+ 8D, is therefore a converging lens of focal length 1/8 m or 12-5 cm, and a lens of 
—4D is a diverging lens of 1/4 m or 25 cm focal length. 


The Lens Equation 
Suppose that an object O is placed a distance u from a converging lens, Figure 
18.10. The spherical wavefront A from O which reaches the lens has a radius of 


Figure 18.10 Effect of lens on wavefront 


curvature u, and hence a curvature l/u. Since the converging lens adds a 
curvature of 1/f to the wavefront as we proved, the spherical wavefront B 


emerging from the lens into the air has a curvature G 2 But the curvature is 
u 


f 
also given by 2 where v is the image distance IB from the lens. 
Iv Ed " 1 
SE 
It can be seen that the curvature of A is of an opposite sign to that of B; and 


taking this into account, the lens equation E =; is obtained. A similar 
vou 
hos can be used for a diverging lens, which is left as an exercise for the 
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Speed of Light 

For many centuries the speed of light was thought to be infinitely large; from 
about the end. of the seventeenth century, however, evidence began to be 
obtained which showed that the speed of light, though enormous, was a finite 
quantity. Galileo, in 1600, attempted to measure the speed of light by covering 
and uncovering a lantern at night, and timing how long the light took to reach 
an observer a few miles away. Owing to the enormous speed of light, however, 
the time was too small to measure, and the experiment was a failure. The first 
successful attempt to measure the speed of light was made by Romer, a Danish 
astronomer, in 1676. 

Rémer recorded the date and time of the eclipse of one of Jupiter's satellites. 
From his measurements, Rómer found that the ‘expected eclipse of the satellite 
was 163 minutes later than expected. He deduced that this was the time taken by 
the light to travel across the diameter of the earth’s orbit. The diameter is about 
3x 10!! m. So with these figures, 


3x 10''m 
16:5 x 60s 


speed of light, c = = 3x 10° ms“ ' (approx.) 


Measurement of Speed of Light, Rotating Mirror Method 
In 1862 Foucault used a fairly accurate way of measuring the speed of light in a 
laboratory, Figure 18.11 shows only the basic principle. 


rotating 
mirror 


reflected 
Mı by Mo 


Figure 18.11 Example 


A beam of light OA is incident on a plane mirror My rotated at high speed and 
then reflected along AB to a concave mirror at B. This reflects the light back to 
M, but in this short time the mirror has rotated to a new position M). So the 
returning light is reflected along a different direction AC. 

In the experiment, O wasia bright light source and its displacement to C was 
measured, This gives a measure of 0, the angle of rotation of the mirror from M , 
to M. Now the time for the light to travel from A to Band back = 2AB/c, where 
cis the speed of light in air. In this time, the mirror rotated through @ radians. So. 
if the mirror makes n revolutions per second. 


; 0 2AB 
time = = —— 
2nn c 
^e = dnnAB/0 


This relation enables c to be calculated. 
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Since AB was only about 20 metres, the experiment can be carried out in a 
laboratory. After measuring the speed of light in air, Foucault placed a long pipe 
filled with water along AB and measured the speed in water. He found that the 
speed in water was less than in air. Newton's ‘corpuscular theory’ of light 
predicted that light should travel faster in water than in air (p. 506), whereas the 
‘wave theory’ of light predicted that light should travel slower in water than in 
air. The direct observation of the speed of light in water by Foucault's method 
showed that the corpuscular theory of Newton could not be true. 


Michelson's Rotating Prism Method for Speed of Light 

The speed of light, c, is a quantity which appears in many fundamental formulae 
in advanced Physics, especially in connection with the theories concerning 
particles such as electrons in atoms and calculations on nuclear energy. EINSTEIN 
has shown, for example, that the energy W released from an atom is given by 
W = mc? joules, where m is the decrease in mass of the atom in kilograms and c is 
the numerical value of the speed of light in metres per second. A knowledge of 
the magnitude of c is thus important. A. A. MICHELSON, an American physicist, 
spent many years of his life in measuring the speed of light, and the method he 
devised was considered as one of the most accurate. 


Figure 18.12 Michelson's rotating prism method 


The essential features of Michelson's apparatus are shown in Figure 18.12. X is 
an equiangular octagonal steel prism which can be rotated at constant speed 
about a vertical axis through its centre. The faces of the prism arc highly 
polished, and the light passing through a slit from a very bright source O is 
reflected at the surface A towards a plane mirror B. From B the light is reflected 
to a plane mirror L, which is placed so that the image of O formed by this plane 
mirror is at the focus of a large concave mirror HD. The light then travels as a 
parallel beam to another concave mirror GE a long distance away, and it is 
reflected to a plane mirror F at the focus o+ «t The light is then reflected by the 
mirror, travels back to H. and is there rollo ied to a plane mirror C placed just 
below L and inclined to it as shown. From € the light is reflected to a plane 
mirror M, and is then incident on the face N of the octagonal prism opposite to 
A. The final image thus obtained is viewed through T with the aid of a totally 
reflecting prism P. 

The image is seen by light reflected from the top surface of the octagonal prism 
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X. When the prism is rotated the image disappears at first, as the light reflected 
from A when the prism is just in the position shown in Figure 18.12 arrives at the 
opposite face to find this surface in some position inclined to that shown. When 
the speed of rotation is increased and suitably adjusted, however, the image 
reappears and is seen in the same position as when the prism X is at rest. The 
light reflected from A now arrives at tle opposite surface in the time taken for the 
prism to rotate through 45°, or lth of a revolution, since in this case the surface on 
the left of N, for example, will occupy exactly the position of N when the light 
arrives at the upper surface of X. 

Suppose d is the total distance in metres travelled by the light in its journey 
from A to the opposite face; the time taken is then d/c, where c is the speed of 
light. But this is the time taken by X to make Ath of a revolution, which is 1/8m 
seconds if the number of revolutions per second is m. 


tod 


“8m. c 


`. € = 8md metre per second 


Thus c can be calculated from a knowledge of m and d. 

Michelson performed the experiment in 1926, and again in 1931, when the 
light path was enclosed in an evacuated tube 1-6 km long. Multiple reflections 
were obtained to increase the effective path of the light. A prism with 32 faces was 
also used, and Michelson’s result for the speed of light in vacuo was 
2:99 774 x 105 ms !. 


Example on Speed of Light 
A beam of light is reflected by a rotating mirror on to a fixed mirror, which sends it back 
to the rotating mirror from which it is again reflected, and then makes an angle of 18° with 
its original direction. The distance between the two mirrors is 10* m, and the rotating 
mirror is making 375 revolutions per second. Calculate the speed of light. (L.) 


Figure 18.13 Example 


Suppose OA is the original direction of the light. incident at A on the mirror in 
the position M,.B is the fixed mirror, and AC is the direction of the light 
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reflected from the rotating mirror when it reaches the position M,, Figure 18.13. 

The angle 0 between M,, M; is 3 x 18°, since the angle of rotation of a mirror is 
half the angle of deviation of the reflected ray when the incident ray (BA in this 
case) is kept constant. Thus 0 — 9*. 


1 
Time taken by mirror to rotate 360° = 3755 


~. time taken to rotate 9° = —- x — s 


But this is also the time taken by the light to travel from A to B and back, which 


is given by 2 x 10*/c, where c is the speed of light in ms~*. 


.2x10* 9 dE 
"Tae 9807-375 
4 
ca 2x10 200% 578 2 3x10 ms! 


Exercises 18 
Wave Theory 


1 Using Huygens' principle of secondary wavelets explain, making use of a diagram, 
how a refracted wavefront is formed when a beam of light, travelling in glass, crosses 
the glass-air boundary. Show how the sines of the angles of incidence and refraction 
are related to the speeds of light in air and glass. (L.) 

2 A parallel beam of monochromatic radiation travelling through glass is incident on 
the plane boundary between the glass and air. Using Huygens' principle draw 
diagrams (one in each case) showing successive positions of the wavefronts when 
'theangle of incidence is 
(a) 0*, 

(b) 30*, 

(c) 60°. 

Indicate clearly and explain the constructions used. (The refractive index of glass for 
the radiation used is 1-5.) (JMB.) 

3 A plane wavefront of monochromatic light is incident normally on one face of a 
glass prism, of refracting angle 30°, and is transmitted. Using Huygens’ construction 
trace the course of the wavefront. Explain your diagram and find the angle through 
which the wavefront is deviated. (Refractive index of glass = 1:5.) (JM B.) 

4 State Snell's law of refraction and define refractive index. 

Show how refraction of light at a plane interface can be explained on the basis of 
the wave theory of light. 

Light travelling through a pool of water in a parallel beam is incident on the 
horizontal surface. Its speed in water is 22 x 105 ms" !. Calculate the maximum 
angle which the beam can make with the vertical if light is to escape into the air 
where its speed is 3-0 x 105 ms !. 

At this angle in water, how will the path of the beam be affected if a thick layer of 
oil, of refractive index 1-5, is floated on to the surface of the water? (0. & C.) 

5 Discuss briefly the arguments by which the speed of light in glass may be expressed 
in terms of its speed in air and the refractive index of the glass 
(a) from the point of view of the wave theory of light, 

(b) from the point of view of Newton's corpuscular theory of light. 

Describe an experimental method of determining the speed of light in air. 

Figure 18A represents a plane wavefront AB striking a plane surface in air. The 
refractive index of the glass is 1-5, and the speed of light in air is 3 x 105 ms ', The 
distance BC is 3 cm. Taking the time from the instant shown in the diagram, and 
considering only refraction, 
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Figure 18A 

(a) construct accurately the wavefront at time 107 !? s; 

(b) draw the position of the wavefront at time 2 x 107 !? s; 

(c) draw the position of the wavefront at time 5 x 107 !' s. (O.) 

How did Huygens explain the reflection of light on the wave theory? Using 

Huygens' conceptions, show that a series of light waves diverging from a point 

source will, after reflection at a plane mirror, appear to be diverging from a second 

point, and calculate its position. (C.) 

(a) Explain briefly Huygens' method for constructing wavefronts. 

A parallel beam of light is projected on to the surface of a plane mirror at an 
angle of incidence of about 70°. Draw a diagram showing clearly how Huygens’ 
method can be used to determine the direction of the reflected beam. 

(b) What is meant by critical angle? Under what conditions will a wave be totally 
reflected on meeting a boundary between two media, both of which will allow 
passage of the wave? 

A beam of light travelling through a transparent medium A is incident on a plane 
interface into air at an angle of 20°. If the speed of light in the medium is 60% of that 
in air, calculate the angle of refraction in air. 

When the beam is shone through another transparent medium B and the incident 
angle is again 20°, it is found that the beam is just totally reflected at a plane 
interface with air. Calculate the speed of light in B as a percentage of the speed of 
light, c, in air. (L.) 

What is Huygens' principle? 

„Draw and explain diagrams which show the positions of a light wavefront at 

Successive equal time intervals when 

(a) parallel light is reflected from a plane mirror, the angle of incidence being about 


(b) monochromatic light originating from a small source in water is transmitted 
through the surface of the water into the air. 

Describe an experiment, and add the necessary theoretical explanation, to show 
that in air the wavelength of blue light is less than that of red light. (J M B.) 
Using Huygens’ concept of secondary wavelets show that a plane wave of 
monochromatic light incident obliquely on a plane surface separating air from glass 
may be refracted and proceed as a plane wave. Establish the physical significance of 
the refractive index of the glass. 

In what circumstances does dispersion of light occur? How is it accounted for by 
the wave theory? 

If the wavelength of yellow light in air is 6-0 x 1077m, what is its wavelength in 
glass of refractive index 1:5? (JMB.) 


Speed of Light 
Write down two advantages and two disadvantages of 
(a) Foucault's rotating mirror method and 
(b) Michelson's rotating prism method of determining the speed of light. 
Draw a diagram of Foucault's method of measuring the speed of light. How has 
the speed of light in water been shown to be less than in air? The radius of 
curvature of the curved mirror is 20 metres and the plane mirror is rotated at 20 
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revs per second. Calculate the angle in degrees between a ray incident on the plane 

mirror and then reflected from it after the light has travelled to the curved mirror 

and back to the plane mirror (speed of light = 3 x 10* m s^ !). 

12 (a) Inan experiment to determine the speed of light in air, light from a point source 
is reflected from one face of a sixteen-sided mirror M, travels a distance d to a 
stationary mirror from which it returns and, after a second reflection from M, 
forms an image of the source on a screen. When M is rotated at certain speeds, 
the image is still seen in the same position. Explain how this can occur and show 
that, if the lowest speed of rotation for which the image remains in the same * 
position is n (in revolutions per second), the speed of light, c, is given by 
c = 32nd. 

(b) Using the above arrangement, an image is seen on the screen when the speed of 
rotation is 900 revolutions per second. The speed of rotation is gradually 
increased until at 1200 revolutions per second the image is again seen. If 
c = 300 x 10° ms~ ', calculate a value for d consistent with these figures. What 
is the'lowest speed of rotation for which an image will be seen on the screen? 
(JMB) 

13 Describe an experiment to determine the speed of light in a vacuum or in air. Show 
how the result is calculated from the measurements made, estimate the errors to be 
expected in the measurements, and deduce the maximum possible error in the result. 

What results would be obtained in a determination of the speed of light in water? 

How have the results of such experiments influenced views as to the nature of light? 

(0.&C) , 

14 A beam of light after reflection at a plane mirror, rotating 2000 times per minute, 
passes to a distant reflector. It returns to the rotating mirror from which it is 
reflected to make an angle of 1* with its original direction. Assuming that the 
velocity of light is 300000 km s~', calculate the distance between the mirrors. (L.) 

15 Describe a method of measuring the speed of light. Explain precisely what 
observations are made and how the speed is calculated from the experimental data. 

A horizontal beam of light is reflected by a vertical plane mirror A, travels a 
distance of 250 metres, is then reflected back along the same path and is finally 
reflected again by the mirror. A. When A is rotated with constant angular velocity 
about a vertical axis in its plane, the emergent beam is deviated through an angle of 

18 minutes. Calculate the number of revolutions per second made by the mirror. 

If an atom may be considered to radiate light of wavelength 500 nm for a time of 

10^ !? second, how many cycles does the emitted wave train contain? (O. & C.) 


19 | 
Interference of Light Waves 


We shall first discuss coherent sources, which are necessary for 
the phenomenon of interference, and the use of path difference for 
constructive and destructive interference. We then consider the 
interference produced in the Young two-slit experiment, the 
air-wedge experiment and Newton's rings-together with their 
applications, and conclude with the blooming of lenses for clearer 
images. 


Coherent Sources 
As we see later, light waves from a sodium lamp, for example, are due to energy 
changes in the sodium atoms. The emitted waves occur in bursts lasting about 
10^? second. The light waves produced by the different atoms are out of phase 
with each other, as they are emitted randomly and rapidly. We call such sources 
of light waves as these atoms incoherent sources on account of the continual 
change of phase. 

Two sodium lamps X and Y both emit light waves of the same colour or 
wavelength. But owing to the random emission of light waves from their atoms, 
their resultant light waves are constantly out of phase. So X and Y are 
incoherent sources. Coherent sources are those which emit light waves of the 
same wavelength or frequency which are always in phase with each other or 
have a constant phase difference. As we now show, two coherent sources can 
together produce the phenomenon of interference. 


Interference of Light Waves, Constructive Interference 
Suppose two sources of light, A, B, have exactly the same wave" ‘th and 
amplitude of vibration, and that their vibrations are always in phase with each 
other, Figure 19.1. The two sources A and B are therefore coherent sources. 


Figure 19.1 Interference of waves 


Their combined effect at a point is obtained by adding algebraically the dis- 
placements at the point due to the sources individually. This is known as the 
Principle of Superposition. Thus their resultant effect at X, for example, is the 
algebraic sum of the vibrations at X due to the source A alone and the vibrations 
at X due to the source B alone. If X is equidistant from A and B, the vibrations at 
X due to the two sources are always in phaseas (i) the distance AX travelled by 
the wave starting from A is equal to the distance BX travelled by the wave 
starting from B, (ii) the sources A and B are assumed to have the same 
wayelength and to be always in phase with each other. 
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(i) due to A AAAAAAAZ time 
(ii) due to B AAAAAAAZ time 


(iii) resultant LAAAAAA time 


Figure 19.2 Vibrations at X —constructive interference 


Figure 19.2 (i), (ii) illustrate the vibrations at X due to A and B, which have 
the same amplitude. The resultant vibration at X is obtained by adding the two 
curves, and has an amplitude double that of either curve, Figure 19.2 (iii. Now 
the energy of a vibrating source is proportional to the square of its amplitude 
(p. 83). Consequently the light energy at X is four times that due to A or B 
alone. A bright band of light is thus obtained at X. As A and B are coherent 
sources, the bright band is permanent. With wave crests and troughs arriving at 
X at the same time, we say that the bright band is due to constructive interference 
ofthe light waves from A and B at X. 

If Q is a point such that BQ is greater than AQ by a whole number of 
wavelengths (Figure 19.1), the vibration at Q due to A is in phase with the 
vibration there due to B (see p. 467). A permanent bright band is then obtained 
at O. 


Generally, a permanent bright band is obtained at any point Y if the path 

difference, BY — AY, is given by 
PR. BY—AY = mi 

where 4 is tie wavelength of the sources A, B, and m = 0, 1, 2 and so on. 


We now see that permanent interference between two sources of light can only 
take place if they are coherent sources, that is they must have the same 
wavelength and be always in phase with each other or have a constant phase 
difference. This implies that the two sources of light must have the same colour. 
As we see later, two coherent sources of light can be produced by using a single 
primary source of light. 


Destructive Interference 

Consider now a point P in Figure 19.1 whose distance from B is half a 
wavelength longer than its distance from A, AP — BP — 4/2. The vibration at P 
due to B will then be 180° out of phase with the vibration there due to A (see p. 
467), Figure 19.3 (i), (ii). The resultant effect at P is thus zero, as the displacements 
at any instant are equal and opposite to each other, Figure 19.3 (iii). No light is 
therefore seen at P. With a wave crest from A arriving at P at the same time as a 
wave trough from B, the permanent dark band here is said to be due to 
destructive interference of the waves from A and B. 
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(i) due to A AAAAAA time 
(ii) due to B PARADA YS time 


(iii) result ant. ————————————————— time 


Figure 19.3 Vibrations at P — destructive interference 


If the path difference, AP— BP, were 34/2 or 54/2, instead of 4/2, a permanent 
dark band would again be seen at P as the vibrations there due to A and B 
would be 180* out of phase. 


Summarising: 
If the path-difference is zero or a whole number of wavelengths, a bright band is 
obtained; if it is an odd number of half-wavelengths, a dark band is obtained. 


From the principle of the conservation of energy, the total light energy from 
the sources A and B above must be equal to the light energy in all the bright 
bands of the interference pattern. The light energy missing from the dark bands 
is therefore found in the bright bands. It follows that the bright bands on a 
screen appear brighter than the screen when this is uniformly illuminated by A 
and B without forming an interference pattern. 


Optical Path, Reflection of Waves 
The phase of a wave arriving at a point is affected by the medium through which 
it travels. For example, part of its path may be in air and part in glass. Since the 
velocity of light is less in glass than in air, there are more waves in a given length 
in glass than in an equal length in air. 
Suppose light travels a distance t in a medium of refractive index n. Then if 4 is 
the wavelength in the medium, the phase difference A due to this path (p. 467) is 
2nt 
A ae env SAR ROE E (1) 
If the wave travels from a vacuum (or air) to this medium, its frequency does not 
alter but its wavelength and velocity become smaller. Suppose A, is the 
wavelength and c is the speed in a vacuum. Then if c, is the speed in the 
medium, 


frequency = = = 9? 
0 
E Cm 
A= 4 ; j 2 
À a do (2) 


Substituting for A from (2) in (1), 
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2nct 2nnt 
- i E ds » f d x (3) 


since n = c/c. 

From (1) and (3), we see that a light path of geometric length t in a medium of 
refractive index n produces the same phase change as a light path of length nt in 
a vacuum. We call ‘nt’, the product of the refractive index and path length, the 
optical path in the medium. In interference phenomena, we always calculate the 
optical paths of the coherent light rays. With the notation on p. 516, 
constructive interference occurs if their optical path difference is md. 


Figure 19.4 Optical path 


Asan illustration of optical path, suppose light travels from O to A, a distance 
d, in air, Figure 19.4. The optical path = nod = d, since the refractive index ng of 
air is practically 1. Now suppose a thin slab of glass of thickness t and refractive 
index n is placed between O and A so that the light passes through a length t in 
the glass. The optical path between O and A is now j 


(d—t)+nt 2 d--(n— 1t 


since the light travels a distance (d — t) in air and a distance t in glass. 

Reflection of waves. Light waves may also undergo phase change by reflection 
at some point in their path. If the waves are reflected at a denser medium, for 
example, at an air-glass interface (boundary) after travelling in air, the reflected 
waves have a phase change of x or 180° compared to the incident waves, Figure 
19.5 (i). This phase change also occurs with matter waves such as sound waves, 


phase change = m 


(i) 


Figure 19.5 Phase difference and reflection 
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as shown in Figure 23.2, p. 592. A phase change of 27 or 360* is equivalent to a 
path length 4 


NI» 


t= 


To take into account reflection at a denser medium, then, we must add (or 
subtract) 4/2 to the optical path. 

Figure 19.5 (ii) shows an incident ray of light XA partly refracted at A from air 
to glass and then reflected at B, the glass-air interface. The optical path from A 
to C is n(AB + BC); there is no phase change by reflection at B since this occurs 
at an interface with the less dense medium air. By contrast, a phase change 
equivalent to a path of 4/2 occurs when XA is reflected at A along AD, since this 
is reflection at a denser medium, glass. 


Young's Two-Slit Experiment 
From our previous discussion, two conditions are essential to obtain an 
interference phenomenon in light: (i) two coherent sources of light must be 
produced, (ii) the coherent sources must be very close to each other as the 
wavelength of light is very small otherwise the bright and dark pattern 
produced some distance away would be too close to each other and no 
interference pattern would then be seen. ; 

One of the first demonstrations of the interference of light waves was given by 
Younc in 1801. He placed a source, S, of monochromatic light in front of a 
narrow slit C, and arranged two very narrow slits A, B, close to each other, in 
front of C. Young then saw bright and dark bands on either side of O on a screen 
T, where O is on the perpendicular bisector of AB, Figure 19.6. 


Figure 19.6 Young's experiment— photographed fringes are shown on right 


Young's observations can be explained by considering the light from S 
illuminating the two slits A, B. Since the light diverging from A has exactly the 
same frequency as, and is always in phase with, the light diverging from B, A and 
B act as two close coherent sources. Interference thus takes place in the shaded 
region, where the light beams overlap, Figure 19.6. As AO = OB, a bright band 
is obtained at O. At a point close to O, such that BP— AP = 4/2, where 4 is the 
wavelength of the light from S, a dark band is obtained. At a point Q such that 
BQ — AQ = 4, a bright band is obtained; and so on for either side of O. Young 
demonstrated that the bands or fringes were due to interference by covering A or 
B, when the fringes disappeared. Young's experiment is an example of inter- 
ference by division of wavefront from C at A and B. Diffraction at A and B 
controls the overall angular width of the bands and their intensities (see 
Figure 20.10, page 546). 


520 | 1. Advanced Level Physics 


Separation of Fringes 
Suppose P is the position of the mth bright fringe, so that BP— AP — m4, Figure 
19.7. Let OP = x,, = distance from P to O, the centre of the fringe system, where 
MO is the perpendicular bisector of AB. If a length PN equal to PA is described 
on PB, then BN = BP—AP = m2. Now in practice AB is very small, and PM is 


Figure 19.7 Theory of Young's fringes (exaggerated) 


very much larger than AB. So AN meets PM practically at right angles. It then 
follows that 
angle PMO = angle BAN = 0 say 
BN mà 


From tri BAN, in @ = — =— 
‘om triangle sin 8 AH UI 


where d — AB — the distance between the slits or their separation. From 
triangle PMO, 


p X, 
tanl = — = 
an MO 


where D = MO = the distance from the screen to the slits. Since 0 is very small, 
about 0-01 radian or 0-5* for 20 fringes when D is 1 metre, tan Ó = sin 0. 


. Xm má 
oh DER tae 

„= "DÀ 
y d 


If Q is the neighbouring or (m— 1)th bright fringe, it follows that 


0Q 2x, EM 
aD 


-~ separation y between successive fringes = x, —x,., = cree (i) 


>= 
ll 
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Measurement of Wavelength by Young's Interference Fringes 
A laboratory experiment to measure wavelength by Young's interference fringes 
is shown in Figure 19.8. Light from a small filament lamp is focused by a lens on 
to a narrow slit S, such as that in the collimator of a spectrometer. Two narrow 
slits A, B, about 0-5 millimetre apart, are placed a short distance in front of S, 
and the light coming from A, B is viewed in a low-powered microscope or 
eyepiece M about one metre away. Some coloured interference fringes are then 


perspex 
‘rule 


NC 


interference 
R bands 


a 


Figure 19.8 Laboratory experiment on Young's interference fringes 


observed by M. A red and then a blue filter, F, placed in front of the slits, 
produces red and then blue fringes. Observation shows that the separation of the 
red fringes is more than that of the blue fringes. Now À = dy/D, from (ii), where y 
is the separation of the fringes. It follows that the wavelength of red light is 
longer than that of blue light. 

An approximate value of the wavelength of red or blue light can be found by 
placing a Perspex rule R in front of the eyepiece and moving it until the 
graduations are clearly seen, Figure 19.8. The average distance, y, between the 
fringes is then measured on R. The distance d between the slits can be found by 
magnifying the distance by a converging lens, or by using a travelling micro- 
scope. The distance D from the slits to the Perspex rule, where the fringes are 
formed, is measured with a metre rule. The wavelength 4 can then be calculated 
from 4 — dy/D; it is of the order 6 x 10-7 m. Further details of the experiment 
can be obtained from Advanced Level Practical Physics by Nelkon and Ogborn 
(Heinemann). 

Measurements can also be made using a spectrometer, with the collimator 
and telescope adjusted for parallel light (p. 427). The narrow collimator slit is 
illuminated by sodium light, for example, and the double slits placed on the 
table. Young's fringes can be seen through the telescope after alignment. From 
the theory on p. 520, the angular separation of the fringes is A/d. Thus by 
measuring the average angular separation of a number of fringes with the 
telescope, À can be calculated from À = d0, if d is known or measured. 

The wavelengths of the extreme colours of the visible spectrum vary with the 
observer. This may be 4 x 1077 m for violet and 7 x 10^ 7 m for red; an ‘average’ 
value for visible light is 5-5 x 107 7m, which is a wavelength in the green. 


Appearance of Young's Interference Fringes 
The experiment just outlined can also be used to demonstrate the following 
points; / 
1. If the source slit S is moved nearer the double slits the separation of the. 
fringes is unaffécted but their brightness increases. This can be seen from the 
formula y (separation) = AD/d, since D and d are constant. 
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2. If the distance apart d of the slits is diminished, keeping S fixed, the 
separation of the fringes increases, This follows from y = AD/d. 

3. If the source slit S is widened the fringes gradually disappear. The slit S is 
then equivalent to a large number of narrow slits, each producing its own fringe 
system at different places. The bright and dark fringes of different systems 
therefore overlap, giving rise to uniform illumination. It can be shown that, to 
produce interference fringes which are recognisable, the slit width of S must be 
less than 4D'/d, where D’ is the distance of S from the two slits A, B. 

4. If one of the slits, A or B, is covered up, the fringes disappear. 

5. If white light is used the central fringe is white, and the fringes either side are 
coloured. Blue is the colour nearer to the central fringe and red is farther away. 
The path difference to a point O on the perpendicular bisector of the two slits A, 
B is zero for all colours, and consequently each colour produces a bright fringe 
here. As they overlap, a white fringe is formed. Farther away from O, in a 
direction parallel to the slits, the shortest visible wavelengths, blue, produce a 
bright fringe first. 


Examples on Young's Two-slit Experiment 
1 Ina Young’s slits experiment, the separation between the first and fifth bright fringe is 
25mm when the wavelength used is 62x 10-7 m. The distance from the slits to the 
screen is 0-80 m. Calculate the separation of the two slits. 


f d 
From previous, A= T where d is the slit separation 
i q 2D 62x 1077 x08 
US y — 25x10734 
=8x1074m — 08mm 


2 In Figure 19.9, S, and S; are two coherent light sources in a Young's two-slit 
experiment separated by a distance 0-50 mm and O isa point equidistant from S, and S;. 
O is on a screen A which is 0-80 m from the slits. 

When a thin parallel-sided piece of glass G of thickness 3-6 x 1075 m is placed near S, 
as shown, the centre of the fringe System moves from O to a point P. Calculate OP if the 
wavelength of the monochromatic light from the two slits is 60x 10-7 m and the 
refractive index of the glass is 1-5. 


Figure 19.9 Example on Young's two-slit experiment 


(Analysis (a) If P is the centre of the fringe system, the number of waves in 
S,P = the number of waves in S;P. (b)Since light travels slower in the glass G 


than in air, the number of wavelengths in G is more than in air of the same 
thickness as G) 
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poc. c oL 
In air, 4, = 60x 1077m. In glass, Ag = 60x 1077/1-5 = 4x 1077 m. 
The increase in the number of waves in G when it replaces air of the same 
thickness t 


= TOT eee Ge 
So number of bright bands from O to P = 3 
Now separation of bright bands y is given by 
DÀ 08x6x1077 
yg, . LOS KIO 
=96x10-*m 
So OP = 3x96 x 1074 = 2:88 x 10° ?m = 288mm 
(Alternatively Extra path difference due to G = nt—t = (n— Dt 
So extra number of wavelengths — ws ot 
a 
x (15—1)x 36x 107$ 23 
6x107" 


As shown above, OP = 3D4/d = 2:88 x 10^ 3m) | 


Interference in Thin Wedge Films 
A very thin wedge of an air film can be formed by placing a thin piece of foil or 
paper between two microscope slides at one end Y, with the slides in contact at 
the other end X, Figure 19.10. The wedge has then a very small angle 0, as 
shown. When the air-film is illuminated by monochromatic light from an 
extended source S, straight bright and dark fringes are seen which are parallel to 
the line of intersection X of the two slides. 


glass 


fem ^ 
ES air -film 


Figure 19.10 Air-wedge fringes 


The light reflected down towards the wedge is partially reflected upwards 
from the lower surface O of the top slide, as shown inset in' Figure 19.10. The rèst 
of the light passes through the slide and some is reflected upward from the top 
surface B of the lower slide. The two trains of waves are coherent, since both 
have originated from the same centre of disturbance at O. So they produce an 
interference pattern if brought together by the eye or in an eyepiece. 
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The path difference is 2t, where t is the small thickness of the air-film at O. At 
X, where the path difference is apparently zero, we would expect a bright fringe. 
But a dark fringe is observed at X. This is due to a phase change of 180*, 
equivalent to an extra path difference of 4/2, which occurs when a wave is 
reflected at a denser medium. See p. 518. The optical path difference between the 
two coherent beams is thus actually 2t - 4/2. So, if the beams are brought 
together to interfere, a bright fringe is obtained when 2t+4/2 = mà, or 2t = 
(m—3)4. A dark fringe is obtained at a thickness t given by 2t = må. 


In transmitted light, the appearance of the fringes is complementary to those 
seen by reflected light, from-the law of conservation of energy. The bright fringes 
thus correspond in position to the dark fringes seen by reflected light, and the 
fringe where the surfaces touch is now bright instead of dark. 

The wedge air film is an example of interference by division of amplitude. Here 
part of the wave is transmitted at O and the remainder is reflected at O, so that 
the amplitude of the wave, which is a measure of its energy (p. 584), is ‘divided’ 
into two parts. This method of producing interference is basically different from 
producing interference by division of wavefront (p. 519). 


Figure19.11 Interference bands in air-wedges. The angle of the air-wedge on the right is 
about 24 times less than that. on the left, so that the separation of the bands is 
correspondingly greater 


Thickness of Thin Foil by Air Wedge, Crystal Expansion 

If there is a bright fringe at Y at the edge of the foil, Figure 19.10, the thickness b 
of the foil is given by 2b = (m+4)A, where m is the number of bright fringes 
between X and Y. If there is a dark band at Y, then 2b = mà. So by counting m, 
the thickness b can be found. The small angle 0 of the wedge is given by b/a, 
where a is the distance XY, and by measuring a with a travelling microscope 
focused on the air-film, 0 can be found. 

The angle 0 of the wedge can also be found from the separation s of the bright 
bands. In Figure 19.12, B, and B; are consecutive bright bands. So the extra path 


 — — 
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Plate 19A Interferometer measurement of length. The photograph shows an interfero- 
meter used to measure the accuracy of block (slip) gauges, widely used for precision 
measurements in the engineering industry. As shown, the gauges are placed on turntables. 
Optical flats are used with them to form interference bands; a circular flat is shown ready for 
use above the gauges on the left. Any error in length is deduced from an accurately-known 
wavelength in the visible spectrum of cadmium, which is used to form the bands. Correction is 
needed for temperature changes, observed by the long mercury thermometer shown. 
(Crown copyright. Courtesy of National Physical Laboratory) 


Figure 19.12 Air-wedge theory 


difference in the air film from one band to the other is 4. The extra path 
difference is 2t,—2t,, or 2A;D, where A,D is the perpendicular from A, to 
A3B;. So A;D = 4/2. Hence if s is the separation, B,B;, of the bands, which is 
equal to A,D, then 


Since 0 is very small, tan @ = 0 in radians. So 


As an illustration, Suppose an air wedge is illuminated normally by mono- 
chromatic light of wavelength 5:8 x 107 m (580 nm) and the separation of the 
bright bands is 0:29 mm or 2-9 x 1074 m. Then, from 0 — 4/2s, we have 


258x107? 
2x29 x107** 


If a liquid wedge is formed between the plates, the optical path difference : 
becomes 2nt, where the air thickness if t, n being the refractive index of the liquid. 
An optical path difference of A now occurs for a change in t which is n times less 
than in the case of the air-wedge. The spacing of the bright and dark fringes is 
thus n times closer than for air. So measurement of the relative spacing enables n 
to be found. 

The expansivity of a erystal can be found by forming an air-wedge of small 
angle between a fixed horizontal glass plate and the upper surface of the crystal, 
and illuminating the wedge by monochromatic light. When the crystal is heated 
à number of bright fringes, m Say, cross the field of view in a microscope focused 
on the air-wedge. The increase in length of the crystal in an upward direction is 
mÀ/2, since a change of 4 represents a change in the thickness of the film is A/2, 
and the expansivity can then be calculated. 


0 = 107? rad 


Examples on Air Wedge 
l A wedge air film is formed by placing aluminium foil between two glass slides at a 
distance of 75mm from the line of contact of the slides. When the air wedge is illuminated 
normally by light of wavelength 5-60 x 107" m, interference fringes are produced parallel 
to the line of contact which have a separation of 1-20 mm. Calculate the angle of the 
wedge and the thickness of the foil. 3 


If s is the separation of the bands, then 


A2 4 
np dubia Pr iui 


56x 1077 25, 
CREIR IOa ee 
If t is the thickness of the foil, then 
t = zm >a 
x ere 


So t=75x 1073 x 2:3 x 1074 = 17x 1075m 


2 Two optically flat glass plates, in contact along one edge, make a very small angle 
with each other. They are illuminated by red light of wavelength 750 nm and blue light of 


The first place where the wedge appears purple corresponds to a thickness t of 
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the air wedge where both red and blue light first form a coincident bright 
interference band. The colours then mix and produce purple light. 

At the thickness t, the path difference for bright interference band of 
wavelength A is given by 2t =(m—})A, from p. 524. So for 4 = 750nm and 
À = 450nm, 

2t = (m—1) 750 nm = (m +4)450 nm 


since if m is the whole number for the 750 nm wavelength, then (m+ 1) is the 

whole number for the overlapping 450 nm (shorter) wavelength. 
i(m-b750-(m-9490 

Solving, m=2 

So 2t = (2—1) x 750nm = 1125nm, and t = 562:5nm = 56 x 107" m (approx.) 


i -7 
Hence angle of wedge 0 = 5 f ECL 


tum a eee -4 
x1073 75x 1073 1-1 x 107^ rad (approx) 


i Newton’s Rings 
Newton discovered an example of interference which is known as *Newton's 


rings’. In this case a lens L is placed on a sheet of plane glass H, L having a lower 
surface of very large radius of curvature so that a curved air wedge is formed 


z 
M 
ed! 
G 
L 
IL P= E 
H T A 


Figure 19.13 Newton's rings 


with H, Figure 19.13. By means of a sheet of glass G, monochromatic light from 
a sodium lamp S, for example, is reflected downwards towards L; and when the 
light reflected upwards is observed through a microscope M focused on H,a 
series of bright and dark rings is seen. The circles have increasing radius, and are 
concentric with the point of contact T of L with H, see Figure 19.14. 

Consider the air-film PA between A on the plate and P on the lower lens 
surface. Some of the incident light is reflected from P to the microscope, while 
the remainder of the light passes straight through to A, where it is also reflected 
to the microscope and brought to the same focus. The two rays of light have thus 
a net path difference of 2t, where t — PA. The same path difference is obtained at 
all points round T which have the same distance TA from T. So if 2t — m4, where 
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Figure 19.14 Newton's rings, formed by interference of yellow light between converging 
lens and flat glass plate 


mis an integer and 4 is the wavelength, we might expect a bright ring with centre 
T. Similarly, if 2t = (m+ 4)A, we might expecta dark ring. 

hen a ray is reflected from an optically denser medium, however, a phase 
change of 180° occurs in the Wave, which is equivalent to an extra path difference 


form a bright spot. The dark spot means, therefore, that one of the rays suffers a 
phase change of 180°. Taking the phase change into account, it follows that 


2t = mi for a dark ring ss ee eae d 
and : 2t = (m+4)A for a bright EU Ee.) 


where m is an integer. Young verified the phase change by placing oil of sassafras 
between a crown and a flint glass lens. This liquid had a refractive index greater 
than that of crown glass and less than that of flint glass, so that light was now 
reflected at an optically denser medium at each lens. A bright spot was then 


Observed in the middle of the Newton's rings, showing that no net phase change 
had now occurred. 


Figure 1945 “Newton's rings Jormed by transmitted light. The central spot is bright since 
there is no phase change on transmission (compare the dark central spot in Newton's rings 


formed by reflected light). If the lens surface is imperfect the rings are distorted, as shown on 
the right 
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The grinding of a lens surface can be tested by observing the appearance of the 
Newton’s rings formed between it and a flat glass plate when monochromatic 
light is used. If the rings are not perfectly circular as in Figure 19.14, the grinding 
is imperfect (see Figure 19.15)! As in the case of the wedge air film, Newton’s 
rings is an example of interference by division of amplitude (p. 524). 


Measurement of Wavelength by Newton's Rings 

The radius r of a ring can be expressed in terms of the thickness, t, of the 
corresponding layer of air by simple geometry. Suppose TO is produced to D to 
meet the completed circular section of the lower surface PO of the lens of radius 
a, PO being perpendicular to the diameter TD through T, Figure 19.16. Then, 
from the well-known theorem concerning the segments of chords in a circle, TO. 
OD = QO. OP. Bt AT=r= PO, QO = OP =r, AP = t = TO, and OD = 
2a—OT = 2a—t. 


Figure 19.16 Theory of radius of Newton's rings 


“tQa—) =rxr=r 
S R TUO 


But t? is very small compared with 2ar, as a is large. 


peat rss 
2 H 
J, 2t= ee F ; r f 7 h (i) 
a 
But 2t = (m+4)2 for a bright ring 
nt = (mth sanus DR (3) 


The first bright ring obviously corresponds to the case of m — 0 in equation 
(3); the second bright ring corresponds to the case of m — 1. Thus the radius of 
the 15th bright ring is given from (3) by r?/a = 1442, from which 4 = 2r?/29a. 
Knowing r and a, therefore, the wavelength À can be calculated. Experiment 
shows that the rings become narrower when blue or violet light is used in place 
of red light, which proves, from equation (3), that the wavelength of violet light is 
shorter than the wavelength of red light. Similarly it can be proved that the 
wavelength of yellow light is shorter than that of red light and longer than the 
wavelength of violet light. 
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Visibility of Newton's Rings 

When white light is used in Newton's rings experiment the rings are coloured, 
generally with violet at the inner and red at the outer edge. This can be seen from 
the formula r? = (m -- 34a, since r? oc J. y 

When Newton’s rings are formed by sodium light, close examination shows 
that the clarity, or visibility, of the rings gradually diminishes as one moves 
outwards from the central spot, after which the visibility improves again. The 
variation in clarity is due to the fact that sodium light is not monochromatic but 
consists of two wavelengths, A, 2,, close to one another. These are (i) 4, = 
5890 x 1077 m (589-0nm) (D3), (ii) 4, = 5:896 x 10-7 m (589-6 nm) (D,). Each 
wavelength produces its.own pattern of rings, and the ring patterns gradually 
Separate as m, the number of the ring, increases. When mA, =(m+4)A,, the 
bright rings of one wavelength fall in the dark spaces of the other and the 
visibility is a minimum. In this case 


5896m = 5890 (m +4) 


5890 
“m= a 490 (approx.) 
At a further number of ring m,, when m,4, = (m; +1)A3, the bright (and dark) 
rings of the two ring patterns coincide again, and the clarity, or visibility, of the 
interference pattern is restored. In this case 


5896m, = 5890(m, +1) 


from which m, — 980 (approx). Thus at about the 500th ring there is a 
minimum visibility, and at about the 1000th ring the visibility isa maximum. 

It may be noted here that the fringes in films of varying thickness, such as 
Newton's rings and the air-wedge fringes, p. 523 appear to be formed in the film 
itself, and the eye must be focused on the film to sec them. We say that the fringes 
are ‘localised’ at the film. With a thin film of uniform thickness, however, fringes 
are formed by parallel rays which enter the eye, and these fringes are therefore 
localised at infinity. 


'Blooming' of Lenses 
Whenever lenses are used, a small percentage of the incident light is reflected 
from each surface. In compound lens systems, as in telescopes and microscopes, 
this produces a background of unfocused light, so the clarity of the final image is 
reduced. There is also a reduction in the intensity of the image, since less light is 
transmitted through the lenses. 


magnesium 
fluoride 


glass 


Figure 19.17 Blooming of lens 
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The amount of reflected light can be considerably reduced by evaporating à 
thin coating of a fluoride salt such as magnesium fluoride on to the surfacés, 
Figure 19.17. Some of the light, of average wavelength 4, is then reflected from 
the air-fluoride surface and the remainder penetrates the coating and is partially 
reflected from the fluoride-glass surface. Destructive interference occurs between 
the two reflected beams when there is a phase difference of 180°, or a path 
difference of 4/2, as the refractive index of the fluoride is less than that of glass. 
Thus if t is the required thickness of the coating and n' its refractive index, 2n't = 
2/2. Hence t = 4/4n' = 6 x 10-7 /(4 x 1:38), assuming Å is 6x 10^" m and n' is 
1-38, from which t = 1-1 x 107" m. 

For best results n' should have a value equal to about Jn, where n is the 
refractive index of the glass lens. The intensities of the two reflected beams are 
then equal, and hence complete interference occurs between them. No light is 
now reflected back from the lens. In practice, since complete interference is not 
possible simultaneously for every wavelength of white light, an average wave- 
length for A, such as green-yellow, is chosen. The lens thus appears purple, a 
mixture of red and blue, since these colours in white light are reflected. 
*Bloomed' lenses produce a marked improvement in the clarity of the final image 
in optical instruments. 


Lloyd’s Mirror 
In 1834 Lrovp obtained interference fringes on a screen by using a plane 
mirror M, and illuminating it with light nearly at grazing incidence, coming 
from a slit O parallel to the mirror, Figure 19.18. A point such as A on the screen 
is illuminated (i) by waves from O travelling along OAand (ii)by waves from 
O travelling along OM and then reflected along MA, which appear to come 
from the virtual image I of O in the mirror. Since O and I are close coherent 


sources interference fringes are obtained on the screen. 


Figure 19.18 Lloyd's mirror experiment 


Experiment showed that the fringe at N, which corresponds to the point of 
intersection of the mirror and the screen, was dark. Since ON = IN, this fringe 
might have been expected, before the experiment was carried out, to be bright. 
Lloyd concluded that a phase change of 180°, equivalent to half a wavelength, 
occurred by reflection at the mirror surface, which is a denser surface than air 
(see p. 518). Lloyd’s mirror experiment is an example of interference by division 
of wavefront (p. 519). 


Colours in Thin Films j 
The colours in thin films of oil or glass are due to interference from an extende 
source such as the sky or a cloud. Figure 19.19 illustrates interference between - 
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colour 


A 
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Figure 19.19 Colours in thin films 


rays from points O,, O, respectively on the extended source. Each ray is 
reflected and refracted at points such as A, or A>, on the film, and enter the eye 
at E,. Although O,, O, are non-coherent, the eye will see the same colour of a 
particular wavelength 4 if 2nt cosr = (m—3)4, the condition for constructive 
interference, or the complementary colour if 2nt cosr = m4, the condition for 
destructive interference. If n is the refractive index of the oil film of thickness t 
and r is the angle of refraction in the film, the path difference between the rays 
reflected and refracted at A, (or at A,) can be shown to be 2nt cos r + 4/2. 

The separation of the two rays from A, or from A; must be less than the 
diameter of the eye-pupil for interference to occur, and this is the case only for 
thin films. The angle of refraction r is determined by the angle of incidence, or 
reflection, at the film. The particular colour seen thus depends on the position of 
the eye. At E,, for example, a different colour will be seen from another point O, 
on the extended source. The variation of 0 and hence r is small when the eye 
observes a particular area of the film. So a fringe of a particular colour is the 
contour of paths of equal inclination to the film such as A,A}. Since the angle 0 is 
constant round the perpendicular line from the eye to the film, the fringe or band 
of a particular colour is circular. So if 2nt cosr = m for a blue colour, the eye 
sees a circular band of the complementary colour such as green-yellow 


Vertical Soap Film Colours 

An interesting experiment on thin films, due to C. V. Boys, can be performed by 
illuminating a vertical soap film with monochromatic light. At first the film 
appears uniformly coloured. As the soap drains to the bottom, however, a 
wedge-shaped film of liquid forms in the ring, the top of the film being thinner 
than the bottom. The thickness of the wedge is constant in a horizontal 
direction, and thus horizontal bright and dark fringes are observed across the 
film. When the upper part of the film becomes extremely thin a black fringe 
is observed at the top (compare the dark central spot.in Newton's rings 
experiment), and the film breaks shortly afterwards. 
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With white light, a succession of broad coloured fringes is first observed in the 
soap film. Each fringe contains colours of the spectrum, red to violet. The fringes 
widen as the film drains, and just before it breaks a black fringe is obtained at the 
top. The black fringe is due to the 180° (or x) phase change by reflection when 
the film is 4/4 thick and so destructive interference occurs. 

For normal incidence of white light, a particular wavelength 4 is seen where 
the optical path difference due to the film = (m—3)4 and m is an integer. Thus a 
red colour of wavelength 7:0 x 1077 m is seen where the optical path difference is 
35 x 1077 m, corresponding to m = 1. No other colour is seen at this part of the 
thin film. Suppose, however, that another part of the film is much thicker and the 
optical path difference here is 21 x 3:5 x 1077 m. Then a red colour of wavelength 
7T0x1077m, m — 11, an orange colour of wavelength about 64x 10^ ?m, 
m = 12, a yellow wavelength about 5:9 x 1077 m, m = 13, and other colours of 
shorter wavelengths corresponding to higher integral values of m, are seen at the 
same part of the film. These colours all overlap and produce a white colour. If 
the film is thicker still, it can be seen that numerous wavelengths throughout the 
visible spectrum are obtained and the film then appears uniformly white. 


Exercises 19 


1 In Young's two-slit experiment using red light, state the effect of the following 
procedure on the appearance of the fringes: 

(a) The separation of the slits is decreased. 

(b) The screen is moved closer to the slits. 

(c) The source slit is moved closer to the two slits. 

(d) Blue light is used in place of red light. 

(e) One of the two slits is covered up. 

(f) The source slit is made wider. 

2 Ina Young's two-slit experiment using light of wavelength 6-0 x 10^" m, the 
slits were 0-40 mm apart and the distance of the slits to the screen was 1-20 m. 
Find the separation of the fringes. 

What is the angle in radians subtended by a central pair of bright fringes at 
the slits? 

3 Inanair-wedge experiment using white light, the following are observed: 

(a) A dark band is obtained where the two slides touch. 

(b) The bands nearest to the dark band are coloured blue. 

(c) The bands are straight and parallel. 

Explain each of these effects. 

4 (a) A wedge-shaped film of air is formed between two, thin, parallel-sided, glass 

plates by means of a straight piece of wire. The two plates are in contact 

along one edge of the film and the wire is parallel to this edge. (i) Draw 

and label a diagram of the experimental arrangement you would use to observe 
and make measurements on interference fringes produced with light incident 
normally on the film. (ii) Explain the function of each part of the apparatus. 

(b) In such an experiment using light of wavelength 589 nm, the distance between 
the seventh and one hundred and sixty-seventh dark fringes was 26:3 mm 
and the distance between the junction of the glass plates and the wire was 
35-6 mm. Calculate the angle of the wedge and the diameter of the wire. (J MB.) 

5 (a) Describe, with the aid of a diagram, how you would produce and view 

interference fringes using a monochromatic light source, a double slit and any 
other essential apparatus. Describe the appearance of the fringes. 

(b) State the measurements you would make in order to determine the wavelength 
of the light and indicate the instrument you would use for each measurement, 
justifying your choice in each case. 

(c) Derive an expression for the wavelength in terms of the relevant measurements. 

(d) Describe the effect on the appearance of the fringes of reducing the slit 


6 
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separation and discuss how this would affect the accuracy of your measure- 
ments in (b) above. (N.) 
Two plane glass plates which are in contact at one edge are separated by a piece 
of metal foil 12-50 cm from that edge. Interference fringes parallel to the line 
of contact are observed in reflected light of wavelength 5:46 x 10^ " m and are 
found to be 1:50 mm apart. Find the thickness of the foil. (L.) 
Explain why, for visible interference effects, it is normally necessary for the 
light to come from a single source and to follow different optical paths. Include 
a statement of the conditions required for complete destructive interference. 
Explain either the colours seen in thin oil films or the colours seen in soap 
bubbles. 
A wedge-shaped film of air between two glass plates gives equally spaced dark 
fringes, using reflected sodium light, which are 0:22 mm apart. When mono- 
chromatic light of another wavelength is used the fringes are 0:24 mm apart. 


Explain why the two fringe spacings are different. (The incident light falls normally 


on the air film in both cases.) Discuss what you would expect to see if the air 
film were illuminated by both sources simultaneously. Calculate the wavelength 
of the second source of light. 

(Wavelength of sodium light = 589 nm (589 x 10 ^? m).) (L.) 

Describe how to set up apparatus to observe and make measurements on the 
interference fringes produced by Young'sslits. Explain how (i) the wavelengths 
of two monochromatic light sources could be compared, (ii) the separation of 
the slits could be deduced using a source of known wavelength. Establish any 
formula required. 

State, giving reasons, what you would expect to observe 
(a) ifa white light source were substituted for a monochromatic source, 

(b) if the source slit were then displaced slightly at right angles to its length in ` 
the plane parallel to the plane of the Young's slits. (L.) 

Describe, with the aid of a labelled diagram, how the wavelength of mono- 

chromatic light may be found using Young's slits. Give the theory of the 

experiment. 

State, and give physical reasons for the features which are common to this 
method and to the method based on Lloyd's mirror. 

In an experiment using Young's slits the distance between the centre of the 
interference pattern and the tenth bright fringe on either side is 3:44 cm and the 
distance between the slits and the screen is 2-00 m. If the wavelength of the light 
used is 5-89 x 10° 7 m determine the slit separation. (JM B.) 

A low-flying aircraft can adversely affect the quality of television reception in 
the houses over which it is flying. The effects produced are caused by alternate 
rises and falls in the strength of the signal received at the aerial. Suggest why 
these occur. (L.) 

With the aid of a clearly labelled diagram, explain how thin film interference 
effects can be used to test the flatness of a surface. (L.) 


Figure 19A 


LLL of Light Waves 


12 Figure 19A (not drawn to scale) shows the apparatus used in an attempt to 
measure the wavelength of light using double slit interference. 

(a) Explain how the apparatus produces double slit interference fringes on the 
translucent screen. 

(b) If measurable fringes are to be seen on the screen, then (i) the slit separation 
s must be small, (ii) the distance D between the slits and the screen must 
be large. Explain each of these conditions. 

(c) The light from the monochromatic source has a wavelength of 5:0 x 107 1m 
and it is required to produce a fringe separation of 50 mm. Suggest suitable 
values for s and D justifying your answer. Describe the important features 
of the pattern you would hope to obtain. 

(d) Describe and explain any changes in the pattern which would be brought 
about by each of the following changes made separately: (i) one slit is 
covered with an opaque material; (ii) the slits are made narrower although 
their separation remains the same. (AEB, 1984.) 

13 Figure 19B shows a wavefront of light AB arriving at the surface of a flat mica 
sheet. CD marks the position of the same wavefront just inside the mica. 


Figure 19B 


(a) State Huygens’ principle. vcl ' 
Explain how the refraction of light shown in Figure 19B is accounted for 
by Huygens principle and one additional assumption. State this assumption. 


Derive the result 
sni € 


sinr Cm 
where nis the refractive index of mica and where c and Cm are the speeds of light 


in air and mica respectively. d . i 
(b) The thickness of the mica sheet is 4-80 um. The refractive index of mica for e 
of wavelength 512 nm is 1:60. Calculate the ratio of the thickness of the sheet o 


micato (i)the wavelength of the 512 nm light in air,and (ii) the wavelength of 
the same light in mica. 


Figure 19D 


(c) Figure 19C shows the positions of the slits and the screen in an optical two slits 
experiment. Light of wavelength 512 nm is used, the separation of the slits is 
0-42 mm and the perpendicular distance from the line S,S, to the screen at O is 
75cm. P marks the centre of the third bright fringe from O. Calculate the 
distance OP. 

Write down the value of the distance PS, PS,. 

The same mica sheet as was referred to in (b) above is mounted normally 
across the light path from S, without cutting into the light from S,, see Figure 
19D. Explain why the centre of the pattern on the screen moves from O to a new 
position O'. Calculate the distance OO’. 

How would the distance OO' be affected by rotating the mica sheet about an 
axis parallel to S,? (L.) 


14 Explain what is meant by the term path-difference with reference to the interference 
of two-wave-motions. 


Why is it not possible to see interference where the light beams from the 
headlamps of a car overlap? 

Interference fringes were produced by the Young’s slits method, the wavelength 
of the light being 6 x 107" m. When a film of material 36 x 10 ? cm thick was 
placed over one of the slits, the fringe pattern was displaced by a distance equal to 
30 times that between two adjacent fringes. Calculate the refractive index of the 
material. To which side are the fringes displaced? 

(When. layer of transparent material whose refractive index is n and whose 
thickness is d is placed in the path of a beam of light, it introduces a path difference 
equal to (n— 1)d.) (O. & C.) 

15 What do you understand by (i) inter, 


ference, (ii) coherence between two separate 
wave trains, (iii) coherence along one wave train? 


intensity 
maxima 


Figure 19E 


In a‘Young’s slits’ experiment, the centres of the double slits are 0-25 mm apart 
and the wavelength of the light used is 6-0 x 107 * mm. Calculate the angle () 
subtended at the slits by adjacent maxima of the fringe pattern (see Figure 19E), 

Describe and explain what happens to these fri 


scrib i ; inges if 
(a) aut A is covered with a thin sheet of transparent material of high refractive 
index, 
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(b) the light emerging from slit A is reduced in intensity to half that emerging from 
the other slit B, : 
(c) A and B are each covered with a thin film of Polaroid and one of these films is 
slowly rotated, 
(d) the distance between slit A and slit B is slowly increased. (C.) 
What are the necessary conditions for interference of light to be observable? 
Describe with the aid ofa labelled diagram how optical interference may be 
demonstrated using Young's slits. Indicate suitable values for all the distances 
shown. 
How are the colours observed in thin films explained in terms of the wave nature 
of light? Why does a small oil patch on the road often show approximately circular 
coloured rings? (L.) 


Newton's Rings 


Draw a labelled diagram of the apparatus you would use to view Newton's 
rings. Explain why darkness is produced at certain points and state the conditions 
required for this. 

Also explain why 
(a) the interference fringes are circular; 

(b) the centre of the system is normally black; 
(c) the radii of the rings are proportional to the square roots of the natural 
numbers. 

State with reasons, what you would expect to see if the spherical lens were 
replaced by a cylindrical one. 

Newton's rings were produced using a plano-convex lens, made of glass of 
refractive index 1-48 resting on a flat glass plate. The diameter of the 10th dark 
ring from the centre was measured and found to be 3:36 mm. The diameter of 
the 30th dark ring was found to be 5-82 mm. The wavelength of the light used 
was 589 nm (589 x 10"? m). What was the focal length of the lens? (L.) 

A glass converging lens rests in contact with a horizontal plane sheet of glass. . 
Describe how you would produce and view Newton's rings, using reflected sodium 
light. 

Explain how the rings are formed and derive a formul: e rs 
Describe the measurements you would make in order to determine the radii of 
curvature of the faces of the lens, assuming that the wavelength of sodium light 
is known. Show how the result is derived from the observations. 

How would the ring pattern change if 
(a) the lens were raised vertically one quarter ofa wavelength, ; 

(b) the space between the lens and the plate were filled with water? (JM B) 
In the interference of light what is meant by the requirement of coherency? 
How is this usually achieved in practice? : 

A thin spherical lens of long focal length is placed on a flat piece of glass. 5 
How, using this arrangement, would you demonstrate interference by reflection? 

Explain how these fringes are formed and describe their appearance. vr 
would be the effect if the spherical lens were replaced by à cylindrical ane 1 

Such a system using a spherical lens is illuminated with light of wavelengt 
600 nm. When the lens is carefully raised from the plate 50 extra fringes appear 
at and move away from the centre of the fringe system. By what distance was 
the lens raised? (L.) 

Explain how Newton's rings are formed, 
them experimentally. How is it possible t 
of the ring pattern when 

(a) the surfaces are touching, and 

(b) the surfaces are not touching? 

In a Newton's rings experiment one s 
along the axis of the system. As the latter s 
to contract and the centre of the pattern, in 


a for their diameters. 


and describe how you would demonstrate 
o predict the appearance of the centre 


urface was fixed and the other movable 
urface was moved the rings appeared 
itially at its darkest, became alternately 
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bright and dark, passing through 26 bright phases and finishing at its darkest 
again. If the wavelength of the light was 5-461 x 107? m, how far was the surface 
moved and did it approach, or recede from the fixed surface? Suggest one 
possible application of this experiment. (0. & C.) 
(a) What conditions must be fulfilled if interference between two light beams is 
to be observed? 
State three ways in which a beam of light from a laser differs from a parallel 
beam of light from a sodium lamp. 
A thin plano-convex lens is placed with its curved face downwards on a 
plane glass plate and is illuminated normally by sodium light of wavelength 
589 nm. A series of circular interference fringes is observed by reflected light 
(i) Draw a diagram of a suitable experimental arrangement by which the 
fringes could be observed and measured. (ii) Explain the formation of the 
fringes. Why is the centre of the pattern dark? (iii) If the radius of the 20th 
dark ring from the centre is 4-99 mm, calculate the radius of curvature of 
the lens face, proving any formula you use in your calculation. (iv) The 
air-space between the lens and the glass plate is now filled with water, of 
refractive index 1-33. Describe the changes in the fringe system, and calculate 
the new radius of the 20th dark ring from the centre. 
(d) Explain why colours are observed when a thin layer of transparent liquid 
such as petrol spreads over a water surface and is illuminated by daylight. (O.) 


(b 


(c) 
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Diffraction of Light Waves 


In this chapter we study the diffraction or spreading of waves 
through openings. We first deal with diffraction at a single slit 
and the variation of intensity of the image formed. This leads to 
the way in which the resolving power of optical and radio 
telescopes can be increased. The diffraction grating is then 
considered in detail and its use in measuring wavelengths in 
spectra is discussed. We conclude with a brief account of the use 
of diffraction in holography. 


Diffraction Image 
In 1665 GRiMALDI observed that the shadow of a very thin wire in a beam of light 
was much broader than he expected. This is due to diffraction. 
Consider two points on the same wavefront, for example the two points A, B, - 
on a plane wavefront, arriving at a narrow slit in a screen, Figure 20.1. A and B 
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Figure 20.1 Diffraction of light 


Figure 20.2 Diffraction rings in the shadow of a small circular disc. The bright spot is at the 
centre of the geometrical shadow 


can be considered as secondary sources of light from Huygens' Principle pe 
wave theory of light (p. 502); and as they are on the same wavefront, a be 
have identical amplitudes and frequencies and are in phase with p d 
Consequently A and B are coherent sources. So we can expect to fin 
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interference pattern on a screen in front of the slit, provided its width is small 
compared with the wavelength of light. In fact, for a short distance beyond the 
edges M, N, of the projection of AB, that is, in the geometrical shadow, 
observation shows that there are some alternate bright and dark fringes, see 
Figure 20.4. 


Figure 20.3 (below) The variation in intensity of the bright diffraction bands due to a 

single small rectangular aperture is shown roughly in the diagram. The central bright band, 

in which most of the light is concentrated, has maximum intensity in the direction of P. the 

middle of the band. The intensity of this band diminishes to a minimum at Q or Q,, which are 
at an angle of diffraction 0 to the direction of P 
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Figure 20.4 Diffraction bands formed by a single small rectangular aperture 


Diffraction and Slit Width 

Diffraction is the name given to the spreading of waves after they pass through 
small openings (or round small obstacles). The diffraction is appreciable when 
the width of the opening is comparable to the wavelength of the waves and very 
small when the width is large compared to the wavelength. Sound has long 
wavelengths and can diffract after passing through doorways. Light has a very 
short wavelength such as 6x 107^ m or 6x 10^ * mm and so light waves are 
diffracted appreciably only through very small openings as we shall see. 

_ Ifa source of white light is observed through the eyelashes a series of coloured 
images can be seen. These images are due to interference between sources on the 
same wavefront, and the phenomenon is thus an example of diffraction. Another 
example of diffraction was deduced by Poisson at a time when the wave theory 
was new. Poisson considered mathematically the combined effect of the 
wavefronts round a circular disc illuminated by a distant small source of light, 
and he came to the conclusion that the light should be visible beyond the disc in 
the middle of the geometrical shadow. Poisson thought this was impossible; but 
experiment confirmed his deduction as shown in Figure 20.2, and he became a 
supporter of the wave theory of light. 
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Diffraction at Single Slit 
We now consider in more detail the image produced by diffraction at an opening 
or slit. The image of a distant star produced by a telescope objective is due to 
diffraction at a circular opening. On this account a study of the image has 
application in Astronomy, as We see later. 

Suppose parallel plane wavefronts from a distant object are diffracted at a 
rectangular slit AB of width a, Figure 20.5(). This is called Fraunhofer 
diffraction. Yf the light passing through the slit is received on a screen S a long 
way from AB, we may consider that parallel wavefronts have travelled to S to 
form the image of the slit. 
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Figure 20.5 Rectangular slit diffraction image 


Consider a plane wavefront which reaches the opening AB. All points on it 
between A and B are in phase, that is, they are coherent. These points act as 
secondary centres, sending out waves beyond the slit. Their combined effect at 
any distant point can be found by summing the numerous waves arriving there, 
from the Principle of Superposition. The mathematical treatment is beyond the 
scope of this book. The general effect, however, can be seen by a simplified 
treatment. 


Central Bright Image y i 
Consider first a point O on the screen which lies on the normal to the slit passing 
through its midpoint C, Figure 20.5 (i). O is the centre of the diffraction image. It 


corresponds to a direction 0 = 0, where 0 is measured from the normal to AB. 


Now in this direction the waves from the secondary sources such as A, X, Y, B 
hase at O. The centre of the 


have no path difference. So all the waves arrive in pi 
diffraction image is therefore brightest. aT 
In a direction very slightly inclined to 0 = 0, the waves from all the sources 


between A and B arrive slightly out of phase at the corresponding point P of the 
reases, In a particular 


image near the centre, Figure 20.5 (ii). So the brightness decrease 
direction 0,, wereach thedark edgeor boundary Qof thecentral image. Aswesoon 
show, this direction corresponds to a path difference of À between the two 


sources at the edges A and B of the slit. Figure 20% shows the path difference AF 


Aint á 
of the waves from A and B in this case, which totals (; +5 ord. 
i ss arrivi ivide the wave- 

To find the resultant amplitude of the waves arriving at Q, divide t v 
front AB into two halves. The top point A of the upper half CA, and the top point 


C of the lower half BC, send out waves to Q which have a path difference 4/2, 


from above. Thus the resultant aniplitude at Q is zero. All other pairs of 
\ 
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Figure 20.6 Variation of brightness of diffraction image 


corresponding points in the two halves of AB, for example, X and Y where 
CX = BY andthetwo bottom points C and B, also havea path difference 2/2. So the 
brightness at Q iszero. This point, then, is one edge of thecentral bright fringe on the 
screen. The other edge is R on the opposite side of O, where OR = OQ. 

We can easily find the direction 0,. From triangle BAF, 


i =— = $ j 4 i : I 
sin 6, AB^d (1) 
or if 0, is small, its value in radians is 
À 
0,25. n ? y ; : 2) 
y—3 ( 


As we discuss later, the direction 0, = 4/d becomes important in finding the 
resolving power of a telescope (p. 544). 


Secondary Fringes 

Secondary bright and dark fringes are also obtained on the screen beyond Q, as 
shown in the photograph in Figure 20.4. Consider, for example, a point T which 
lies in a direction 0, where the path difference of waves starting from A and B is 
34/2, Figure 20.6. We can imagine the wavefront AB divided into three equal 
parts. Now the waves from the extreme ends of the upper two parts have a path 
difference 4. Thus, as we explained for the dark fringes at Q, these two parts of 
the wavefront produce darkness at T. The third part produces a fringe of light at 
T much less bright than the central fringe, which was due to the whole wavefront 
between A and B. Calculation shows that the intensity at T is less than 5% 
of the intensity at the middle of the central bright fringe. Thus most of the 
light incident on AB is diffracted into the central bright fringe. 

We can find the directions of the edge or minimum brightness of the secondary 
bright fringes in the same way as the central bright fringe, by dividing the 
diffracted wavefront at the slit into four or six, and so on, equal parts. The result. : 
shows that the directions for the successive minima are given by 


sin0, = 24/d sin), = 34/d SHIRCCRESANI- (3) 


With plane wavefronts (parallel rays) incident normally on a rectangular opening 
of width d: 
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1 the central image has a maximum brightness in a direction 0 — 0 and a 
minimum brightness (edge) in a direction where sin 0 = 4/d 

2 the secondary images have minima brightness where sin 0 = 24/d, 34/4. and so 
on. 
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Rectilinear and Non-Rectilinear Propagation 
As we have seen, the angular width of the cexttral bright fringe is 20, where 0 is the 
angle between the direction of maximumuntensity and the direction of minimum 
intensity or the edge of the bright fringe in Figure 20.6. The angle 0 is given by 


: a 
sin i 
where d = width of slit AB. The angle 0 is the angular half-width of the central 
fringe. 

When the slit is widened aud d becomes large compared with A, then sin 6 is 
very small and hence 6 is very small. In this case the directions of the minimum 
and maximum intensities of the central fringe are very close to each other. 
Practically the whole of the light is thus confined to a direction immediately in 
front of the incident direetion, that is, no spreading occurs. This explains the 
rectilinear propagation of light for wide openings. When the slit width d is very 
small and equal to 24, for example, then sin 0 = 4/d = 1/2, or 0 =' 30°. The light 
waves now spread round through 30° on either side of the slit, that is, the 
diffraction is appreciable. 

These results are true for any wave phenomenon. In the case of an 
electromagnetic wave of 3cm wavelength, a slit of these dimensions produces 
sideways spreading. Sound waves of a particular frequency 256Hz have a 
wavelength of about 1-3 m. Consequently, sound waves spread round openings 
such as a doorway or an open window, which have comparable dimensions to 
their wavelengths. Light waves would not spread round these openings as they 


have very small wavelengths of the order 6 x 107? m. 


Diffraction in Telescope Objective 
When a parallel beam of light from a distant object such as a star S, enes a 
telescope objective L, the lens collects light through a circular Vra So a 
diffraction image of the star is formed round its principal focus, F. This 1s 
illustrated in the exaggerated diagram of Figure 20.7. 


Figure 20.7 Diffraction in telescope objective 
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Consider an incident plane wavefront AB from the star S,, and suppose for a 
moment that the aperture is rectangular. The diffracted rays such as AG, BH 


normal to the wavefront are incident on the lens in a direction parallel to the- 


principal axis LF. The optical paths AGF, BHF are equal. This is true for all 
other diffracted rays from points between A, B which are parallel to LF, since the 
optical paths to an image produced by a lens are equal. The central part F of the 
star pattern is therefore bright. 

Now consider those diffracted rays from all points between AB which enter 
the lens at an angle 6 to the principal axis. This corresponds to a diffracted plane 
wavefront BY at an angle 0 to AB. As explained previously, if AY = A, then R is 
the dark edge of the central maximum of the diffraction pattern of the star S;. 

The angle 0 corresponding to the edge R is given by 


À 
ing z^ 
sind = 


where D is the diameter of the lens aperture. This is the case where the aperture 
can be divided into a number of rectangular slits. For a circular opening such as 
a lens, or the concave mirror of the Palomar telescope, the formula becomes 
sin @ = 1-224/D. As 2 is small compared to D, then 0 is small and so we may write 
0 = 1:22A/D, where 0 is in radians. ' 


Resolving Power of Telescope 

Suppose now that another distant star S, is at an angular distance 0 from Sy 
Figure 20.8. The maximum intensity of the central pattern of S; then falls on the 
minimum or edge of the central pattern of the star S,, corresponding to R in 
Figure 20.8 (i). Experience shows that the two stars can then just be distinguished 
or resolved. Lord Rayleigh stated a criterion for the resolution of two objects, 
which is generally accepted: Two objects are just resolved when the maximum 
intensity of the central pattern of one object falls on the first minimum or dark edge 
of the other. Figure 20.8(i) shows the two stars just resolved. The resultant 
intensity in the middle dips to about 0-8 of the maximum, and the eye is 
apparently sensitive to the change here. Figure 20.8 (ii) shows two stars S.S; 
unresolved, and Figure 20.8 (iii) the same stars completely resolved. See also 
Figure 20.9. 
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Figure 20.8 Resolving power — Rayleigh criterion 
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Figure 20.9 Resolving: (i) Two sources just resolved according to Rayleigh's 
criterion (ii) Two sources completely resolved 


_ The angular distance Ó between two distant stars just resolved is thus given by 
sinü = 0 = 1224/D, where D is the diameter of the objective. This is an 
expression for the limit of resolution, or resolving power, of a telescope. The limit 
of resolution or resolving power increases when 6 is smaller, as two stars closer 
together can then be resolved. Consequently telescope objectives of large 
diameter D gives high resolving power. 

The Yerkes Observatory has a large telescope objective diameter of about 1 
metre. The angular distance 0 between two stars which can just be resolved is 
thus given by 

8 1224 122x6x10^7 
E T EON 1 
assuming 6 x 107 7m for the wavelength of light. The Mount Palomar telescope 
has a parabolic mirror objective of aperture 5 metres. The resolving power is 
thus five times as great as the Yerkes Observatory telescope. In addition to the 
advantage of high resolving power, a large aperture collects more light from the 
distant source and so provides an image of higher intensity or brightness. 


= 73x10"? radians 


Magnifying Power of Telescope and Resolving Power 

Ifthe width ofthe emergent beam from a telescope is greater than the diameter of 
the eye-pupil, rays from the outer edge of the objective do not enter the eye. 
Hence the full diameter D of the objective is not used. If the width of the 
emergent beam is less than the diameter of the eyc-pupil, the eye itself, which has 
a constant aperture, may not be able to resolve the distant objects. Theoretically, 
the angular resolving power of the eye is 1-22 4/d, where d is the diameter of the 
eye-pupil. In practice an angle of 1 minute is resolved by the eye, which is more 
than the theoretical value. 

Now the angular magnification, or magnifying power, of a telescope is the 
ratio B/a, where is the angle subtended at the eye by the final image and a is the 
angle subtended at the objective (p. 443). To make the fullest use of the diameter 
D of the objective, therefore, the magnifying power should be increased to the 
angular ratio given by, if D is in metre, 


resolving power of eye n/(180 x 60) = 400 D (approx.) 


resolving power of objective = 122x6x10-7/D 
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In this case the telescope is said to be in ‘normal adjustment’. Any further 
increase in magnifying power will make the distant objects appear larger, but 
there will be no increase in definition or resolving power. 


1 Smallest angle 0 just resolved by telescope objective of diameter D is 
0 = 1:221/D. 

2 Resolving power increases with increased objective diameter D, not with 
increased magnifying power M. 


Radio Telescope 

Radio telescopes are used to investigate and map the sources of radio waves 
arriving at the earth from the solar system, the galaxy and the extragalactic 
nebulae, Basically the radio telescope consists of an aerial in the form of a 
paraboloid-shaped metal surface or ‘dish’, which can be rotated to face any part 
of the sky. Distant radio waves, like distant light waves, are reflected towards a 
focus from all parts of the paraboloid surface (p. 414). The converging waves are 
then passed to a sensitive receiver and after detection the signals may be 
recorded on a paper chart or they may be recorded on tape for feeding into a 
computer for analysis. 

The Jodrell Bank radio telescope has a dish about 75m in diameter. The 
hydrogen line emitted from interstellar space has a wavelength of about 21 cm or 
0:21 m. Thus the angular resolution 

1:224- 1-22 x021 " 
D 75 0-0034 rad — 0:2 
Larger telescopes can provide greater resolving power but the technical 
problems and cost make this unpractical. A technique using interferometry 
principles, in which the dishes need not be large, provides much greater resolving 
power. This has been developed particularly at the Mullard Radio Astronomy 
Observatory, Cambridge, England. 


Radio Interferometers 
The principle of the interferometer type of radio telescope is illustrated in Figure 
20.10. 
1 
diffraction 
h pattern by 


Y one dish 


Figure 20.10 Radio telescope interferometer type 


Two dishes A and B, separated by a distance of say 5 km, are connected to the 
same receiver R, Figure 20.10 (i). Radiation from a moving source will reach both 
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aerials or dishes. If the path difference is a whole number of wavelengths or zero, 
the two signals are in phase and a maximum resultant signal is obtained 
(constructive interference); if the signals are in antiphase, the resultant signal is a 
minimum or zero (destructive interference). Thus as a source S moves across the 
sky, the resultant signal varies in intensity. The principles concerned are similar 
toa Young’s two-slit experiment, except that in this case we are dealing with two 
‘point receivers’ of radiation instead of ‘point emitters’ of light. The mathematics 
of the interference is the same in both cases. 

The variation in intensity with angle is shown roughly in Figure 20.10 (ii). It is 
similar to the variation in intensity of the interference fringes in a Young's two- 
slit experiment. Sudcessive maxima or peaks are thus obtained at angular 
separations equal to 4/d, where d is the separation of the two dishes. So if 
À = 3cm = 003m and d = 5km = 5000 m, , 

angular separation — à = ony 6 x 107° rad = 0:0003* (approx.) 
d 5000 
Further, the angular resolution 0, the angle from the central maximum to the 
first minimum (p. 544), is given by 


If only one dish were used, with a diameter D — 13m for example, the single 
slit intensity pattern (p. 544) shows that the angular resolution is now 
8- 123 122x003 = 3x 107? rad (approx. 
D 13 
which is 1000 times less resolution than that obtained with the two dishes. Thus 
the angular diameter of a source, or of two sources, may be found more 
accurately by the interferometer method. Further, the method enables the 
direction of a moving source to be tracked more accurately —the fringe of the 
central maximum is much narrower with two dishes than with one and this helps 
to locate the source better. i o 1 
The interferometer principle has been successfully applied to rir di 
regions of the sky and to mapping radio galaxies. The, Mullard hs io 
Astronomy Observatory has a telescope consisting of eight parabolic re lectors 
or dishes, each about 13m in diameter and mounted on rails about 14km long, 
terferometer. The effective baseline of the 


be moved along the rails to different sets of 
Positions to map a region of the sky. The signals received from the different 
a are recorded on tape and then ivan n e 
this way a telescope of very large aperture (5 km) can be S! 
aperture synthesis. With this telescope extremely accurate Ex pene 
made of radio sources in outer space. The Nobel Prize was awar * n HS 
Sir Martin Ryle, then director of the Mullard Radio Astronomy TV. ih 
and to Profesor A. Hewish of Cambridge for their contributions to ra 
astronomy, especially aperture synthesis. 


Increasing Number of Slits La : 
On p. 540 we saw that the image of q single narrow rectangular " is E bes 
central or principal maximum diffraction fringe, together wit sex l s 
maxima diffraction fringes which are much less bright. Suppose that para 


light is incident.on two more parallel close slits, and the light passing through the 


t 
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slits is received by a telescope focused at infinity. Since each slit produces a 
similar diffraction effect in the same direction, the observed diffraction pattern 
will have an intensity variation identical to that of a single slit. This time, 
however, the pattern is crossed by a number of interference fringes, which are 
due to interference between slits (see Young's experiment, p. 519). The envelope of 
the intensity variation of the interference fringes, shown by the broken lines in 
Figure 20.11, follows the diffraction pattern variation due to a single slit. In general, 
if J, is the intensity at a point due to interference between slits and /4 that due to 
diffraction of a single slit, then the resultant intensity J is given by J = Iq x I. 
Hence if J4 = 0 at any point, then J = 0 at this point irrespective of the value of 
eet 


single slit 
diffraction 
pattern 


principal 
maxima 


[3 


envelope 
2 slits 


I principal subsidiary 
maxima maxima 


Figure 20.11 Principal maxima with increasing slits 


As more parallel equidistant slits are introduced, the intensity and sharpness 
of the principal maxima increase and those of the subsidiary maxima decrease. 
The effect is illustrated roughly in Figure 20.11. With several hundred lines per 
millimetre, only a few sharp Principal maxima are seen in directions discussed 
shortly. Their angular Separation depends only on the distance between 
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[, = 0. Hence, as stated above, the resultant intensity J = 0. This means that no 
light is diffracted in this direction from any of the slits. Figure 20.12 shows kow 
the principal maxima diffraction images become sharper as the number of slits 
increases, which is one reason why the ‘diffraction grating’ was invented, as we 
now discuss. 


mM 
A 


(i) 


LI. 


(iii) 
Figure 20.12 Diffraction by gratings (i) 3 slits; (ii) 5 slits; (iii) 20 slits. Diffraction 
patterns by gratings with different numbers of slits, all of the same width and separation. AS 
the number of slits increases, the bright lines become sharper 


Principal Maxima of nGrating — 
A diffraction grating is a large number of close parallel equidistant slits, d 
glass or metal; it provides a very valuable way of studying spect? h ugiat 


a slit or clear space is a and the thickness of a ruled opaque line is £ 
of the slits is (a +b). Thus with a grating of 600 lines per millimetre, the spacing 


isible light. 

d = 1/600 millimetre = 17x 107" m, ora few wavelengths of visible ligh ; 
The angular positions of the principal maxima produced pe ao 
grating can easily be found. Suppose ^» y are corresponding P Ee 
g is illuminated normally by 


consecutive slits, where XY — d, and the gratin Se. th 
ic li à ection 0, the 
monochromatic light of wavelength 4, Figure 20.13. In fu E 


i i f d sin 0. 
diffracted rays XL, YM have a path difference i Meer dicen a 


from all other corresponding points in the two s! j be 
dsin 0 in the same Trection, Other pairs of slits throughout the grating can 
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incident 


Figure 20.13 Diffraction grating images 


treated in the same way. Hence bright or principal maxima are obtained when 


dsin@ = mi 7 E " : " (i) 


where m is an integer, if all the diffracted parallel rays are collected by a telescope 
focused at infinity. The images corresponding to m — 0, 1, 2,... are said to be 
respectively of the zero, first, second... orders respectively. The zero order image 
is the image where the path difference of diffracted rays is zero, and corresponds 
to that seen directly opposite the incident beam on the grating. It should again 
be noted that all points in the slits are secondary centres on the same wavefront 
and therefore coherent sources. 

Unlike the images obtained with glass prisms, the grating gives two sets of 
diffraction images on opposite sides of the normal where d sin 0 = md. The angle 
between the two images of the same order is 20. 

Figure 20.14 shows how the grating produces diffracted waves which interfere 
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Figure 20.14 Grating action—diffraction and interference of wavefronts 
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constructively in directions given by dsin0 = m4. Only six slits are shown and 
only six corresponding secondary sources in the slits, separated by a distance d. 
The diffracted wavefronts correspond to a path difference of A and 24 
respectively. They travel at an angle 6 to the normal given by d sin 0 = 4 and 24 
respectively. In practice the build-up of the diffracted wavefronts is due to the 
effect of many slits, for example, 300 or more per millimetre, and to the numerous 
secondary sources within each slit. 


Diffraction Images 
The first order diffraction image is obtained when m = 1. So 
dsinü = å 
or sinü = : 


If the grating has 600 lines per millimetre (600 mm~'), the spacing of the slits, d, 
is 1/600mm = 1/(600 x 10*)m. Suppose yellow light, of wavelength 
À = 5:89 x 107 7 m, is used to illuminate the grating. Then 


sind = f = 5-89 x 1077 x 600 x 10? = 03534 


=O = 207 
The second order diffraction image is obtained when m = 2. In this case 
dsin0 = 24. 


sing = 27 = 2x 589 x 10-7 x 600x 10° = 07068 


2.02450 

If m = 3,sin@ = 34/d = 1-060. Since the sine of an angle cannot be greater 
than 1, it is impossible to obtain a third order image with the diffraction grating 
fo i as H " " 

cree 1200 lines per mm the diffraction images of sodium un 
would be given by sin? = mi/d =m x 5:89 x 10° x 12x 10° = 0.7068 e us 
only m — 1 is possible here. As all the diffracted light is now concentrated in one 
image, instead of being distributed over several images, 
very bright, which is an advantage. 


Missing Orders in Principal Maxima |. 
In a diffraction grating, the order m of the principal maxima obtained is given by 
sin 0 = må/d. As we saw previously, however, the intensity of the principa 
maxima will be zero if the intensity due to a single slit of the grating 1s zero, as 


i i i iati Figure 20.11). Now the 
th dulates the over-all intensity variation (see Figure. : 
intendit dde single-slit pattern is zero where sin @ = Aja, Abb p yd m 
slit. So the missing order m in the principal maxima obtai y a di. 


grating is given by 


mi À 
unge m 
d 
Thus "s 
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If the width a of the slit is one-quarter of the separation d of the grating lines, _ 
then m = 4 from above. The 4th order will be missing from the principal maxima 
of the grating. With a particular grating, missing orders occur only if d/a is a 
whole number. 


Measurement of Wavelength by Diffraction Grating 
The wavelength of monochromatic light can be accurately measured by a 
diffraction grating with a spectrometer. 
The collimator C and telescope T of the instrument are first adjusted for 
parallel light, and the grating P is then placed on the table so that its plane is 


Figure 20.15 Measurement of wavelength by diffraction grating 


perpendicular to two screws, Q, R, Figure 20.15(i). To level the table so that the 
plane of P is parallel to the axis of rotation of the telescope, the telescope is first 
placed in the position T, directly opposite the illuminated slit of the collimator, 
and then rotated exactly through 90° to a position T;. The table is now turned 
until the slit is seen in T, by reflection at P, and one of the screws Q, R turned 
until the slit image is in the middle of the field of view. The plane of P is now 
parallel to the axis of rotation of the telescope. The table is then turned through 
45° so that the plane of the grating is exactly perpendicular to the light from C, 
and the telescope is turned to a position T, to receive the first diffraction image, 
Figure 20.15 (ii). If the lines of the grating are not parallel to the axis of rotation 
of the telescope, the image will not be in the middle of the field of view. The third 
screw is then adjusted until the image is central. 

The readings of the first diffraction image are observed on both sides of the 
normal. The angular difference is 20, and the wavelength is calculated from 
À = dsin @, where d is the spacing of the slits, obtained from the number of lines 
per centimetre of the grating. If a second order image is obtained for a diffraction 
angle 0,, then A = 3d sin 6. 

Diffraction gratings with suitable values of d have been used to measure a wide 
range of wavelengths. For very short wavelengths such as X-rays, a grating of 


Eine i: dimensions is provided by rows of atomic planes inside a crystal 


Resolving Power of Grating 
The resolving power of a grating isa measure ofhow effectively it can separate or 
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resolve two wavelengths in a given order of their spectrum. Using the Rayleigh 
criterion for resolving power (p. 544), it can be shown that the resolving power 
depends on the total lines or width Nd of the grating, where N is the number of 
lines and d is their spacing. n UN 

So a grating 5cm wide with 3000 lines per cm has twice the resolving power of 
the same grating if it was masked to be only 2:5cm wide. In both gratings the 
diffraction images of two close wavelengths would be formed at the same angles 
for a given order, since d sin O = m and d is the same. But the images with the 
2-5cm grating are not as sharp as with the 5cm grating and the two close 
wavelengths may not be seen separated or resolved. 

Note that Nd = Nmi/sin 0, so the resolving power increases with the order m 
of the image. 


Example on Gratings 
A parallel beam of sodium light is incident normally on a diffraction grating. The angle 
between the two first order spectra on either side ofthe normal is 2T 42’. Assuming that the 
wavelength of the light is 5:893 x 107 * m, find 
(a) the number of rulings per mm on the grating, and 
(b) the greatest number of bright images obtained. 


(a) The first order spectrum occurs at an angle 0 =} x 27^ 42° = 13° 51’ 
À 5893x107? 


^47 Sn sin 13°51" 
1 sin 13°51’ 
.. number of rulings per metre = i^ 5893x1077 = 406000 
= 406 per millimetre 
ained when 0 = 90° 


(b) From d sin @ = må, the greatest number of images is obt 
and so sin @ = 1. In this case, 


dsin0.=d — m4 
d (1/406)x107* 


> m=7 = 5893x107 
= Do ERES 2418 
406x5893 


Since m is a whole number, the number of images = 4 


spectra with Grating —— 
If white light is incident normally on a diffraction grating P I 
spectra are observed on either side of the normal, Figure 20.16 AU A sete 
diffraction images are given by dsin@.= A, and as violet has a shorte colours on 
than red, ( is less for violet than for red. Consequently the sehn rum 
either side of the incident white light are violet to red. In the a Si EAR 
produced by dispersion in a glass prism, the colours range reed spectra are 
deviated, to violet, Figure 20.16 (ii). Second an gi highes.o 1, whereas only 
obtained with a diffraction grating on opposite sides 5 iva faite ‘of the colours 
one spectrum is obtained with a ne prism. The MUEVE 
is also different in the grating and the prism. | i 
lf dsinó = mA, = RN my, m, are integers, then Mino 
the m, order spectrum overlaps the wavelength n ne d 
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Figure 20.16 Spectra with grating and prism 


violet in the visible spectrum has a wavelength about 3:8 x 1077m. The violet 
direction in the second order spectrum would thus correspond to 
dsin 0 = 24 = 76x 10^" m, and this would not overlap the extreme colour, red, 
in the first order spectrum, which has a wavelength about 7-0 x 1077 m. In the 
second order spectrum, a wavelength 4; would be overlapped by a wavelength 
åa in the third order if 24; —34, If 2,=69x1077’m (red), then 
Az = 245/3 = 46x 107 7 m (blue). Thus overlapping of colours occurs in spectra 
of higher orders than the first. 


Holography 
When an object is photographed by a camera, only the intensity of the light from 
its different points is recorded on the photographic film to form the image. Now 
the intensity is a measure of the mean square value of the amplitude of the 
original light wave from the object. Consequently the phase of the wave arriving 
at the film from the different points on the object is lost. 

In holography, however, both the phase and the amplitude of the light waves 
are recorded on the film. The resulting photograph is called a hologram. As we 
| see later, it is a speckled pattern of fine dots. Dr. D. Gabor, who laid the 
| foundations of holography in 1948, gave this name from the Greek ‘holos’ 
meaning ‘the whole’, because it contains the whole information about the light 
wave, that is, its phase as well as its amplitude. 
| Gabor's method of producing a hologram and of reconstructing the original 
f wave were difficult to put in practice in 1948 because sources which remain 
| coherent only over very short path differences were then available. In 1962, 
however, the laser was invented. This gave a powerful source of light which 
remained coherent over long paths (see Figure 20.17) and the subject of 
holography then developed rapidly. 


i Making a Hologram 
Figure 20.18 shows the basic principle of making a hologram. By means ofa half- 
silvered mirror M, part of the coherent light from a laser is reflected towards the 


Object O and the remainder passes straight through as shown. The phot. hic 
| plate or film P is thus illuminated by » MO IE 


(a) light waves scattered or diffracted from O, called the ‘object beam’, and 
(b) by a direct beam called the ‘reference beam’. i i 


The numerous points which make up the image on P are then formed b: 
" H y 
interference between the overlapping coherent waves of the object beam and the 


by reflecting a helium-neon laser beam from 
erency of a laser 


Pune 20.17 Newton's rings. Obtained simply 
the front and back surfaces of a low power lens ‘and so demonstrating the coh 
beam over long paths 


ern ie | 


EU diffracted 
Mp object beam 
28 


as 
Hologram 
[oser + H : - d (highly magnified) 
reference p 
beam 
el 


Figure 20.18 Making a holoyram 


reference beam. As shown inset diagrammatically, the hologram consists of a 
invisible to the naked eye but seen 


very large number of closely-spaced points, in jake "but Se 
under a powerful microscope. The ‘structure’ of the hologram 1s like a diffraction 


grating; it has opaque and transparent regions very closely spaced. 
rrents are arranged to 


In commercial broadcasting, audio-frequency eu 5 : 
Bi i the carrier radio wave from the transmitter. By analogy, in making a 
ologram the reference beam may be considered analogous to a ‘carrier Hans 
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which is *modulated' at the photographic film by interference with the object 
beam. Thus, to simplify matters, suppose the object and reference beams arriving 
at the plate are plane waves represented by y = Osin (ot 4- ^) and y = R sin wt 
respectively, where A is their phase difference due to the path difference. The 
resultant amplitude at the plate is given, from vector addition, by 
(0? +R? +20R cos A)!?. The third term 20R cos A contains (i) the phase angle A 
and (ii) the amplitude O of the object wave modulated by the amplitude R of the 
reference beam. After the plate is exposed and developed, the object wave, 
accompanied by the others due to interference, is ‘recorded’ on the emulsion. It 
may be noted that if the object moves very slightly (of the order of a fraction of a 
wavelength) while the photograph is taken, the diffracted waves from the object 
no longer produces a hologram. Rigid mounting of the object is therefore 
essential. 


Reconstructing the Hologram Image 

Figure 20.19 shows how the object wavefront or image is ‘reconstructed’. The 
optical arrangement is simply reversed and the hologram H is illuminated by 
coherent light from the laser, which was the original reference beam. Now as a 
general principle, if an image produced by a grating is recorded on photographic 
film, then the image formed by illuminating the resulting grating on the negative 
will be identical to the original grating. In a similar way, we may consider the 
object as a ‘3-D grating’ and its 3-D image is formed when the hologram is 
illuminated as in Figure 20.19. 


Figure 20.19 Reconstructing hologram image 


The points on the hologram H thus act as a diffraction grating. The waves 
diffracted through H carry the phase and amplitude of the waves originally 
diffracted from the object O when the hologram was made. The object 
wavefronts have thus been ‘reconstructed’. One of the diffracted beams forms a 
real image Ig, as shown. Another diffracted beam forms a virtual image Iy. This 
image can be seen on looking through the hologram H. The hologram thus acts 
like a ‘window’ through which the image can be seen. 

One of the most remarkable features of the hologram is that by moving the 

' head while looking through it, one can see more of the object originally hidden 
from view. Thus a three-dimensional (3D) view is recorded on a two-dimensional 
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although the quality is poor the whole of the image can be seen through one 
piece. 


used on the castle (ii) Focused on 


Figure 20.20 Hologram of chess pieces (i) Foc 
of the image 


the knight and taken from a different angle and showing the 3D nature 
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A diffraction grating has 400 lines per mm and is illuminated normally by 
monochromatic light of wavelength 600 nm (6 x 107^ m). 
Calculate 

(a) the grating spacing, 

(b) the angle to the normal at which the first order maximum is seen, 

(c) the number of diffraction maxima obtained. . 

2 A diffraction grating is illuminated normally by monochromatic light of wavelength 
4. Show in a diagram using waves (i) where diffraction occurs, (ii) where 
interference occurs, (iii) the directions in which the first and second order 
diffraction maxima are seen, together with the corresponding path difference. 

3 A plane diffraction grating is illuminated by a source which emits two spectral lines 


of wavelengths 420 nm (420 x 107? m) and 600 nm (600 x 107° m). Show that the 3rd 


order line of one of these wavelengths is diffracted through a greater angle than the 


4th order of the other wavelength. (L.) 

4 A spectral line of known wavelength 5:792 x 10^ 7 m emitted from a mercury vapour ; 
lamp is used to determine the spacing between the lines ruled on a plane diffraction 
grating. When the light is incident normally on the grating the third order spectrum, 
measured using a spectrometer, occurs at an angle of 60° 19’ to the normal. 
Calculate the grating spacing. 

Why is the value obtained using the third order spectru! 
accurate than if the first order were used? (L.) : à : 

5 When a plane wavefront of monochromatic light meets a diffraction grating, the 
diffraction pattern produced is caused by the interference of beams diffracted 
through the various grating slits. Explain, with the aid of a diagram, exactly where 


and under what conditions diffraction occurs. 


- 


m likely to be more 
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Explain why only beams diffracted-in certain directions interfere constructively. 
(L.) 

Light of wavelength 4 falls normally on a transmission diffraction grating of spacing 

d. Show, with the aid of a suitable diagram, how light from the various slits 

reinforces at certain values of the diffraction angle, 0, and that then nd = d sin 0, 

where n is an integer. 

A spectrometer is used with the grating to determine the wavelength of 
monochromatic light. You may assume that all the initial adjustments for the 
spectrometer and for positioning the grating have been made, and that the grating 
spacing, d, is known. List the readings you would take in order to use the apparatus 
to find the best value of the wavelength. 

A stationary ultrasonic (high frequency sound) plane wave of frequency 
5-0 x 10° Hz is set up in a transparent tank of liquid. This produces a stationary 
pattern of density variation. Monochromatic light of wavelength 390 nm (in the 
liquid) passes through the tank at right angles to the ultrasonic wave. A diffraction 
pattern similar to that of a grating is produced in the light, the deviation of the sixth 
order ray being 1:0" (0-017 rad). Explain why a diffraction pattern is produced and 
calculate the speed of ultrasound in the liquid. (L.) 3 
In the Young's double slit experiment interference occurs when diffraction of light 
takes place at each of the two slits. 

(a) Explain with the aid of a diagram the meaning of interference and diffraction in 
this case, 

(b) Explain how and why sharper and more widely spaced interference fringes may 
be obtained using a diffraction grating. (AEB, 1985.) 

(a) What conditions are necessary in order that interference patterns between light 
from two sources may be observed? 

(b) Draw a labelled diagram showing the apparatus required to determine the 
wavelength of red light using a pair of slits. Indicate approximate values of the 
dimensions of the apparatus and state a measuring instrument suitable for each 
measurement required. 

How would you use the measured values of the dimensions of the apparatus 
to estimate the separation of the fringes produced by light of wavelength 
500 nm? 

What part is played by diffraction in this experiment? 

How are the fringes produced in this experiment very different from those 
produced using a diffraction grating and the same source of light (i) when the 
grating spacing is the same as the slit separation, and (ii) when the grating 
spacing is much smaller than the slit separation? 

If the red light is replaced by blue light, how do the fringes produced in the 

' experiment differ markedly from those produced using red light? (L.) 

The wavelengths of the two yellow sodium lines are 589-0 nm and 5896 nm. The eye, 

with the aid of the spectrometer telescope, can resolve an angle of 0-2 minutes. How 

many lines per metre must there be in a diffraction grating for the two sodium lines 
to be seen as just separate in the first-order in the spectrometer? Assume the 

diffraction angle is small so that sin 0 = 0 in radians. (W) 

(a) A soap film is formed on a vertical wire frame and viewed in reflected white 
light. Initially a number of horizontal coloured fringes are seen. As the soap film 


ll 
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gradually drains the fringe pattern changes until eventually, just before the film 
breaks, the top part appears black. (i) Explain how the coloured fringes are 
formed. (ii) Describe how the appearance of the fringes changes as the film 
drains. (iii) Explain why part of the film appears black just before it breaks. 

(b) Figure 20A shows an experimental arrangement for demonstrating the 
diffraction of light through a narrow horizontal slit. The apparatus is used ina 
darkened room. (i) Sketch a graph to show the intensity pattern you would see 
on the screen when the apparatus is correctly adjusted. (ii) The width of the 
adjustable slit is 0-50 mm, the filter transmits yellow light of wavelength 
60 x 107 7 m and the screen is 1-0 m away from the adjustable slit. Calculate the 
positions of tlre-first and second minima in the diffraction pattern. (iii) What 
wouid be the effect on the pattern of removing the filter? (JM B.) 

Describe and give the theory of an experiment to compare the wavelengths of 

yellow light from a sodium and red light from a cadmium discharge lamp, using a 

diffraction grating. Derive the required formula from first principles. 

White light is reflected normally from a soap film of refractive index 1:33 and then 
directed upon the slit of a spectrometer employing a diffraction grating at normal 
incidence. In the first-order spectrum a dark band is observed with minimum 
intensity at an angle of 18° 0’ to the normal. If the grating has 500 lines per mm, 
determine the thickness of the soap film assuming this to be the minimum value 
consistent with the observations. (L.) Anl À 
Describe how you would determine the wavelength of monochromatic light using a 
diffraction grating and a spectrometer. Give the theory of the method. , 

A filter which transmits only light between 63 x 10°” and 60x 107 "m is placed 
between a source of white light and the slit of a spectrometer; the grating has 5000 
lines to the centimetre; and the telescope has an objective of focal length 15cm with 
an eyepiece of focal length 3 cm. Find the width in millimetres of the first-order ; 
spectrum formed in the focal plane of qe Find also the angular width o! 
this spectrum seen through the eyepiece. (0. Am ; 
(a) Parallel mencio e light is incident normally on a thin slit of Voi uie 

focused on to a screen. Derive the roam bale € prone e 
angle of diffraction 0 for the first minimum of in y Screen. 

(b) If the light has a wavelength of 540 nm and is focused by a G aN woe ; 
focal length 0-50 m placed immediately in front of the slit which h : wi T 
0-10 mm, calculate the distance from the centre of the intensity distribution 


the first minimum. de 
(c) Explain how diffraction effects, similar to those referred to above, limit the 


sharpness of the image produced by a telescope. (JMB.) 

Give a labelled sketch ind : brief description of the essential features Sim by 
spectrometer incorporating a plane diffraction grating. What part is play 
bad diffraction, and f ihe diffraction grating? 
(b) interference, in the operation of the diffraction 1 

A source emitting light of two wavelengths is viewed through An of 20° to 
spectrometer set at normal incidence. When the telescope is set ia his seen 
the incident direction, the second order maximum for one wave h ie shorter 
superposed on the third order maximum for the other nt umber of lines per 
wavelength is 400 nm. Calculate the longer wavelength Lue id of two orders be 
metre in the grating. At what other angles, if any, can SUpci poe 


seen using this source? (0. & C.) ; i i 

A pure spectrum is one in which there is no overlapping of Lind ame aA Ani 

wavelengths. Describe how you would set up à diffraction hae explain the 

Screen as close an approximation as pe toa VR RE i 

purpose of each optical component which you wou J ight from a 
A grating spectre is used at normal incidence to odi the pf axis 

sodium flame. A strong yellow line is seen tn the first rh ‘the highest order in 

is at an angle of 16° 26’ to the normal to the grating. Whats 

which. the-line can be seen? ow 
The graung has 4800 lines per cm; calculate the wavelength of the yello 

radiation. 
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What would you expect to observe in the spectrometer set to observe the first- 
order spectrum if a small but very bright source of white light is placed close to the 
sodium flame so that the flame is between it and the spectrometer? (0. & Ç.) 

Explain what is meant by diffraction, and discuss the parts played by diffraction and 
by interference in the action of a diffraction grating. Describe briefly the diffraction 
patterns observed when a parallel beam of monochromatic light illuminates 

(a) a fairly narrow slit, 

(b) a very narrow slit, 

(c) a straight edge. 

A diffraction grating is set upon a spectrometer table so that parallel light is 
incident on it normally. For a light of wavelength 5:5 x 107" m, first order 
reinforcement is observed in directions making angles 0 of 18° with the normal on 
each side of the normal. (i) Find the value of the grating spacing d, (ii) Calculate 
the wavelength of monochromatic light which would give a first order spectral line 
at 0 = 25°. (iii) What would be the values of 0 for second order spectral lines for 
each of these two wavelengths? (iv) Is a third order spectfufn possible for each? 
Explain. (0.) 

What is Huygens’ theory? Indicate with the aid of diagrams how the theory accounts 
for 


(a) the reflection of waves from a plane surface, and 
(b) the diffraction of waves by a grating. 

Describe how you would demonstrate the diffraction of waves at a single slit. 
How does the width of the slit affect the results? . 

A grating has 500 lines per mm and is illuminated normally with monochromatic 
light of wavelength 589 nm. How many diffraction maxima may be observed? 
Calculate their angular positions. ( L.) 
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In this chapter we show that light waves are transverse waves 
because they can be polarised. We first deal with polarisation b 
Polaroid, then with polarisation by reflection and by double 
refraction. We conclude with a brief account of applications of 
polarisation such as photoelasticit y and saccharimetr y. 


- vus s Polarised Light 
plaroid is an artificial crystalline material which can be made in thin sheets. As 
we shall see shortly, it has the property of allowing only light waves due to 


vibrations in a particular plane to pass through. 
Bos two Polaroids, P and Q, are placed one behind the other in front ofa 
indow, and the light passing through P and Q is observed, Figure 21.1. When 


V P, : Nos V 
qe t 3i 


(unpolarized) light — (i) (ii) 


Figure 21.1 Plane-polarisation of light by Polaroid ` 


the Polaroids have their axes 4 and b parallel, the light passing through Q 
appears slightly darker, Figure 21.1 (i). If Q is now rotated slowly about the line 
of vision with its plane parallel to P; the light passing through Q becomes darker 
and darker and disappears at one stage. In this case the axes d and h are 
perpendicular, Figure 21.1 (ii). When Q is rotated further the light reappears, and 


becomes brightest when the axes a, b are again parallel. 
hat light waves are transverse 


This simple experiment leads to the conclusion t 

waves; otherwise the light emerging from Q could never be extinguished by 
simply rotating the Polaroid. The experiment, in fact, is analogous to that 
illustrated in Figure 17.33, where transverse mechanical waves were set up along 
a rope and plane-polarised waves were obtained by means of a slit: Pofaroid, 
because of its internal molecular structure, transmits only those vibrations of 
light in a particular plane. Consequently 
(a) piane-polarised light is obtained beyond the crystal P. and 

(b) no light emerges beyond Q when its axis is perpendicular to that of P. 


% Vibrations in Unpolarised and Polarised Light 
Figure 21.2(i) is an attempt to represent diagrammatically the vibrations or 
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ordinary or unpolarised light at a point A when a ray travels in a direction AB.X 
is a plane perpendicular to AB, and ordinary (unpolarised) light may be 


Ero. c 


(ii) 


Figure 21.2 (i) Vibrations occur in every plane perpendicular to ray (ii) Vibrations in 
ordinary light 


imagined as due to vibrations which occur in every one of the millions of planes 
which pass through AB and are Perpendicular to X. As represented in Figure 
21.2 (ii), the amplitudes of the vibrations are all equal. 

Consider the vibrations in ordinary light when it is incident on the Polaroid P 
in Figure 21.1 (i). Each vibration can be resolved into two components, one in a 
direction parallel to a, the direction of easy transmission of light through P, and 
the other in a direction m perpendicular to a, Figure 21.3. Polaroid absorbs the 


Figure 21.3 Plane-polarised waves by selective absorption 


Polaroid thus absorbs light due to vibrations 
allows light due to vibrations in a perpendicular d 


in a particular direction and 
irection to pass through. This 
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‘selective absorption’ is also shown by certain natural crystals such as 


tourmaline. 
Theory and experiment show that the vibrations of light are electromagnetic in 
origin. This is discussed later at the end of the chapter. 


| Light consists of transverse waves 

2 In ordinary (unpolarised) light, the vibrations are in every plane at right angles 
to the direction of the light 

3 In plane-polarised light, the vibrations are only in one plane perpendicular to 
the direction of the light 

4 A Polaroid crystal produces plane-polarised light in a particular allowed 
direction through the crystal. When another Polaroid is rotated in front of the first 
Polaroid, the light decreases in intensity. Darkness occurs when the two Polaroids 
have their allowed directions at 90° to each other. 


Polarised Light by Reflection i 
In 1808 Matus discovered that polarised light is obtained when ordinary light is 
reflected by a plane sheet of glass (p. 564). The most suitable angle of incidence Is 
about 57°, Figure 21.4. If the reflected light is viewed through a Polaroid which is 
slowly rotated about the line of vision, the light is practically extinguished at one 
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Figure 21.4 Plane-polarisation by reflection 


position of the Polaroid. This proves that the light reflected by the glass is 
practically plane-polarised. Light reflected from the surface of a table becomes 
darker when viewed through a rotated Polaroid, showing it 1$ partially plane- 
ylarised. ' , : 
D E of the polarised light by the glass is explained as follows. Each 
of the vibrations of the incident (ordinary) light can be resolved into à 
component parallel to the glass surface and a component perpendicular to the 
surface. The light due to the components parallel to the glass is largely reflected, 
but the remainder of the light, due mainly to the components perpendicular to 
the glass, is refracted into the glass. Thus the light reflected by the glass is 


partially plane-polarised. 
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Brewster's Law, Polarisation by Pile of Plates 
The particula: angle of incidence i on a transparent medium when the reflected 
light is almost completely piane-polarised is called the polarising angle. 
Brewster found that, in this case, tani = n, where n is the refractive index of the 
medium (Brewster's law). With crown glass of n = 1-52, i = 57° (approx.) from 
tani — n. Since n varies with the colour of the light, white light can not be 
completely plane-polarised by reflection. 

As sin i/sin r = n, where r is the angle of refraction, it follows from Brewster's 
law that cosi = sinr, or i-- r = 90°. Thus the reflected and refracted beams are at 
90" to each other at the polarising angle, as illustrated in Figure 21.4. 

The refracted beam contains light mainly due to vibrations perpendicular to 
that reflected and is therefore partially plane-polarised. Since refraction and 
reflection occur at both sides of a glass plate, the transmitted beam contains a 
fair percentage of plane-polarised light. A pile of plates increases the percentage, 
and thus provides a simple way of producing plane-polarised light. They are 
mounted inclined in a tube so that the ordinary (unpolarised) light is incident at 
the polarising angle, and the transmitted light is then practically plane-polarised. 


1 Light beams reflected and refracted by glass are partially plane-polarised. 

2 Maximum polarisation of the reflected beam occurs for an angle of incidence i 
given by tani = n, refractive index of glass (Brewster’s law). The reflected and 
refracted rays are then at 90" to each other. 


Polarisation by Double Refraction 

We have already considered two methods of. producing polarised light. The first 
observation of polarised light, however, was made by BanTHOLINUS in 1669, who 
placed a crystal of Iceland spar on some words on a sheet of paper. To his 
surprise, two images were seen through the crystal. Bartholinus therefore gave 
the name of double refraction to the phenomenon, and experiments more than a 
century later showed that the crystal produced plane-polarised light when 
ordinary light was incident on it, see Figure 21.5. 


Figure 21.5 Double refraction. A ring with a spot in the centre, photographed through a 
crystal of Iceland spar. The two plane-polarised beams of light emerging from the crystal 


Jorm two rings and two spots 
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Iceland spar is a crystalline form of calcite (calcium carbonate) which cleaves 
in the form of a ‘rhomboid’ when it is lightly tapped; this is a solid whose 
opposite faces are parallelograms. When a beam of unpolarised light is incident 
on one face of the crystal, its internal molecular structure produces two beams of 
polarised light, E, O, whose vibrations are perpendicular to each other, Figure 
21.6. If the incident direction AB is parallel to a plane known as the ‘principal 


“Iceland spar 


Ordinary 
light 


Figure 21.6  Plane-polarised light by double refraction 


section’ of the crystal, one beam O emerges parallel to AB, while the other beam . 
E emerges in a different direction. As the crystal is rotated about the line of vision 
the beam E revolves round O. On account of this abnormal behaviour the rays 
in E are called ‘extraordinary’ rays; the rays in O are known as ‘ordinary’ rays (p. 
562). Thus two images of a word on a paper, for example, are seen when an 
Iceland spar crystal is placed on top of it; one image is due to the ordinary rays, 
while the other is due to the extraordinary rays. — me 
With the aid of an Iceland spar crystal Malus discovered the Cait US 
light by reflection (p. 563). While on a visit to Paris he looked through the She n 
at the light of the sun reflected from the windows of the Palace of Luxem d 
and observed that only one image was obtained for a particular position o A " 
crystal when it was rotated slowly. The light reflectcd from the YN. a 
not therefore be ordinary (unpolarised) light, and Malus found that it wa s plan 


polarised. 


m í . 
Nee nd light, and that the Polaroid can 


d a form of Iceland spar crystal 


We have seen that a Polaroid produces pola 
be used to detect light (p. 561). Nicot designe 


extraordinary 
ray 


ordinary -< 
light 


Figure 21.7 Action of Nicol prism 
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which was widely used for producing and detecting polarised light, and it is 
known as a Nicol prism. A crystal whose faces contain angles of 72° and 108" is 
broken into two halves along the diagonal AB, and the halves are cemented 
together by a layer of Canada balsam, Figure 21.7. The refractive index of the 
crystal for the ordinary rays is 1:66, and is 1:49 for the extraordinary rays; the 
refractive index of the Canada balsam is about 1:55 for both rays, since Canada 
balsam does not polarise light. A critical angle thus exists between the crystal 
and Canada balsam for the ordinary rays, but not for the extraordinary rays. 
Hence total reflection of the former rays takes place at the Canada balsam if the 
angle of incidence is large enough, as it is with the Nicol prism. The emergent 
light is then due to the extraordinary rays, and is polarised. 

The prism is used like a Polaroid to detect plane-polarised light, namely, the 
prism is held in front of the beam of light and is rotated. If the beam is plane- 
polarised the light seen through the Nicol prism varies in intensity, and is 
extinguished at one position of the prism. 


Differences Between Light and Sound Wuves 

We are now in a position to distinguish fully between light and sound waves. The 
physical difference, of course, is that light waves are due to varying electric and 
magnetic fields and is an electromagnetic wave, while sound waves are due to 
vibrating layers or particles of the medium concerned and is a matter wave. Light 
can travel through a vacuum, but sound cannot travel through a vacuum. 
Another very important difference is that the vibrations of the particles in sound 
waves are in the same direction as that along which the sound travels, whereas 
the vibrations in light waves are perpendicular to the direction along which the 
light travels. Sound waves are therefore longitudinal waves, whereas light waves 
are transverse waves. As we have seen, sound waves can be reflected and 
refracted, and can give rise to interference phenomena; but no polarisation 
phenomena can be obtained with sound waves since they are longitudinal waves, 
unlike the case of light waves. 


Polarisation and Electric Vector 

As we have just stated, light is a transverse electromagnetic wave and thus 
contains electric and magnetic fields. Experiment shows that only the electric 
field is concerned in the blackening of a photographic film when exposed to light. 
Hence we usually define the direction of light vibrations to be that of the electric 
vector E. The ‘plane of polarisation’ is then defined as the plane containing the 
light ray and E. 

Figure 21.8(i) shows plane-polarised light due to vertical vibrations or a 


unpolarized 
light \ 


plane- polarized 
light N 
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Figure 21.8 Electric vectors in plane-polarised and unpolarised light 
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vertical vector E. Figure 21.8 (ii) shows plane-polarised light due to horizontal 
vibrations; in this case a dot is used to indicate the vibrations or vector E 
perpendicular to the paper. Figure 21.8 (iii) shows ordinary or unpolarised light. 

The associated field vectors E in ordinary light act in all directions in a plane 
perpendicular to the ray and vary in phase. Since each vector can be resolved 
into components in perpendicular directions, the total effect is equivalent to two 
perpendicular vectors equal in magnitude as explained on p. 562. So ordinary or 
unpolarised light can be represented by an arrow and a dot (representing an 
arrow going down into the page), as shown in Figure 21.8 (iii). 


Polaroid Transmission and Light Intensity 
Suppose a Polaroid A produces polarised light whose electric vector vibrates in a 
particular direction, say AY in Figure 21.9 (i). If another Polaroid B is placed in 
front of A so that its ‘easy’ direction of transmission BX is perpendicular to AY, 
the overlapping areas appear black because the electric vector has no 
component in a perpendicular direction and so no light is transmitted. 


A\ Ig 


Figure 21.9 Intensity variation by rotating Polaroid 


Suppose B is turned so that BX makes an angle 0 with AY, Figure 21.9 (ii). If 
E, is the initial amplitude of the electric vector in A, the-amplitude of the vector 
Eg cos 0. The intensity is 


transmitted by B is the component E given by E — 
proportional to the square of the amplitude (p. 584). Since E? = Eo” cos? 6, the 
intensity / of the light transmitted by B is given by 1 = Io cos? 6, where To is the 
light intensity incident from A on B, Figure 21.9 (ii). So if B is rotated so that 
0 = 60°, then J = Io cos? 60° = 1/4, since cos 60° = 1/2. So the light intensity is 
reduced to one-quarter of that incident from A. 

It may be noted that the intensity of the unpolarised light incident on Ais 21, 
since, from Figure 21.9, one of the perpendicular vectors of the unpolarised light 


is absorbed by A. 


of Polarised Light 
ical applications of polarised light. For 
to reduce the intensity of incident sunlight 


Photoelasticity, or photoelastic stress analysis, utilises polarised light. Under 
mechanical stress, certain isotropic substances such as glass and celluloid 
i i ite light does not pass through crossed 
owever, if a celluloid model with a cut-out design is placed 


Polaroids (p. 561). Hi e 
Í ds and then subjected to compression by a vice, 


between the crossed Polaroi 
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Figure 21A  Photoelasticity. The pattern in a perspex hook between polaroids when the 

hook is under stress. Similar patterns in transparent models help the engineer to investigate 

the stresses in mechanical structures subjected to loads or forces. (Courtesy of Kodak 
Limited) 


coloured bright and dark fringes can now be seen or Projected on a screen. The 
fringes spread from places where the stress is most concentrated, Now the 
pattern of the fringe varies with the stress. So using a model, a study of the fringe 
pattern provides the engineer with valuable information on design. This is 
particularly useful with complicated shapes, where mathematical computation is 
difficult. 

In films, it is possible to give the illusion of three-dimensions or 3-D by 
projecting two overlapping pictures, with slightly different views, on to the same 
Screen. Each picture has been taken by light polarised respectively in 
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There are v arious types of saccharimeter. Here we are only concerned with the 
basic principle of their action. A saccharimeter usually consists of a nicol prism 
P, which produces plane-polarised light from an incident source S of 


y p 
lil XJ 


Figure 21.10 Saccharimeter principle 


monochromatic light and is called the polariser; a tube T containing the solution; 
and a nicol A through which the emerging light is observed, called the analyser, 
Figure 21.10. Before the solution is poured into T, the analyser A is rotated until 
the plane-polarised light emerging from P is completely extinguished. T is then 
filled with the sugar solution. On looking through A, light can now be seen. Ais 
then rotated until the light is again just extinguished and the angle of rotation 0 
is measured. r 

For a solution ofa given substance in a given solvent, the amount of rotation 0 
depends on the length of light path travelled through the liquid, the temperature 
of the solution and the wavelength of the light. Tables provide the rotation in 
degrees when the sodium D-line is used, the temperature is 20°C, and the light 
travels a column of length 10cm of the liquid which contains 1 gram of the active 
substance per millilitre of solution. This is called the specific rotation or rotary 
power. Knowing its value, the concentratión of a sugar solution can be found by 
a polarimeter experiment and using the Tables. 


Exercises 24 basin hier Detar S 


1 With the aid of suitable diagrams, explain the difference P NND Made ti 
which are polarised and those which are un] larised. State one Mere) 3 
plane polarised waves, specifying the type of wave involved (e.g. electr : 

(L.) í 

2 What is meant by plane of polarisation? Explain why the phenomenon y 

polarisation is met with in dealing with light waves, but not Sr 
Describe and explain the action of 

(a) a Nicol prism, 

(b) a sheet of Polaroid. f 

k 4 atural light be used to 

How can a pair of Polaroid sheets and 4 hee ice ried Ta calculable 


produce a beam of light the intensity of w! 
manner? (L.) «ht is plane-polarised. 
3 Explain what is meant by the statement that à beam of ight is plane-polar 
Describe one experiment in each instance to demonstrate 
(a) polarisation by reflection, — 
(b) polarisation by double refraction, 
(c) polarisation by scattering. pr angle of 
The refractive index of diamond for sodium light is a lane polarised 
incidence for which the light reflected from diamond is co! 
(L) larised 
4 Explain the terms linearly polarised light and Pio ofa rrt medium of 
A parallel beam of light is incident on the su! pst he ted and refra: 


refractive index n at an angle of incidence i such that t 
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beams are at right angles to each other. Assuming the laws of reflection and 
refraction, find the relation between n and i. 

At this value of i, the Brewster angle, the reflected beam is found to be linearly 
polarised. Describe the apparatus and procedure you would use to find the 
refractive index of a material, using the Brewster angle. Has the method any 
advantage over other methods for measurement of n? (0. & C.) 

Give an account of the action of 

(a) a single glass plate, 

(b) a Nicol prism, in producing plane-polarised light. State one disadvantage of each 
method. 

Mention two practical uses of polarising devices. (JM. B.) 

Explain what is meant by polarisation and interference, 

Describe 
(a) an experiment to demonstrate polarisation and 
(b) an application in which polarised light is involved. Explain why electromagnetic 

waves can be polarised but sound waves cannot. 


the fringes. Explain why the fringes disappear if the line source is made too wide. (L.) 


When an unpolarised beam of light travelling in air is incident on a glass plate at 
an angle of incidence 30" the reflected light is found to be partially linearly polarised. 


photographer's light-meter, is a maximum. (The meter is suitably shielded from all 
other illumination.) Describe and explain the way in which you would expect he 
light-meter readings to vary as the Polaroid is rotated in stages through 180° al out 
an axis at right angles to its plane. 

How would you show experimentally 
(a) that calcite is doubly refracting, 
(b) that the two refracted beams are plane-polarised, in planes at right angles to one 

another, and 

(c) TN in general the two beams travel through the crystal with different velocities? 


Explain what is meant by plane-polarised electromagnetic radiation. How may 
plane-polarised 
(a) light and 


apparatus you would use and the experiments you would perform in order to verify 
these statements for a sample of glass of known refractive index, 
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Why would it be aecessary, if very accurate results were required, to use 
monochromatic light to verify the second statement’ 

Show that, when the condition for completely polarised light is satisfied, the 
reflected and refracted beams are at right angles to one another (0. & C.) 
A beam of electromagnetic waves of wavelength 30 cm is directed normally at a grid 
of metal rods, parallel to each other and arranged vertically about 2-0 cm apart. 
Behind the grid is a receiver to detect the waves. It is found that when the grid is in 
this position, the receiver detects a strong signal but that when the grid is rotated in 
a vertical plane through 90°, the detected signal strength falls to zero. What 
property of the wave gives rise to this effect? Account briefly in general terms for the 
effect described above. (L.) 
Draw a labelled diagram of an optical arrangement that could be used to detect the 
presence of strain in a transparent material. 

Describe briefly how regions of high strain in the material under test in this way 
are identified. (L.) $ 
Draw a labelled sketch of a simple practical arrangement for demonstrating 
interference by Young's slits in the laboratory. How would you ensure clearly 
visible fringes? i X 

Give a careful account of a simple theory which explains the formation ofthe 
fringes, and deduce an expression for the distance x between adjacent bright fringes 
in terms of the distance d between slits. the distance D from the slits to where the 
fringes are formed, and the wavelength 4 of the light. 

Describe and account for the effect on the fringes of 
(a) increasing the widths of the individual slits, and 


(b) using a white light source. 9 
Pieces of Polaroid are arranged over the slits (using monochromatic light) and 

the planes of polarisation are originally parallel. Describe and account qualitatively 
for the effect on the fringes of slowly rotating one of the Polaroids through 180° in 


its plane while keeping the other fixed. (W.) 
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Characteristics of Sound Waves 


In the Waves chapter, we discussed some properties of sound 
waves. Here we deal with the factors which influence the pitch, 
loudness and qualit y (timbre) of sound waves, the phenomenon of 
beats and its uses, and the Doppler effect and its application in 
sound and light. 


Characteristics of Notes 
Notes may be similar to or different from each other in three respects: 
(i) pitch, (ii) loudness, (iii) quality. These three quantities define or ‘characterise’ 
a note, 
Pitch and Frequency 

Pitch is analogous to colour in light, which depends only on the wavelength or 
frequency of the light wave (p. 521). Similarly, the pitch of a note depends only on 
the frequency of the sound vibrations. A high frequency gives rise to a high- 
pitched note; a low frequency produces a low-pitched note. Thus the high- 
pitched whistle of a boy may have a frequency of several thousand Hz, whereas a 
low-pitched hum due to ac. mains frequency when first Switched on in a 
television receiver may be 100 Hz. The range of sound frequencies is about 15 to 
20000 Hz depending on the observer. 


between two notes depends on the ratio of their frequencies, and not on the 
actual frequencies, 


Ultrasonics, Production and Use 
There are sound waves of higher frequency than 20 000 Hz, which are inaudible 


plate of quartz increased or decreased in 
length if an electrical battery was connected to its opposite faces. By correctly 
cutting the plate, the €xpansion or contraction cou 
axis of the faces to which the battery was applied. When an alter: 
ultrasonic frequency was connected to the faces of 
vibrated at the same frequency, and ultrasonic 


are used on board Coasting 
bottom of the sea from the surface and back being 
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Plate 22A M agnified photograph of 12 week foetus during pregnancy, taken by ultrasonics. 
Head and limbs (top) are easily identified. Professor R. W. Shaw, Academic Dept, 
Obstetrics & Gynaecology and the Ultrasound Unit of the Royal Free Hospital. London 


determined. Ultrasonics are also used to kill bacteria in liquids, and they are 
used extensively to locate faults and cracks in metal castings following a method 
similar to that of radar. Ultrasonic waves are sent into the metal under 
investigation, and the beam reflected from the fault is picked up on a cathode-ray 
tube screen together with the reflection from the other end of the metal. The 


position of the fault can then easily be located. 


Ultrasonic Medical Use 
ospitals. In diagnostic 


Ultrasonic techniques are used in clinical practice in h 
flected from inside the 


ultrasonics, the frequencies are very high and the waves re 
patient areamplified and displayed on the screen ofa receiver. Theimage shows the 


various soft tissues and their connecting links. 
Ultrasonics are now used to study the development of the unborn baby. The 


waves are reflected back from the foetus. In this way the birth can be followed 
throughout the pre-natal period to check on any abnormalities, Plate 22A. 

The chief advantage of diagnostic ultrasonics is the absence of danger to the 
patient. Radiography, which is the use of X-rays, could be very dangerous. 


If two notes of nearly equal frequency are sounded together, a periodic rise and 
fall in intensity can be heard. This is known as the phenomenon of beats. The 
frequency of the beats is the number of intense or loud sounds heard per second. 

Consider a layer of air some distance away from two pure notes of nearly 
equal frequency, say 48 and 56Hz respectively, which are sounding. The 
variation of the displacement, y1. of the layer due to one fork alone is shown in 
Figure 22.1 (i); the vafiation of the displacement y>, of the layer due to the second 


fork alone is shown in Figure 22.1 (ii). 


Ta time 


y2 
(ii) 


T Ts time 

variation of 

<< amplitude 
= 


resultant 


- 


(iii) 


time 


Figure 22.1 Beats (not to scale) 


According to the Principle of Superposition (p. 515), the variation of the 
resultant displacement, y, of the layer is the algebraic sum of the two curves, 
which varies in amplitude in the way shown in Figure 22.1 (iii). To understand 
the variation of y, suppose that the displacements y,, y, are in phase at some 
instant T,, Figure 22.1. Since the frequency of the curve in Figure 22.1 (i) is 48 
cycles per sec the variation y, undergoes 3 complete cycles in sth second. [n the 
same time, the variation y; undergoes 34 cycles, since its frequency is 56 cycles 
per second. Thus y, and ya are 180° out of phase with each other at this instant, 
and their resultant y is then a minimum at some instant T}. So T,T; 
represents ;.th of a second in Figure 22.1 (iii). 

In $th of a second from T;. y, has undergone 6 complete cycles and y; has 
undergone 7 complete cycles. The two waves are hence in phase again at T, 
where T,T, represents ath of a second, and their resultant at their instant is 
again a maximum, Figure 22.1 (iii). In this way it can be seen that loud sound is 
heard after every } second, and thus the beat frequency is 8 cycles per second. 
This is the difference between the frequencies, 48, 56, of the two notes. We show 
soon that the heat frequency is always equal to the difference of the two nearly 
equal frequencies, From Figure 22.1 we sce that beats are a phenomenon of 
interference of two sound waves travelling in the same direction to an observer. 


Beat Frequency Formula 
Suppose two sounding tuning-forks have frequencies fi, J, cycles per second 
which are close to each other. At some instant the displacement of a particular 
layer of air near the ear due to each fork will be a maximum to the righ). The 
resultant displacement is then a Maximum, and a loud sound or beat is heard. 
After this, the vibrations of air due to each fork go out of phase, and t seconds 
later the displacement duc to each fork is again a maximum to the right, so that a 
loud sound or beat is heard again. One fork has then made exactly one cycle 
more than the other. But the number of cycles made by each fork in 7 seconds is 
fit and fot respectively. Assuming f, is greater than f, 


jt fot =I 


i Bu 
^ff, 
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Now 1 beat has been made in ¢ seconds, so that 1/t i 
second or beat frequency. ý ENRE 


Lf fa = beat frequency 


Uses of Beats 

The phenomenon of beats can be used to measure the unknown frequency, fi of 
a note. For this purpose a note of known frequency fa is used to provide beats 
with the unknown note, and the frequency f of the beats is obtained by counting 
the number made in a given time. Since f is the difference between f and fy, it 
follows that f, = f;—f, or f; = fa+ f. Thus suppose f; = 1000 Hz, and the 
number of beats per second made with a tuning-fork of unknown frequency f, is 
4. Then f, = 1004 or 996 Hz. 

To decide which value of f, is correct, the end of the tuning-fork prong is 
loaded with a small piece of plasticine which diminishes the frequency a little, 
and the two notes are sounded again. If the beat frequency is increased, a little 
thought indicates that the frequency of the note must have been originally 
996 Hz. If the beats are decreased, the frequency of the note must have been 
originally 1004 Hz. The tuning-fork must not be overloaded. as the frequency 
may decrease, if it was 1004 Hz, to a frequency such as 995 Hz, in which case the 
significance of the beats can be wrongly interpreted. 

Beats are also used to 'tune' an instrument to a given note. As the instrument 
note approaches the given note, beats are heard. The instrument may be 
regarded as ‘tuned’ when the beats occur at a very slow rate. 


Doppler Effect 

The whistle of a train or a jet aeroplane appears to increase in pitch as it 
approaches a stationary observer; as the moving object passes the observer, the 
pitch changes and becomes lower. The apparent alteration in frequency was first 
predicted by DOPPLER in 1845. He stated that a change of frequency of the wave- 
motion should be observed when a source of sound or light was moving, and this 
is known as the Doppler effect. 
The Doppler effect occurs when a source of sound or light moves relative to an 
observer. In light, the effect was observed when measurements were taken of the 
wavelength of the light from a moving star; they showed a marked variation. In 
sound, the Doppler effect can be demonstrated by placing a whistle in the end of 
a long piece of rubber tubing, and whirling the tube in a horizontal circle above 
the head while blowing the whistle. The open end of the tube acts às à moving 
source of sound, and an observer hears a rise and fall in pitch as the end 
approaches and recedes from him or her. 
A complete calculation of the apparent frequency in particular cases is given 
shortly, but Figure 222 shows why a change of wavelength, and hence frequency, 
occurs when a source of sound is moving towards a stationary observer. At a 
certain instant the position of the moving source is at 4, At four successive 
seconds before this instant the source had been at the positions 3, 2, 1, 0 
respectively. If c is the velocity of sound, the wavefront from the source when in 
the position 3 reaches the surface A of a sphere of radius c and centre 3 when the 
source is just at 4. In the same way, the wavefront from the source when it was in 
the position 2 reaches the surface B of a sphere of radius 2c and centre 2. The 
wavefront C corresponds to the source when it was 1n the position 1, and the 
wavefront D to the source when it was in the position O So if the observer is on 
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J 
Ses 
Figure 22.2 Doppler effect: moving source, Stationary observer 


the right of the source S, he receives wavefronts which are relatively more 
crowded together than if S were Stationary; the frequency of S thus appears to 
increase. 

When the observer is on the left of S, in which case the source is moving away 
from him, the wavefronts are farther apart than if S were stationary. So the 


Calculation of Apparent Frequency 
Suppose c is the velocity of sound in air, u, is the velocity of the source of sound 
S, uo is the velocity of an observer O, and f is the true frequency of the source. 


o 


Figure223 Source moving towards stationary observer 
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(i) Source moving towards stationary observer. If the source S were stationary, 
the f waves sent out in one second towards the observer O would occupy a 
distance c, and the wavelength would be c/f, Figure 22.3 (i). If S moves with a 
velocity u, towards O, however, the f waves sent out occupy à distance (c — us), 
because S has moved a distance us towards O in 1s, Figure 22.3 (ii). So the 
wavelength 4' of the waves reaching O is now (c — us)/. f. 

But velocity of sound waves = c 


`, apparent frequency, f’ = velocity of sound relative to O_ 
- apparent frequency, f^ = + length of waves reaching O 


Ly es 
“F (c-uf 


(3 
fn 0 Areas oe - EU ct (1) 
MER T f 
Since (c—u,) is less than c, f’ is greater than f; the apparent frequency thus 


appears to increase when a source is moving towards an observer. 
In this case the f waves sent 


(ii) Source moving away from stationary observer. e 
out towards O in 1 s occupy a distance (¢+ u,), Figure 22.4. The wavelength x of 
the waves reaching O is thus (c +us)/ f, and hence the apparent frequency f'is 


given by 


£s Gc (d 
OX (e+usy/f 
c 
f= / 4 : : 5 : (2) 
m ctus 
- x (C + us) 
Us 
S 
f waves 
om stationary observer 


Figure 22.4 Source moving away fr: 


Since (c+us) is greater than c, f’ is less than f, and hence the apparent 
frequency decreases when a source moves aWay from an observer. HU PER 
(iii) Source stationary, and observer moving towards it. Since ex sourc 
stationary, the f waves sent out by S towards the moving observer O occupies a 


E D Lui oi ae 
- T [4 —- 
| P 
: fo) 
f waves 
Figure 22.5 Observer moving towards stationary source 
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distance c, Figure 22.5. The wavelength of the waves reaching O is hence c/ f, and 
thus unlike the cases already considered, the wavelength is unaltered. 

The velocity of the sound waves relative to O is not c, however, as O is moving 
relative to the source. The velocity of the sound waves relative to O is given by 
(c-- uj) in this case, and hence the apparent frequency f" is given by 


, _ Velocity of sound relative toO 
ri wavelength of waves reaching O 


c+u 


off 


EIL] 
Sf'- p » i $ ; h A : ! : (3) 


Since (c+ uo) is greater than c, Fis greater than f; thus the apparent frequency 
is increased. 

(iv) Source stationary, and observer moving away from it, Figure 22.6. As in the 
case just considered, the wavelength of the waves reaching O is unaltered, and is 
given by c/f. 


Figure22.6 Observer moving away from stationary source 


The velocity of the sound waves relative to O — c— o, and hence 


C—Up C—Up 


apparent frequency, f’, = varena = df 


+ gr _ Co 
i ks Si ES aa 


Since (c — uo) is less than c, the apparent frequency f' appears to be decreased. 


Source and Observer Both Moving 


Ifthe source and the observer are both moving, th ‘can be 
found from the formula MD eof 


" 
C = cu 


om i = (c~-us)/f 


as was deduced in case (i), p. 577. 
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ie C—Ug | C—Uo z 
E e a r Sie ERR AED i 
4 (c—u,)/f C—Us 9 
If the observer is moving towards the source, c' = c-r ug, and the apparent 
frequency f' is given by i 
T € uo Y of 
ae: SM RES SMS NACH) 


From (i), it follows that f’ = f when ug = us, in which case there is no relative 
velocity between the source and the observer. It should also be noted that the 
motion of the observer affects only c', the velocity of the waves reaching the 
observer, while the motion of the source affects only 2’, the wavelength ofthe - 
waves reaching the observer. : 

The effect of the wind can also be taken into account in the Doppler effect. 
Suppose the velocity of the wind is uy, in the direction of the line SO joining the 
source S to the observer O. Since the air has then.a velocity uw relative to the 
ground, and the velocity of the sound waves relative to the air is c, the velocity of 
the waves relative to ground is (c+uy) if the wind is blowing in the same 
direction as SO. All our previous expressions for f' can now be adjusted by 
replacing the velocity c in it by (c +uw). If the wind is blowing in the opposite 
direction to SO, the velocity c must be replaced by (c — tw). 


Example on Doppler Principle 
A car, sounding a horn producing a note of 500 Hz, approaches and then passes a 
stationary observer O at à steady speed of 20m s^ 1 Calculate the change in pitch of the 


note heard by O (velocity of sound — 340ms !). 


Towards O. Velocity of sound relative to O,c’ 2 340ms^' 


(340— 20)/500 m 


" 


Wavelength of waves reaching O, 2’ = 


apparent frequency to O, fzy 


340 
TSAN = 531H 1 
320 500 z (1) 


Away from O. With the above notation, c = 340ms^! 


and j! = (340 + 20)/500 m 


340 
<, apparent frequency to OFS (340+ 20) 500 


= 472 Hz 4 ` " d (2) 
From (1) and (2), change in pitch i = 09 (approx) 


Reflection of Waves 
Consider a source of sound A approaching à fixed reflector R such as a wall or 


to travel from R to A as if 
i le. The reflected waves then appear 
M irror image’ A’ of A in R, 


22.7. 
they came from the ‘mi Figure 
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Figure 22.7  Doppler's principle and reflection of waves 


As an illustration, Suppose a car A approaches R with a velocity of 20m ce 
when sounding a note of 1000 Hz from its horn, and that another car B behind A 
is travelling towards A with a velocity of 30 m^, Figure 22.7. 

In B, the driver hears a note from R which has an apparent frequency 
f^ — c'[4*, where c' is the velocity of sound relative to B. and 7’ is the wavelength 
of the waves reaching B. If the velocity of sound c is 340m s - !, then 


c = 3404-30 = 370ms^! 


and A = (840—20)/1000 = 320/1000 m 
REO D RETO 
oS’ =F = 55-1000 = 1156 Hz 


In B, the driver also hears a note directly from A. In this case, 
c = 3404-30 = 370ms7! 
and 4 = (340 + 20)/1000 = 360/1000 m 
nh C= 370 " 
== = 369° 1000 = 1028 Hz 


With a reflector moving with velocity v directly towards a stationary sound 
ource S of frequency f, the frequency f" of the waves Teflected back to S is given 


DAR 


eng. 


where c is the velocity of sound in air. The frequency fy of the waves received by 
the moving reflector is fo — (c-- v) f /c and the frequency f" of the waves reflected 
back to S = c fy/(c— v) = (c-- v) f /(c— v). 


Doppler Effect in Circular Motion 


Consider a sound signal of constant frequency carried by a car movig round a 
circular track, 


At any instant, the velocit 
distant observer O will hear a note whic 
approaches O in its circular path and decreases i 
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centre of the circle, the velocity has no component towards O. So a continuous 
note of the same frequency as the signal is heard in this case. 


à Doppler Principle in Light 

The speed of distant stars and planets has been estimated from measurements of 
the wavelengths of the spectrum lines which they emit. Suppose a star or planet 
is moving with a velocity v away from the earth and emits light of wavelength 4. 
If the frequency of the vibrations is f cycles per second, then f waves are emitted 


in one second, where c = f 4 and c is the velocity of light in vacuo. Owing to the | 


velocity v, the f waves occupy a distance (c +v). Thus the apparent wavelength À' 
to an observer on the earth in line with the star's motion is 


"m cU tU v\, 
Vee = AH Ie A 
c 


f c 
- X —À = ‘shift in wavelength ^ — (i) 
; A-À ¢ A v as 
and hence aoe = fractional change in wavelength =-  - " (i) 
] c 


From (i), it follows that 4' is greater than 4 when the star or planet is moving 
away from the earth, that is, there is a ‘shift’ or displacement towards the red. The 
position of a particular wavelength in the spectrum of the star is compared with 
that obtained in the laboratory, and the difference in 
'red shift, is measured. From (i), knowing 4 and c, 


calculated. 


the velocity v can be 


e absorption spectrum of the 
low are the same lines in the 
the star is moving away 
length slightly greater 


The central band of dark lines is th 
nes in the wider bands above and be 
emission spectrum of iron as obtained in the laboratory. Because 
from the earth, on account of! the Doppler effect each dark line has a wavei 
than if the star were stationary 


h with a velocity u, the apparent 


Figure 22.8 Doppler shift. 
star Eta Cephei. The bright li 


If the star is moving towards the eart 
wavelength 4” is given by 


Mw id d c 
$ . (ii) 


there is a displacement towards the blue in this case*. 
h less than c. otherwise relativistic 
ser (Butterworth). 


Since 4" is less than 4, 


* Equations (i) (iii) apply for velocities much 
corrections are required. See Introduction to Relativity. Ros: 


END 


the wavelengths, 4' — 4, the. 
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In measuring the speed of'a star, a photograph of its spectrum is taken. The 
spectral lines are then compared with the same lines obtained by photographing 
in the laboratory an arc or spark spectrum of an element present in the star If the 
lines are displaced, towards the red, the star is receding from the earth; if 
displaced towards the violet, the star is approaching the earth. By this method 
the velocities of thé stars have been found to be between about i0kms™! and 
300kms !. e 

The Doppler effect has also been used to measure the speed of rotation of the 
sun. Photographs are taken of the east and west edges of the sun; each contains 
absorption lines due to elements such as iron vaporised in the sun, and also some 
absorption lines due to oxygen in the earth's atmosphere. When the two 
photographs are put together so that the oxygen lines coincide, the iron lines in 
the two photographs are displaced relative to each other. In one case the edge of 

~ the sun approaches the earth, and in the other the Opposite edge recedes from the 
earth. Measurements show a rotational speed of about 2kms~'. See Worked 
Example on page 583. 


Measurement of Plasma Temperature 
In very hot gases or plasma, used in thermonuclear fusion experiments, the 
temperature is of the order of millions of degrees Celsius. At these high 
temperatures molecules of the glowing gas are moving away and towards the 
observer with very high speeds and, owing to the Doppler effect, the wavelength 
4 of a particular spectral line is apparently changed. One edge of the line now 
Corresponds to an apparently increased wavelength 4; due to molecules moving 
directly away from the observer, and the other edge to an apparent decreased 
wavelength 4, due to molecules moving directly towards the observer. The line is 
thus observed to be broadened. 
From our previous discussion, if v is the velocity of the molecules, 


ie 
c 
and ; ye a 
2 [4 
; e 2v us 
J^ breadth of line, 4,2, — —.; . . . Gü) 
c 


The breadth of the line can be measured by a diffraction grating, and as 4 and 
c are known, the velocity v can be calculated. By the kinetic theory of gases, the 
velocity v of the molecules is roughly the root-mean-square velocity, Or 


v 3RT/M, where Tis the absolute temperature, R is the molar gas constant and 
M is the mass of one mole. 


The observer hears a note of apparent frequency f" from the whistle directly, 


Be note of apparent frequency f” from the sound waves reflected from the 
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Ji 7 
; 

c 

Now f- i 


where c' is the velocity of sound in air relative to the observer and 7’ is the 
wavelength of the waves reaching the observer. Since 


c = 336ms ^ ' and?’ A om 
, 336x500 5. 
f = 3375 = 497-8 Hz 


The note of apparent frequency f” is due to sound waves moving towards the 
observer with a velocity of l-5ms ^ ^ 


ftem 336 

eJ = Fr 836- 1:5)/500 
336 x 500 
f 5 = 502:2Hz 


, beats per second = f'-f- 502:2—497:8 = 44 


2 Two observers A and B are provided with sources of sound of frequency 500. A 
remains stationary and B moves away from him at a velocity of 1:8ms~'. How many 
beats per second are observed by A and by B, the velocity of sound being 330ms ^ 


Beats observed by A. A hears a note of frequency 500 due to its own source of 
sound. Hc also hears a note of apparent frequency f' due to the moving source B. 
With the usual notation, 
e 330 
fu II—I 
4 (830+ 1-8)/500 
since the velocity of sound, c’, relative to A is 330ms 
the waves reaching him is (330+ 1:8)/500 m. 
330 x 500 
—-— > 4973 
331-8 
<, beats observed by A = 500—497:29 = 271 Hz 


-1 and the wavelength 4' of 


r 


Beats observed by B. The apparent frequency f' of the sound from A is given by 
ee 4 
f-3 


In this case c' = velocity of sound relative to B — 330— 18-2 3282ms^' and 
the wavelength 4’ of the waves reaching B is unaltered. Since 4 = 330/500 m, it 
follows that 
. 39382 382x500 
f739590 359 m 
<. beats heard by B — 500 — 497-27 = 2:73 Hz 


3 In the Sun's spectrum, à line of wavelength 589.00 nm differs by 7:8 x 10 ? nm when 
f the Sun are observed across the equatorial diameter. j 


opposite edges o 
i ner speed of rotation of the Sun, assuming speed of light, c = 3:00 x 10° ms 


moves with velocity v away from the observer. From the Doppler 


One edge 


478. di 
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exon l1 D eve 
principle, the increased wavelength is given by, if 7 is the actual wavelength, 
p WU U.. 
t= å 
E 


The opposite edge moves towards the observer with velocity v. So the decreased 
wavelength is given by 


» C—U 
A= 4 
ja 
^ M undsfckv c aT 
So change in wavelength = X — 7 du 2 J 
v -3 
=2-1=78x10-3nm 
c 
78 x 1073 x3 x 108 
os 2x 589 
—-2xl0 ms^! - 2kms^! 
Intensity and Amplitude 


Suppose the displacement y of a vibrating layer of air is given by y = asin at, 


where w = 2z/T and a is the amplitude of vibration, see equation (1), p. 465. The 
velocity, v, of the layer is given by 


d ] 


v= a = wa COS wt 
dt z 


and hence the kinetic energy, W, is given by 
W = mv? = Amo?? cos? wt Saar) 


Where m is the mass of the layer. The layer also has potential energy as it vibrates. 


Its total energy, Wo, which is constant, is therefore equal to the maximum value 
of the kinetic energy. From (i), it follows that 


Wie aE M AL cue nho Gi) 

In ! second, the air is disturbed by the wave 

velocity of sound in ms- '; and if the area of 
volume of air disturbed is c m?. The mass 

c p kg, where p is the density of air in kgm^? 


Over a distance c m, where c is the 
Cross-section of the air is 1 m?, the 
of air disturbed per second is thus 
» and hence, from (ii), 


Mm (ii) 
Sound due to a wave of, given frequency is 
of vibration. 


a stan S Proportional to 1/r?, But we have just 
Proved that the Intensity is also Proportiona 


1 d th e in lonal to a?, where q is the amplitude of 
vibration at this distance from the sou 


Fee. So a? oc 1/r?, or 
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Quality or Timbre 
If the same note is sounded on the violin and then on the piano, an untrained 
listener can tell which instrument is being used, without seeing it. We say that the 
quality or timbre of the note is different in each case. 

The waveform of a note is never simple harmonic in practice; the nearest 
approach is that obtained by sounding a tuning-fork, which thus produces what 
may be called a ‘pure’ note, Figure 22.9 (i). If the same note is played on a violin 
and piano respectively, the waveforms produced might be represented by Figure 
22.9 (ii), (iii), which have the same frequency and amplitude as the waveform in 
Figure 22.9 (i). Now curves of the shape of Figure 22.9 (ii), (iii) can be analysed 
mathematically into the sum of a number of simple harmonic curves, whose 


——— uod 
tuning 
fork 
QUAE A > Nat fo 


(iv) 
pene 2 MEE 


Figure 22.9 Waveforms of notes 


frequencies are multiples of fo, the frequency of the original waveform; the 
amplitudes of these curves diminish as the frequency increases, Figure 22.9 (iv), 
for example, might be an analysis of a curve similar to. Figure 22.9 (iii), 
corresponding to a note on a piano. The ear 1s able to detect simple harmonic 
waves and therefore it registers the presence of notes of frequencies 2 fo and 3fo, 
in addition to fo, when the note is sounded on the piano, The amplitude of the 
curve corresponding to Jo is greatest, Figure 22.9 (iv), and the note of frequency 
fo is heard predominantly because the intensity I$ proportional to the square of 
the amplitude (p. 584). In the background, however, are the notes of frequencies 
2fo. 3fos which are called the overtones. The frequency fo is called the 


fundamental. 
As the waveform of the sam 


instruments, it follows that t 


e note is different when it is obtained from different 
he analysis of cach will differ. For example, the 


waveform of a note of frequency fo from a violin may contain overtones of 
frequencies 2fo, Af, Ofo: The musical "background to the fundamental note is 
therefore different when it is sounded on different pones and hence the 
overtones present in a note determine its quality or timbre. 


586 


A harmonic is the name given to a note whose frequency is a simple multiple of 
the fundamental frequency fy. So fo is called the ‘first harmonic’; a note of 
frequency 2 f, is called the ‘second harmonic’, and so on. Certain harmonics ofa 
note may be absent from its overtones; for example, the only possible notes 


obtained from an organ-pipe closed at one end are fy, 3 fo. Sf, 7 fo, and so on 
(p. 595). 


———— ——————..—.— —  . Exercises 22 
Sound Waves 


1. Describe the nature of the disturbance set up in air by a vibrating tuning-fork and 


show how the disturbance can be represented by a sine curve. Indicate on the curve 
the points of 


(a) maximum particle velocity, 
(b) maximum pressure. 


What characteristics of the vibration determine the pitch, intensity, and quality 
respectively of the note? (JM B.) 


2 Define frequency and explain the term harmonics. How do harmonics determine the 
quality of a musical note? 


It is much easier to hear the sound ofa vibrating tuning fork if it is 
(a) placed in contact with a bench, or 


(b) held overa certain length of air in a tube. Explain why this is so in both these 


emitted by the fork. How would the value obtained be affected by changes in 
(i) the temperature of the air and (ii) the pressure of the air? (L.) 


(a) reflection, 
(b) refraction, 
(c) interference. (C.) 
4 Explain why sounds are heard very clearly at great distances from the source 
(a) on still mornings after a clear night, and 
(b) when the wind is blowing from the source to the observer. 
5 Continuous sound waves of a single frequency are emitted from two small 
loudspeakers A and B, fed by the same signal generator and located as shown in 
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Figure 22A 


p 
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Figure 22A (i), which is not to scale. A small sensitive micropho: i 

connected (via a pre-amplifier) to a cathode ray A EA The bred in rae 

NE ris the traces that appear on.the screen of the c.r.o. due to A alone, then B 

^ present the variation of the displacement at P produced by each wave 
separately with time. 

(a) Calculate the relative intensities of the waves emitted by A and B. 

The width of the trace on the c.r.o. is 120cm and the time base ‘speed’ is | 
50 us cm ~'. Calculate the frequency of the waves. 

(b) The two waves interfere at P. Using the superposition principle, construct on the 
graph (Figure 22A (ii) the resultant displacement-time curve, using the same 
axes as for the original waves. What is the intensity of the resultant wave at P 
compared with that caused by B alone? 

(c) Using axes on a separate sheet, construct the resultant displacement for a point 
Q where the waves from A and Barrive 180° out of phase with each other. 
(Assume that the amplitudes of the waves arriving at Q are the same as those 
arriving at P.) What is the intensity of the resultant wave compared with that 
caused by B alone in this case? 

(d) Explain why, although the displacement of the resultant w: 
Q varies with time, the sound intensity does not. 

(e) Amaximum of sound intensity occurs when the microphone is at R. From the 
dimensions given in the diagram determine the largest possible value for the {| 
wavelength of the sound waves. | 

(f) The experimental arrangement shown in Figure 22A (i) could be used to 
measure the speed of sound, c, in air. Explain briefly how you would use the 
apparatus to measure c. Explain how by altering the frequency of the sound a | 
more reliable value of c might be obtained than by using only one frequency. (L.) | 

A thin, vertical rod is partially immersed in a large deep pool of water. It moves 

vertically with simple harmonic motion of small amplitude. Describe the waves 

produced on the water surrounding the rod. State and explain how (i) the 
wavelength and (ii) the amplitude of the waves depend on the distance from the 
rod of the point at which they are measured. 

Describe and briefly explain what happens when a second rod, similar to the first 
and vibrating with the same frequency and amplitude, and in phase with it, is placed 
in the water at a distance d from the first rod. 

Discuss the difficulties encountered in attempting to demonstrate similar 
behaviour for two sources of visible light and describe an experiment you would 
perform to achieve this. (0. & C.) t ; 
Describe a method for the accurate measurement of the velocity of sound in free air. 

Indicate the factors which influence the velocity and how they are allowed for or 


ave produced at Por 


eliminated in the experiment you describe. À n à R 
At a point 20m from a small source of sound the intensity 1s 0-5 microwatt em. `. 
Find a value for the rate of emission of sound energy from the source, and state the 
assumptions you make in your calculation. (/M B.) 
Explain the origin of the beats hear 
frequency are sounded together. Deduce the relat 
beats and the difference in frequency of the forks. 


igher frequency? 

n had te endulum se ib swing in front of the ‘seconds’ pendulum (T = 2s) of 
a clock is seen to gain so that the two swing in phase at intervals of 21 s. What is the 
time of swing of the simple pendulum? (L.) 

What is meant by 


e puces f in air? What are the correspo 
the frequency 0! a wave in air? Wha 

bi at ron associated with the wave? How would you account for the 
difference in quality between two notes of 
different instruments, €-8-» by a violin and by an organ pipe: , oe BEA p 

What are 'beats? Given a set ol [ cies 256, 264, ds 
280, and 288, anda tuning-fork whose frequency is known to be between 
and 288, how would you determine its frequency accurately? 


ing-forks of slightly different 
ion between the frequency of the 
How would you determine which 


10 


11 


12 


13 


14 


15 


16 


17 


Advanced Level Physics 


Doppler’s Principle 


An observer travels with constant velocity of 30 ms ^ ! towards a distant source of 

sound, which has a frequency of 1000 Hz. Calculate the apparent frequency of the 

sound heard by the observer. What frequency is heard after passing the source of 
sound? (Assume velocity of sound = 330ms~'.) 

(a) A sound of frequency of 500 Hz is emitted from an alarm system in a vehicle. 
The frequency of the note as heard by a stationary observer changes as the 
vehicle accelerates away. What will be the value of this frequency when the 
vehicle reaches a speed of I0 ms. '? (Speed of sound in air = 340ms ^.) 

(b) Assume the vehicle is capable of accelerating up to the speed of sound. Sketch a 
graph showing how the frequency of the sound heard by the stationary observer 
changes as the speed of the vehicle increases from 0 to 340 ms ' !. (L.) 

The wavelength of a particular line in the emission spectrum of a distant star is 

measured as 600-80 nm. The true wavelength is 600-00 nm. 

(a) Is the star moving away from or towards the observer? 

(b) Calculate the speed of the star. (Velocity of light = 3-0 x 10* ms- !.) 

An observer, travelling with a constant velocity of 20ms_ ', passes close to a 

Stationary source of sound and notices that there is a change of frequency of 50 Hz 

as he passes the source. What is the frequency of the source? 

(Speed of sound in air = 340ms_'.)(L.) 

Deduce expressions for the frequency heard by an observer 

(a) when he is stationary and a source of sound is moving towards him and 

(b) when he is moving towards a stationary source of sound. Explain your 
reasoning carefully in each case. 

Give an example of change of frequency due to motion of source or observer from 
some other branch of physics, explaining either, a use which is made of it, or a 
deduction from it. 

A car travelling at l0 m s ^ ' sounds its horn, which has a frequency of 500 Hz, and 
this is heard in another car which is travelling behind the first car, in the same 
direction, with a velocity of 20 m s ^ '. The sound can also be heard in the second car 
by reflection from a bridge head. What frequencies will the driver of the second car 
hear? (Speed of sound in air = 340 ms '.)(L.) 

An object, vibrating vertically with a frequency of 10 Hz, is moving in a horizontal 

straight line with a velocity of 2:0 cms ^. It is producing waves, which travel with a 

speed of 12cms  ', ona water surface, Draw a diagram showing the instantaneous 

positions of the waves emitted during the previous half second. 

Calculate the frequency of the waves in the direction of motion of the object. 

A boy sitting on a swing which is moving to an angle of 30° from the vertical is 
blowing a whistle which has a frequency of 1-0 kHz. The whistle is 2:0 m from the 
point of support of the swing. A girl stands in front of the swing. Calculate the 
maximum and minimum frequencies she will hear. (Speed of sound = 330ms ' ', 
g-298ms ?)(L) ; 

(a) State the conditions necessary for ‘beats’ to be heard and derive an expression 
for their frequency. 

(b) A fixed source generates sound waves which travel with a speed of 330ms  '. 
They are found by a distant stationary observer to have a frequency of 500 Hz. 
What is the wavelength of the waves? From first principles find (i) the 
wavelength of the waves in the direction of the observer, and — (ii) the frequency 
of the sound heard if (1) the source is moving towards the stationary observer 
with a speed of 30ms_ *, (2) the cbserver is moving towards the stationary 
source with a speed of 30 ms ', (3) both source and observer move with a speed 
of 30 ms '' and approach one another. (JM B.) 

The Sun rotates about its centre. Observation of the light from the two edges at the 

ends of a diameter shows a Doppler shift of about 0:008 nm for a wavelength 

600-000 nm. 

Estimate the angular velocity of the Sun about it&centre, given that its radius is 

70x 10* mande = 3:0 x 10%ms7!. f 
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18 Describe 
(a) the Doppler effect and 
(b) beats, as observed with sound waves. Derive expressions for the apparent 
frequency of a sound signal heard by an observer in still air’ (i) from a source of 
frequency f moving with velocity u towards a stationary observer and (ii) from 
a stationary source of frequency f when the observer approaches the source 
with velocity v. 

An ultrasonic burglar alarm in still air transmits a signal at a frequency of 
45 x 10* Hz, part of which is reflected by the burglar to a receiver alongside the 
transmitter. : 

The burglar moves towards the transmitter at I ms~ '; calculate (iii) the 
frequency of the signal received by the burglar, and (iv) the frequency detected by 
the receiver alongside the transmitter, 

Hence find (v)the beat frequency between the signal reflected from the moving 
burglar and the original signal from the transmitter. 

The alarm is triggered by any beat frequency greater than 5 Hz; estimate (vi) the 
minimum velocity of approach of a burglar to activate the alarm. (Velocity of sound 
in air = 340ms ^!) (0. & C.) 


23 
Waves in Pipes and Strings 


As we shall see, stationary or standing waves are formed in 
sounding pipes and strings. We first deal in detail with the waves 
produced in closed and open pipes and the range of frequencies 
produced and the way in which the speed of sound in pipes is 
measured. This is followed by waves in strings and the frequencies 
produced, and the application to measuring the a.c. mains 


frequency. 


Introduction 

The music from an organ, a violin, or a xylophone is due to vibrations in the air 
set up by oscillations in these instruments. In the organ, air is blown into a pipe, 
which sounds its characteristic note as the air inside it vibrates; in the violin, the 
strings are bowed so that they oscillate; and in a xylophone a row of metallic 
rods are struck in the middle with a hammer, which sets them into vibration. 

Before considering each of the above cases in more detail, it would be best to 
consider the feature common to all of them. A violin string is fixed at both ends, 
A, B, and waves travel along m, n to each end of the string when it is bowed and 
are there reflected, Figure 23.1 (i). 


B 
2 m 
n 
B 
air metal 
n 
— string 
Pa m 
UA 
A 2] y A 
violin string A 
organ pipe 


li (i) (ii) (iii) 


Figure23.1 Reflection of waves in instruments 


The vibrations of the particles of the string are hence due to two waves of the 
same frequency and amplitude travelling in opposite directions. A similar effect is 
obtained with an organ pipe closed at one end B, Figure 23.1 (ii). If air is blown 
into the pipe at A, a wave travels along the direction m and is reflected at B in the 
opposite direction n. The vibrations of the air in the pipe are thus due to two 
waves travelling in opposite directions. If a metal rod is fixed at its middle in a vice 


ON 
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Figure 23A (a)-(d) The photographs illustrate how ‘stopping’ with a light touch of a finger at 
different points of a vibrating cord produces successive harmonics. At the top, the mode of 
vibration corresponds to the fundamental frequency fo and the others to 2 fo, 3.fo» 4 fo. AS 
shown, a displacement node is produced at the stop in each case. | 

(Courtesy of Prof. C. A. Taylor, Cardiff University) 


and stroked at one end A, a wave travels along the rod in the direction m and is 
reflected at the other end B in the direction n, Figure 23.1 (iii). The vibrations of 
the rod, which produce a high-pitched note, are thus due to two waves travelling 


in opposite directions. 
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Stationary Waves and Wavelength 

In Chapter 17 on Waves, we showed that a stationary wave is formed when two 
waves of equal amplitude and frequency travel in opposite directions in a 
medium. Figure 23.2 shows a plane-progressive sound wave a in air incident on a 
smooth wall W, together with the reflected wave b. When the displacements due 
to the two waves are added together at the times shown, where T is the period of 
aor b, the resultant wave S has points N of permanent zero displacement called 
nodes. Other points A, half way between the nodes N, have a maximum 
amplitude of vibration; they are called antinodes. 


Figure 23.2 Formation of stationary waves 


Figure 23.2 shows displacement nodes and antinodes. As we saw on p. 472, the 
pressure nodes occur at displacement antinodes; the pressure antinodes occur at 
displacement nodes. 

The importance of the nodes and antinodes in a stationary wave lies in their 
simple connection with the wavelength. We have shown in Chapter 17 that 


the distance between consecutive nodes, NN = ; à à (i) 


where 2 is the wavelength of the progressive wave; 


the distance between consecutive antinodes, AA = 


wi œ 


(i) 
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and 


the distance from a node to the next antinode, NA = i ; (iii) 


Examples on Stationary Waves 
Plane sound waves of frequency 100 Hz fall normally on a smooth wall. At what distances 
from the wall will the air particles have 
(a) maximum, 
(b) minimum amplitude of vibration? Give reasons for your answer. (The velocity of 
sound in air may be taken as 340 ms ' '.)(L.) 


A stationary wave is set up between the source and wall, due to the production 
ofa reflected wave. The wall is a displacement node, since the air in contact with 
it cannot move; and other nodes are at equal distances, d, from the wall. Now if 
the wavelength is 4, 


À 
d=, 
2 v 340 
Since im gg dm T 
4 
dee 17m 


Thus minimum amplitude of vibration is obtained 1-7, 3-4, 5:1 m...from the 
wall. 

The antinodes are midway between the nodes. So maximum amplitude of 
vibration is obtained 0°85, 2:55, 4:25 m, ... from the wall 
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Waves in Pipes 
Closed Pipe 


A closed or stopped organ pipe consists essentially of a metal pipe closed at one 
end Q, and a blast of air is blown into it at the other end P, Figure 23.3 (i). A wave 
thus travels up the pipe to Q, and is reflected at this end down the pipe, so that a 
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Figure 23.3 (i) Closed (stopped) pipes (ii) F. undamental of closed (stopped) pipe 


stationary wave is obtained. The end Q of the closed pipe must be a node N, since 
the layer in contact with Q must be permanently at rest, and the open end A, 
where the air is free to vibrate, must be an antinode A. The simplest stationary 
wave in the air in the pipe is therefore represented by g in Figure 23.3 (ii). Here 
the pipe is positioned horizontally to show the relative displacement, y, of the 
layers at different distances, x, from the closed end Q; the axis of the stationary 
wave is Qx. 

It can now be seen that the length / of the pipe is equal to the distance between 
a node N and a consecutive antinode A of the stationary wave. But NA = 4/4, 
where À is the wavelength (p. 593). 


IDNCRODCZRRUME eeu ES e s 2 DD n D ee ee 
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But the frequency, f, of the note is given by f = c/A, where c is the velocity of 
sound in air. 


am d E 

Su ài 
This is the frequency of thc lowest note obtainable from the pipe, and it is 

sets as its fundamental. We shall denote the fundamental frequency by fo, 50 
ial 


——- 
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Figure 23.3(i) shows the stationary wave of displacement of air molecules 
along the closed pipe. The pressure variation is also a stationary wave. But in 
contrast to Figure 23.3 (ii), the pressure node is at the open end since the air 
pressure here is constant and equal to the external atmospheric pressure; and the 
pressure antinode is at the closed end since here the layers of air arc compressed. 


Overtones of Closed Pipe 
If a stronger blast of air is blown into the pipes, notes of higher frequency can be 
obtained which are simple multiples of the fundamental frequency fj. Two 
possible cases of stationary waves are shown in Figure 23.4. In each, the closed 


Figure 23.4. Overtones in closed pipe 


end of the pipe is a node, and the open end is an antinode. In Figure 23.4 (i). 
however, the length / of the pipe is related to the wavelength 7, of the wave by 


174^ 
AME 
A=, 


? c 3e 2 
Toe diui di] t) 

But foe į 
A= 3f, ^ t 1 i (ii) 


As we previously explained. the stationary pressure wave in the air has 
pressure nodes at the displacement antinodes A in Figure 23.4 (i) and pressure 
antinodes at the displacement nodes N. 

In Figure 23.4 (ii), when a note of frequency f; is obtained. the length / of the 
pipe is related to the wavelength 4; by 


SYLA PAARA. 
l= d On A= 
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By drawing other sketches of stationary waves. with the closed end as a node | 
and the open end as an antinode, it can be shown that higher frequencies can be 
obtained which have frequencies of 7 fo, 9 fo, and so on. They are produced by 
blowing harder at the open end of the pipe. The frequencies obtainable at a 
closed pipe are hence fo, 3 fo, 5 fo, and so on, i.e., the closed pipe gives only odd 
harmonics, and hence the frequencies 3 fo, 5 fọ, etc. are possible orertones. 


Open Pipe 
An ‘open’ pipe is one which is open at both ends. When air is blown into it at P, a 
wave m travels to the open end Q, where it is reflected in the direction n on 
encountering the free air, Figure 23.5 (i). A stationary wave is therefore set up in 


1 
n i 
m 
i Se E AE ! 
(| 
(ii) 
Vp 
UR SELON OC ee EMI 
Figure 23.5 (i) Open pipe (ii) Fundamental of open pipe 


the air in the pipe, and as the two ends of the pipe are open, they must both be 
antinodes. The simplest type of wave is hence that shown in Figure 23.5 (ii), the x- 
axis of the wave being drawn along the middle of the pipe. which is horizontal. A 
node N is midway between the two antinodes. 
The length / of the pipe is the distance between consecutive antinodes. But the 
bem between consecutive antinodes = 4/2, where 7 is the wavelength (p. 
) 


m 
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Thus the frequency fo of the note obtained from the pipe is given by 


c € 
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This is the frequency of the fundamental note of the pipe. 


Waves In Pipes and Strings ...  .. 89 


Overtones of Open Pipe 
Notes of higher frequencies than fo can be obtained from the pipe by blowing 
harder. The stationary wave in the pipe has always an antinode A at each end, 
and Figure 23.6 (i) represents the case of a note of a frequency f}. 
The length / of the pipe is equal to the wavelength 7, of the wave in this case. 


Thus antec 
" me] 
But fos 3 from (2) above 
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In Figure 23.6 (ii), the length | = 343/2, where 4; is the wavelength in the pipe, 
so A, = 21/3. The frequency f, is thus given by 
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Figure 23.6 Overtones of open pipes 


The frequencies of the overtones in the open pipe are thus 2 fo, 3 fo. 4 fo, and so 
on, that is, all harmonics are obtainable. The frequencies ofthe overtones in the 
closed pipe are 3 fy. 5 fo. 7.fo, and so on, and hence the quality of the same note 
obtained from a closed and an open pipe is different (sce p. 585). 


Detection of Nodes and Antinodes, and Pressure Variation, in Pipes 
The nodes and antinodes in a sounding pipe have been detected by suspending 
inside it a very thin piece of paper with lycopodium or fine sand particles on it, 
Figure 23.7(i). The particles can be heard vibiating on the paper at the 
antinodes, but they are still at the nodes. 

The pressure variation in a sounding pipe has been examined by means of a 
sensitive flame, designed by Lord Rayleigh. The length of the flame can be made 
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Figure 23.7 (i) Detection of nodes and antinodes (ii) Detection of pressure 


sensitive to the pressure of the gas supplied, so that if the pressure changes the 
length of flame is considerably affected. Several of thc flames can be arranged at 
different parts of the pipe. with a thin rubber or mica diaphragm in the pipe, 
such as at B, C, Figure 23.7 (ii). At a place of maximum pressure variation, which 
is a node (p. 480), the length of flame alters accordingly. At a place of constant 
(normal? pressure. which is an antinode, the length of flame remains constant. 

The pressure variation at different parts of a sounding pipe can also be 
examined by using a suitable small microphone at B, C. instead of a flame. The 
microphone is coupled to a cathode-ray tube and a wave of maximum amplitude 
is shown on the scrcen when the pressure variation is a maximum. At a place of 
constant (normal) pressure, no wave is observed on the sereen. 


End-correction of Pipes 
The air at the open end of a pipe is free to move, and so the vibrations at this end 
of a sounding pipe extend a little into the air outside the pipe. The antinode of 
the stationary wave due to any note is thus a distance e from the open end in 
practice, known as the end-correction, and hence the wavelength A in the case of a 
closed pipe is given by 2/4 = l+ e, where l is the length of the pipe, Figure 23.8 (i). 
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Figure 238 (i) Closed pipe (ii) Open pipe 
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In the case of an open pipe sounding its fundamental note, the wavelength 4 is 
given by A =l+e+e, since two end-corrections are required, assuming the 
end-corrections are equal, Figure 23.8 (ii). Thus A = 2(!+ 2e). See also p. 596. 

The mathematical theory of the end-correction was developed independently 
by Helmholtz and Rayleigh. It is now generally accepted that c = 0-58r, or 0-6r, 
where r is the radius of the pipe, so that the wider the pipe, the greater is the end- 
correction. It was also shown that the end-correction depends on the wavelength 
4 of the note, and tends to vanish for very short wavelengths. 


Effect of Temperature, and End-correction, on Pitch of Pipes 
The frequency, fo, of the fundamental note of a closed pipe of length / and end- 
correction e is given by 
DE err C 
À Al+e) 
with the usual notation, since 4 = 4l + e). See above. Now the velocity of sound, 
c, in air at 0°C is related to its velocity c at 0°C by 
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since the velocity is proportional to the square root of T the kelvin temperature. 
Substituting for c in (i), 
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From (iii), it follows that, with a given pipe, tlie frequency of the fundamental 
increases as the temperature increases. Also, for a given temperature and length of 
pipe, the frequency decreases as e increases. Now e = 0-6r where r is the radius of 
the pipe. Thus the frequency of the note from a pipe of given length is lower the 
wider the pipe, the temperature being constant. The same results hold for an open 


pipe. 


Resonance 

If a diving springboard is bent and then allowed to vibrate freely, it oscillates 
with a frequency which is called its natural frequency. When a diver on the edge 
of the board begins to jump up and down repeatedly, the board is forced to 
vibrate at the [requency of the jumps; and at first, when the amplitude is small, 
the board is said to be undergoing forced vibrations. As the diver jumps up and 
down to gain increasing height for his dive, the frequency of the periodic 
downward force reaches a stage where it is practically the same as the natural 
frequency of the board. The amplitude of the board then becomes very large, and 
the periodic force is said to have set the board in resonance (see also p. 470). 

A mechanical system which is free to move, like a wooden bridge or the air in 
pipes, has a natural frequency of vibration, fo, which depends on its dimensions. 
When a periodic force of a frequency different from f, is a pplied to the system, 
the latter vibrates with a small amplitude and undergoes forced vibrations. 
When the periodic force has a frequency equal to the natural frequency fo of the 
system, the amplitude of vibration becomes a maximum, and the system is then 
set into resonance, Figure 239 is a typical curve showing the variation of 
amplitude with frequency. Some time ago it was reported in the newspapers that 
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Figure 23.9 Resonance curve 


à soprano who was broadcasting had broken a glass tumbler on the table of a 
listener when she had reached a high note. This is an example of resonance. The 
glass had a natural frequency equal to that of the note sung, and was thus set into 
a large amplitude of vibration sufficient to break it. 

The phenomenon of resonance occurs in branches of Physics other than 
Sound and Mechanics. When an electrical circuit containing a coil and capacitor 
is ‘tuned’ to receive the radio waves from a distant transmitter, the frequency of 
the radio waves is equal to the natural frequency of the circuit and resonance is 
therefore obtained. A large current then flows in the electrical circuit (p. 396). 


Sharpness of Resonance 

As the resonance condition is approached, the effect of the frictional or damping 
forces on the amplitude increases. Damping prevents the amplitude from 
becoming excessively large at resonance. The lighter the damping, the sharper is 
the resonance, that is, the amplitude diminishes considerably at a frequency 
slightly different from the resonant frequency, Figure 23.10. A heavily-damped 
system has a fairly flat resonance curve. Tuning is therefore more difficult in a 
System which has light damping. 
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Figure 23.10 Sharpness of resonance 
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The effect of damping can be illustrated by attaching a simple pendulum 
carrying a very light bob, and one of the same length carrying a lead bob of equal 
size, to a horizontal string. The pendula are set into vibration by a third 
pendulum of equal length attached to the same string. It is then seen that the 
amplitude of the lead bob is much greater than that of the light bob. The damping 
of the light bob due to air resistance is much greater than for the lead bob. 

See also page 468. 


Resonance in a Tube or Pipe 
If a person blows gently down a pipe closed at one end, the air inside vibrates 
freely, and a note is obtained from the pipe which is its fundamental (p. 594). A 
stationary wave then exists in the pipe, with a node N at the closed end and an 
antinode A at the open end, as explained previously. 

If the prongs of a tuning-fork are held over the top of the pipe, the air inside it 
is set into vibration by the periodic force exerted on it by the prongs. In general, 
however, the vibrations are feeble, as they are forced vibrations, and the intensity 
of the sound heard is correspondingly small. But when a tuning-fork of the same 
frequency as the fundamental frequency of the pipe is held over the pipe, the air 
inside is set in resonance by periodic force, and the amplitude of the vibrations is 
large. A loud note, which has the same frequency as the fork, is then heard coming 
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Figure 23.11 | Resonance in closed pipe 


from the pipe, and a stationary wave is set up with the top of the pipe acting as an 
antinodeand the fixed end as a node, Figure 23.11. Ifa sounding tuning-fork is held 
over a pipe open at both ends, resonance occurs when the stationary wave in the 
pipe has antinodes at the two open ends, as shown by Figure 23.5; the frequency of 
the fork is then equal to the frequency ofthe fundamental of the open pipe. A similar 
case to the closed pipe, but using electrical oscillations, was discussed on p. 481. 


Resonance Tube Experiment, Measurement of Velocity of Sound and 
‘End-Correction’ of Tube 

Ifa sounding tuning-fork is held over the open end of a tube T filled with water, 

resonance is obtained at some position as the level of water is gradually lowered, 

Figure 23.12(i). The stationary wave set up is then as shown. If e is the end- 

correction of the tube (p. 598). and l is the length from the water level to the top 


of the tube, then 
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e Figure 23.12 Resonance tube experiment 


If different tuning-forks of known frequency f are taken, and the 
corresponding values of | obtained when resonance occurs, it follows from 
equation (ii) that a graph of 1/f against is a straight line, Figure 23.12 (ii. Now 
from equation (ii), the gradient of the line is 4/c; thus c can be determined. Also, 
the negative intercept of the line on the axis of l is e, from equation (ii); hence the 
end-correction can be found. 

If only one fork is available, and the tube is sufficiently long, another method 
for c and e can be adopted. In this case the level of the water is lowered further 
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Figure 23.13 Resonance at new water level 
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from the position in Figure 23.12 (i), until resonance is again obtained at a level 
L,, Figure 23.13. Since the stationary wave set up is that shown and the new 
length to the top from L, is l, it follows that 
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In this method for c, therefore, the end-correction e is eliminated. The 
magnitude of e can be found from equations (ii) and (iti). Thus, from (ii), 


34 
3I--3e = y 
A 
But, from (iii), ten 
<. 3l+3e = l; +e 
“2e = 15-3 
4 1,—3l 
vue rv 3 $ T 2 (4) 


Hence e can be found from measurements of /, and l. 


Velocity of Sound in Air by Dust Tube Method 
Figure 23.14 illustrates another method for measuring the velocity of sound in 
air by means of stationary waves. 
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Figure 23.14 Velocity of sound in air 


A measuring cylinder B is placed on its side and is arranged to lie horizontally 
on supports such as plasticene. The inside of the cylinder is coated lightly with 
lycopodium powder or cork dust along its length. A paper cone C. attached toa 
loudspeaker L, js fitted over the open end of B. By connecting a suitable oscillator 
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to L, sound waves are produced which travel to the closed end of B and are 
reflected, so that stationary waves are formed in the air. 

The frequency of the oscillator is varied. At a frequency of the order of a 
kilohertz or more depending on the length of the measuring cylinder, the dust 
suddenly settles into regularly spaced heaps at positions along the cylinder. 
These are nodes, N, of the stationary wave (zero displacement positions). 
Midway between the nodes are antinodes, A, where the air has maximum 
amplitude of vibration and so little dust settles there. 

Measurement of the average distance NN between successive nodes = 4/2, 
where 4 is the wavelength. So 4 can be found. The velocity in air c = f4, where f 
is known, and hence c can be calculated. This is an approximate method for c as 
(a) the sound waves are damped by the sides of the tube and so this is not the 

velocity in free air (sce p. 488), 
(b) the distance NN cannot be measured to a high degree of accuracy. In the 
method outlined here, the dust and the tube must both be dry. 


Examples on Waves in Pipes 
1 A cylindrical pipe of length 28 cm closed at one end is found to be at resonance when a 
tuning fork of frequency 864 Hz is sounded near the open end. Determine the mode of 
vibration of the air in the pipe, and deduce the value of the end-correction. [Take the 
velocity of sound in air as 340 ms- !.] 


Let 4 — the wavelength of the sound in the pipe. 

Then 4.5 MON 
= f 864 

HT the pipe is resonating to its fundamental frequency fo, the stationary wave in 
the Pipe is that shown in Figure 23.12(i) ard the wavelength Ao, is given by 
4o/4 = 28cm. Thus 4; = 112cm. Since 4 = 3935 cm, the pipe cannot be 
sounding its resonant frequency. The first overtone of the pipe is 3 fo, which 
corresponds to a wavelength 4, given by 34/4 = 28 (see Figure 23.4). 


= 39-35cm 


Consequently, allowing for the effect of an end correction, the pipe is sounding 
its first overtone. 


Let e = the end-correction in cm 


Then +e = 3 
4 
But, accurately, Ay "t - d = 39-35 


©. 28 +e = 3x 39-35 
"em bScm 
2 Explain, with diagrams. the possible states of vibration of a columa of air in 
(a) an open pipe. 
(b) a Closed pipe. 


Anopeu pipe 30 cm longanda closed pipe 23 c; i 
j : d ‘closed pipe 23 em long, both of the samediameter.are cach 
ee rstovertone. and these are in unison. What istheend-correctionof these pipes? 
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Suppose c is the velocity of sound in air, and fis the fi 
Wesce fis the frequency of the note. The 
When the open pipe is sounding its first overtone, the length of the pipe plus 


end-corrections — 4. 
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since there are two end-corrections. 


ee 


When the closed pipe is sounding its first overtone, 


34 

p =23+e 
. 3c m 
Sey =23+e . 6: À 4 1.17 Ti) 


From (i) and (ii), it follows that 
23+e = {30+ 2e) 


7, 92-- 4e = 90+ 6e 
Se= icem 


Exercises 23A .——————————— 
Waves in Pipes 


Write down in terms of wavelength, 4, the distance between (i) consecutive 
nodes, (ii) a node and an adjacent antinode, (iii) consecutive antinodes. Find the 


frequency of the fundamental of a closed pipe 15cm long if the velocity of sound in 
x 


air is 340ms '. 
Discuss what is meant by the statement that sound is a wave motion. Use the 
example of the passage ofa sound wave through air to explain the terms wavelength 
(A), frequency (J), and velocity (v) of a wave. Show that v = fA. 
loudness (or ‘resonance’) which occurs when a sounding 
tuning-fork is held near the open end of an organ pipe when the length of the pipe 
has certain values, the other end of the pipe being closed. Find the shortest length of 
such a pipe which resonates with a 440 Hz tuning-fork, neglecting end corrections, 
(Velocity of sound in air = 350ms^!)(0.&C) ` 
Explain the conditions necessary for the creation of stationary waves in air. 
Describe how 


(a) the displacement, M à 
(b) the pressure vary at different points along à stationary wave In air and describe 


how these effects might be demonstrated experimentally. = 
A tube is closed at one end and closed at the other by a vibrating diaphragm 
which may be assumed to be a displacement node. It is found that when the 


frequency of the diaphragin is 2000 Hz a stationary wave pattern issetupinthe — 
djacent nodes is then 80cm. When the frequency ts 


tern disappears but another stationary 
wave pattern reappears at à frequency of 1600 Hz. Calculate (i) the speed of sound 
inair, (ii) the distance between adjacent nodes at à frequency of 1600 Hz, (iii) the 
length of the tube between the diaphragm and the closed end, (iv) the next lower 
frequency at which a stationary wave pattern will be obtained. (JM B.) 


What are the chief characteristics of a progressive ur re 
for believing that sound is propagated through the atmosphere as a longitudinal 
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wave motion, and find an expression relating the velocity, the frequency, and the 

wavelength. 

Neglecting end effects, find the lengths of 

(a) a closed organ pipe, and 

(b) an open organ pipe, each of which emits a fundamental note of frequency 
256 Hz. (Take the speed of sound in air to be 330 ms" '.) (0.) 

(a) Explain in terms of the properties of a gas, but without attempting 
mathematical treatment, how the vibration of a sound source, such as a 
loudspeaker diaphragm, can be transmitted through the air around it. 

Explain, also, the reflection which occurs when the vibration reaches a fixed 
barrier, such as a wall. 

(b) Plane, simple harmonic, progressive sound waves of wavelength 1-2 m and speed 
348 ms" !, are incident normally on a plane surface which is a perfect reflector of 
sound. What statements can be made about the amplitude of vibration and 
about air pressure changes at points distant (i) 30cm, (ii) 60cm, 

(iii) 90cm, (iv) 10cm from the reflector? Justify your answers. (0. & C.) 
Describe the motion of the air in a tube closed at one end and vibrating in its 
fundamental mode. An observer 
(a) holds a vibrating tuning-fork over the open end ofa tube which resounds to it, 
(b) blows lightly across the mouth of the tube. Describe and explain the difference 

in the quality of the notes that he hears, 

A uniform tube, 60-0.cm long, stands vertically with its lower end dipping into | 
water. When the ler.gth above water is 14:8 cm, and again when it is 480 cm, the 

tube resounds to a vibrating tuning-fork of frequency 512 Hz. Find the lowest 

frequency to which the tube will resound when it is open at both ends. (L.) E^ | 

Discuss the factors which determine the pitch of the note given by a ‘closed’ pipe. | 

Explain why the fundamental frequency and the quality of the note from a ‘closed’ 

pipe differ from those of the note given under similar conditions by a pipe of the 

same length which is open at both ends. (JM B.) 

What do you understand by 

(a) forced vibrations, 

(b) free vibrations, and 

(c) resonance? 

Illustrate your answer by giving three distinct examples, one for each of (a). (b) 

and (c). 

Explain how a stationary sound wave may be set up in a gas column and how 

you would demonstrate the presence of nodes and antinodes. State what 

Measurements would be required in order to deduce the speed of sound in air from 

your demonstration, and show how you would calculate your result. 

The speed of sound, c, in an ideal gas is given by the formula c — s IP p. where p 

is the pressure; p is the density of the gas and 7 is a constant. By considering this 

formula explain the effect ofa changein (i) temperature, and — (ii) pressure. on 

speed of sound. (1..) 

Distinguish between the formation of an echo and the formation of a stationary 

sound wave by reflection, explaining the general circumstances in which each is 

produced. 

Describe an experiment in which the velocity of sound in air may be determined 
by observations on stationary waves. ` 
An organ pipe is sounded with a tuning-fork of frequency 256 Hz. When the air in 

the pipe is at a temperature of 15*C. 23 beats are heard in 10 seconds: when the 

luning-fork is loaded with a small piece of wax, the beat frequency is found to 

decrease, What change of temperature of the air in the pipe is necessary to bring the 

pipe and the unloaded fork mto unison? (C.) x 

What is meant by 

(à) à stationary ware motion and 

fb) a node? 

Describe now the phenomenon of resonance may be demonstrated using a 
loudspeaker, a source of alternating voltage of variable frequency and asunabie 
tube open at one end and closed at the ether Explain how resonance occurs in the 
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arrangement you describe, draw a diagram showing the position of the nodes in the 
tube in a typical case of resonance and state clearly the meaning of the diagram. 
How would you demonstrate the position of the nodes experimentally? (0. & C.) 
Describe and give the theory of one experiment in each instance by which the 
velocity of sound may be determined, 

(a) in free air, 

(b) in the air in a resonance tube. 

What effect, if any, do the following factors have on tlie velocity of sound in free 
air; frequency of the vibrations; temperature of the air; atmospheric pressure; 
humidity? 

State the relationship between this velocity and temperature. (L.) 
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Waves in Strings 


If a horizontal rope is fixed at one end, and the other end is moved up and down, 
a wave travels along the rope. The particles of the rope are then vibrating 
vertically, and since the wave travels horizontally, this is an example of a 
transverse wave (see p 471). The waves propagated along the surface of the water 
when a stone is dropped into it are also transverse waves, as the particles of the 
water are moving up and down while the wave travels horizontally. A transverse 
wave is also obtained when a stretched string, such as a violin string, is plucked. 
Before we can study waves in strings, we require to know the velocity of 
transverse waves travelling along them. 


Velocity of Transverse Waves Alonga Stretched String 


depends only on the values of T, m, l. The velocity is given by 
ÈS T 
Ei m/l 
orc = ie ~ s A 3 ; 5 (1) 
x 


Where jis the ‘mass per unit length’ of the string. 
When T is in newton and m in kilogram per metre, then c is in metre per second. 
The formula for « may be partly deduced by the method of dimensions, in 
which all the quantities concerned are reduced to the fundamental units of mass, 
M, length, L, and time, T. Suppose that 


c = kT*mT MEE x NETS. cu 


where k, X, v, zc are numbers. The dimensions of velocity ¢ are LT- 1, the 
dimensions of tension 7, a force, are MLT ^7. the dimension of m is M, and the 
dimension of is L. As the dimensions on both sides of (i) must be equal, it follows 


that 
LT! = (MLT-?(M*yL:) 
Equating the indices of M, L, T on both sides, we have 


for M, x+y=0 
for L, X¥+z= 1 
for T, 2x al 
-X=32=h y=—-1 
Thus, from (i) 
Cm KT ji 
Cok ike / 7 
ym vnl 


A rigid mathematical treatment shows that the constant k = 1, so c = an 
: 5 F ym 
Since m/l is the ‘mass per unit length' of the string, then 
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E 
c= j- 
n 
where ji is the mass per unit length. 


Modes of Vibration of Stretched String 
If a wire is stretched between two points N, N and is plucked in the middle, a 
transverse wave travels along the wire and is reflected at the fixed end. A 
stationary wave is thus set up in the wire, and the simplest mode of vibration is 
one in which the fixed ends of the wire are nodes, N, and the middle is an , 
antinode, A, Figure 23.15. Since the distance between consecutive nodes is 
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Figure 23.15 | Fundamental of stretched string 

2/2, where À is the wavelength of the transverse wave in the wire, it follows that 

Å 

I-- 

2 
where lis the length of the wire. Thus 4 = 2/. The frequency f of the vibration is 
hence given by 

CRSA 

where c is the velocity of the transverse wave. But c = „/ T/y, from previous, 
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This is the frequency of the fundamental note obtained from the string; and if we 
denote the frequency by the usual symbol fo, we have 


| jT 
nudis. dece ea tft 


Overtones of Stretched String 
The first overtone f, of a string plucked in the middle corresponds to a 
stationary wave shown in Figure 23.16, which has nodes at the fixed ends and an 
antinode in the middle. If 4, is the wavelength, it can be seen that 
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The frequency f, is thus given by 


Figure 23.16 Overtones of stretched string plucked in middle 


LA z 
But the fundamental frequency, fo, = 5l Fi from equation (2). 


“fi =3h 


The second overtone f, of the string when plucked in the middle corresponds 


$ 2 ‘ 
to a stationary wave shown in Figure 23.16. In this case | = ~ 42, where 4; is the 


2 
wavelength. . 
> 2l 
tt A, = a 
P c 0 
m fha "5 A = 2l 


where f, is the frequency. But c = J/T/nu 
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The overtones are thus 3 fo, 5 fy, and so on. 

Other notes than those considered above can be obtained by touching or 
‘stopping’ the string lightly at its midpoint, for example, so that the latter 
becomes a node in addition to those at the fixed ends. If the string is plucked 
one-quarter of the way along it froma fixed end, the simplest stationary wave set 
up is that illustrated in Figure 23.17 (i) (see also page 591). Thus the wavelength 
À = l, and hence the frequency f is given by 


MI = 2esinee f =a [7 
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Figure 23.17 Even harmonics in stretched string 


If the string is plucked one-eighth of the way from a fixed end, a stationary 
wave similar to that in Figure 23.17 (ii) may be set up. The wavelength, 2’ = 1/2, 
and hence the frequency 


2 
TEAT 
H 


. Verification of the Laws of Vibration of a Fixed String, The Sonometer 
As we have already shown (p. 609), the frequency of the fundamental of a 
stretched string is given by 


writing f for fọ. It thus, follows that: 


1 
Tou 1 for a given tension ( T ) and string (u constant). 
Z MO T for a given length (1) and string (u constant). 


CP jene A for a given length (1) and tension (T ). 
NM 
pai T to aooo : 


These are known as the ‘laws of vibration of a fixed string’. The sonometer was 
designed to verify them. 

The sonometer consists of a hollow wooden box Q. with a thin horizontal wire 
attached to A at one end, Figure 23.18. The wire passes over a grooved wheel H. 
and is kept taut by a mass M hanging down at the other end. Wooden bridges, B. 
C, can be placed beneath the wire so that a definite length of wire is obtained. 
and the length of wire can be varied by moving one of the bridges. The length of 
wire between B. C can be read from a fixed horizontal scale D, graduated in 
millimetres, on the box below the wire. 

(1) To verify f x. V/Lfor a given tension (T) and mass per unit length (p); the mass 


M is kept constant so that the tension, T. in the wire AH is constant. The length, 
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Figure 23.18 Sonometer verification of f xA/land RA T 


l, of the wire between B, C is varied by moving C until the note obtained by 
plucking BC in the middle is the same as that produced by a sounding tuning- 
fork of known frequency f. If the observer lacks a musical ear, the ‘tuning’ can be 
recognised by listening for beats when the wire and the tuning-fork are both 
sounding, as in this case the frequencies of the two notes are nearly equal (p. 574). 
Alternatively, a small piece of paper in the form of an inverted V can be placed 
on the middle of the wire, and the end of the sounding tuning-fork then placed on 
the sonometer box. The vibrations of the fork are transmitted through the box to 
the wire, which vibrates in resonance with the fork if its length is 'tuned' to the 
note. The paper will then vibrate considerably and may be thrown off the wire. 

Different tuning-forks of known frequency f are used, and the lengths, | of the 
wire are observed when they are tuned to the corresponding note. A graph of f 
against 1/I is then plotted, and is found to be'a straight line within the limits of 
experimental error. Thus f oc 1/l for a given tension and mass per unit length of 
wire. 

(2) To verify f ac ER for a given length and mass per unit length, the length BC 
between the bridges is kept fixed, so that the length of wire is constant, and the 
mass M is varied to alter the tension. To obtain a measure of the frequency f of 
the note produced when the wire between B, C is plucked in the middle, a second 
wire, fixed to R, S on the sonometer, is utilised. This usually has a weight (not 
shown) attached to one end to keep the tension constant, Figure 23.18. The wire 
RS has bridges P, N beneath it, and N is moved until the note from the wire 
between P, N is the same as the note from the wire between B, C. Now the 
tension in PN is constant as the wire is fixed to R and S. Thus, since frequency, 
f œ 1/I for a given tension and wire, the frequency of the note from BC is 
Proportional to 1/1, where l is the length of PN. 

By varying the mass M, the tension T in BC is varied. A graph of 1/l against 
YT is found to be a straight line passing through the origin. So f oc T for a 
given length of wire. 

(3) To verify f oc VA /u for a given length and tension, wires of different 
material are connected to B, C, and the same mass M and the same length BC 
are taken. The frequency, f; of the note obtained from BC is again found by 
using the second wire RS in the way already described. The mass per unit length, 
H, is the mass per metre length of wire, and is given by zr?p kgm^!, where r is 
the radius of the wire in m and p is its density in kg m ^?, as (xr? x 1) m? is the 
volume of 1 m of the wire. 

When 1/l is plotted against Vu, the graph is found to be a straight line 
passing through the origin. So f oc Vu for a given length and tension. 
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Measurement of Frequency of A.C. Mains 
The frequency of the alternating current (a.c.) mains can be measured using a 
sonometer wire. 


a.c. mains 


II E 
MK WO c 


Figure23.19 Mains frequency by vibrating wire 


[7 ] 


The alternating current is passed into the wire MP, and the poles N, S of a 
powerful magnet are placed on either side of the wire so that the magnetic field 
due to it is perpendicular to the wire, Figure 23.19. As a result of the magnetic 
effect of the current, a force acts on the wire which is perpendicular to the 
directions of both the magnetic field and the current, and so the wire is subjected 
to a transverse force. If the current is an alternating one of 50 Hz, the magnitude 
of the force varies at the rate of 50 Hz. By adjusting the tension in the sonometer 
wire by varying weights in a scale-pan A, a position can be reached when the 
wire is seen to be vibrating through a large amplitude; in this case the wire is 
resonating to the applied force, Figure 23.19. 

The length / of wire between the bridges is now measured, and the tension T 
and the mass per unit length, yz, are also found. The frequency f of the alternating 


current is then calculated from 
1 4T 
rp 


Velocity of Longitudinal Waves in Wires 

If a sonometer wire is stroked along its length by a rosined cloth, a high-pitched 
note is obtained. This note is due to longitudinal vibrations in the wire, and must 
be clearly distinguished from the note preduced when the wire is plucked, which 
sets up transverse vibrations of the wire and a corresponding transverse wave. As 
we saw on p. 493, the velocity c of a longitudinal wave in a medium is 

E 

c= — 

p 
where E is Young modulus for the wire and p is its density. The wavelength, A, of 
the longitudinal wave is 2l, where lis the length of the wire, since a stationary 
longitudinal wave is set up. Thus the frequency f of the note is given by 
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The frequency of the note may be obtained approximately with the aid of an 
audio oscillator, and so the velocity of sound in the wire, or its Young modulus, 
can be roughly calculated. 


Examples on Waves in Strings 
1 A sonometer wire of length 76cm is maintained under a tension of value 40 N and an 
alternating current is passed through the wire. A horse-shoe magnet is placed with its 
poles above and below the wire at its midpoint, and the resulting forces set the wire in 
resonant vibration. If the density of the material of the wire is 8800 kg m^? and the 
diameter of the wire is 1 mm, what is the frequency of the alternating current? 


The wire is set into resonant vibration when the frequency of the alternating 
current is equal to its natural frequency, f. 


Now rA. NM UWEG I 679 


where | = 076 m, T = 40N, and u = mass per metre in kg m^! 

Also, mass of 1 metre = volume x density 
—nrx1x8800kg 

where radius r of wire = 4mm = 0:5 x 107? m 


: "FAN 40 
P "H5 * 2x06 V ax055x 10-51 x BRO 


= 50 Hz 


2 A piano string has a length of 2:0 m and a density of 8000 kg m ^ *. When the tension in 
the string produces a strain of 1%, the fundamental note obtained from the string in 
transverse vibration is 170 Hz. Calculate the Young modulus value for the material of the 
string. 


If E is the Young modulus, A is the cross-section area of the string, / is the 
length of the string and e is the extension due to a force (tension) T, then, from 
page 137, 


e 1 
T=EA>=EA * 100 


since the strain e/] = 1% = 1/100. So 


frequency, f = 3 fbag ioa 


since u = mass per unit length = A x 1 x p = Ap. So cancelling A, 


1 E 
21 N 100p 
Squaring, E = Af?l x 100p 


= 4x 170? x2? x 100 x 8000 
—737x10'!'Nm-^?or Pa 
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Exercises 23B 9  — — ———— — — 


Waves in Strings 


1. Describe the differences between stationary waves and progressive waves. Outline 
an experimental arrangement to illustrate the formation of a stationary wave ina 
string. 

Waves of wavelength 4, from a source S, reach a common point P by two different 
routes. At P the waves are found to have a phase difference 37/4 rad. Show 
graphically what this means. What is the minimum path difference between the two 

1 routes? 

| A string fixed at both ends is vibrating in the lowest mode of vibration for which a 

point a quarter of its length from one end is a point of maximum vibration. The 

| note emitted has a frequency of 100 Hz. What will be the frequency emitted when it 

] vibrates in the next mode such that this point is again a point of maximum 

| vibration? (L.) 

2 Explain what is meant by the wavelength, the frequency, and the speed of a 
sinusoidal travelling wave and derive a relation between them. 

What is meant by a stationary wave? A stationary sinusoidal wave of period T is 
set up on a stretched string so that there are nodes only at the two ends of the string 
and at its midpoint. The displacement of each point of the string has its maximum 
value at t = 0. Show on a single sketch the shape taken by the string at times t = 0, 
T/8, T/4, 3T /8 and T/2. 

j A piano string 1:5 m long is made of steel of density 7:7 x 10° kgm ^ 3 and Young's 
} modulus 2 x 1011 N m 2. It is maintained at a tension which produces an elastic 
strain of 1% in the string. What is the fundamental frequency of transverse vibration 

of the string? (O. & C.) 

| 3 Describe the motion of the particles of a string under constant tension and fixed at 
a both ends when the string executes transverse vibrations of 
(a) its fundamental frequency, 
(b) the first overtone (second harmonic). Illustrate your answer with suitable 
diagrams. 
A horizontal sonometer wire of fixed length 0-50 m and mass 45x10^?kgis 
under a fixed tension of 1-2 x 10? N. The poles of a horse-shoe magnet are arranged 
| to produce a horizontal transverse magnetic field at the midpoint of the wire, and an 
alternating sinusoidal current passes through the wire. State and explain what 
happens when the frequency of the current is progressively increased from 100 to 
200 Hz. Support your explanation by performing à suitable calculation. Indicate 
how you would use such an apparatus to measure the fixed frequency of an 
alternating current. (J MB.) 
4 Explain the meaning of the following terms in relation to wave motion: 
| displacement, amplitude, wavelength, frequency, phase. 
| What is the nature of a wave motion in which 
(a) the amplitude is the same at all points, but the phase varies with position, 
(b) the phase is the same at all points, but the amplitude varies with position? 

The velocity of transverse waves along a string depends only on the tension F, the 
radius r and the density p of the material. Use the method of dimensions to 
determine the form of the dependence, and describe briefly how you would attempt 
to verify your result experimentally. (O. & C.) 


| 
| 
l 5 What is meant by 
l 
| 


(a) a forced vibration, 
(b) resonance? Give an example of each from (i) mechanics, (ii) sound. 


Using the same axes sketch graphs showing how the amplitude of a forced 
vibration depends upon the frequency of the applied force when the damping of the 


system is 
(a) light, 
(b) heavy. 
Point out any special features of the graphs. 
A sonometer wire is stretched by hanging a metal cylinder of density 8000 kg m ^? 


PP ih aa 
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at the end of the wire. A fundamental note of frequency 256 Hz is sounded when the 

wire is plucked. 

Calculate the frequency of vibration of the same length of wire when a vessel of 
water is placed so that the cylinder is totally immersed. (JM B.) 

Distinguish between a progressive wave and a stationary wave. Explain in detail 

how you would use a sonometer to establish the relation between the fundamental 

frequency of a stretched wire and 

(a) its length, 

(b) its tension. You may assume a set of standard tuning-forks and set of weights in 
steps of half a kilogram to be available. 

A pianoforte wire having a diameter of 0-90 mm is replaced by another wire of the 
same material but with diameter 0-93 mm. If the tension of the wire is the same as 
before, what is the percentage change in the frequency of the fundamental note? 
What percentage change in the tension would be necessary to restore the original 
frequency? (L.) 

Describe experiments to illustrate the differences between 

(a) transverse waves, 

(b) longitudinal waves, 

(c) progressive wayes and 

(d) stationary waves? To which classes belong (i) the vibrations of a violin string, 
(ii) the sound waves emitted by the violin into the surrounding air? 

A wire whose mass per unit length is 10^? kgm- ! is stretched by a load of 4kg 
over the two bridges of a sonometer 1 m apart. If it is struck at its middle point, 
what will be 
(a) the wavelength of its subsequent fundamental vibrations, 

(b) the fundamental frequency of the note emitted? If the wire were struck at a point 
near one bridge what further frequencies might be heard? (Do not derive 
standard formulae.) (Assume g = 10ms~2,) (0. & C.) 

A uniform wire vibrates transversely in its fundamental mode. On what factors, 

other than the length does the frequency of vibration depend, and what is the form 

of the dependence for each factor? 

Describe the experiment you would perform to verify the form of dependence for 
one factor. 

A wire of diameter 0-040 cm and made of steel of density 8000 kg m ^? is under 
constant tension of 80 N. A fixed length of 50cm is set in transverse vibration. How 
would you cause the vibration of frequency about 840 Hz to predominate in 
intensity? (JMB.) 

Give an expresslon for the velocity of a transverse wave along a thin flexible string 

and show that it is dimensionally correct. Explain how reflection may give rise to 

transverse standing waves on a stretched string and use the expression for the 
velocity to drive the frequency of the fundamental mode of vibration. 

A steel wire of length 40-0 cm and diameter 00250 cm vibrates transversely in 
unison with a tube, open at each end and of effective length 60-0 cm, when each is 
ipe its fuodamental note, The air temperature is 27°C, Find the tension in the 
wire, (Assume that the velocity of sound in air at 0°C i i 
steel is 7800 kg m. 3)(L) y at 0°C is 331 ms™! and the density of 
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Introduction: Temperature, Heaf, 
Energy 


Temperature 


We are interested in heat because it is the commonest form of 
energy, and because changes of temperature have great effects on 
our personal comfort, and on the properties of substances, such 
as water, which we use every day. Temperature is a scientific 
quantity which corresponds to primary sensations— hotness and 
coldness. These sensations are not reliable enough for scientific 
work, because they depend on contrast —the air in a thick-walled 
barn or church feels cool on a summer's day, but warm on a 
winter's day, although a thermometer may show that it has a’ 
lower temperature in the winter. A thermometer, such as the 
familiar mercury-in-glass instrument (Figure 24.1), is a device 
whose readings depend on hotness or coldness, and which we 
choose to consider more reliable than our senses. We are justified 
in considering it more reliable because different thermometers of 
ja same type agree with one another better than different people 
o. 


steam point 
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stem 
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(Kelvin) 


Figure 24.1 Mercury-in-glass thermometer (left); °C and K scales 


Types of Thermometers 
The temperature of an object is not a fixed number but depends on the type of 
thermometer used and on the temperature scale adopted, discussed shortly. 
In general, thermometers use some measurable property of a substance which 
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is sensitive to temperature change. The constant-volume gas thermometer, for 
“example, uses the pressure change with temperature of a gas at constant volume. 
The resistance thermometer uses the change of electrical resistance of a pure 


to electrical 


resistance 
( f u —— — — — measuring 


Coil of fine wire instrument 


Figure 24.2 A resistance thermometer; the wire is usually of pure platinum 


metal with temperature, F; igure 24.2. The mercury-in-glass thermometer depends 
on the change in volume of mercury with temperature relative to that of glass. A 
thermoelectric thermometer depends on the electromotive force change with 


Thermodynamic Temperature Scale 
c temperature scale is the standard temperature scale adopted 


water-vapour and ice are here in equilibrium. The kelvin is the fraction 1 /273:16 
of the thermodynamic temperature of the triple point of water. 


thermometer 


Stirrer 


ice 


water 


thermos flask 


(i) triple point, 273:16K 


- (ii) ice point, O °c 
Figure 24.3 (i) Triple point of water (ii) Ice point 


On the thermodynamic Scale, the ice 
Slight difference from the triple poi 
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to the removal of dissolved air from the distilled water used for the triple point. 
Using the constant-volume gas thermometer, for example, the gas pressure p,, 

is measured at the triple point of water, 273:16 K. If the pressure is p at an 

unknown temperature T on the thermodynamic scale, then, by definition, 


T =" «2116K 


tr 


With a platinum resistance thermometer, the resistance R of the metal is 
measured at the unknown temperature. The temperature T,, on the thermo- 
dynamic scale is then given, if R,, is the resistance at the triple point, by 


Te 273-16 K 
Ry 


Celsius Temperature Scale 
The Celsius temperature, symbol 6, is now defined by 0 = T—273-15, where T is 
the thermodynamic temperature (see The International Practical Temperature 
Scale of 1968, National Physical Laboratory, HMSO). The ice point is a Celsius 
temperature of 0°C and the steam point, the temperature of steam at 760 mmHg 
pressure, is 100°C. 

It should be noted that if different types of thermometers are used to measure 
temperature, they only agree at the fixed points—273-16K on the thermo- 

. dynamic scale and 0°C and 100°C, for example, on the Celsius scale. 

The temperature change or interval of one degree Celsius, 1°C, is exactly the 
same as the temperature interval 1 K on the thermodynamic scale. So °C’ may 
be replaced by ‘K’ in SI units, and “C7! by “K”. Approximately, the 
temperature 0°C = 273 K and 100°C = 373K. The absolute zero of temperature 
OK is approximately — 273°C. 
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Heat and Energy 
Heat and Temperature 


If we run hot water into a lukewarm bath, we make it hotter; if we run in cold 
water, we make it cooler. The hot water, we say, gives heat to the cooler 
bath-water; but the cold water takes heat from the warmer bath-water. The 
quantity of heat which we can get from hot water depends on both the mass of 
water and on its temperature: a bucket-full at 80°C will warm the bath more 
than a cup-full at 100°C. 

Roughly speaking, temperature is analogous to electrical potential, and heat 
is analogous to quantity of electricity. We can detect temperature changes, and 
whenever the temperature of a body rises, that body has gained heat. The 
converse is not always true; when a body is melting or boiling, it is absorbing 
heat from the flame beneath it, but its temperature is not rising. 
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When two bodies are in thermal contact and there is no net flow of heat between 
them, they are said to be in thermal equilibrium. Experimentally, it is found that 
when two bodies A and B are each in thermal equilibrium with a third body C, 


"Zeroth Law of Thermodynamics’—the number ‘zero’ was used because this law 
logically precedes the ‘first’ and ‘second’ laws of thermodynamics and, in fact, is 
assumed in the two laws, 

The Zeroth Law leads to the conclusion that temperature is a well-defined 
physical quantity. For example, suppose we wish to determine. whether two 
bodies A and B are in thermal equilibrium. In practice, we do this by bringing 
each in turn into contact with a third body, a thermometer T say. Ex- 
perimentally, then; we bring A and T into thermal equilibrium, and B and T into 


mass of metal bored awa , and co ati york 
done against friction. It foll d Fée aoe PE Pure 

Rumford published the results of his 
experiments were made until 1840, when Jou 
forms of energy. Joule measured the work 
water was churned, in an apparatus he d 


experiments in 1798. No similar 
le began his study of heat and other 
done, and the heat produced, when 
esigned for the experiment. He also 
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measured the work done and heat produced when oil was churned, when air was 
compressed, when water was forced through fine tubes, and when cast iron bevel 
wheels were rotated one against the other. Always, within the limits of 
experimental error, he found that the heat liberated was proportional to the 
mechanical work done, and that the ratio of the two was the same in ail types of 
experiment. 

In other experiments, Joule measured the heat liberated by an electric current 
in flowing through a resistance; at the same time he measured the work done in 
driving the dynamo which generated the current. He obtained about the same 
ratio for work done to heat liberated as in his direct experiments. This work 
linked the ideas of heat, mechanical, and electrical energy. He also showed that 
the heat produced by a current is related to the chemical energy used up. 

We can thus say 
(a) that an object gains energy when its temperature rises, 

(b) that energy (heat) passes from a warm to a cold object if they are placed in 
contact. 

The metric unit of work or energy is the joule, J. Since experiment shows that 
heat is a form of energy, the joule is the scientific unit of heat. ‘Heat per second’ is 
expressed in ‘joules per second’ or watts, W. 


The Conservation of Energy 

As a result of all his experiments, Joule developed the idea that energy in any one 
form could be converted into any other. There might be a loss of useful energy in 
the process—for example, some of the heat from the furnace of a steam-engine is 
lost up the chimney, and some more down the exhaust—but no energy is 
destroyed. The work done by the engine, added to the heat lost as described and 
the heat developed as friction, is equal to the heat provided by the fuel burnt. 
The idea underlying this statement is called the Principle of the Conservation of 
Energy. It means that, if we start with a given amount of energy in any one form, 
we convert it in turn into all other forms. We may not always be able to convert 
it completely, but if we keep an accurate balance-sheet we shall find that the 
total amount of energy, expressed in any one form—say heat or work —is always 
the same, and is equal to the original amount. 

The principle of the conservation of energy is often expressed concisely in 
mathematical form by the equation 


AQ =AU+AW 


Here AQ is the quantity of heat of energy given to a system, AU is the consequent 
rise in internal energy of the system and AW is the external work done by the 
system. As we see later, the rise in internal energy, AU, of a system is shown by a 
temperature rise. If the system also expands, it does external work, AW, against 
the external forces. The principle of conservation of energy will be applied later 
to many cases of energy changes. 

The conservation of energy applies to living organisms—plants and animals — 
as well as to inanimate systems. For example, we may put a man or a mouse into 
a box or a room, give him a treadmill to work, and feed him. His food is his fuel; 
if we burn a sample of it, we can measure its chemical energy, in heat units. And 
if we now add up the heat value of the work which the man does, and the heat 
which his body gives off, we find that their total is equal to the chemical energy 
of the food which the man eats. Because food is the source of man’s energy, food 
value may be expressed in kilojoules. A man needs about 120000 kilojoules per 
day. 
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Figure 24.4 Forms of energy. and their interconversions 


All the energy by which we live comes from the sun. The sun's ultra-yjolet 
rays are absorbed in the green matter of plants, and make them grow; the 
animals eat the plants, and we eat them— we are all vegetarians at one remove. 
The plants and trees of an earlier age decayed, were buried, and turned into coal. 
Even water-power comes from the sun —we would have no lakes if the sun did 
not evaporate the water and provide the rainfall which fills the lakes. The 
relationship between the principal forms of energy are summarised in Figure 
244. It shows how different kinds of energy can be transferred from one form to 
another. 


Db out 3 
Thermometry 


Realisation of Temperature Scale 


In the previous chapter we discussed the general idea of a 
temperature scale. To establish such a scale we need: (i) some 
physical property of a substance—such as the volume of a gas or 
the electrical resistance of pure platinum—which increases 
continuously with increasing temperature, but is constant at 
constant temperature; (ii) fixed temperatures—fixed points— 
which can be accurately reproduced in the laboratory. 


The Fixed Points ithe 
On the thermodynamic scale, the triple point of water is chosen as the fixed 
point and is defined at 273-16 K (p. 620). The absolute zero is OK, the ice point 
is 273-15 K and the steam point is 373-15 K. 

Suppose P is the chosen temperature-measuring quantity, such as a gas 
pressure at constant volume or the electrical resistance of a pure metal. If P, is 
the value of P at the triple point and Py is the value at an unknown temperature 
T on the absolute thermodynamic scale, then, by definition, 


Pr 
LL aT 
T P, x27316K 


The temperatures of melting ice and pure boiling water at 760 mmHg pressure 
were chosen as the fixed points on the Celsius scale. Nowadays, the temperature 0 
on the Celsius scale is defined by 0 = T— 273-15. 

If P is the chosen temperature-measuring quantity, its values P, at the ice 
point and P,, at the steam point determine the fundamental interval, 100*C, of 
the Celsius scale, Po — Pg. And the temperature 0p on the Celsius scale which 
corresponds to a value P, is given by 
SE le CD ot Loc des i NR 

Po Po. 199 
P, 007 Po 
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Gas Thermometry 
In most accurate work, temperatures are measured by gas thermometers; for 
example, by the changes in pressure of a gas at constant volume. 

At pressures of the order of one atmosphere, different gases give slightly 
different temperature scales, because none of them obeys the gas laws perfectly. 
But as the pressure is reduced, the gases approach closely to the ideal, and their 
temperature scales come together (see p. 743). By observing the departure of a 
gas from Boyle’s law at moderate Pressures it is possible to allow for its 
departure from the ideal. Temperatures measured with the gas in a constant 
volume thermometer can then be converted to the values which would be given . 
by the same thermometer if the gas were ideal. 

Gas thermometer temperatures are used as standard temperatures. Tem- 
peratures measured with other types of thermometers are converted to a gas 
thermometer tem perature, à 


Op = 
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The Constant Volume Gas Thermometer 
Figure 25.1 shows a constant volume hydrogen thermometer. B is a bulb of 
platinum-iridium, holding the gas. The volume is defined by the level of the 
index I in the glass tube A. The pressure is adjusted by raising or lowering the 
mercury reservoir R. A barometer CD is fitted directly into the pressure- 
measuring system; if H, is its height, and h the difference in level between the 
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Figure 25.1 Constant volume hydrogen thermometer (not to scale) 


mercury surfaces in A and C, then the pressure H of the hydrogen, in mm 
mercury is 


H=H,+h 


H is measured with a cathetometer (a travelling telescope with vernier). 

The glass tubes A, C, D, all have the same diameter to prevent errors due to 
surface tension; and A and D are optically worked to prevent errors due to 
refraction (as in looking through common window-glass). 

Observations made with a constant volume gas thermometer must be 
corrected for the following errors: (i) the expansion of the bulb B; (ii) the 
temperature of the gas in the tube E and A, which lies between the temperature 
of B and the temperature of the room; (iii) the temperature of the mercury in 
the barometer and manometer. 

The expansion of the bulb can be estimated from its cubical e 
using the temperature shown by the gas thermometer. Since 
appears only as a small correction to the observed temperature, t 
value of the temperature may be used in estimating it. i 

The tube E is called the 'dead-space' of the thermometer. Its diameter i d 
small, about 0-7 mm, so that it contains only a small fraction of the total s " 
gas. Its volume is known, and the temperatures at various pe iit 2 = 
measured with mercury thermometers. The effect of the gas in it is th ius ved 
for in a calculation similar to that used to calculate the Pressure of cs 
bulbs atdifferent temperatures (p. 660). MES on Wo 
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TP Am a. 
Plate25A Gas Thermometry. The photograph shows the whole assembly of the National 
Physical Laboratory constant volume gas thermometer, used to measure a low temperature in 
the range about 2 K to 27 K. The working parts such as the gas bulb are immersed in liquid 
helium in the stainless steel Dewar vessei on the left. The pressure of the gas is measured by a 
Sensitive pressure balance top right. The value in Pais recorded on the circular dial above the 
Dewar vessel. (Crown copyright. Courtesy of the National Physical Laboratory) 


A gas thermometer is a large awkward instrument, demanding much skill and 
time, and useless for measuring changing temperatures. In Practice, gas 
thermometers are used only for calibrating electrical thermometers—resistance 
thermometers and thermocouples. The readings of these, when they are used to 
measure unknown temperatures, can then be converted into temperatures on 
the ideal gas scale. Helium gas is widely used in gas thermometers, 

The Celsius temperature @ on the constant volume gas thermometer scale would 
be calculated from 


g — 78 Po_ x 100°C 
P100 —Po 


where pg, p; and P100 are the respective gas pressures at the unknown temperature 
0, the ice point and steam point. 


Examples on Temperature M. easurement 
1 The pressure recorded by a constant volume gas thermometer at a kelvin temperature 
T is 480x 10*Nm 2. Calculate T if the pressure at the triple point, 273-16 K, is 
420x10*Nm-^?, 


Ter. TAMGK 
p 


480 x 10* 
— 420x10* 
-312K 


x 273-16 
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2 Aconstant mass of gas maintained at constant pressure has a volume of 200:0 cm? at 
the temperature of melting ice, 2732cm? at the temperature of water boiling under 
standard pressure, and 525:1 cm? at the normal boiling-point of sulphur. A platinum wire 
has resistance of 2:000, 2:778 and 5:280 Q at the temperatures. Calculate the values of the 
boiling-point of sulphur given. by the two sets of Observations, and comment on the 
results. z : : 


On the gas thermometer scale, the boiling-point of sulphur is given by 
j Vy E Vo 


"up — x 100 
1007 "o 3 
5251-2000 = 
gry as x 
= 444- 1°C 1 
On the platinum resistance thermometer scale, the boiling-point is given by 
aS. -Ro~ Ro 
epe R 
5:280.—2:000 
7 2.778 =2-000 ^ 
v= 421-6°C 
The temperatures recorded on the thermometers are therefore different. This is 
due to the fact that the variation of gas pressure with temperature at constant 


volume is different from the variation of the electrical resistance of platinum 
with temperature. 


x100 . 


100 


Electric Thermometers V 
Electrica! thermometers have great advantages over other types. They are more 
accurate than any except gas thermometers, but are quicker in action and less 
cumbersome than those thermometers. 

The measuring element of a thermoelectric thermometer is the welded junction 
of two fine wires. It is very small in size, and can therefore measure the 
temperature almost at a point. Tt causes very little disturbance wherever it is 
placed, because the wires leading from it are so thin that heat loss along them is 
usually negligible. It has a very small heat capacity, and can therefore follow a 
rapidly changing temperature. To measure such a temperature, however, the 
e.m.f. of the junction must be measured with a galvanometer. instead ‘of a 
potentiometer, and some accuracy is then lost. The Celsius temperature On on 
the thermoelectric thermometer scale would be calculated from ‘4 


Sn ce ae eA ee ee Eu o 


LL Ye 
E,99— Eo 


PEENE i a if s 


where Eg, Ey and E,o are the respective thermoelectri 
: 1 ric emf, 
ae a E R the ie  oint and deben e.m.fs at the unknown 
The measuring element of a resistance thermomete i i 
i e r is a spiral of fi i 
has a greater size and heat capacity than a thermojunction, and ci bap 


measure a local or rapidly changing temper. 
: ature. B 
about room temperature to a few hundred degrees Celsius ome 


On = 


Ihemnomety sD 


The platinum-resistance scale differs appreciably from the mercury-in-glass 
scale, for example, as the following table shows: 


Mercury-in-glass 0 50 roo ^." 200 300 RES 
Platinum-resistance 0 5025 100 197 291 ET 
Resistance Thermometers 


Resistance thermometers are usually made of platinum. The wire is wound on 
two strips of mica, arranged crosswise as shown in Figure 25.2 (i). The ends of 
the coil are attached to a pair of leads A, for connecting them to a Wheatstone 
bridge. A similar pair of leads B is near to the leads from the coil, and connected 
in the adjacent arm of the bridge (Figure 25.2 (ii). At the end near the coil, the 
pair of leads B is short-circuited. If the two pairs of leads are identical, their 
resistances are equal, whatever their temperature. Thus if P — Q the dummy 
pair, B, just compensates for the pair A going to the coil; and the bridge 
measures the resistance of the coil alone. The Celsius temperature 6, on the ~ 
platinum resistance thermometer scale would be calculated from 


reek Ro-Ro 


= x 100°C 
P Rioo—Ro 


where Ro, Ro and Rioo are the respective resistances at the unknown tem- 
perature 6, the ice point and the steam point. 


(i) construction 


(ii) connection in bridge 


Figure 25.2 Platinum resistance thermometer (P = Q and B compensates A so that S = Ry 
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The platinum resistance thermometer is used to measure temperature on the 
International Practical Temperature Scale between —259:34°C and 630:74°C. 
The platinum used in the coil must be strain-free and annealed pure platinum. 
Its purity and reliability are judged by the increase in its resistance from the ice 
point to the steam point. Thus if Ro and R,,, are the resistances of the coil at 
these points, then the coil is suitable if 


Rioo . 139250 
Ro 


Various formulae and tables are provided to obtain the temperature over the 
wide temperature range. 


Example on Resistance Thermometer 
The resistance R, of a platinum wire at temperature (°C, measured on the gas scale, is 
given by. R, = Ro(1 +ar+bt?), where a= 3800x 107? and b= —56x10^7. What 
temperature will the platinum thermometer indicate when the temperature on the gas 
scale is 200°C? 


R, = Ro(1 +at +bt*) 
« R200 = Ro(1 +200a + 2007b) 
and Ry oo = Roll + 100a + 1007) 
i Rio9—Ro 
40,7 Ris Rs x 100 
Ro(1 + 200a + 200?b) — Ro 
— Ro(l 4- 100a 2-100? b) — Ro 
. .200a--200?b — 200(a-- 200b) 
a+100b a+ 100b 
(3:8 x 1073 —11:2 x 1075) 
38 x 10°3—5-6 x 1075 
J^. 8, = 200 x 0985 
= 197°C 


x 100 


= 200 


Thermocouples 
Between 630:74'C and the freezing point of gold (1064-43°C), the international 
temperature scale is expressed in terms of the electromotive force of a thermo- 
couple. The wires of the thermocouple are platinum, and platinum-rhodium 
alloy (907; Pt.: 10% Rh.). Since the e.m.f. is to be measured on a potentiometer, 
care must be taken that thermal e.m.fs are not set up at the junctions of the 
thermocouple wires and the copper leads to the potentiometer. To do this three 
junctions are made, as shown in Figure 25.3 (i). The junctions of the copper leads 
to the thermocouple wires are both placed in melting ice. The electromotive 
beni of the whole system is then equal to the e.m.f. of two platinum/platinum— 
a EA oe one in ice and the other at the unknown temperature 
The temperature 0 measured by this thermocouple is defined by the relation 


E = at b0-- c0? 


F N 


Thermometry 


to potentiometer 


unknown 
temperature 6 


actual arrangement 


electrical equivalent 
() 


(i) 


Figure 25.3 Use of thermocouples 


where a, b and c are constants. The values ef the constants are determined by 
measurements of E at the gold point (1064-43°C), the silver point (960-8°C), and the 
temperature of freezing antimony (about 630-74°C). 


Other Thermocouples 

Because of their convenience, thermocouples are used to measure temperatures 
outside their range on the international scale, when the highest accuracy is not 
required. The arrangement of three junctions and potentiometer may be used, 
but for less accurate work the potentiometer may be replaced by a galvanometer 
G, in the simpler arrangement of Figure 25.4 (i). The galvanometer scale may be 
calibrated to read directly in temperatures, the known melting-points of metals 
like tin and lead being used as subsidiary fixed points. For rough work, 


(ii) 


Figure 25.4 Simple thermojunction thermometer 
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particularly at high temperatures, the cold junction may be omitted (Figure 
254 (ii). An uncertainty of a few degrees in a thousand is often of no importance. 

Owing to the small size and small heat capacity of their thermojunctions, 
thermocouples can be used to measure varying temperatures at a particular 
place of a metal surface, for example. In this case a hole would be bored for the 
thermojunction to be pushed in. 


Summary: Gas thermometer temperatures are used as standard temperatures. At 
very low pressures all gases give the same temperature value. Very wide temperature 
range. Disadvantage— bulky and so difficult to use. 

Resistance thermometers have a wide temperature range, about — 200°C to 
1200°C. Used to measure liquid temperatures accurately. 

Thermoelectric thermometers have wide temperature range, about — 250°C to 
1500°C. Used to measure varying temperatures as the junction has a low heat 
capacity. 


Exercises 25 


1 Steam point Ice point Room 
s 100°C 0°C temperature 


Resistance of resistance 


thermometer 750000 63:000 Q 64-992 Q 


Pressure recorded by constant 1-10 x 105 8:00 x 10* 8:51 x 10* 
volume gas thermometer Nm? Nm^? Nm? 


Using the above data; which refers to the observations ofa particular room 
temperature using two types of thermometer, calculate the room temperature on 
the scale of the resistance thermometer and on the scale of the constant volume 
gas thermometer. 

Why do these values differ slightly? (L.) 

2 (a) Explain how a temperature scale is defined. 

(b) Discuss the relative merits of (i)a mercury-in-glass thermometer, (ii) a 
platinum resistance thermometer, (iii) a thermocouple, for measuring the 
temperature of an oven which is maintained at about 300°C. (JMB) - 

3 Tabulate various physical Properties used for measuring temperature. Indicate the 

temperature range for which each is suitable. 3 

Discuss the fact that the numerical value of a temperature expressed on the 
scale of the platinum resistance thermometer is not the same as its vi lue on the 
gas scale except at the fixed points. à We 

If the resistance of a platinum thermo: 
at 100°C and 1-788 ohms at 50°C on the gy 


Explain why the same tei 
have the same value. 
Discuss the circumstances in which 
(a) a gas thermometer and 
(b) a thermocouple might be used, 
Why is it generally not sensible to use a 


property used to define a scale NOR d oe Md e.m.f. as the physical 


mperature measured on two different scales need not 


+ 
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5 The table below gives data for two thermometers at three different temperatures 
(the ice-point, the steam-point and room temperature). 


Value of property 
Type of 


Gas Pressure in 

mm Hg 760 795 
Thermistor Current in 1 

mA 12:0 540 


(a) Calculate the temperature of the room according to each thermometer. 

(b) State why the thermometers disagree in their value for room temperature. 

(c) Explain why a gas thermometer is seldom used for temperature measurement 
in the laboratory. (AEB, 1985.) 

6 The resistance of the element of a platinum resistance thermometer is 2:00 at 
the ice point and 2-73 Q at the steam point. What temperature on the platinum 
resistance scale would correspond to a resistance value of 8:43 Q? 

Measured on the gas scale, the same temperature corresponded to a value of 
1020°C. Explain the discrepancy. (L.) 

7 Explain what is meant by a change in temperature of 1°C on the scale of a 
platinum resistance thermometer. 

Draw and label a diagram of a platinum resistance thermometer together with 
a circuit in which it is used. 

Give two advantages of this thermometer and explain why, in its normal form, 
it is unsuited for measurement of varying temperatures. 

The resistance R, of platinum varies with the temperature °C as measured by a 
constant volume gas thermometer according to the equation 


R, = Ro(1 +8000 at — at?) 


where ais a constant. Calculate the temperature on the platinum scale 
corresponding to 400°C on this gas scale, (J MB.) 
8 (a) What is meant by a thermometric property? What qualities make a particular 
property suitable for usein a practical thermometer? 
A Celsius temperature scale may be defined in terms of a thermometric 
property X by the following equation: 


_ X=Xo 
Xioo-Xo 


where X , is the value of the property at the ice point, X joo at the steam point, 
and X atsome intermediate temperature. If X is plotted against 0 a straight 
line always results no matter what thermometric property is chosen. Explain 
this. 

(b) On the graph Figure 25A, line A shows how X varies with 0 (following 
equation (1) above), line B shows how a second thermometric property Q varies 
with 6, the temperature measured on the X scale. (i) Describe, in principle, 
how you would conduct an experiment to obtain line B. (ii) If 0 — 40*C 
recorded by an X-scale thermometer, what temperature would be recorded 
by a Q-scalethermometer? | (iii) At what two temperatures will the X and Q 
scales coincide? 

(c) The ideal gas scale of temperature is one based on the properties of an ideal 
gas. What is the particular virtue of this scale? Describe very briefly how 
readings on such a scale can be obtained using a thermometer containing a 
real gas. (L.) 

9 (a) When bodies are in thermal equilibrium, their temperatures are the same. 


0 x 100°C (1) 
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r3 
H1 
40 


per unit temperature rise) of a mercury-in-glass thermometer. (iii) If the beaker 
contains 120g of water at 60°C, what temperature would be recorded by the 
mercury-in-glass thermometer if it was initially at 18°C and had a heat 


(Assume the specific heat capacity of water to be 4200 J kg^' K^' and ignore 
the heat losses to the beaker and surroundings while the temperature is 
being taken.) (iv) Why, ifa more accurate value of the temperature were 

` required in this case, might you use a thermocouple? (v) Describe briefly how 


your readings. (L.) 
10 (a) Define the following: | (i) thermodynamic Coordinates, (ii) thermodynamic 
State, (iii) thermal equilibrium. (see chapters 27, 30) 
(b) State the zeroth law of thermodynamics and explain how the Concept of 
temperature arises from the zeroth law. 
(c) (i) Define the ideal gas temperature, (ii) A constant- 
is immersed in water at the triple point and the press, 
is immersed in a thermostatic bath at 0 and the press, 
experiment is repeated for different values of P. The 
the ideal gas temperature 0, ` 


P; (mm Hg) 
P, (mm Hg) : 


Triple point of water, T4, = 27316K. (w)- 


sg odii asc er E 
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Heat Capacity, Specific Heat Capacity 
The heat capacity of a body, such as a lump of metal, is the 
quantity of heat required to raise its temperature by 1 degree. It 
is expressed in joule per kelvin (J K ^ 1) in SI units. 


The specific heat capacity of a substance is the heat required to raise the 
temperature of 1 kg of it through 1 degree; it is the heat capacity per kg of the 
substance. Specific heat capacities are expressed in joule per kilogram per kelvin 
and the symbol is c. The specific heat capacity of water, Cw, is about 
4200Jkg-! K^!, or 42kJkg ' K-t, where 1kJ = 1 kilojoule = 1000J. The 
megajoule, MJ, is a larger unit than the kilojoule used in the gas or electrical 
industry. 1 MJ = 10°J = 1000 kJ. 

From the definition of specific heat capacity, it follows that, for a particular 
object, 


heat capacity, C = mass x specific heat capacity 


oo R E REDEEM 
The specific heat capacity of copper, for example, is about 400Jkg 'K''. 
Hence the heat capacity of 5kg of copper — 5 x400 = 20007K^! 22kJK *. 
If the copper temperature rises by 10°C, then heat gained = 5x 400 x 10 = 
20000 J. 

Generally, then, the heat Q gained (or lost) by an object is given by 


Q — mc 


2 DE ni CY ain E DC MIEL EBEN EEUU UIT. 
where m is the mass of the object, c its specific heat capacity and @ its 
temperature change. 


Temperature Changes 
From Q = mc6, the temperature change 0 of an object of mass m which loses or 
gains a given quantity of heat Q is given by 


Q 


mc 


where c is the specific heat capacity of the object. So for a given loss of heat Q to 
the surroundings, the temperature fall 0 of a small mass of warm water in a room 
is greater than a large mass of water at the same temperature. We shall see later 
that the rate at which a hot solid or liquid cools depends on the nature and area 
of its surface, in addition to its temperature, mass and specific heat capacity. 

When a thermoelectric thermometer is used, the thermometer junction is 
placed in contact with the object whose temperature is required. The junction 
has a small thermal capacity, mc, since its mass is small. The temperature of the 
junction thus quickly reaches the temperature of the object, which is an 
advantage of the thermometer. 
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Measurement of Specific Heat Capacity 


Specific Heat Capacity of Solid by Electrical Method 

The specific heat capacity of a metal can be found byan electrical method. Fi gure 
26.1 shows a simple form of laboratory apparatus. M is a thick solid block of 
metal such as aluminium; with an electric heater element H completely inside a 
deep hole bored into the metal and a thermometer T inside another deep hole. 
Both H and T must make good thermal contact with the block. An insulating 
Jacket J is placed round the metal. 

In an experiment, suppose the voltmeter reads 12 V, the ammeter A reads 
40A and the block, mass 1-0 kg, rises by 16°C in 5 min or 300s. Then (p. 259) 


t heat supplied = Vt = 12x4x300 = 14400J 


heater |- 


aluminium — 
block 


Figure 26.1 Electrical method for specific heat capacity 


If c is the Specific heat capacity of the metal, then, assuming negligible heat 


losses, 
Q = mcd =1xex 16 = 14400 
4 c62900Jkg^! K 71 
If 0 is the temperature rise corrected for heat losses (p. 641), then, generally, 
IVt = mcü 


The electrical energy supplied, AQ = JV; From the princi i 
By s b ? Principle of conservation 
of energy (p. 623), this is equal to the rise in internal [mes AU of the metal 
Unc) plus the heat losses h by cooli g plus the external work AW done against 
diy ROME pressi by the metal when it expands on warming. Since 
netals expan very slightly in volume on Warming, AW á i 
experiment. So 1Vt = mel) +h, , Pon be neglected in = 
I 0 is not corrected for heat losses, we see from IVi = 


q ; : : met 
18 Loo high. The cooling correction is discussed later, eWlthat the result for c 


Figure 26.2 ous pes nl d denied eed 
bit oA EDS OF apparatus fo i i 
heat capacity of à metal by the transfer of dii OD d ieee 
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It consists of 4 small solid metal cylinder A, insulated from the rest of the 
apparatus by a nylon bush. The metal temperature can be read on a short-range 
thermometer B placed inside a hole bored axially in A. A flexible nylon cord Cis 
wound several times round the cylinder, One end of C is attached to a rubber 
band D. The other end is attached to a heavy weight W which hangs from it. 


rotation 


40 3530 25 20 15 10 5 O 
uli 


solid copper 
calorimeter 


Figure 26.2 Mechanical method for specific heat capacity of metal 


By means of a handle H, the cylinder is rotated so that the rubber band goes 
slack. The tension in the cord C is then equal to the weight W and mechanical 
energy is expended against this force when the cylinder is rotated. After a 
suitable number. of revolutions, the final temperature of the metal cylinder is 
noted, a cooling correction having been applied (p. 642). 

Suppose W = 50 N, the mass of the metal cylinder is 0:200 kg, its diameter is 
25 mm or 0025 m, the temperature rise is 10.0 K and the number of revolutions 
is 200. Then, since the circumference of a cylinder = z x diameter, 


mechanical energy expended — force x distance 
= 50 x (x x 0:025) x 200 J 


From the principle of conservation of energy, we sce-that the mechanical 
energy AQ spent in turning the handle — the rise in internal energy AU of the 
metal plus the external work AW done against the external atmospheric 
pressure when the metal expands on warming. The metal expansion is very small 
and so AW can be neglected in the equation for c. So AQ = AU: 

Assuming negligible heat losses, AU — heat gained by metal = mcÜ, where c 
is its specific heat capacity. 


2.02xcx10— 50 x x x 0:025 x 200 
scm 390Jkg^  K ^ ' (approx) 


Specific Heat Capacity of a Liquid by Continuous Flow Method 
Callendar and Barnes devised an electrical method for the specific heat capacity 
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Figure 26.3 shows Callendar and Barnes’ apparatus used to measure the 
Specific heat capacity of water. Water from the constant-head tank K flows 
through the glass tube U, and can be collected as it flows out. Tt is heated by the 


» Which carried a steady electric current J. Its temperature, 
as it enters and leaves, is measured by the Thermometers T, and T, (In a 


ay be mercury thermometers.) Sur- 
ass jacket G, which is evacu 
y conduction or convection. 


ated, so that heat 


When the apparatus is running, it settles down i 
V $ eventu: steady state, 
Which the heat supplied by th i 5 Agog ee Nhe 


ater. None is 


t seconds, is 
g mperature 0 and leaves . J>, then if 
1515 mean specific heat capacity, ; e aon ic 


wO,—0, ) joules 
The energy which liberates this heat is electrical To find it, the current /, and 
the Er difference across the wire V, are Measured with a potentiometer. 
an are i i 
| especti J 
supplied to the wire = IVt joules, Eethen pons rd 
We ignore any heat losses and an 
us AA rsen y external Work, then, from the principle of 


mew(O2—0,) = py, 


is iT Vt : 
id m0, =0,) 
Elimination of Heat Losses 
To get the highest accurai 


" » S 
Y from this experiment, the small heat losses due to 
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radiation, and conduction along the glass, must be allowed for. These are 
determined by the temperatures 0, and 05. For a given pair of values of 0, and 
0,, and constant-temperature surr »undings (not shown), let the heat lost per 
second be h. Then if m now represents the mass of liquid flowing per second, 


power supplied by heating coil — mc, (05 —0,)- h 
SUIV = ome03—0,)h. . i (1) 


To allow for the loss h, the rate of flow of water is changed, to about half or twice 
its previous value. The current and voltage are then adjusted to bring 0; back to 
its original value, for example, if the rate of flow of the water is reduced, then I 
and V are reduced. The inflow temperature f, is fixed by the temperature of the 
water in the tank. If I’, V’ are the new values of /, V and m’ is the new mass of 
water flowing per second, then: 


I'V' = m'c,(0,—0;) +h i f EI DARRA) 


Note that h in equation (2) is the same as in equation (1) because the mean 
temperature of the liquid is arranged to be at the same for each experiment. 
On subtracting equation (2) from equation (1), we have 


V —I'V’) = (m—m)c,(0; — 0) 


Js ae EO 
gre mer M Tid 


When the temperature rise, 0; — 04, is made small, for example, 0, = 20:0°C, 
0, = 220°C, then c,, may be considered as the specific heat capacity at 21-0°C, 
the mean temperature. If the inlet water temperature is now raised to say 
0, = 40-0"C and 0; is then 42:0°C, c,, is now the specific heat capacity at 41-0°C. 
In this way it was found that the specific heat capacity of water varies with 
temperature, The continuous flow method can be used to find the variation in 
specific heat capacity of any liquid in the same way. 

The table below shows the relative variation of the specific heat capacity of 
water, taking the value at 15°C as 1-0000 in magnitude. 


Specific heat capacity of water 


Temperature (°C) 5 15 25 40 70 100 


c 10047 10000 09980 0:9973 1:0000 1:0057 


Examples on Constant Flow M ethod 
1 To measure the specific heat capacity of a liquid. a p.d. of 60 V. was applied to the 
heating coil in a constant flow calorimeter. When the rate of flow of liquid was halved. a 
new p.d. V was required to produce the same inlet and outlet temperatures. Calculate V. 
assuming heat losses are negligible. 


A hs 
Heat supplied per second = IV = R 
where R is the resistance of the heating coil. Since R is constant when the 
temperature is constant, 


heat supplied per second x y? 
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When the rate of flow is halved, half the heat 

the same outlet temperature, assu 
sh veo 


I MH 


per second is required to produce 
ming negligible heat losses. So, by proportion, 


[io 
2 
So va [E -ay 


2. Water flows at the rate of 0:1500kg min?! through a tube and is heated by a heater 
dissipating 252 W. The inflow and outflow. w. 


to.0:2318 kg min - ' and the rate of heating 
«Find: (i) the specific heat 
capacity of water, (ii) the rate of loss of heat from the tube. 
Suppose c, is the Specific heat of water in J kg ! K^'and his the heat lost in 
Js. Then, since 1W=1J per second, 


252 9 all S192) Y 


and 318 = CI 104—152). (2) 
Subtracting (1) from (2), 
3784252 = a ae raiz 152) 
60 
2017-712:6 x 60 Ne Tp ea 
e = 8ogigs 7 7 4200S ke K 
Substituting for c, in (1 n 
0-15 4 
ee srr * 4200 x22 = 24 Js71.. 21W 
Method of Mixtures 
A common way of measuring specific heat Capacities of solids (or liquids) is the 
method of mixtures. 
As an illustration of a Specific heat capacity determination, Suppose a metal of 
mass 0:2 kg at 100°C is dropped i i 


heat capacity of calorimeter + 

/ heat capacity of water — 

-'. heat gained by water + ca], 
and heat lost by hot metal 


012x400 = 48] k -1 
0-08 x 4200 = 336 J k i 
= 936-48) x(35— 15) 


= 02x cx (100— 35)j 
5 02xex65 = 384 x 20 
384 x 20 
c= 


~ 02x65 ~ 390Jkg-!K-: (approx.) 
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Heat Losses 
In a calorimetric experiment, some heat is always lost by leakage. Leakage of 
heat cannot be prevented, as leakage of electricity can, by insulation, because 
even the best insulator of heat still has appreciable conductivity (p. 701). 

When convection is prevented, gases are the best thermal insulators. Hence 
calorimeters are often surrounded with a shield S and the heat loss due to 
conduction is made small by packing S with insulating material or by supporting 
the calorimeter on an insulating ring, or on threads. The loss by radiation is 
small at small excess temperatures over the surroundings. In some simple 
calorimetric experiments the final temperature of the mixture is reached quickly, 
so that the time for leakage is small. The total loss of heat is therefore negligible 
in laboratory experiments on the specific heats of metals, but not on the specific 
heat capacities of bad conductors, such as rubber, which give up their heat 
slowly. Here a 'cooling correction" must be added to the observed final 
temperature. When great accuracy is required, the loss of heat by leakage is 
always taken into account. 


Newton's Law of Cooling 

Newton was the first person to investigate the heat lost by a body in air. He 
found that the rate of loss of heat is proportional to the excess temperature over 
the surroundings. This result, called Newton's law of cooling, is approximately 
true in still air only for a temperature excess of about 20 K or 30 K; but it is true 
for all excess temperatures in conditions of forced convection of the air, ie. in a 
draught. With natural convection Dulong and Petit found that the rate of loss of 
heat was proportional to 054, where 0 is the excess temperature, and this 
appears to be true for higher excess temperatures, such as from 50K to 300K. 
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Figure264 — Newton's law of cooling 
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To demonstrate Newton's law of cooling, we plot a temperature (0)-time (t) 
cooling curve for hot water in a calorimeter placed in a draught (Figure 26.4 (i)). 
If 0g is the room temperature, then the excess temperature of the water is 
(0— 6g). At various temperatures, such as 0 in Figure 26.4 (ii), we draw tangents 
such as APC to the curve. The slope of the tangent, in degrees per second, gives 
us the rate of fall of temperature, when the water is at the temperature 6: 

AB 0—0: 

rate of fall BC” 5-5 
We then plot these rates against the excess temperature, 0— 0g, as in Figure 
264 (iii), and find a straight line passing through the origin. Since the heat lost 
per second by the water and calorimeter is proportional to the rate of fall of the 
temperature, Newton's law is thus verified. 


Heat Loss and Temperature Fall 

Besides the excess temperature, the rate of heat loss depends on the exposed area 
of the calorimeter, and on the nature of its surface: a dull surface loses heat a 
little faster than a shiny one, because it is a better radiator (p. 718). This can be 
shown by doing a cooling experiment twice, with equal masses of water, but 
once with the calorimeter polished, and once after it has been blackened in a 
candle-flame. In general, for any body with a uniform surface at a uniform 
temperature 0, we may write, if Newton’s law is true, 


heat loss/second — E -kS(0-089) . . 1 Q) 


where S is the area of the body's surface, Og is the temperature of its 
surroundings, k is a constant depending on the nature of the surface, and Q 
denotes the heat lost from the body. 

When a body loses heat Q, its temperature 6 falls; if m is its mass, and c its 
specific heat capacity, then its rate of fall of temperature, d6/dt, is given by 


dQ ede 


Now the mass of a body is proportional to its volume. The rate of heat loss, 

however, is Proportional to the surface area of the body. The rate of fall of 

LEBEN is therefore proportional to the ratio of surface to volume of the " 
y. 

For bodies of similar shape, the ratio of surface to volume is inversely 
Proportional to any linear dimension. If the bodies have surfaces of similar 
nature, therefore, the rate of fall of temperature is inversely proportional to the 
linear dimension; a small body cools faster than a large one. This is a fact of daily 


Cooling Correction 


As we mentioned previously, a 'cooli ion' i i 
7 - “cooling correction’ is needed i i i 
experiments and the method of mixtures, eee 
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Newton’s law can be used to make an approximation for the cooling 
correction where the heat gained by a solid, for example, is fairly rapid. Figure 
26.5 shows the temperature rise from the initial temperature A to the observed 


Im 
F 


temp. 


l [9 ti time 


Figure 26.5 Cooling correction (good conductor) 


maximum M when the solid gained heat, and the temperature fall from M when 
the solid cooled a few degrees. 

We can see from the diagram that the average temperature excess 0, above 
the surroundings during cooling is about twice the average temperature excess 
0, during heating. Hence, from Newton's law, the rate of cooling during the time 
t, of heating is about half that during cooling. So the cooling correction 0, is the 
temperature drop from the maximum M in half the time t,. 

As an illustration, suppose that the temperature of the metal block in the 
electrical measurement of its specific heat capacity rose to an observed 
maximum of 21:5°C in 40min. The cooling correction is then roughly the 
temperature drop in 20 min. If this drop is 02 K, the final temperature co 
for cooling is 21-7°C. 

The approximate cooling correction described is suitable only for good 
conductors. It can thus be used in determining the specific heat capacity of a 
metal by the electrical method. In similar experiments with poor conductors 
such as rubber or glass, however, it may take a long time for the solid to reach its 
final temperature. In such cases a more accurate way of making the cooling 
correction is needed. 
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Specific Latent Heat 
Vaporisation, Electrical Method for Specific Latent Heat 


The specific latent heat of vaporisation of a liquid is the heat required to convert 
unit mass of it, at its boiling point, into vapour at the same temperature. It is 
expressed in joule per kilogramme (J kg  !), or, with high values, in kJ kg^!. 

A modern electrical method for the specific latent heat of evaporation of water 
is illustrated in Figure 26.6. The liquid is heated in a vessel U by the heating coil 
R. As shown, the vapour escapes through H at the top of U into a surrounding 
jacket J and then passes down the tube T. Here the vapour is condensed by cold 
water flowing through the jacket K. When the apparatus has reached its steady 
state, the liquid is at its boiling-point, and heat supplied by the coil is used in 
evaporating the liquid, and in offsetting the losses. The heat losses are con- 
siderably reduced by the use of the vapour jacket. The liquid coming from the 
condenser is then collected for a measured time, and weighed. 

If I and V are the current through the coil, and the potential difference across 
it, the electrical power supplied is IV. And if h is the heat lost from the vessel per 
second, and m the mass of liquid collected per second, then 


IV 2 ml--h nude —..-.--«1) 


Figure 26.6 Electrical method for Specific latent heat of. evaporation 
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The heat losses h are determined by the temperature of the vessel, which is fixed 
at the boiling-point of the liquid. So they can be eliminated by a second 
experiment with a different rate of evaporation, as in the case of the continuous 
flow method, p. 638. If I', V’ are the new current and potential difference, and if 
m is the mass per second evaporated, then 


I'Y' 2 mh 
Hence by subtraction from equation (1) 
NEAN DX Re EUREN uuo o eoo m s 
(ME TV) 
T (n-m) 
|i Mcr wEERMMUEMSI TIU ES nul a on onn 
It may be noted that a much higher power supply is needed for determining the 
specific latent heat of vaporisation of water than for alcohol, as water has a 
much higher value of l. The specific latent heat of evaporation of water is about 
l= 2260kJ kg! or 226 x 105J kg !. 


I 


Method of Mixtures 
To find the specific latent heat of vaporisation of water by mixtures, we pass 
steam into a calorimeter with water (Figure 26.7): On its way the steam passes 


Jur 


| heat shield 


heat 


Figure 26.7 Specific latent heat of evaporation of water by mixtures 


through a vessel, T in the figure, which traps any water carried over by the steam 
and is called a steam-trap. The mass m of condensed steam is found by weighing. 
1f 0, and 6, are the initial and final temperatures of the water, the specific latent 
heat l is given by: 


heat ai. heat given by condensed heat taken by 
yer air D Sean jf wae cooling from — 4 calorimeter and 


100°C to 0; water 
ml * mc,(100—6,) = o (me, C)0;—0) 
where m, is the mass of water in the calorimeter, c,, is the specific heat capacity 
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of water and C is the heat capacity (mass x specific heat capacity) of the metal 
calorimeter. 


0,—0 
Hence [e ier FN A 2—0) 


— c, (100— 0) 
The result for l is only approximate as the Steam-trap is not efficient. 


Fusion 
The specific latent heat of fusion ofa solid is the heat required to convert unit mass of 
it, at its melting-point, into liquid at the same temperature. It is expressed in joules 
per kilogramme (J kg~'). High values can be more conveniently expressed in 
kJkg-!. 

Ice is one of the substances whose specific latent heat of fusion we are likely to 
have to measure. To do so, place warm water, at a temperature of 0, a few 
degrees above room temperature, inside a calorimeter. Then add small lumps of 
ice, dried by blotting paper, until the temperature reaches a value 0, as much 
below room temperature as 0, was above. In this case a 'cooling correction' is 
not necessary. Weigh the mixture, to find the mass m of ice which has been 
added. Then the specific latent heat | is given by: 


heat given by calorimeter .. Jheat used in heat used in warming melted 
and water in cooling ~ [melting ice ice from 0°C to 0, 
<. (me, + C0, —6,) = m+ mc,(8, —0) 


. Where m, — mass of water and Cw = specific heat capacity, 


e C — heat capacity of 
calorimeter, and 0, — initial temperature. 


Hence i= (mc, + C(0; — 02) —c,6, 
m 


A modern electrical method gives 
1-334kJkg^! or 334x 105Jkg-! 


Example on Specific Latent Heat 


An electric kettle with a 20kW heating element has a heat capacity of 400J K ^! 1-0 kg of 
water at 20°C is placed in the kettle. The kettle is Switched on and it is found 
that 13 minutes later the mass of wat 


s er in it is O-Skg. Ignoring heat losses calculate 
a value for the specific latent heat of vaporisation of water. (Specific heat capacity of 
water = 42x 103 Jkg-! K~!) 


Total heat supplied — 2000 x 13 x60 = 1-56 x 105] 
Heat used for kettle = C = 400 x (100 — 20) 


= 32000 = 0:032 x 105J 
Heat used to raise temperature of 1 kg of water from 


20°C to 100°C 
= mch = 1 x 4200 x (100—20) = 0.336 x 10°J 
So total heat to change water at 100°C to Steam at 100°C 


= 1:56 x 105— (0:032 x 10° +0-336 x 105) J 
1:192 x 105] 
Since mass of water changed to steam 


_ 1192x 10° 
= os — 7238x109Jkg-! 


-10—05-905 kg, then 
L 


w 
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1 A metal cylinder of mass 0:5 kg is heated electrically by a 12 W heater in à 
room at 15°C. The cylinder temperature rises uniformly to 25°C in 5 min and 
later becomes constant at 45°C. (i) What is the rate of loss of heat of the 
cylinder to the surroundings at 45*C? Explain your answer (ii) Assuming the 
rate of heat loss is proportional to the excess temperature over the surroundings 
calculate the rate of loss of heat of the cylinder at 20°C. (iii) Calculate the specific 
heat capacity of the metal, taking into account the loss of heat to the surroundings. 

2 Anelectrical heater of 2kW is used to heat 0:5 kg of water in a kettle of heat 
capacity 400J K~ '. The initial water temperature is 20°C. 

Neglecting heat losses, (i) how long will it take to heat the water to its 
boiling point, 100°C? (ii) starting from 20°C, what mass of water is boiled away 
in 5 min? (Assume for water, specific heat capacity = 4200Jkg ! K 7! and specific 
latent heat of vaporisation = 2 x 10*Jkg ny 

3 Inan electrical constant flow experiment to determine the specific heat capacity 
of a liquid, heat is supplied to the liquid at a rate of 12 W. When the rate of 
flow is 0:060 kg min ! the temperature rise along the flow is 2:0 K. Use these 
figures to calculate a value for the specific heat capacity of the liquid. 

If the true value of the specific heat capacity is 5400J kg- ! K 7 !, estimate the 
percentage of heat lost in the apparatus. Explain briefly how, in practice, you 
would reduce or make allowance for this heat loss. (L.) 

4 Whatis meant by the specific latent heat of vaporisation of a liquid? Explain 
how latent heat of vaporisation can be regarded as molecular potential energy. 

Calculate the potential energy per molecule released when 18 g of steam 
condenses to water at 100°C. (Specific latent heat of vaporisation of water = 
2:26 x 105 J kg- '. Mass of 1 mole of water — 18g. Number of molecules in a 
mole of molecules = 6-02 x 107?) (L.) : 

5 Inaconstant flow calorimeter, being used for measuring the specific heat 
capacity of a liquid, a p.d. of 4-0 V was applied to the heating coil. The rate of 
flow was now doubled and, by adjusting the applied p.d., the same inlet and 
outlet temperatures were obtained. Assuming heat losses to be negligible calculate 
the new value of the applied p.d. (L.) 

6 Describe how you might measure, by an electrical method, the specific heat 
capacity of copper provided in the form of a cylinder 4 cm long and 1 cm in 
diameter. s 

Describe the procedure you would use to make an allowance for heat loss 
and explain how you would derive the specific heat capacity from your 
measurements. 

When a metal cylinder of mass 2:0 x 10^ ? kg and specific heat capacity 
500J kg" ' K^ ' is heated by an electrical heater working at constant power, 
the initial rate of rise of temperature is 30 K min 1, After a time the heater is 
switched off and the initial rate of fall of temperature is 03 K min '. What is the 
rate at which the cylinder gains heat energy immediately before the heater is 
switched off? (N.) 

7 Inan experiment to measure the specific heat capacity of water, a stream of 
water flows at a steady rate of 50gs' ' over an electrical heater dissipating 135 W, 
and a temperature rise of 5-0 K is observed. On increasing the rate of flow to 
10-0gs~ ', the same temperature rise is produced with a dissipation of 240 W. 
Explain why the power in the second case is not twice that needed in the first 
case, and deduce a value for the specific heat capacity of water. 

Discuss the advantages of using such a continuous flow method for measuring 
the specific heat capacity of a liquid. Describe how a temperature rise of the 
order of 5K in the region between 0°C and 100°C may be measured to an 
accuracy of better than 3%. (0. & C.) 

8 A student using a continuous flow calorimeter obtains the following results: 

(a) Using water, which enters at 18-0°C and leaves at 22-0°C, the rate of flow is 
20g min ', the current in the heating element is 2:3 A and the potential 
difference across it is 33 V. 
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(b) Using oil, which flows in and out at the same temperatures as the water, the 
rate of flow is 70g min` ', the current is 27 A and the potential difference 
is 3-9 V. 
Taking the specific heat capacity of water to be 4200J kg ^! K  !, calculate, 
explaining your method clearly, (i) the rate of heat loss from the apparatus, 

(ii) the specific heat capacity of the oil. : i 

Explain carefully how, using this same method, the specific heat capacity of 
the oil could be obtained without a knowledge of the specific heat capacity of 
water. t 

Explain why readings should only be taken when a steady state exists. How 
would you ensure that such a condition had been attained? j 

Explain in principle what steps you would take to increase the accuracy in 
the measurements of the values of (i) the rate of flow of the liquid, (ii) the 
temperature difference between the inflow and outflow, (iii) the potential 
difference across and the current in the heating element. (L.) 

9 (a) The conservation of energy principle may be written in equation form as 
AQ = AU+AW. Express this relationship in words, making clear the meaning 
ofeach te? 1. 

(b) Outline a continuous flow method for measuring the specific heat capacity 
of water. Show how the conservation of energy principle can be used to 
calculate the specific heat capacity. Explain one important advantage of your 
method. 

(c) In an experiment to determine the specific heat capacity of aluminium, a 
cylindrical 1 kg block of aluminium was heated electrically by a 17:3 W 
immersion heater inserted into a hole in the centre of the block. The block 
was suspended in a draught-free room at 20°C. The temperature of the block 
at first rose steadily (10 K in 10 min), then, more slowly, finally stabilising at 
85°C. (i) Explain, using the conservation of energy principle, why the 
temperature of the block stabilised, although the heater was still switched on. 
(ii) Assuming the rate of heat loss from the block was proportional to the 
excess temperature of the block above that of the room, calculate (1) the 
tate of heat loss from the block at 25°C, and (2) the specific heat capacity of 
aluminium (corrected for heat loss). (iii) When a similar experiment was 
performed under the same conditions with a cylindrical 1 kg block of iron, 
the final steady temperature was considerably higher than 85°C. Suggest the 
most likely reason for this. (L.) 

10 Define specific heat capacity. 

In an experiment to determine the specific heat capacity of a liquid, the 
liquid flows past an electric heating coil and in the steady state the inlet and 
outlet temperatures are 10:4*C and 13-5°C respectively. When the mass rate of 
flow of the liquid is 32 x 1073 kgs! the power supplied to the coils is 27-4 W. 
The flow rate is then changed to 2-2 x 10-3 kgs! and, in order to maintain the 
same inlet and outlet temperatures the power supplied is adjusted to 19:3 W. 
em why two sets of data are obtained, and calculate the specific heat of the 

~ liquid. 

Why are the temperatures made the same in each part of the experiment? 
What are the advantages of this method over the method of mixtures? 

What is the rate of loss of heat in the above experiment? If in a fu rther 
experiment the surrounding temperature is 1 195°C, the rate of loss of heat will 
be zero. Why is this so? (L.) 

Y Give an account of an electrical method of finding the specific latent heat of 
vaporisation of a liquid boiling at about 60°C. Point out any cases of inaccuracy 
and explain how to reduce their effect. 

Ice at 0°C is added to 200g of water initially at 70°C in a vacuum flask. 

When 50g of ice has been added and has all melted the temperature of the flask 


melted the temperature of the whole becomes 10°C. Calculate the specific latent 
heat of fusion of ice, neglecting any heat lost to the surroundings. 


12 


13 
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In the above experiment the flask is well shaken before taking each temperature 
reading. Why is this necessary? (C.) 
In the absence of bearing friction a winding engine would raise a cage weighing 
1000 kg at 10ms ^, but this is reduced by friction to 9ms~'. How much oil, 
initially at 20°C, is required per second to keep the temperature of the bearings 
down to 70°C? (Specific heat capacity of oil = 2100Jkg^' K^ ;g = 981 ms" '.) 
(0. & C.) 
Figure 26A represents a laboratory apparatus for determining the specific latent 
heat of vaporisation of water. Draw a diagram of a suitable electric circuit in 
which the heater coil could be incorporated, and describe briefly how the 
experiment is carried out and how the result is calculated from the observations 
made. 


water boiled 
in inner: flask 


D EKU 
‘|| | steam condensed 
4 for weighing 


14 


Figure 26A 

A pupil performing the experiment finds that, when the heat supply is 16 W, 
it takes 30 minutes for the temperature of the water to rise from 20°C to 100°C, 
and that the rate of vaporisation is very slow even at the latter temperature. 
Estimate an upper limit to the value of the heat capacity of the inner flask and 
its contents. Calculate the mass of water collected after 30 minutes of steady 
boiling when the power supply is 60 W. (Take specific latent heat of vaporisation 
of water to be 2:26 x 105J kg" +.) (O.) 

Give an account of a method of determining the specific latent heat of evaporation 
of water, pointing out the ways in which the method you describe achieves, or 
fails to achieve, high accuracy. 

A 600 watt electric heater is used to raise the temperature of a certain mass of 
water from room temperature to 80°C. Alternatively, by passing steam from a 
boiler into the same initial mass of water at the same initial temperature the 
same temperature rise is obtained in the same time. If 16 g of water were being 
evaporated every minute in the boiler, find the specific latent heat of steam, 
assuming that there were no heat losses. (O. & C.) 


time, min 


Figure 26B 
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15 Describe, giving the necessary theory, how the specific latent heat of a liquid 
may be determined by a method which involves a constant rate of evaporation. 
What are the advantages of this method over a method of mixtures? 

In calorimetry experiments a cooling correction has to be applied for heat losses. 
Explain how this is done in the experiment you describe. 

Figure 26B shows a cooling curve for a substance which, starting as a liquid, 
eventually solidifies. Explain the shape of the curve and use the following data to 
obtain a value for the specific latent heat of fusion of the substance: Room 
temperature = 20°C, slope of tangent to curve when temperature is 70°C = 
10K min“ !, specific heat capacity of liquid = 2:0 x 103 J kg^ ! K~ !, mass of 
liquid = 1:50 x 107? kg. (You may assume that Newton's law of cooling holds.) (L.) 
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Gas Laws, Thermodynamics, Heat 
Capacities 


In this chapter we shall discuss the relationship between the 
temperature, pressure and volume of a gas. Unlike the case of a 
solid or liquid this can be expressed in very simple laws, called 
the Gas Laws, and reduced to a simple equation called the ideal 
Gas Equation. We shall then deal with the relation between heat 
energy, internal energy of a gas and work done by a gas in basic 
thermodynamics and discuss isothermal and adiabatic changes. 
We conclude with the principal heat capacities of a gas and their 
relationship. 


The Gas Laws 


1 Pressure and Volume: Boyle's Law 
In 1660 RosERT BovLE— whose epitaph reads ‘Father of Chemistry, and Nephew 
of the Earl of Cork'— published the results of his experiments on the ‘natural 
spring of air. He meant what we now call the relationship between the pressure 
of air and its volume. 


atmospheric pressure 


Pi 
po y 

(ii) 
OCITEECI TAPA 1/V 
p 

4e pV 7 constant 

(iii) 
[o] Vv 


Figure 27.1 Boyle's law apparatus 
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We can repeat Boyle's experiment with the apparatus shown in Figure 27.1 (i), 
which contains dry air above mercury in a closed uniform tube. We set the open 
limb of the tube at various heights above and below the closed limb and measure 
the difference in level, h, of the mercury. When the mercury in the open limb is 
below that in the closed, we reckon h as negative. At each value of h we measure 
the corresponding length / of the air column in the closed limb. To find the 
pressure of the air we add the difference in level h to the height of the barometer, 
H; their sum gives the pressure p of the air in the closed limb: 


p = gp(H +h) 
where g is the acceleration of gravity and p is the density of mercury. 
* If A is the area of cross-section of the closed limb, the volume of the trapped 
air is 
V lA 


To interpret our measurements we may either plot H+ hi, which is a measure of 
p, against 1/l, or make a table of the product (H +h). We find that the plot is a 
straight line, and therefore 


(+h) xt MT NAMENS I (1) 


Alternatively, we find 


(H -- h)! = constant. . à y s : (2) 


which means the same as (1). 
Since g, p, and A are constants, the relationships (1) and (2) give 


xi 
(Red) 


or PV = constant 


We shall see shortly that the pressure of a gas depends on its temperature as 
well as its volume. To express the results of the above experiments, we say that 


the pressure of a given mass of gas, at constant temperature, is inversely 
proportional to its volume, or pV = constant. 


This is Boyle's law. See Figure 27.1 (ii), (ili). 


; Examples on Boyle's law 
1A faulty barometer tube has some air at the top above the mercury. When the length 
of the air column is 250 mm, the reading of the mercury above the outside level is 750 mm. 
When the length of the air column is decreased to 200mm, by depressing the barometer 


Ais further into the mercury the reading of the mercury above the outside level becomes 
mm. Calculate the atmospheric pressure. 


pus os V, of air is proportional to the length 250 mm. Initial air pressure 

i ym oun Na A is ihe atmospheric pressure. Also, new volume 
2 OE an ds Yonal to length 2 ai = 

(4— 146) mmHg. gth 200mm, and new pressure of air, p; 


From Boyle's law, mV, = pV, 
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So 250 x (A — 750) = 200 x (4 — 746) 
Thus 5(A— 750) = 4(A —746) 
So 5A—4A = A = 3750—2984 = 766 mmHg 


2 A vacuum pump has a cylinder of volume v and is connected to a vessel of volume V 
to pump out air from the vessel. The initial pressure in the vessel is p. Calculate the 
reduced pressure after n strokes of the pump. 

What number of strokes is needed to reduce the pressure from 200x105 Pa to 
1-0 x 10? Pa if the closed vessel has a volume of 200 cm? and the pump cylinder is 20 cm?? 


On the first part of the stroke, the air in the vessel expands from V to (V +v). 
So, from Boyle's law, the reduced pressure p, is given by 


pi(V +0) = pV 


V 
So Di - o( +2) S , 1 3 : ) 4 (1) 


On the other part of the stroke, the air drawn in is pushed out into the 
atmosphere by the pump, leaving a pressure p, in the vessel. After the second 
stroke, the reduced pressure p; is given, from (1), by 


yu Wa 
DIM: Vice =P Vito 


So after n strokes, the reduced pressure p, is given by 


V n 
n= (a2): NO NAI CENE 


Calculation Since V — 200cm?, v —20cm?, p=2-0x10°Pa, p,— 10x 
10? Pa, 


200 Vy 
F : CMT Y a4 ees 
rom (2), 1-0 x 10 2:0 x 10 (; x) 


So "e A 
200 (220) V 


Taking logs to base 10, log (1/200) = n(log 10— log 11) 
<. —2301 = n(1— 1:041) 


1 2:301 
Dna pa 56 strokes 


Volume and Temperature: Charles's Law 
Measurements of the change in volume of a gas with temperature, at constant 
pressure, can be made with the apparatus shown in Figure 27.2. 

Dry air is trapped by mercury in the closed limb C of the tube AC; a scale 
engraved upon C enables us to measure the length of the air column, l. The tube 
is surrounded by a water-bath W, which we can heat by passing in steam. After 
making the temperature uniform by stirring, we level the mercury in the limbs A 
and C, by pouring mercury in at A, or running it off at B. The air in C is then 
always at-atmospheric (constant) pressure. We measure the length / and plot it 
against the temperature, 0 (Figure 27.3). 
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stirrer 


[9] 6 


Figure 27.3 Results of experiment 


If A is the constant cross-section of the tube, the volume of the trapped air is 
V=IA 


The cross-section A, and the distance between the divisions on which we read l, 
both increase with the temperature 0. But their increases are very small 
compared with the expansion of the gas. So we may say that the volume of the 
gas is proportional to the scale-reading of |. The graph then shows that the 


volume of the gas, at constant pressure, increases uniformly with its temperature 
as measured on the mercury-in-glass scale. A similar result is obtained with 
twice the mass of gas, as shown in Figure 27.3. 
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Expansivity of Gas (Constant Pressure) 
The rate at which the volume of a gas increases with temperature can be defined 
by a quantity called its expansivity at constant pressure, Ops 


volume at 6°C—volume at0°C 1 


» volume at 0°C 2 0 
Thus, if V is the volume at 6°C, and V, the volume at 0°C, then 
E= Ks 
"à aan 
or V= Vou a0) 


Charles found that a, had the same numerical value, 735, for all gases. This 
so-called Charles's law states: The volume of a given mass of any gas, at constant 
pressure, increases. by 533 of its value at 0*C, for every degree Celsius rise in 
temperature. 


Absolute (Kelvin) Temperature 
Charles's law shows that, if we plot the volume V of a given mass of any gas at 
constant pressure against its temperature 0, we shall get a straight line graph A 
as shown in Figure 27.4. If we produce this line backwards, it will meet the 
temperature axis at — 273°C. This temperature is called the absolute zero. If a gas 


r 


Figure 27.4 Absolute zero 


is cooled, it liquefies before it reaches — 273°C, and Charles's Law no longer 
holds; but that fact does not affect the form of the relationship between the 
volume and temperature at higher temperatures. We may express this relation- 
ship by writing 

V o (273 4-0) 


The quantity (273-0) is called the absolute temperature of the gas, and is 
denoted by T. The idea of absolute temperature was developed by Lord Kelvin, 
and absolute temperatures, T, are therefore expressed in kelvin: 

T(K) = (273+ 8C) 


From Charles's law, we see that the volume of a given mass of gas at constant 
pressure is proportional to its absolute or kelvin temperature, since 


V o (273-0) T 
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So, if a given mass of gas has a volume V, at 0,°C, and is heated at constant 
pressure to 0,°C, its new volume is given by 
y, 27-40, T, 


Vz" 2730; T; 


Pressure and Temperature 

The effect of temperature on the pressure of a gas, at constant volume, can be 
investigated with the apparatus shown in Figure 27.5 (i). The bulb B contains air, 
which can be brought to any temperature 0 by heating the water in the 
surrounding bath W. When the temperature is steady, the mercury in the closed 
limb of the tube is brought to a fixed level D, so that the volume of the air is 
fixed. The difference in level, h of the mercury in the open and closed limbs is 
then added to the height of the barometer, H, to give the pressure p of the gas in 
cm of mercury. If p, (h-- H), is plotted against the temperature, the plot is a 
straight line, Figure 27.5 (ii). 


(ii) 


Figure 27.5 Pressure and temperature 


The pressure expansivity at constant volume, ay, is given by 
Da Do 
pof 


where p, is the pressure at 0°C. The expansivity xy, which expresses the change 
of pressure with temperature, at constant volume, has practically the same value 
for all gases: 343 K~ !. It is thus numerically equal to the expansivity «,. We may 
therefore say that, at constant volume, the pressure of a given mass of gas is 
proportional to its absolute or kelvin temperature T, since 


p oc (273--0)oc T 
. Pi 2734-0, Ta: 


Xy 


DE IIE AO 


Gas Laws: At constant pressure, V oc T (kelvin) or V,/V, = T,/T 
At constant volume, p oc T (kelvin) or Pipa ed $ 
At constant temperature, p oc 1/V or pV = constant (Boyle) 
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The Ideal Gas Equation 
Figure 27.6 illustrates how we may find the general relationship between 
pressure, volume and temperature of a given mass of gas. This relationship is 
called the ideal gas equation. 


(ii) 4 (iii) 


Figure 27.6 Changing temperature and pressure of a gas 


At (i) we have the gas occupying a volume V, at a pressure p,, and an absolute 
temperature T,: We wish to calculate its volume V, at an absolute temperature 
T, and pressure p;, as at (iii). We first raise the temperature to T, while keeping 
the pressure constant at p;, as (ii). If V is the volume of the gas at (ii) then, by 
Charles's law: 


ees Dna be gate scam I 94) 


As shown in (iii), we now increase the pressure to p2, while keeping the 
temperature constant at T;. By Boyle's law, 


Ys bai the Magn ee. 6 ovn toe) 
V P2 
Eliminating V’ between equations (1) and (2), we find 
Vy Ts E 
WV Tim 
PaVa | PV 
o 
F TX 
In general, therefore, 
pV 
Ea x 3 
T (3) 
where R is a constant, so that 
PV SRE QUESO o1 v4) 


tn 


Ideal Gas Equation, The Gas Constant 
Equation (4) is the ideal gas equation or equation of state. The magnitude of the 
constant in the equation depends on the nature of the gas—air, hydrogen, for 
example,—and on the amount--number of moles or mass—of the gas. 
For one mole of a particular gas, an amount discussed shortly, the 
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corresponding molar gas constant is given the symbol R. So if 1 mole occupies a 
volume V equal to Vm at a pressure p and absolute temperature T, we write 


PERS Terra eran nen SU; 


n moles of the gas at the same pressure p and temperature T occupy a volume V 
where V = nVn. So the gas constant here is nR. The equation of state for n 
moles is thus 


pV=nRT >. 1 s 7 x (5A) 


It is sometimes more useful for the engineer to consider a mass of gas, such as 
unit mass or | kg. Here it would be useful to recall that the ‘relative molecular 
mass’ of any substance X is the mass of a molecule of X compared with the mass 
of one-twelfth of the mass of the atom of the carbon-12 isotope (see p. 659). The 
‘molecular mass’ M is the number of grams equal to this ratio, the relative 
molecular mass. For the gases hydrogen, helium, oxygen and carbon dioxide, 
the molecular mass M is respectively about 2, 4, 32 and 44 g, or, in the SI unit of 
kilogram, 2 x 107°, 4 x 107, 32 x 10-3, and 44 x 10? kg respectively. 

We shall denote the gas constant per unit mass by the symbol r. Thus if M is 
the molecular mass in kg (SI unit), r — R/M. So the equation of state for unit 
mass of gas, 1 kg, may be written 


R 
pV = M TER. f 3 $ j (6) 
For a mass m kg of gas, the equation of state is 
pV-= ma Tah un j 3 i (6A) 


Since m/M — n, the number of moles, equation (6A) is identical to (5A). 
For a mole of gas, the density p — M/V,,, or V, = M/p. From (5), it follows 
that the equation of state can be written 


p R i 
; zm qoM : h i : (7) 
Units of Gas Constant 
The unit of 
pv = pressure x volume | Nm^?xm? a 
T temperature — (Kk —7Nmk 
zJK^ 


since | newton x | metre = 1 joule. So 


unit cf molar gas constant = J mol! K~! 


and unit of gas constant per unit mass = Jkg K! 


Avogadro's Hypothesis: Molar Gas Constant 
Avogadro, with one simple-looking idea, illuminated chemistry as Newton 
illuminated mechanics. In INT! he Suggested that chemically active gases, such 
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as oxygen, existed not as single atoms, but as pairs: he proposed to distinguish 
between an atom, O, and a molecule, O;. In 1814 Avogadro also put forward 
another idea, now called Avogadro's hypothesis: that equal volumes of all gases, at 
the same temperature and pressure, contain equal numbers of molecules. The 
number of molecules in 1 cm? of gas at s.t.p. is called Loschmidt's number; it is 
2:69 x 101?. 

The amount of a substance which contains as many elementary units as there 
are atoms in 0:012 kg (12g) of carbon-12 is called a mole, symbol ‘mol’. The 
number of molecules per mole is the same for all substances. It is called the 
Avogadro constant, symbol N 4, and is equal to 6:02 x 1073 mol +. 

From Avogadro's hypothesis, it follows that the mole of all gases, at the same 
temperature and pressure, occupy equal volumes. Experiment confirms this; at 
stp. 1 mole of any gas occupies 2244 litres. Consequently, if Vm is the volume of 
1 mole, then the ratio pVm/T is the same for all gases. So the molar gas constant 
R, which is equal to this ratio, is the same for all gases. 


At s.t.p. V, = 224litres = 224x 107? m? 
p = 760 mmHg = 1:013 x 105 Pa 
TERR: ! 
cg P = 1013 x 103 x224 x 107? 
$i T 273 


= 831Jmol~'K7! 


Gas Constant per Unit Mass 
If the amount of gas is 1 kilogram, the gas constant is expressed as Jkg™ EK 
As an example, consider the gas oxygen, Oz, which has a molecular mass of 
32g. For I mole, 32g, the gas constant = R — 8:31 numerically. So for 1kg 
(1000 g), 


x831 = 260Jkg ' K^! 


stant : 
c nt = 
gas consta 32 


Applying the Gas Equation 
We can apply the equation pV = nRT, where n is the number of moles, to 
calculate the mass of a gas. Suppose oxygen gas, contained in a cylinder of 
volume V of 1 x 10-2 m? has a temperature T of 300K and a pressure p, of 
25 x 105 Pa. After some of the oxygen is used at constant temperature, the 
pressure falls to 1-3 x 10° Pa, pz. j 
From pV = nRT, the number of moles in the cylinder initially is given by 


iV 

ni =— 

PERE 

p;V 
and finally b: = 

y Dy n; RT 
Hence the number of moles used = n, —n; 

(Papa) 


RT 
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| (25-1:3)x 105 x 1x 107? 
* 83x 300 


— 0:48 


using the value R = 83Jmol^' K ^'. 
But molecular mass of oxygen = 32g = 32x 10^? kg 
„`. mass of oxygen used = 0:48 x 32 x 10 ?kg 
= 0:015 kg (approx.) 


Example on Gas Equation 
A cylinder containing 19kg of compressed air at a pressure 9:5 times that of the 
atmosphere is kept in a store at 7°C. When it is moved to a workshop where the 
temperature is 27°C a safety valve on the cylinder operates, releasing some of the air. If 
the valve allows air to escape when its pressure exceeds 10 times that of the atmosphere, 
calculate the mass of air that escapes. (L.) 


From pV = nRT, if A is the atmospheric pressure and V is the cylinder volume, 
pV  95AxV 


initi i -L x 1 
initial number of moles of air, n, RT ^ Rx380 (1) 
.pV _10AxV 
and final number of moles, n, = RT Rx300 (2) 


Suppose m is the mass of air left in the cylinder. Then, since the mass is 
proportional to the number of moles, it follows that m/19 kg = n;/n,. Dividing 
(2) by (1) and simplifying, then 


m _ 10x280 
19kg 95x 300 
19 x 10 x 280 
So i= oe a 18-67 kg 
So mass of air escaped = 19— 18-67 = 0:33 kg 
Connected Gas Containers 
As we have seen, the number of moles, n, in a gas can be found from the relation 
CRA 
a Y 


N a oe ls Sy STN SOM E ER NR 
In a closed system of connected gas containers, some gas may flow out of one 
container when its temperature rises, to other containers. The total number of 
moles of gas in all the containers remains constant, however, no matter what 
changes take place in individual containers. Hence, in a closed System, the sum 


of the values of pV/RT for all the containers is constant. This is used in the 
following example. 


Example on Connected Gas Containers 
Two gas containers with volumes of 100 cm? and 1000 cm? respectively are connected by 
à tube of negligible volume, and contain air at a pressure of 1000 mm mercury. If the 
temperature of both vessels is originally 0°C, how much air will pass through the 
connecting tube when the temperature of the smaller is raised to 100°C? Give your 
answer in cm? measured at 0°C and 760 mm Mercury. 


————— m 
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The total number of moles of air in the two containers remains constant, 
although some air is transferred from the hot to the celd container on heating. 
From n — pV/RT, 
pV 1000x1100 


initi 1 mol I e ERE e 
initially, total moles of air RT Rx273 


2 x100 px1000 
and finally, total moles of air — Cai + OT 
where p is the new pressure in both containers after heating. 
Equating the two numbers of moles, which are unchanged by any transfer, 
. px100 , EX M000 71000 1100 
URx371  Rx273 Rx273 
Cancelling R and simplifying, then 
. 11000x 373 
P= 40 
As the question requires, we now have to convert the initial volume of 100 cm? 
of air in the smaller container at 0°C and 1000 mmHg to 0°C and 760 mmHg, 


and the final volume of 100cm? at 100°C and 1025mmHg to 0°C and 
760 mmHg. 


= 1025mmHg 


1000 
Initial volume at 0°C and 760 mmHg = 100 x 767 131-6 cm? 


1025 273 
Fi ^ = —— y = = 987cm? 
inal volume at 0°C and 760 mmHg = 100 x 760 «373 98:7 cm 


<. volume of air at 0°C and 760 mmHg flowing out = 33 cm? (approx) 


Mixture of Gases: Dalton's Law 
Figure 27.7 shows an apparatus with which we can study the pressure of a 
mixture of gases. A is a bulb, of volume V,, containing air at atmospheric 
pressure, p,. C is another bulb, of volume V;, containing carbon dioxide at a 
pressure p;. The pressure p; is measured on the manometer M; in millimetres of 
mercury it is 
p; =h+H 


where H is the height of the barometer. (In the same units, the air pressure, 
Pi = H.) 


Ø inlet tap 


Figure 27.7 Apparatus for demonstrating Dalton's law of partial pressure 
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When the bulbs are connected by opening the tap T, the gases mix, and reach 
the same pressure, p; this pressure is given by the new height of the manometer. 
Its value is found to be given by 


V, d: V; 
y y Pp 


Now the quantity p, V; (V, 4- V;) is the pressure which the air originally in A 
would have, if it expanded to occupy A and C; for, if we denote this pressure by 
p’, then p(V, +) = p, V;. Similarly p, V/V, + V2) is the pressure which the 
carbon dioxide originally in C would have, if it expanded to occupy A and C. 
Thus the total pressure of the mixture is the sum of the pressures which the 
individual gases exert, when they have expanded to fill the vessel containing the 
mixture. 

The pressure of an individual gas in a mixture is called its partial pressure: it is 
the pressure which would be observed if that gas alone occupied the volume of 
the mixture, and had the same temperature as the mixture. The experiment 
described shows that the pressure of a mixture of gases is the sum of the partial 
pressures of its constituents. This statement was first made by Dalton, in 1801, 
and is called Dalton's Law of Partial Pressures. 

So if air and water-vapour have a total pressure of 1:01 x 105 Pa in a 
container, and the water-vapour alone has a pressure of 0-01 x 10° Pa, then 
the air pressure in the mixture has a pressure = 1:01 x 105—001 x 10° = 
1-00 x 105 Pa. The volume occupied by either the air or the water-vapour is the 
whole volume of the container. 


P&E P: 


Unsaturated and Saturated Vapours 
An unsaturated vapour is a vapour which is not in contact with its own liquid in 
a closed space. So a mixture of air and water vapour in a flask, without any 
water present, is a mixture of air and unsaturated vapour. 

A saturated vapour is a vapour in contact with, or in equilibrium with, its own 
liquid. So if a flask contains air and some water at 20°C, the water vapour above 
the water is saturated vapour at 20°C. The mixture, then, is air and saturated 
water vapour. Values of saturated vapour pressure (s.v.p.) vary from a very low 
value at 0°C to 760 mmHg (1-013 x 10° Pa) at 100°C. If the external atmospheric 
pressure is 760 mmHg, water will boil at 100°C. The bubbles inside the water 
then have sufficient vapour pressure to just overcome the outside atmospheric 
pressure and burst open at the surface. . 


x 30 ' 
> L 
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Figure 27.8 Effect of volume and temperature on pressure of water vapour 
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Gas Laws for Vapours 
Saturated vapours do not obey Boyle's law: their pressure is independent of their 
volume. Unsaturated vapours obey Boyle's law roughly, as they also obey 
roughly Charles's law, Figurc 27.8(i). Vapours, saturated and unsaturated, are 
gases because they spread throughout their vessels; but we find it convenient to 
distinguish them. by name) from gases such as air, which obey Charles's and 
Boyle's laws closely. 

Figure 27.8 (ii) shows the effect of heating a saturated vapour. More and more 
of the liquid evaporates, and the pressure rises very rapidly. As soon as all the 
liquid has evaporated, however, the vàpour becomes unsaturated, and its 
pressure rises more steadily along a straight line AB. Well away from the 
saturated state, the unsaturated vapour obeys the relation p oc T at constant 
volume, which is a gas law. 


Gas Laws Applied to Mixture of Vapour and Gas 

The following examples illustrate how the gas laws are applied to the case of a 
vapour in a mixture with other gases. Note the following: (i) Vapour un- 
saturated. Here the gas laws give a good approximation to changes in pressure, 
volume and temperature; (ii) Vapour saturated. If the vapour is in a mixture 
with a gas such as air, we apply the gas laws to the air after using Dalton’s law of 
partial pressures to allow for the saturated vapour. We do not apply the gas laws 
to the saturated vapour because its mass changes due to condensation or 
evaporation as conditions change, and the gas laws apply to constant mass of 
gas. 


Examples on Saturated Vapours 
1 A narrow tube of uniform bore, closed at one end, nas some air entrapped by a small 
quantity of water. If the pressure of the atmosphere is 760 mmHg, the equilibrium vapour 
pressure of water at 12°C and at 35°C is 10-5 mmHg and 42:0 mmHg respectively, and the 
length of the air column at 12°C is 10cm, calculate its length at 35°C. 


For the given mass of air, 


p; = 76—105 = 7495 cm, V, = 10, T = 273+ 12 = 285K 
pa = 76—4:2 = 71-8cm, T; = 2734-35 = 308K 
.7495x10 718V; 


285 308 
74:35 x 10 x 308 


1 285x708 
So length at 35°C = 113cm 


= 11:3 


2 A closed vesse! contains air, saturated water-vapour, and an excess of water. The total 
pressure in the vessel is 760 mmHg when the temperature is 25°C, what will it be when the 
temperature has been raised to 100°C? (Saturation vapour pressure of water at 25°C. is 
24 mmHg.) 


From Dalton's law, the pressure of the air at 25°C = 760—24 = 736 mmHg. 
Suppose the pressure is pmm at 100°C. Then, since pressure is proportional to 
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absolute temperature for a fixed mass of air, we have 


Jg L8 
736 298 
from which | . p = 921 mmHg 


Now the saturation vapour pressure of water at 100°C = 760 mmHg 
<. total pressure in vessel = 921 +760 = 1681 mmHg 


Exercises 27A 
Gas Laws 


1 A container of gas has a volume of 0-10 m? at a pressure of 2 x 10° N m ^? and 
a temperature of 27°C. (i) Find the new pressure if the gas is heated at constant 
volume to 87°C. (ii) The gas pressure is now reduced to 10 x 10* N m~? at 
constant temperature. What is the new volume of the gas? (iii) The gas is cooled 
to —73°C at constant pressure. Find the new volume of the gas. 

2 Using a vertical ( y) axis to represent pressure, p, and a horizontal exis to 
represent volume, V, illustrate by rough sketches the changes which take place in 
(i), (ii) and (iii) in question 1. 

3- A cylinder of gas has a mass of 10:0 kg and a pressure of 8-0 atmospheres at 27°C. 
When some gas is used in a cold room at —3°C, the gas remaining in the cylinder 
at this temperature has a pressure of 6-4 atmospheres. Calculate the mass of gas 
used. 

4 State Boyle's law and Charles's law and show how they may be combined to give 

. theequation of state of an ideal gas. 

Two glass bulbs of equal volume are joined by a narrow tube and are filled with 
a gas at s.t.p. When one bulb is kept in melting ice and the other is placed in a hot 
bath, the new pressure is 877-6 mm mercury. Calculate the temperature of the bath. 
(Là 

5 Theformula pv = mrT is often used to describe the relationship between the 
pressure p, volume v, and temperature 7 of a mass m of a gas, r being a constant. 
Referring in particular to the experimental evidence how do you justify 
(a) the use of this formula, 

(b) the usual method of calculating T from the temperature t of the gas on the 
centigrade (Celsius) scale? 

Two vessels of capacity 1-00 litre are connected by a tube of negligible volume. 
Together they contain 342 x 10 * kg of helium at a pressure of 1-07 x 105 Pa and 
temperature 27°C. Calculate (i) a value for the constant r for helium, (ii) the 
pressure developed in the apparatus if one vessel is cooled to 0°C and the other 
heated to 100°C, assuming that the capacity of each vessel is unchanged. (JM B.) 

6 State Boyle's law and Charles' law, and show how they lead to the gas equation 
PV = RT. Describe an experiment you would perform to measure the thermal 
expansion coefficient of dry air. 

What volume of liquid oxygen (density 1140 kg m ^?) may be made by liquefying 
completely the contents of a cylinder of gaseous oxygen containing 100 litres of — 
oxygen at 120 atmospheres pressure and 20°C? Assume that oxygen behaves as an 
ideal gas in this latter region of pressure and temperature. 

(1 atmosphere = 1-01 x 105 N m. ?; molar gas constant = 831 J mol ' K^ '; 
relative molecular mass of oxygen = 32:0.) (0. & C.) 3 

7 State the First Law of Thermodynamics and explain what is meant by the internal 
energy ofa system. What constitutes the internal energy-of an idcal gas? Starting 
from the expression P — 1pc?, show that the internal energy of an ideal monatomic 


gas is 3PV, and discuss the interpretation of temperature i inetic see 
chapter 28.) perature in the kinetic theory. (see 
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Explain the following observations: 
(a) when pumping up a bicycle tyre the pump barrel gets warm, and 
(b) when a gas at high pressure in a container is suddenly released, the container 
cools. 


(en 


Figure 27A 


Two bulbs, A of volume 100 cm? and B of volume 50 cm?, are connected to a 
three way tap T which enables them to be filled with gas or evacuated. The volume 
of the tubes may be neglected, Figure 27A. 

(c) Initially bulb A is filled with an ideal gas at 10°C to a pressure of 3-0 x 105 Pa. 
Bulb B is filled with an ideal gas at 100°C to a pressure of 1:0 x 105 Pa. The 

two bulbs arc connected with A maintained at 10°C and B at 100°C. Calculate 
the pressure at equilibrium. 1 d 
Bulb A, filled at 10°C to a pressure of 30 x 105 Pa, is connected to a vacuum 
pump with a cylinder of volume 20 cm?. Calculate the pressure in A after one 
inlet stroke of the pump. The air in the pump is now expelled into the ^ 
atmosphere. Calculate the pressure in A after the second inlet stroke. Calculatc 
the number of strokes of the pump to reduce the pressure in A to 1:0 x 10? Pa. 
The whole system is maintained at 10°C throughout the process. (0. & C.) 


(d 
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Thermodynamics 


We now deal with the relation between work and heat energy, which is a branch 
of thermodynamics. In this book we are concerned only with basic principles. 


Work Done by Gas 
Consider some gas, at a pressure p, in a cylinder fitted with a piston (Figure 27.9). 


J 


=~j ST 


| 


gas A ud 
laici A pats 


Figure279 Work done by gas in expansion 
If the piston has an area A, the force on it is 
f —pA 
If we allow the piston to move outwards a distance Al, the gas will expand, and 
its pressure will fall. But by making the distance very short, we can make the fall 


in pressure so small that we may consider the pressure constant. The force f is 
then constant, and the work done is 


AW = f. A = pA. Al 
The product A . Al is the increase in volume, AV, of the gas, so that 
AW -p.AV . r 3 : , (1) 


The product of pressure and volume, in general, therefore represents work. If the 
pressure p is in Nm, and the area A is in m?, the force J is in newton. And if 
the movement Al is in m, the work /'. Al is in newton x metre or joule (J). The 
increase of volume, AV, is in m*. Thus the product of pressure in N m^ ?, and 
volume in m?, represents work in joule. 


Frorn (1), work done = pressure x volume change 


So if the volume of a gas at constant pressure of 105 N m^? expands by 0:01 n.?, 
then 


werk done = 105 x 6-01 = 1000J 


Latent Heat and Internal Energy, Molecular Potential Energy 
The volume of ! g of steam at 100°C and 760mmHg pressure is 1672 cm?. 
Therefore when 1 g of water turns into steam, it expands by 1671 cm?. 
80, it does work against the atmospheric pressure. The heat equivalent of this 
work is that part of the latent heat which must be supplied to the water to make 
it Overcome atmospheric pressure as it evaporates; it is cailed the ‘external la tent 
heat’. The rest of the specific latent heat—the internal part —is the equivalent of 
the work done in separating the molecules, against their mutual attractions 
This amount of energy, then, i: a measure of the increase in potential energy of 


the olecules of water in the gascous state over hat in the liqui state, at the 
that i 
q d state, 


; in doing 
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The work done, W, in the expansion of 1 g from water to steam is the product 
of the atmospheric pressure p and the increase in volume AV: 


W — p.AV. 
Normal atmospheric pressure corresponds to a pressure p — 1-013 x 105 Pa, 
So W = p. AV = 1-013 x 10° x 1671 x 1075 = 170J 


The external specific latent heat is therefore 
l, = 1013 x 105 x 1671 x 107“ 
= 170Jg™ = 170kJkg ^! 


This result shows that the external part of the specific latent heat is much less 
ihan the internal part. Since the total specific latent heat of vaporisation | is 
2270J g`‘, the internal part is : 


lig = 1+ leg = 2270170 
= 2100 g-! = 2100kTkg~! 


For 1 mole of water, 18g, the number of molecules is about 6x 107°, the 
Avogadro constant. So the gain in potential energy of a molecule of water when 
changing from liquid at 100°C to vapour at 100°C is 


18 x 2100 


o E 6:3 x 1077? J molecule ^? 


Internal Energy of Gas 
The internal energy of an ideal gas is the kinetic energy of thermal motion of its 
molecules. As we see later, the magnitude depends on the temperature of the gas 
and on the number of atoms in its molecule. 

The thermal motion of the niolecules is a random motion— it is often called 
the thermal ‘agitation’ of the molecules. We must appreciate that the energy of 
the gas which we call internal energy is quite independent of any motion of the 
gas in bulk. When a cylinder of oxygen is being carried by an express train, its 
kinetic energy as a whole is greater than when it is standing on the platform; but 
the random motion of the molecules relative to the cylinder is unchanged—and 
so is the temperature of the gas. 

The same is true of a liquid. In a water-churning experiment to convert 
mechanical energy into heat, baffles must be used to prevent the water from 
acquiring any mass-motion—all the work done must be converted into random 
motion, if it is to appear as heat. Likewise, the internal energy of a solid is the 
kinetic energy of the vibration of its atoms about their mean positions. 
Throwing a lump of metal through the air does not raise its temperature, but 
hitting it with a hammer does. 4 

We shall use the symbol U for the internal energy. Although its absolute 
magnitude is not known, we are mainly concerned with changes in internal 
energy, denoted by AU. We can often calculate AU, as we soon show. 


First Law of Thermodynomics 
The First Law of Thermodynamics states that the total energy in a closed system 
is constant, that is, the energy is conserved in any transfer of energy from one 
form to another. This law is also known as the Principle of Conservation of 
Energy (p. 623). 
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When we warm a gas so that it expands, the heat AQ we give to it appears 
partly as an increase AU to its internal energy—and hence its temperature—and 
partly as the energy required for the external work done. AW. Thus from the 
First Law of Thermodynamics, we may write 


AQ=AU+AW . : : ; : (1) 


If the expansion of the gas occurs reversibly, then no friction forces are present 
(p. 671). In the case, AW = p. AV. Thus, from (1), 


AQ=AU+p.AV . ; Y x Y (2) 


Equation (2), then. is a mathematical statement of the First Law of Thermo- 
dynamics applied to the case of energy changes associated with a gas. 

In the relation AQ = AU + AW, AW is the external work done by the gas. We 
can express the relation in a different way if heat AQ is given to the gas and AW 
is the external work done on the gas. In this case, the increase in the internal 
energy of the gas, AU, is given by 


AU =AQ+AW . s 2 ox v (8) 


The work done on the gas is p. AV and so in this case. 


KURO 49. AV,. 9E es cos ud) 


Relation (3) and (4) are alternative ways of expressing the First Law of 
Thermodynamics. 


Internal Energy Changes, ideal Gas 
If the volume of a gas is kept constant when it is warmed, then no external 
work is done. So all the heat supplied goes in zaising the internal energy of the 
gas. In this special case, then, AU — AQ, the heat supplied. If we have 1 mole of 
gas whose molar heat capacity at constant volume is Cy (discussed shortly), and 
AT is its temperature rise, then AQ = Cy. AT. At constant volume, then, the 
change in internal energy is given by 


ALI SG ys AT essen po i (3) 


It should be noted that this is always the change in internal energy of an ideal 
gas for a temperature change AT, no matter how the change has occurred, The 
internal energy of an ideal gas is independent of its volume—it depends only on its 
temperature. 

A perfect, or ideal, gas is one which obeys Boyle's law exactly and whose 
internal energy is independent of its volume. No such gas exists, but at room 
temperature, and under moderate pressures, many gases approach the ideal 
closely enough for most purposes. 

Suppose a gas in a vessel is thermally insulated and the gas expands. In this 
case no heat enters or leaves the system. The work done by the gas is then taken 
from its internal energy, with the result that the gas cools. If the gas is 
compressed instead of expanding, the work done on the gas increases the 


internal energy. So this time the gas temperature ris, i sase c 
BU Oeo a pe ises. In either case the change 


Gas Laws, Thermodynamics, Heat Capacities . . . — 669 


(ii) (iii) 


Figure 27.10 Work done from p — V graphs 


Work Done from p— V Graphs 
The work done by or on a gas can be found from a graph of pressure p against 
volume V when the work is done. 

In Figure 27.10 (i), a gas has a pressure, volume and temperature represented 
by the point A and then does work and expands to a new volume and a new 
pressure and temperature represented by the point B. For a very small volume 
change V from X to Y, small amount of work done W — pressure x volume 
change, from our result on page 666. 


So W = p. AV = area of shaded strip below XY 
From A to B, then, we can say that total work done — area below AB, ABLM 


So work done — Area between p — V graph and volume-axis 


In Figure 27.10 (ii), a gas expands from P to Q, then it is compressed from Q to 
R while its pressure is kept constant (QR is a horizontal line), and finally the gas 
is compressed back to P while its volume is kept constant (RP is a vertical line. 
Now from P to Q, the work done by the gas is the area POST. From Q to R, the 
done on the gas is the area QRTS. No work is done along PR (volume constant). 
So, by subtracting the two areas, as shown shaded, 
TS ia ie PERI, TSE eS TE SOE STNG SE EN ae cee 


net work done by gas = area enclosed, PQR 


ILL Lil AR EUMD igs RARE EE eo E 
Figure 27.10 (iii) shows a gas taken round a so-called cycle of changes ABCD, 
from A and back to A. As before, 


net work done by gas = area ABCD 


Isothermal Changes 
In a car, motor-cycle or aeroplane engine, gases expand and are compressed, 
and are heated and cooled, in ways more complicated than those already 
described. We now consider some chief ways in which such changes take place. 


When a gas expands or is compressed at constant temperature, the gas is said to 
undergo an isothermal expansion or compression. 


For a mole of gas, we have already seen that the pressure p, the volume V and 
the absolute temperature T are related by pV = RT. So if the temperature Is 
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constant, 
pV = constant 


the value of the constant depending on T and R. So the curve of pressure and 
volume represents a Boyle's law relation. Such a curve is called an isothermal for 
the given mass of gas. Figure 27.11 shows a family of isothermals for 1 g of air, 
each isothermal being labelled with the particular constant temperature. At the 
higher temperatures, the pressure and volume values are higher from pV = RT: 


838 


o 400. — 800 1200 1600 2000 


Figure27.11 Isothermals for 1 g of air 


i Kinetic Theory in Isothermal Change 

When a gas expands, it does work —for example, in driving a piston (Figure 27.9, 
p. 666). The molecules of the gas bombarded the piston, and if the piston moves 
they give up some of their kinetic energy to it. When a molecule bounces off the 
moving piston, it does so with a velocity less than that with which it struck. The 
change in velocity is small, because the piston moves much more slowly than the 
molecule; but there are many molecules striking the piston at any instant, and 
their total loss of kinetic energy is equal to the work done in driving the piston 
forward. The work done by a gas in expanding, therefore, is done at the expense 
of its internal energy. The temperature of the gas will consequently fall during 
expansion, unless heat is supplied to it. 

Conversely, if a gas is compressed, its temperature rises, The molecules now 
rebound from the forward-moving piston with a velocity greater than their 
incident velocity. The total increase in kinetic energy of all the molecules is equal 
to the work done in moving the piston. In an isothermal compression or 
expansion, the gas must be held in a thin-walled, highly conducting vessel 
surrounded by a constant temperature bath. And the expansion must take la : 
slowly, so that heat can pass into the gas to maintain its temperature at p eee 
instant during the expansion. 35 CYery 


External Work Done in 
The heat taken in when a Expansion 


as expands is 1 A j 
mechanical work done, "ns pands isothermally is the heat equivalent of the 


ause there is no change in internal energy of an ideal 
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gas when its temperature is constant. As we have seen earlier, if thc.volume of the 
gas increases by a small amount AV, at the pressure p, then the work done is 


AW = pAV 


In an expansion from V, to V, the work done is equal to the area between the 
isothermal curve and the volume-axis from V, to V;. Calculation shows that the 
work W is given by 


W = RT In(V,/V;) = 


where Q is the heat taken in during the expansion, (see p. 750). 

Now let us consider an isothermal compression. When a gas is compressed, 
work is done on it by the compressing agent. To keep its temperature constant, 
therefore, heat must be withdrawn from the gas, to prevent the work done from 
increasing its internal energy. The gas must again be held ina thin well-conducting 
vessel, surrounded by a constant-temperature bath; and it must be compressed 
slowly. 


Reversible Isothermal Change 

Suppose a gas expands isothermally from p;, V;, T to pz, V2, T. If the change can 
be reversed so that the state of the gas is returned from p}, Vj, T to p,, Vj, T 
through exactly the same values of pressure and volume at every stage, then the 
isothermal change is said to be reversible. A reversible isothermal change is an’ 
ideal one. It requires conditions such as a light frictionless piston, so that the 
pressure inside and outside the gas can always be equalised and no work is done 
against friction; very slow expansion, so that no eddies are produced in the gas 
to dissipate the energy; and a constant temperature reservoir with very thin 

good-conducting walls, as we have seen. In a reversible isothermal change of 1 

mole of gas, pV = constant = RT. 


Reversible Adiabatic Change j 
Let us now consider a change of volume in which the conditions are opposite to 
isothermal; no heat is allowed to enter or leave the gas. 


An expansion or contraction in which no heat enters or leaves the gas is called an 
adiabatic expansion or contraction. 


In an adiabatic expansion, the external work is done wholly at the expense of 
the internal energy of the gas, and the gas therefore cools. In an adiabatic 
compression, all the work done on the gas by the compressing agent appears as 
an increase in its internal energy and therefore as a rise in its temperature. We 
have already discussed a reversible isothermal change. A reversible adiabatic 
change is an adiabatic change which can be exactly reversed in the sense 
explained on p. 673. As we noted there, a reversible change is an ideal case. 


Adiabatic Curve and Equation i 

The curve relating pressure and volume for a given mass of a given gas for 
adiabatic changes is called an ‘adiabatic’. In Figure 27.12, the curve shown is an 
adiabatic for 1 kg of air. It is steeper, at any point, than the isothermal through 
that point. The curve AB is the isothermal for the temperature T, = 373 K, 
Which cuts the adiabatic at the point po, Vo- f 

If the' gas is adiabatically compressed from V, to V,, its ternperature rises to 
Some value T,. Its representative point p,, V, now lies on the isothermal for T,,.- 
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Figure 27.12 Relationship between adiabatic and isothermals 


since p, V, = RT,. Similarly, if the gas is expanded adiabatically to V,, it cools to 
T; and its representative point pz, V, lies on the isothermal for T. Thus the 
adiabatic through any point—such as Po, Vo—is steeper than the isothermal. 

Calculation shows that the equation for a reversible adiabatic p—V change of 
a given mass of gas is 


AEE ETE . (i 


where y = C,/Cy = the ratio of the molar heat capacities of the gas, discussed- 


later. For air, y = 1-4. So for an adiabatic change for this gas, pV!* = constant. 


Figure 27.13 Work done by gas 


In Figure 27.13, a gas expands isothermal 
d y from a pressure, volume and 
temperature, represented by A, to that represented by B At B, the gas is now 
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compressed adiabatically until the point C is reached. Since the temperature has 
increased, C lies on an isothermal CD of a higher temperature than AB. At C, 
the gas is compressed at constant pressure until the point A is again reached. The 
net amount of work done on the gas is equal to the enclosed area ABC, as we 
explained before. 


Ideal and Real p— V Curves 
The condition for an adiabatic change is that no heat must enter or leave the 
gas. The gas must therefore be held in a thick-walled, badly conducting vessel; 
and the change of volume must take place rapidly, to give as little time as 
possible for heat to escape. However, in a rapid compression, for example, 
eddies may be formed, so that some of the work done appears as kinetic energy 
of the gas in bulk, instead of as random kinetic energy of its molecules. All the 
work done then does not go to increase the internal energy of the gas. and the 
temperature rise is less than in a truly adiabatic compression. If the compression 
is made slowly, then more heat leaks out, since no vessel has perfectly insulating 


walls. 


Y. ideal adiabatic 
practical approach 


pai isothermal 
practical approach 


Figure27.14 Ideal and real p — V curves for a gas 


Perfectly adiabatic changes are therefore impossible; and so, we have seen, are ` 
perfectly isothermal ones. Any practical expansion or compression ofa gas must 
lie between isothermal and adiabatic. It may lie anywhere between them, but if it 
approximates to isothermal, the curve representing it will always be a little 
steeper than the ideal (Figure 27.14). If it approximates to adiabatic, the curve 
representing it will never be quite as steep as the ideal. 


Equation for Temperature Change in an Adiabatic 
If we wish to introduce the temperature, T; into an adiabatic change, we use the gas 
equation for one mole of gas, : 


pV =RT 
Now pV’ = k, a constant 
Substituting p = RT/V, then : 
RT CK 
V 


So RTV!-! = k. But R is a constant. 
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So T . V!-! = constant 

The applications of pV? — constant and TV?-! = constant are illustrated in 
the examples which follow, 


1 An ideal gas at 17°C has a pressure of 10x 105 Pa, and is compressed (i) iso- 
thermally, (ii) adiabatically until its volume is halved, in each case reversibly. Calculate 
in each case the final Pressure and temperature of the gas, assuming y = 1:4, : 


(i) Isothermally, pV — constant. 


npx*= 10x 10° x y 


-P = 20x105 Pa 


The temperature is constant at 17°C, ` 
(ii) Adiabatically, DV = constant, and 7-714. 


14 
NS "(2 = l0x105x y!* 


“.p=10x 10° x 2!4 = 2:6 x 105 Pa 
Since TV?-! —constant 


» 


04 ry 
PAT (3) = (273+ 17) x y% 


+. T 2290x295 — 383K 
-. temperature = 110°C 


2 A quantity of oxygen is compressed isothermally until its pressure is doubled. It is 
then allowed to expand adiabati i 


y tabatically until its original volume is restored. Find the final 
pressure in terms of the initial pressu.: 


re. (The ratio of the molar heat capacities of oxygen 
‘is to be taken as 1-40.) p 


Let Po; Vo = the original pressure and volume of th 


e € oxygen. 
Since pV = constant for an isothermal change, " 


X Vo 
-. new volume = a when new Pressure is 2p, 


, Suppose the gas expands adiabatically to its volume V,, when the pressure 
is p. d 


n 
Then px Voi* = 2px ($) 3 
t 1\!4 
“P= 2pg (5) = 0:8 py 


Heat hanical Work i 
1 c n Engines 
If one metal surface is rubbed Against another, jacta the whole of the 
s nsformed into heat (see p. 637). Thus 
echanical energy to heat can be almost 100° efficient. As 
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we now show, however, a practical machine or engine which converts heat into . 
mechanical energy, the opposite process, can never be 100% efficient. 

If the engine operates in a cycle, so that it returns to its original state after a 
series of operations, then it can be made to do work continuously. 


Figure 27.15 Heat and work. Carnot cycle 


Consider a gas taken through a cycle of reversible pressure (p)— volume (V) 
changes. Two examples of a cycle are shown in Figure 27.15 (i) and (ii). Starting 
from the state represented by A, the gas expands reversibly from A to B. In 
Figure 27-15 (i), it then expands reversibly from B to C. Here the mechanical 
work done by the gas, which is the integral of p.dV for the two stages of the 
cycle, is represented by the area ABCXYA between the curves and the V-axis 
(see p. 669). To restore the gas to its initial state at A the gas must now be 
compressed reversibly along CD and DA. In this case the work done on the gas 
is represented by the area CDAYXC. The gas now gives up a quantity of heat 
Q, whereas it takes in a quantity of heat Q, along AB and BC while doing work. 

Since the gas returns to its initial state at A, there is no change in the internal 
energy of the gas at the end of a cycle. From the First Law of Thermodynamics, 
then, the net work done in a cycle = heat gained by gas = Q; — Q. The net 
work done W is represented by the area ABCD in both Figure 27.15 (i) and (ii). 

The efficiency E of an engine is defined by 


_ work obtained 5 
~ energy supplied 


9:—-9; b ( 2) ô 
e EEEE =(1-2 ] x100 
Q, AR EO A 
It follows that an engine can never be 100% efficient, that is, all the heat supplied 
can never be transferred or converted into mechanical energy during a complete 
cycle. This is one statement of the Second Law of Thermodynamics. w 

In 1824, Carnot showed that the most efficient engine, that is, the engine 
which transfers the maximum amount of the heat supplied between two given 
temperatures to mechanical energy, was one working under reversible con- 
ditions (p. 671). Figure 27.15 (i) represents a Carnot cycle if AB is a reversible 
isothermal expansion and CD a reversible isothermal contraction, and BC, DA 
are respectively a reversible adiabatic expansion and contraction. Figure 
27.15 (ii) represents twọ reversible adiabatic changes of a gas, and two reversible 
constant volume changes, known as the Otto cycle, This has maximum efficiency 
like the Carnot cycle because the changes are reversible. See also p. 752. 


00% 
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—————————————.— —. Exercises 278 D -"-——-———— 
Thermodynamics, Isothermal and Adiabatic Changes 


1 The cylinder in Figure 27B holds a volume V, = 1000 cm? of air at an initial 
pressure p, = 1-10 x 105 Pa and temperature T, — 300 K. Assume that air behaves 
like ideal gas. 


v Ve 
EE ee io J 
Figure 27B 


Figure 27C 


Figure 27C shows a sequence of changes imposed on the air in the cylinder. 
(a) AB—the air is heated to 375 K at constant pressure. Calculate the new 


(b) BC— the air is Compressed isothermally to volume V,. Calculate the new 


(c) CA—the air cools at Constant volume to pressure p,. State how a value for 


the work done on the air during the full Sequence of changes may be found 
from the graph in Figure 27C. (L) 


3 A litre of air initially at 20°C and at 760mm i 
d of me: 
Constant pressure until its volume is doubled. NIU = 
"d the final temperature, 
the external work done by the air in expandi 
(c) the quantity of heat supplied. gea 


(Assume that the density of air at s. tp. i Ti i 
1 à «Lp. is 1-293 Kc; ? 
heat capacity of air at Constant volume is 714 J kgs K 1 Day E 


4 Distinguish between an isothermal change and an adiabatic change, In each 


Instance state, for a reversi : F 
and volume, - ible change ofan ideal gas, the. relation between pressure 


A mass of air occupying initial] 


NN 
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5 Define the terms 

(a) isothermal change, and 

(b) adiabatic change, as applied to the expansion of a gas. " 

Explain how these changes may be approximated to in practice. What would be 
the relationship between the pressure and temperature for each of them for an 
ideal gas? : 

Sketch, using the same axes, the pressure-volume curves for each of (a) and (b). 
for the expansion of a gas from a volume V; and pressure p; to a volume V;. How, 
from these graphs, could you calculate the work done in each of the expansions? 

Explain why the temperature falls during an adiabatic expansion and discuss 
whether or not the temperature fall would be the same for an ideal gas and a real 
gas. (L.) 

6 (a) The first law of thermodynamics may be written 6Q = ôU + OW. Explain the 
meaning of this equation as applied to the heating of a gas. Use the equation 
to justify the fact that the molar heat capacity of a gas at constant pressure is 
greater than the molar heat capacity at constant volume. 

(b) Explain the meaning of the terms isothermal change and adiabatic change. 
What is meant by a reversible change? 

A mass of gas is expanded isothermally and then compressed adiabatically 
to its original volume. What further operation must be performed on the gas to 
restore it to its original state? Sketch a labelled p — V graph to represent the 
series of operations. What quantity is represented by the area enclosed? 

(c) An ideal gas at an initial temperature of 15°C and pressure of 1-10 x 105 Pa is 
compressed isothermally to one quarter of its original volume. What will be 
its final pressure and temperature? What would have been the pressure and 
temperature if the compression had been adiabatic? (Ratio of principal specific 
heat capacities of the gas = 1-40.) (AEB, 1982.) 
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Heat Capacities 


ition applies to the Specific heat capacity at constant volume, 
s 1kg. The symbol used in this case is cy and 
the unit is Jkg-! K 1. 


We can also warm a gas while keeping its pressure constant, and define the 
corresponding heat capacity. The molar heat capacity of a gas at constant 
pressure is the heat required to warm one mole of it by one degree, when its pressure 
is kept constant. It is denoted by Cp and is expressed in the same units as Cy, 

In the case of the Specific heat capacity at constant pressure, which applies to 
a mass of I kg, the symbol used is o. 

A change made at constant pressure is called an isobaric change. : 

It can be seen that £y — Cy/M and c, = C,/M, where M is the numerical 
value of the mass of one mole expressed in kg. 

Any number of heat capacities can be defined for a gas, according to the mass 
and the conditions imposed upon its pressure and volume. For unit mass, 1 kg, 
of a gas, the heat capacities at constant Pressure c,, and at constant volume cy 
are called the principal Specific heat capacities. 


Figure 27.16 Shows h 
capacities of a Bas. We first consid 


piston fixed 


Figure 27.16 Molar heat capacit 'Y at constant vo, 


lume and pressure 


constant volume, (i). The heat Tequired is C, joules, and goes wholly to increase 
the internal energy U. 
We next consider 1 mol warmed through 


1K at constant ressure, (ii). It 
expands from V, to V, and doesan amount of e 


external work given by 
W — px volume change — PV, — y) 
Further, since the temperature rise of the gas is 1 K 


nt of volume, the rise in interna 
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capacity at constant volume. Hence, from AQ = AU +p. AV, the total amount 
of heat required to warm the gas at constant pressure is therefore 


Cp = Cy FPV V ———. r eA) 
We can simplify the last term of this expression by using the equation of state 
for one mole: 
pV=RT 
where T is the absolute temperature of the gas, and R is the molar gas-constant. 
If T, is the absolute temperature before warming, then 


PV SIRT eed Mind sse TER SW) 
The absolute temperature after warming is T, + 1; therefore 
pV = ROR, +4) 51.0) iot duc mU FQ) 
and on subtracting (2) from (3) we find ^ 
I(V; —Vi) =R 
Equation (1) now gives p^ Cy*R 
or O= Gy eR copa ae ree a9) 


A similar expression to (4) can be derived for the difference in the principal 
specific heat capacities of a gas, cj —cy. Thus if r is the gas constant per unit 
mass, 


Cy—Cy m T 4 i i ) (4A) 


On p. 636, the specific heat capacity of a metal is measured at constant 
atmospheric pressure. So c, was measured. The volume expansion of a metal at 
constant pressure is very small compared to that of a gas. So the external work 
done is very small. Hence it follows that there is not much difference between c, 
and cyfor a metal. 


Enthalpy 
In engines and other machines such as refrigerator units, a gas may pass from a 
constant high pressure to a coustant low pressure through a fine opening such as 
a needle or throttle valve, without any exchange of heat with the surroundings. 
So the change is adiabatic. Such experiments were first carried out many years 
ago using a porous plug with fine holes and this is known as a Joule-Kelvin 
experiment. 

Suppose p, is the constant high pressure on one side of the fine opening and a 
volume V, of gas is pushed through. Then work done on the gas — pi V4, since 
i volume of gas changes from V, to zero on the high-pressure side and work 

one = p. AV. 

If p, is the constant low pressure on the other side of the opening and the gas 
expands to a volume V;, then work done by gas in expanding from zero to 
V, = p;V;. 

So net work done by gas = p;V; — p,V;- 

If the process takes place adiabatically, then the work done by the gas — 
decrease in internal energy «f gas = U, — Uz, where U, is the initial and U; is 
the final internal energy. So 


U,—U; = p;V; —piVi 
and U, +p: V, = U;tpiV; 
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The quantity (U+pV) fora gas, which remained constant as the gas passed 
through the fine Opening is called its enthalpy or total heat. symbol H. 


— — ae 
So AH = AU pAV 


— 
The enthalpy is constant in a throttle process as we have seen and is therefore an 
important quantity in mechanical engineering and industrial chemistry, 


» Which increase in temperature on account of the way their 
values of pV change with pressure (see p. 743). With an ideal gas, p; V, = [A 
since pV is independent of pressure, and U, = U 1- SO no temperature change 
occurs in this case, In a refrigerator unit, when the coolant liquid is pumped, 
from the high pressure to the low pressure side through a valve, the liquid 


: Example on Work done by Gas and Internal Energy Change 
At27°C and a pressure of 1-0 X 105 Pa, an ideal gas has a volume of 0-04 m3. It is heated at 


(i) External work done = P X volume change 


710x105 x (0.05 0-04) 
= 1000J 
(ii) From the gas law Voc T (cons 
T, is given by 


0-05 T T 
So 004 "nii 
004. (273427) = 305 
(Then T; = 300 005/994 = 375 K(107*C) 
(ii) - Number of moles of gas, n, = 45/28. So i 
internal energy rise = nCy(T, — «d», 


45 
=% X06 x (375—300) 


; -72] 
(iv) Total heat given to gas, AQ — AU+Aaw 


= 72+ 1000 


= 10725 
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Exercises 27C 
Heat Capacities of Gases, Internal Energy, Work 


1 For hydrogen, the molar heat capacities at constant volume and constant pressure 
are respectively 20:5 J mol” ' K^ ' and 28:8J mol ^ ' K~ '. What does this mean? 

(i) Which heat capacity is related to internal energy assuming hydrogen is an 

ideal gas? Explain your answer, (ii) From the values given, calculate the molar 

gas constant. (iii) Is C, always greater than Cy? Explain your answer. 

2 From the values of Cy and C, given in question I, calculate (i) the heat needed 
to raise the temperature of 8 g of hydrogen from 10°C to 15°C at constant 
pressure, (ii) the increase in internal energy of the gas, (iii) the external work 
done. (Molar mass of hydrogen = 2g.) : 

3 (a) The specific heat capacities of air are 1040 J kg" ' K ^ ' measured at constant 
pressure and 740J kg ^ ' K~ ' measured at constant volume. Explain briefly why 
the values are different. 

(b) A room of volume 180 m? contains air at a temperature of 16°C having a density 
of L-13kgm -?. During the course of the day the temperature rises to 21°C. 
Calculate an approximate value for the amount of energy transferred to the air 
during the day. Assume that air can escape from the room but no fresh air 
enters. Explain your reasoning. (L.) 

4 Agashasa volume of 002 m? at a pressure of 2 x 105 Pa(N m ?)and temperature 
of 27°C. It is heated at constant pressure until its volume increases to 0:03 m?. 

Calculate (i) the external work done, (ii) the new temperature of the gas, 

(iii) the increase in internal energy of the gas if its mass is 16g, its molar heat 

capacity at constant volume is 0-8 J mol” 'K~! and its molar mas is 32 g. 

5 Why is the energy needed to raise the temperature of a given mass of gas bya 
certain amount greater if the pressure is kept constant than if the volume is kept 
constant? (L.) 

6 What happens to the energy added to an ideal gas when it is heated 
(a) at constant volume, and 
(b) at constant pressure? 

Show from this that a gas can have a number of values of specific heat capacity. 
Deduce an expression for the difference between the specific heat capacities of a gas 
at constant pressure and at constant volume. 

If the ratio of the principal specific heat capacities of a certain gas is 1-40 and 
its density at s.t.p. is 0-090 kg m ^ ? calculate the values of the specific heat capacity 
at constant pressure and at constant volume. (Standard atmospheric pressure — 
1-91 x 105 N m^?)(L.) 

7 Explain why the values of the specific heat capacities ofa gas when measured at 
constant pressure and at constant volume respectively are different. Derive an 
expression for the diflerence, for an ideal gas, in terms of its relative molecular 
mass M and the molar gas constant R. 

Given that the volume of a gas at s.t. p. is 2:24 x 107? m? mol" ' and that 
standard pressure is 101 x 10° N m~ ?, calculate a value for the molar gas constant 
R and use it to find the difference between the quantities of heat required to 
raise the temperature of 0-01 kg of oxygen from 0°C to 10°C when 
(a) the pressure, 

(b) the volume of the gas is kept constant. 

(Relative molecular mass of oxygen = 32.) (0. & C.) 

8 Explain why the specific heat capacity of a gas is greater ifit is allowed to 
expand while being heated than if the volume is kept constant. Discuss whether 
it is possible for the specific heat capacity of a gas to be zero. 

When 1 g of water at 100*C is converted into steam at the same temperature 
2264 J must be supplied. How much of this energy is used in forcing back the 
atmosphere? Explain what happens to the remainder of the energy. [1g of water 
100°C occupies 1 cm?. 1 g of steam at 100°C and 760 mmHg occupies 160tcm*. 
Density of mercury = 13600kgm^? ](C.) 
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9 Starting from the first law of thermodynamics, deduce, with careful explanation, 
the relationship for the difference between the principal molar heat capacities 
(Cpu and Cj; y) for an ideal gas 


Cy. M — Cy; M =R. 


What is 
(a) an isothermal, and 
(b) an adiabatic change of state? 

A mole of ideal gas (7 = 1-67) is at temperature 300 K and presure 105 Pa. 

The gas is first expanded adiabatically until its volume is doubled (step 1); then 
compressed isothermally to its original volume (step 2). (i) Sketch these changes 

: ona p—V diagram. (ii) Find the pressure after step 1. (iii) Find the temperature 
after step 2. 

It is found that, after step 2, an amount ofenergy 1:38 kJ has to be transferred 
at constant volume to regain the original temperature. Find C, m using only 
the data given in the question. (W.) 

10 Explain why the molar heat capacity ofa gas at constant pressure is different 
from that at constant volume, 

The density of an ideal gas is 1-60 kg m -? at 27°C and 1-00 x 105 newton 
metre”? pressure and its specific heat capacity at constant volume is 312J kg^ ' 
K~'. Find the ratio of the specific heat capacity at constant pressure to that at 
constant volume. Point out any significance to be attached to the result. (JM B.) 
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Kinetic Theory of Gases 


In this chapter we deal with the kinetic theory of gases and show 
how it can explain all the gas laws of an ideal gas. We shall also 
M that the molecules have a range of speeds, as Maxwell first 
showed. 


Gas Pressure, Assumptions 
In the kinetic theory of gases, we explain the behaviour of gases by considering 
the motion of their molecules. We suppose that the pressure of a gas is due to the 
molecules bombarding the walls of its container. Whenever a molecule bounces 
offa wall, its momentum at right-angles to the wall is reversed; the force which it 
exerts on the wall is equal to the rate of change of its momentum. The average 
force exerted by the gas on the whole of its container is the average rate at which 
the momentum of its molecules is changed by collision with the walls. Since 
pressure is force per unit area, to find the pressure of the gas we must find this 
force, and then divide it by the area of the walls. 
The following assumptions are made to simplify the calculation: 


(a) The attraction between the molecules is negligible. 

(b) The volume of the molecules is negligible compared with the volume occupied 
by the gas. 

(c) The molecules are like perfectly elastic spheres. 

(d) The duration of a collision is negligible compared with the time between 
collisions. 


Figure 28.1 Calculation of gas pressure 
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Calculation of Pressure 
Consider for convenience a cube of side | containing N molecules of gas each of 
mass m, Figure 28.1. A typical molecule will have a velocity c at any instant and 
this will have components of u, v, w respectively in the direction of the three 
perpendicular axes Ox, Oy, Oz as shown. So c? = u? +v? + w?, 
Consider the force exerted on the face X of the cube due to the component u. ` 

Just before impact, the momentum of the molecule due to u is mu. After impact, 
the momentum is — mu, since the momentum reverses. Thus 


momentum change on impact = mu—(— mu) = 2mu 


. The time taken for the molecule to move across the cube to the opposite face 
and back to X is 2l/u. 

This is the time to make onc impact. So the number of impacts per second n' 
ona given face = 1- 2l/u = u/21. So at face X 


momentum change per second — n' x one momentum change 
uc mu? 
=> x 2mu = — 
2l l 
2 
mu 
~. force on X = DS 


fore mu? m? 


-.presureonX = —— = — = —— i 

i p area. IxP-——p 0 

à We now take account of the N molecules in the cube. Each has a different 
velocity and hence a component of different magnitude in the direction Ox. If 


these are represented by Uy, Uz, U5,...Uw, it follows from (i) that the total 
pressure on X, p, is given by 


2 2 2 2 
mu; mu, mu, muy 
Bee pa potest T 
m 
=pl Fu +u... +uy?) E  . (ii) 


Let the symbol Ta represent the average or mean value of all the squares of the 
components in the Ox direction, that is, 


c 2 2 2 2 
ul tuj buy. 


N 
Then Nu? = u? uy puteus 
Hence, from (ii), 
Nmu? E. 
RA SKI (iii) 


kd with a large number of molecules of varying speed in random motion, 

the mean square of the component speed in any one of the three axes in the same. 
Gua am 

But, for each molecule, c? = u? + v+ w? 

c =u +y2 tw, 


> SO that the mean square c? is given by 
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Hence, from (iii), 2S 
Nme? 
pe 3B 


The number of molecules per unit volume, n = N/P. Thus we may write 


p = 4nmc?* MS Lad dou 2er (d) 
If n is in molecules per metre?, m in kilogram and c in metre per second, then the 
pressure p is in newton per metre? (Nm) or pascals (Pa). 

In our calculation, we assumed that molecules of a gas do not collide with 
other molecules as they move to-and-fro across the cube. If, however, we assume 
that their collisions are perfectly elastic, both the kinetic energy and the 
momentum are conserved in them. The average momentum with which all the 
molecules strike the walls is then not changed by their collisions with one 
another; what one loses, another gains. The important effect of coilisions 
between molecules is to distribute their individual speeds; on the average, the 
fast ones lose speed to the slow. We suppose, then, that different molecules have 
different speeds, and that the speeds of individual molecules vary with time, as 
they make collisions with one another; but we also suppose that the average 
speed of all the molecules is constant. These assumptions are justified by the fact 
that the kinetic theory leads to conclusions which agree with experiment. 


Root-Mean-Square (R.M.S.) Speed 
In equation (1) the factor nm is the product of the number of molecules per unit 
volume and the mass of one molecule. It is therefore the total mass of the gas per 
unit volume, its density p. Thus the equation gives 


Pean e setae sete ai (2) 
or iz ib adkot TW s ywnplév Mow E) 
p 


If we substitute known values of p and p in equation (3), we can find c, For 
hydrogen at s.t.p., p = 009 kg m? and p = 1:013 x 10° Pa. 


. -z 3p 3x 1-013 x 10° 
iE pesi oclo 
= 337 x l06m?s ^? 


The square root of c? is called the root-mean-square speed; it is of the same 
magnitude as the average speed, but not quite equal to it. See p. 692. Its value is 


Jet = 5/337 x 10 = 1840 ms~* (approx) 
= 184kms“! 


= 3j 
From (3), note that Ue = E = r.m.s. speed 


Molecular speeds were first calculated in this way by Joule in 1848; they turn 
out to have a magnitude which is high, but reasonable. The value is reasonable 


e may also be printed as (c?). 
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because it has the same order of magnitude as the speed of sound (1:30kms~? in 
hydrogen at 0*C). The speed of sound is the speed with which the molecules of a 
gas pass on a disturbance from one to another, and this we expect to be of the 
same magnitude as the speeds of their natural motion. 


Root-mean-square Speed and Mean Speed 
It should be carefully noted that the pressure p of the gas depends on the ‘mean 
square’ of the speed. This is because 
(a) the momentum change at a wall is proportional to u, as previously 
explained, and À 
(b) the number of impacts per second on a given face is proportional to u. 

So the rate of change of momentum is proportional to u x u or to u2. Further, 
the mean square speed is not equal to the square of the average speed. As an 
example, let us suppose that the speeds of six molecules are, 1, 2, 3, 4, 5, 6 units. 
Their mean speed c is given by 
14-2-3-c4-546 2L _ 


Tum EG n fo dbi UE 


and its square is (° = 35? = 1225 


e 


Their mean square speed, however, is 


zi 2::92..32..42 62 62 
aut +2*+37+4?+57+6 _ 91 = 152 
6 6 
So the root-mean-square speed, ./¢2 = ./15-2 = 39, which is about 12% 
different from the mean speed c in this simple case. 


Introduction of Temperature in Kinetic Theory 
Consider a volume V of gas, containing N molecules. The number of molecules 
per unit volume n = N/V. So the pressure of the gas, by equation (1) is 


p = 4nme? = Hime 


eee 
BP —ENNGS OE Eq (4) 


But the ideal gas equation for 1 mole is 
pV=RT 


We can therefore make the kinetic theory consistent with the observed 
behaviour of a gas, if we write 


dNm?-RT . . (5) 


Essentially, we are here assuming that the mean square speed of the molecules, 
: €, is proportional to the absolute (kelvin) temperature of the gas. This is a 
reasonable assumption, because we have learnt that heat is a form of energy; 
and the translational kinetic energy of a molecule, due to its random motion 
within its container, is proportional to the Square of its speed. When we heat a 
gas, We expect to speed-up its molecules. So we write x 


pV =4Nm = RT (6) 
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Variation of R.M.S. Speed 


Since N molecules each have a mass m in the mole of gas considered, the molar 
mass M is Nm. Thus, from (5), 


4Mc? = RT 


/. mms. speed, \/¢2 = zd 


So 


l the r.m.s. speed or velocity of the molecules of a given gas oc ATE, , and 
2 the r.m.s. speed of the molecules of different gases at the same temperature 


oc 1/,/M, so gases of higher molecular mass have smaller r.m.s. speeds. 


To illustrate the numerical changes, hydrogen of relative molecular mass 
about 2 has a r.m.s. speed at s.t.p. (273 K and 1:013 x 105 Pa pressure) of roughly 
1840 m s^ +. At 100°C or 373 K and the same pressure, the r.m.s. speed c, is given 
by 


e fon 
1840 273 
373 
or c, = 1840 x [555 = 1930 ms (approx. 


Oxygen has a relative molecular mass of about 32. From (2) above, c, oc 1/,/M, 
it follows that at s.t.p. the r.m.s. speed of oxygen molecules is given by 
ES. 
1840 32 


or or c, = 1840 x [= = 460ms~! 


Boltzmann Constant, Mean Energy of Molecule — ; 
The kinetic energy of a molecule moving at an instant with a speed c is 1mc?; 
the average kinetic energy of translation of the random motion of the molecule 


of a gas is therefore Imc? To relate this to the temperature, we put equation (5) 
into the form 


RT = iNmc! = 3Nümc?) 
Wi HEP E AR CTI OST) 


Thus, the average kinetic energy of translation of a molecule is proportional to the 
absolute temperature of the gas. 


The ratio R/N in equation (7) is a universal constant, since R — molar gas 
Constant, 8:31 J mol~! K ^! for all gases, and N = Na, the Avogadro constant, 
602 x 1023 mol ~! for all gases. Thus 
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R 
Ek 
Na 
The constant k, the gas constant per molecule, is called the Boltzmann constant. 
In terms of k equation (7) becomes 


IM ee SI Toe re. a (8) 


The Boltzmann constant is usually given in joule per degree, since it relates 
energy to temperature: k = 4mc?/3T. Its value is k = 1:38 x 107 23K ^ !, 


Diffusion: Graham's Law 
When a gas passes through a porous plug, a cotton-wool wad, for example, it is 
said to ‘diffuse’. Diffusion differs from the flow of a gas through a wide tube 
because it is not a motion of the gas in bulk, but is a result of the motion of its : 
individual molecules. 


Figure 28.2 Graham's apparatus for diffusion 


Figure 28.2 shows an apparatus devised by GRAHAM (1805-69) to compare 
the rates of diffusion of different gases. D is a glass tube, closed with a plug P of 
plater of Paris. It is first filled with mercury, and inverted over mercury in a 
bowl. Hydrogen is then passed into it until the mercury levels are the same on 
each side; the hydrogen is then at atmospheric pressure. The volume of 
hydrogen, Vy, is proportional to the length of the tube above the mercury. The 
apparatus is now left; hydrogen diffuses out through P, and air diffuses in. 
Ultimately no hydrogen remains in the tube D. The tube is then adjusted until 
the level of mercury is again the same on each side, so that the air within it is at 
atmospheric pressure. The volume of air, V4, is proportional to the new length 
of we tibe above the mercury. 

[he volumes V, and Vy are, respectively, the volumes of air and hydrogen 
which diffused through the plug in the same time. Therefore the rates in diffusion 
of the gases air and hydrogen are proportional to the volumes V4 and Vg: 


rate of diffusion of air V4 
I 
rate of diffusion of hydrogen Vg 


Kinetic Theory of Gases. — 689 


——————— 


Graham found in his experiments that the volumes were inversely pro- 
portional to the square roots of the densities of the gases, p: 


Va _ [pn 
Vy DA 
th rate of diffusion ofair _ jpg 
p rate of diffusion of hydrogen MN DA 
; 1 
In general: rate of diffusion oc His 
p 
and in words 


the rate of diffusion of a gas is inversely proportional to the square root of its 
density. This is Graham's Law. 


Graham's law of diffusion is readily explained by the kinetic theory. At the 
same kelvin temperature T, the mean kinetic energies of the molecules of 
different gases are equal, since 

imc? = 3kT 
and k is the Boltzmann constant. So if the subscripts A and H denote air and 
hydrogen respectively, 


$m4c4? -imgycy? 
22. 
c m 
and An He 
cg? "4 
Ata given temperature and pressure, the density of a gas, p, is proportional to 
the mass of its molecule, m, since equal volumes contain equal numbers of 


molecules. 


m 
Therefore peg 
m4 PA 

2 
so Cases Hi 
cg? Pa 


oo HE. ee ic) 


The average speed of the molecules of a gas is roughly equal to—and strictly 
Proportional to—the square root of its mean square speed. Equation (1) 
therefore shows that the average molecular speeds are inversely proportional to 
the square roots of the densities of the gases. And so it explains why the rates of 
diffusion—which depend on the molecular speeds—are also inversely propor- 
tional to the square roots of the densities. 


Example on Kinetic Theory 
Helium gas occupies a volume of 004m? at a pressure of 2x105 Pa (Nm 
temperature 300 K. E 
Calculate (i) the mass of helium, (ii) the r.m.s. speed of its molecules, (iii) the r.m.s. 
speed at 432K when the gas is heated at constant pressure to this temperature, (iv) the 


7?) and 
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r.m.s. speed of hydrogen molecules at 432K. (Relative molecular mass of helium and 
hydrogen = 4 and 2 respectively, molar gas constant = 8:3J mol^ ! K ^!) 


(i) Mass Fornmols, pV = nRT 

_ PV 2x105x004 _ í 
"TRPO 83830075? 
Hence mass of helium = 3:2x4g = 12:8 g 


So 


(ii) r.m.s. speed Pressurep — 2x 105 Pa 
mass  128x10 ?kg 


BO S : -3 
density p oli 004m? 0:32kgm 
3 
So r.m.s. speed — - ' 


3x2x105 S 
T Sapa 1369 ms 


(iii) Temperature 432 K Since r.m.s. speed oc TS the new value c, at 432 K is 
given by 


Cg i. 432 _ vr 
1399 ^ ang so EM 512 


So c, = 1-2 x 1369 = 1643ms ^! 


(iv) Hydrogen One mole of hydrogen has a mass of 2 g and one mole of helium 
has a mass of 4 g. So ratio of molar masses — 2:4 — 1:2. 


But r.m.s. speed at a given temperature oc V /M, where M is the molar mass. 
So at 432K, 


r.m.s. speed of hydrogen molecules = JA x 1643 
= 2324ms™! 


Distribution of Molecular Speeds 
So far we have used the ‘root-mean-square’ speed and the ‘mean’ speed of the 
large number of molecules in a given mass of gas. The actual distribution of 
the speeds among the numerous molecules can be investigated by an apparatus 
whose principle is illustrated in Figure 28.3(i) and from which all the air is 
evacuated. 

A furnace F maintains a sample of molten metal at a constant high 
temperature T. Molecules from the vapour emerge from an opening O in the 
furnace and pass through a narrow collimator slit C which produces a parallel 
beam of molecules. This beam is incident on a wheel A, which rotates with the 
same angular speed as another wheel B on the same axle and is distant | from B. 
The wheel A has a narrow slit, A ,. and above ita wide slit YX through which all the 
vapour molecules may pass. The wheel Bhasa narrow slit B, init whichis displaced 
from the slit A, by an angle Ü when both wheels are viewed end-on. 

With B, originally displaced by an angle 0 from A 1, both wheels are rotated at 
the same high angular velocity w. Only molecules emerging from A,, and which 
cross the distance | in the same time as the wheel B takes to turn through an 
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reference 
selected 


molecular 
beam. 


number in range 
c to c+âc 


distribution of speeds 
(i) 


Figure 28.3 Distribution of molecular speeds 


angle 6, will pass through the slit B,. These molecules have a velocity v given by 


1 6 

vo 

so Ea 
0 


The molecules passing through A, and B, are thus a ‘velocity selected’ beam. 
The slit YX, however, is wide enough to allow molecules of practically all 
Speeds to pass through itself and through B,. à ; 
These molecules form an ‘unselected’ or reference beam. The ‘velocity selected 
and reference beams are incident on a surface S cooled by liquid nitrogen and 
the ratio of the intensities of the two beams is a measure of the fraction of all the 
molecules which have velocities close to v in magnitude. Thus by rotating the 
Wheels at different speeds, measurements can be made of the distribution of 
velocities among the molecules. Further, by varying the temperature T of the 
furnace, the molecular distribution can be found at different temperatures. 


Maxwellian Distribution 
The results are shown roughly in Figure 28.3 (ii). The quantity N(c) plotted on 
the vertical axis represents the number of molecules AN in a small range of 
speeds c to c-- Ac, so that AN = N(c). Ac = area of strip shaded in Figure 
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28.3 (ii). The distribution of velocities agrees with the Maxwellian distribution 
derived theoretically from advanced kinetic theory of gases. 

In Figure 28.3 (ii), the value cy at the maximum of a curve is called the most 
"probable velocity, because more molecules have velocities in the range co to 
Co - Ac than in any other similar range, Ac, of velocities. The value cm is the 
mean velocity and c, is the root-mean-square. For a Maxwellian distribution, 
calculation shows that 


Coi€m:c¢, = 1:00:1:13:1-23 


The velocity distribution curves at 800 K and 1200K show that at the higher 
temperature 1200K, the distribution curve flattens more round its peak value, 
So at higher temperatures, more molecules have speeds near the peak value. The 
mean, root-mean-square and peak values are all higher at higher temperatures. 
As already seen, the mean-square velocity is concerned in large scale gas 
properties such as ‘pressure’ and ‘specific heat capacity’. This is because 
(a) the pressure of a gas is proportional to the momentum change per molecule 
and to the number of molecules per second arriving at the walls of the 
container, which together are proportional to the square of the individual 
velocities, 

(b) the specific heat capacity is proportional to the energy gained, which is 
proportional to 3Mc? where M is the mass of gas. 

On the other hand, the mean velocity is concerned in gas properties such as 
(1) ‘diffusion’ through porous partitions, since this rate of diffusion is pro- 
portional to the mean velocity, and (2) ‘viscosity’, since there is a transfer of 
momentum from fast to slow moving gas layers in gas flow through pipes, for 
example. 


Exercises 28 


1 Show that the relation p = 4c’ is dimensionally correct, where pis the pressure of a 

gas of density p and c? is the mean square velocity of all its molecules. 

Write down 
(a) two assumptions made in deriving this relation from a simple kinetic theory, 
(b) the meaning of (i) mean velocity and (ii) mean square velocity. 

2 Calculate the root-mean-square speed at 0°C of. (i) hydrogen molecules 
and (ii)oxygen molecules, assuming 1 mole of a gas occupies a volume of 
2x 107? m? at 0°C and 10° Nm ^? pressure. (Relative molecular masses of hydrogen 
and oxygen — 2 and 32 respectively.) 

3 Assuming helium molecules have a root-mean-square speed of 900 m s^ ! at 27°C 
and 10° N m ^? pressure, calculate the root-mean-square speed at (i) 127°C and 
10* Nm^? pressure, (ii)27"C and 2 x 105 N m ? pressure. 

4 Using the kinetic theory, show that (i) the pressure of an ideal gas is doubled when 
its volume is halved at constant temperature, (ii) the pressure of an ideal gas 
decreases when it expands in a thermally insulated vessel. 

$ Explain what is meant by the root-mean-square velocity of the molecules of a gas. 
Use the concepts of the elementary kinetic theory of gases to derive an expression 
for the root-mean-square velocity of the molecules in terms of the pressure and 
density of the gas. 

Assuming the density of nitrogen at s.t.p. to be 1-251 kg m~3, find the root-mean- 

. Square velocity of nitrogen molecules at 127°C. (L.) 

6 (a) (i) Explain how the molecules of a gas exert a pressure. (ii) Give two reasons 
why the pressure exerted by the molecules of a gas, maintained at constant 
volume, pos as the temperature increases. (iii) In an ideal gas pressure 
p = $nmc^ where n = number of molecules per unit volume, m — mass of one 
molecule, c? = mean square speed of the molecules. : 
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Show how this equation leads to the relationship between the pressure and 
volume of an ideal gas at constant temperature. 
(b) (i) Calculate the root mean square speed of four molecules moving with speeds, 
in ms !, of 250, 500, 575 and 600 respectively. 


(ii) 


Figure 28A 


Figure 28A shows a single molecule A of mass 46 x 10" ?* kg moving with a 
speed of 500 m s^! in a rigid cubical box. Calculate the change of momentum of 
the molecule when it strikes wall W elastically. If the box has side length 0-25 m, 
calculate the number of times the molecule strikes wall W each second, and 
deduce the average pressure exerted by molecule A on wall W. (iii) The box in 
(ii) now contains 42 x 102? such molecules. Assuming that all the molecules 
move with the same speed and in the same direction as A, calculate the pressure 
now exerted on wall W. (iv) The actual pressure at this density and 
temperature is 1-03 x 10° N m 7. Show that this observation is consistent with 
your answer to (iii). (AEB, 1985.) 

7 Calculate the pressure in mm of mercury exerted by hydrogen gas if the number of 
molecules per cm? is 6:80 x 10!5 and the root-mean-square speed of the molecules is 
1:90 x 10° m s~}, Comment on the effect of a pressure of this magnitude 
(a) above the mercury in a barometer tube; 

(b) in a cathode ray tube. F 
(Avogadro constant = 6:02 x 107? mol” '. Relative molecular mass of 
hydrogen = 2:02.) (J MB.) 

8 (a) The kinetic theory of gases predicts that the root-mean-square (r.m.s.) speed of 

the molecules of an ideal gas is given by the expression (3p/p)!/?, where p is the 
pressure and p is the density of the gas. 


p/Fa Fraction of molecules 
(x105) with speeds in range 
v O5 ms" 
2.0) 
Tube 002 800k 
15 US 300 K 600 K 
iet 00i 
10 B 
05 o $00 1 T 
v/m $* 
[*] (ii) 


Figure 28B (i) Figure 28B (ii) 


in Fi i ds 
The graphs in Figure 28B (i) show how the pressure of oxygen gas depen 
upon its density at two different constant temperatures, T and 300 K. (i) Use 
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the graph to calculate a value for the r.m.s. speed of the oxygen molecules at 
300K. Explain your working. (ii) Is the temperature T higher or lower than 
300 K? Explain your reasoning. (iii) The graphs above are based upon 
experimental results. What conclusion can you draw from them about the 
behaviour of oxygen? (iv) Outline a simple experimental procedure for 
investigating how the pressure of a known mass of air varies as its density 
changes at room temperature. 
Include a labelled diagram of the apparatus used. 

(b) The graphs in Figure 28B (ii) show how the speeds of the molecules in an ideal 
gas'are distributed at two temperatures. Use them to help you answer 
the following questions. (i) In what two main ways does the temperature 
appear to affect the distribution of speeds? (ii) What is the value of v for which 
the fraction of molecules with speeds in the range v + 05ms- ! isa maximum at 
a temperature of 300 K? How does this value compare with the r.m.s. speed 
calculated in (a) (i) above? (L.) 

9 Define the term mean square speed as applied to the molecules of a gas. Explain why 
the pressure exerted by a gas is proportional to the mean square speed of its 
molecules. 

Figure 28C shows apparatus designed to measure speeds of molecules. Atoms of 
vapour of a heavy metal emerge from oven O into an evacuated space. The atoms 
pass through fixed slit S' in a well-defined beam and enter radially through slit S" in 
the curved surface of a cylindrical drum D. When the drum is stationary the atoms 
strike the inner surface of the drum, giving a well-defined trace T. The drum is then 
set into rotation about its axis C and maintained at a high constant speed until a 
second trace has been produced. State and explain the ways in which this trace 
differs from the first trace. 


Figure 28C 


Oven O contains bismuth vapour (atomic weight 208) and is maintained at 
1500"C. Calculate the root-mean-square speed of the atoms in the oven, assuming 
the vapour to be monatomic. (Take the gas constant R to be 8:314 J mol~! K.) 

At what angular speed must the drum rotate if the traces for atoms having speeds 
of 400 and 800m s t are to be separated by a distance of 10 mm on the drum 
surface? The drum diameter is 0-5 m. (0. & C) 

10 Write down four assumptions about the properties and behaviour of molecules that 
are made in the kinetic theory in order to define an ideal gas. On the basis of this 
theory derive.an expression for the pressure by an ideal gas. 

Use the kinetic theory to explain why hydrogen molecules diffuse out of a porous 
container into the atmosphere even when the pressure of the hydrogen is equal to 
the atmospheric pressure outside the container. 

Air at 273 K and 1-01 x 10° N m? pressure contains 2-70 x 10?5 molecules per 
cubic metre. How many molecules Per cubic metre will there be at a place where the 
temperature is 223 K and the pressure is 1:33 x 10- ^N m- 22 (L.) 

11 Usethe kinetic theory to derive an expression for the pressure exerted by an ideal 
as, stating clearly the assumptions which you make. 

What direct evidence is available to justify the belief that the molecules of agas 
ms ir EN state of random motion? Use the kinetic theory to explain 
(a) Boyle's law, 

(b) why the pressure of a 


8as increases if the tem isi 
volume, perature is increased at constant 


ee 


12 


13 


14 
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(c) why the temperature of a gas rises if it is compressed in a thermally insulated 
container. (L.) ss 

The kinetic theory of gases leads to the equation p = $c’, where p is the pressure, p 

is the density and c? is the mean square molecular speed. Explain the meaning of the 

terms in italics and list the simplifying assumptions necessary to derive this result. 

Discuss how this equation is related to Boyle’s Law. 

Air may be taken to consist of 80% nitrogen molecules and 20% oxygen 
molecules of relative molecular masses 28 and 32 respectively. Calculate 
(a) the ratio of the root-mean-square speed of nitrogen molecules to that of oxygen 

molecules in air, 
(b) the ratio of the partiai pressures of nitrogen and oxygen molecules in air, and 
(c) the ratio of the root-mean-square speed of nitrogen molecules in air at 10°C to 
that at 100°C. (O. & C.) 
Use a simple treatment of the kinetic theory of gases, stating any assumptions you 
make, to derive an expression for the pressure exerted by a gas on the walls of its 
container. Thence deduce a value for the root mean square speed of thermal 
agitation of the molecules of helium in a vessel at 0°C. (Density of helium at 
s.Lp. = 01785 kgm 5; 1 atmosphere = 1:013 x 10° N m2.) 

If the total translational kinetic energy of all the molecules of helium in the vessel 
is 5 x 107 5joule, what is the temperature in another vessel which contains twice the 
mass of helium and in which the total kinetic energy is 10" 5 joule? (Assume that 
helium behaves as a perfect gas.) (O. & C.) 

What do you understand by the term ideal gas? Describe a molecular model of an 
ideal gas and derive the expression p = 4c? for such a gas. What is the reasoning 
which leads to the assertion that the temperature of an ideal monatomic gas is 
proportional to the mean kinetic energy of its molecules? 

The Doppler broadening of a spectral line is proportional to the r.m.s. speed of ~ 
the atoms emitting light. Which source would have less Doppler broadcning, a 
mercury lamp at 300 K ora krypton lamp at 77 K? (Take the mass numbers of Hg 
and Kr to be 200 and 84 respectively.) 

What causes the behaviour of real gases to differ from that of an ideal gas? 
Explain qualitatively why the behaviour of all gases at very low pressures 
approximates to that of an ideal gas. (O. & C.) 
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Transfer of Heat: Conduction and 
Radiation 


Heat can be transferred from one place to another by conduction 
or convection or radiation. Transfer by convection was discussed 
in an earlier chapter (p. 641). In this chapter we deal with 
conduction and radiation and their laws. We shall see that the 
conduction of heat obeys similar laws to the conduction of 
electricity and we shall consider good and bad conductors and 
conductors in series. 


Conduction 


If we put a poker into the fire, and hold on to it. then heat reaches us along the 
metal. We say the heat is conducted. We find that some substances —metals-—are 
good conductors, and others—such as wood or glass—are not. Good con- 
ductors such as a metal bar feel cold to the touch on a cold day, because they 
rapidly conduct away the body's heat. 


Temperature Distribution along a Conductor 
In order to study conduction in more detail consider Figure 29.1 (i), which 
shows a metal bar AB whose ends have been soldered into the walls of two metal 


t 


(i) unlagged 


heat (ii) lagged 


Figure 29.1 Temperature fall along lagged and unlagged bars 
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tanks, H, C. H contains boiling water, and C contains ice-water. Heat flows along. 
the bar from A to B, and when conditions are steady the temperature 0 of the bar is 
measured at points along its length. The measurements may be made with 
thermojunctions, not shownin the figure, which have been soldered to the rod. The 
curve in the upper part of the figure shows how the temperature falls along the bar, 
less and less steeply from the hot end to the cold. 

The Figure 29.1 (ii) shows how the temperature varies along the bar, if the bar 
is well lagged with a bad conductor, such as asbestos wool. It now falls uniformly 
from the hot to the cold end. 

The difference between the temperature distributions is due to the fact that, 
when the bar is unlagged, heat escapes from its sides, by convection in the 
surrounding air, Figure 29.1 (i). So the heat flowing past D per second 1s less 
than that entering the bar at A by the amount which escapes from the surface 
AD. The arrows in the figure represent the heat escaping per second from the 
surface of the bar, and the heat flowing per second along its length. The heat 
flowing per second along the length decreases from the hot end to the cold, But 
when the bar is lagged, the heat escaping from its sides is negligible, and the flow 
per second is now constant along the length of the bar, Figure 29.1 (ii). 

We therefore see that the temperature gradient along a bar is greatest where 
the heat flow through it is greatest. We also see that the temperature gradient is 
uniform only when there is a negligible loss of heat from the sides of the bar. 


Thermal Conductivity ee 
Consider a very large thick bar, of which AB in Figure 29.2(i) is a part, and 
along which heat is flowing steadily. We suppose that the loss of heat from the 


sides of the bar is made negligible by lagging. XY is a slice of the bar, of thickness 


Figure 29.2 Definition of thermal conductivity 

I, whose faces are at temperatures 6, and 0;. Then the temperature gradient over 
the slice is 

0,—4, 


I 


i li 
We now consider an element abcd of the s 
denote by Q/t the heat flowing through it 


ice of unit cross-sectional area, and we 
per second. The value of Q/t depends - 
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on the temperature gradient, and, since some substances are better conductors 
than others, it also depends on the material of the bar. 
We therefore write 
Q ,06;—6, 


t k I 
where k is a factor depending on the material. 

To a fair approximation the factor k is a constant for a given material; that is 
to say, it is independent of 0, 0,, and 1. It is called the thermal conductivity of the 
material concerned. From the above relation for Q/t, when the heat flow is 
normal to an area inside the material, k may be defined as the heat flow per 
second per unit area per unit temperature gradient. 

This definition leads to a general equation for the flow of heat through any 
parallel-sided slab of the material, if no heat is lost from the sides of the slab. If 
the cross-sectional area of the slab is A in Figure 29.2 (ii), its thickness is /, and 
the temperature of its faces are 0, and 6,, then the heat flowing through it per 
second is 


aron ee SS CN he srl, colui iion MR 


Qc 840,8) (1) 
t 1 


a ar SES ey ie ee NEM 
A useful form of this equation is 


Q 6-6, : 
FEO MAP SEM QU ope ceca ce 
or 
heat flow per metre? per second — conductivity x temperature gradient Qa) 
Lagged and Unlagged Bars 
In terms of the calculus, (2) may be re-written 
dQ dé 
ane —kA noc à ab (3) 


the temperature gradient being negative since 0 diminishes as / increases. 

If a bar is lagged perfectly, as in Figure 29.1 (ii), then the heat per second, 
dQ/dt, flowing through every cross-section from the hot to the cold end is 
constant since no heat escapes through the sides. Hence, from (3), the 
temperature gradient, d0/dl, is constant along the bar. This is illustrated in 
Figure 29.1 (ii); the temperature variation with distance along the bar is a 
Straight line, 

If the bar is unlagged, as in Figure 29.1 (i), then heat is lost from the sides of 
the bar. In this case the heat per second, dQ/dt, flowing through each section 


——— 


Q/t = kA x temperature gradient 


i Units and Magnitude of Conductivity 
Equation (2) enables us to find the unit of thermal conductivity. We have 
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P NE 
E Q/AtJ m^? s^!) 

(05 —0,)/(Km  !) 

Thus the unit of thermal conductivity =J s-t m^! K-^!, or since joule 
second! = watt (W), the unit of kis Wm"! Kad; 

The thermal conductivity of copper, cardboard, water and air are roughly 
380, 0-2, 0:6 and 003 W m^! K^! respectively. To a rough approximation we 
may say that the conductivities of metals are about 1000 times as great as those 
of other solids, and of liquids; and they are about 10000 times as great as those 
of gases. 


k 


Examples on Conduction 
1 Calculate the quantity of heat conducted through 2 m? of a brick wall 12cm thick in 1 
hour if the temperature on one side is 8°C and on the other side is 28°C. (Thermal 


conductivity of brick = 0:13 W m^! K^ *.) 


28—8 Xi 
ient = ——,-7 = 3600 

Temperature gradient ix107 Km ''andt s 
`. Q = kAt x temperature gradient 


2 28-8 
= 013 x2 x 3600 x 559-24 


= 156000J 
2 Figure 29.3 (i) shows a lagged bar XY of non-uniform cross-section. One end X is kept 
at 100°C and the other end at 0°C. 
ies from X to Y in the steady state. 


Describe and explain how the temperature v: 


Figure 29.3 Examples on conduction 


Figure 29.3 (i) shows how the temperature varies from the hot end X to the 
cout ei X. bes the bar is lagged, the heat per second, Q/t, through each 


section of the bar is the same. Now 


IS 


1 
temperature gradient, 9, = 4-7 


1 
So gx 1 
shown by slope of the tangent T, to 


i is smallest, as g 
So st X, wees ag? Lage Y, where A is Exe g is greatest 
1 


the temperature curve in Figure 29.3 (ii). At 
as shown by the slope of the tangent T;. 


| 
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Thermal and Electrical Conductivity 

We can make a useful analogy between thermal conductivity and electrical 
conductivity. á 

The electric current J flowing along a conductor = Q/t, where Q is the 
quantity of charge passing a given section in a time t. Also, I = V/R, where V is ' 
the potential difference between the ends of the conductor and R is its resistance 
(p. 244). Now R — pl/A, where p is the resistivity of the material, | is the length 
and A is its cross-sectional area (p. 254). So 


I= mM 

Tits epi 
Thus 9 = Y A M 

tcp 
The quantity V/l is the potential gradient along the conductor. So 

1 i 
2 = x A x potential gradient . i E ^ (1) | 
For heat conduction, 
2 = kA x temperature gradient . à i i (2) 


Comparing (1) with (2), we see that 1/p is analogous to k. The inverse of 
resistivity is defined as the electrical conductivity, symbol c. So thermal con- 
ductivity k is analogous to electrical conductivity c. 

Wiedemann and Franz discovered a law which states that, at a given 
temperature, the ratio of the thermal to electrical conductivity is the same for all 
metals. So a metal which is a good thermal conductor is also a good electrical 
conductor. This suggests that electrons are the carriers in both thermal and 
electrical conduction in metals. So on heating a metal bar the free electrons gain | 
thermal energy and distribute this energy by collision with the fixed positive metal 
ions in the solid lattice. 


Effect of Thin Layer of Bad Conductor 
Figure 29.4 shows a lagged copper bar AB, whose ends are pressed against metal 
tanks at 100° and 0°C, but are separated from them by layers of dirt. The length 
of the bar is 10cm or 0:1 m, and the dirt layers are 0-1 mm or 0-1 x 107? m thick. 
Assuming that the conductivity of dirt is 1/1000 that of copper, let us find the 
temperature of each end of the bar. 


Suppose k — conductivity of copper 
A = cross-section of copper 
02,0; = temperature of hot and cold ends 


Since the bar is lagged, the heat flow per second Q/t is constant from end to 
end. Therefore, 


UNS k 100 — 0; =p bi denk 0,—0 
t 1000 01x107? O1 1000" 01x10? 
Dividing through by kA, these equations give 
100—0, 0,—0; 0 


RN 
01 01.01 
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d bad conductors 


Figure 29.4 Temperature gradients in good an 
or 100-0, = 02-9; = 91 


0, = 66:7°C, 0, = 333°C 


So the total temperature drop, 100°C, is divided equally over the two thin layers 
of dirt and the long copper bar. The heavy lines in the figure show the 
temperature distribution; the broken line shows what it would be if there were 


no dirt. 


from which 


Good and Bad Conductors 

This numerical example shows what a great effect a thin layer of a bad 
conductor may have on thermal conditions; 0-1 mm of dirt causes as great a 
temperature fall as 10cm of copper. We can generalise this result with the help of 

equation (2a): 
heat flow/m? s = conductivity x tempe 
if the heat flow is uniform, the temperature gradient 
is inversely proportional to the conductivity. So if the conductivity of dirt is 
1/1000 that of copper, the temperature gradient in it is 1000 times that in copper; 
thus 1 mm of dirt sets up the same temperature fall as 1 m of copper. In general 
terms we express he dirt prevents a good thermal 
contact, or that i i d one. The reader who has already studied 
i an say that a dirt layer has a 


electricity will see an o 

high thermal resistance, and hence causes a great temperature drop. 
Boiler plates are made of steel, not copper, although copper is about eight 

times as good à conductor of heat. The ma 


noticeable difference to the heat flow from the furnace outside the boiler to the 
water inside it, because there is always à layer of gas between the flame and the 
boiler plate. This layer may be very thin, but its conductivity is about 1/10000 
that of steel; if the plate is a centimetre thick, and the gas-film 1/ 1000 centimetre, 

ure drop across the film is ten times that across the plate. So 


hen the temperat Á ES ; 1 
the raid at which heat flows into the boiler is determined mainly by the gas and 
not on the kind of metal used for the boiler plates. 

in the boiler deposits scale on the plates, the rate of heat flow is 


For scale is a bad conductor, and, though it may not be as bada 


rature gradient 


The equation shows that, 


further reduced. 
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conductor as gas, it can build up a much thicker layer. Scale must therefore be 
prevented from forming, if possible; and if not, it must be removed from time to 
time. p s 

Badly conducting materials are often called insulators. The importance of 
building houses from insulating materials hardly needs to be pointed out. 
Window-glass is a ten-times better conductor than brick, and it is also much 
thinner. A room with large windows therefore requires more heating in winter 
than one with small windows. Wood is as bad a conductor (or as good an 
insulator) as brick, but it also is thinner. Wooden houses therefore have double 
walls, with an air-space between them. Air is an excellent insulator, and the walls 
prevent convection. In polar climates, wooden huts must not be built with steel 
bolts going right through them; otherwise the inside ends of the bolts grow 
icicles from the moisture in the explorer’s breath. 


Examples on Conduction 
1- A cavity wall is made of bricks 0-1 m thick with an air space 0-1 m thick between them. 
(i) Assuming the thermal conductivity of brick is 20 times that of air, calculate the 
thickness of brick which conducts the same quantity of heat per second per unit area as 
0-1 m of air, (ii) if the thermal conductivity of brick is 0-5 W m~! K~ !, calculate the rate 
of heat conducted per unit area through the cavity wall when the outside surfaces of the 
brick walls are respectively 19*C and 4'C. 


(i) Suppose 6,, 0; are the respective temperatures at the ends of a brick of 
thickness /g and thermal conductivity ks, and at the ends of air of thickness l A 
and thermal conductivity k 4. Then, with the usual notation, 


Q 0,—0, 0, —6; 
A 
; kp n k4A y 
kg k 
S we EET 
5 Ip ly 
kg 
Then : lg - lax —01mx20-2m 
A 


(ii) Since the two bricks and the air are thermally in series, Figure 29.5 (i), we 
can replace the thickness of 0-1 m of air by 2m of brick and add the three 
thicknesses of brick. So 


total brick thickness = 0-1+2+0:1 = 22m 


19 0,— 8. 19—4 
Then 3 icy 
05 22 


25"C 8 orc 
(i) (ii) 


Figure 29.5 Series conductors 


Transfer of Heat: Conduction and Radiation 703 


2 A sheet of rubber and a sheet of cardboard, each 2 mm thick, are pressed together and 
their outer faces are maintained respectively at 0°C and 25°C. If the thermal conductivities 
of rubber and cardboard are respectively 0-13 and 005 Wm ! K  ', find the quantity of 


heat which flows in 1 hour across a piece of the composite sheet of area 100 cm?. 


We must first find the temperature, 0"C, of the junction of the rubber R and 
cardboard C, Figure 29.5(ii). The temperature gradient across the 
rubber = (0—0)/2x 1075; the ^ temperature gradient across the 
cardboard = (25 —0)/2 x 107 ?. 


<, Q per second per m? across rubber = 0:13 x (0 —0)/2 x 107? 
and Q per second per m? across cardboard = 0:05 x (25 —0)/2 x 107 3 
But in the steady state the quantities of heat above are the same. 


.013(0—0)  005Q5—0) 
13/25810:309:52x 10: 2 


7.130 = 125-50 
12552 
sm TC 


Now area = 100cm? = 100 x 10~*m?. So, using the rubber alone, Q through 
area in 1 hour (3600 seconds) 
T -4 
_ 0:13 x 100 x 10 x 7 x 3600 = 16380J 
2x10? 


Measurement of High Conductivity: Metals zi 
When the thermal conductivity of a metal is to be measured, two conditions 
must usually be satisfied: (1) heat must flow through the specimen at à 
measurable rate, and (2) the temperature gradient along the specimen must be 
measurably steep. These conditions determine the form of the apparatus used. 
When the conductor is a metal, it is easy to get a fast enough heat flow. The 


problem is to build up a temperature gradient. It is solved by having as the 
specimen a bar long compared with its diameter. Figure 29.6 shows the 


o 
Mert. 
AONO 


eriment for thermal conductivit y of a metal 


pu Lp, 


Figure29.6 Exp: 
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apparatus, which is due to Searle. AB is the specimen, about 4 cm diameter and 
20cm long. In one form of apparatus it is heated by a coil at H, and cooled by 
circulating water at B. The whole apparatus is heavily lagged with felt. To 
measure the temperature gradient, thermometers are placed in the two mercury- 
filled cups C, D; the cups are made of copper, and are soldered to the specimen 
at a known distance apart. Alternatively, thermometers are placed in holes 
bored in the bar, which are filled with mercury. In this way errors due to bad 
thermal contact are avoided. . 

The cooling water flows in at E, round the copper coil F which is soldered to 
the specimen, and out at G. The water leaving at G is warmer than that coming 
in at E, so that the temperature falls continuously along the bar. If the water 
came in at G and out at E, it would tend to reverse the temperature gradient at 
the end of the bar, and might upset it as far back as D or C. 

The whole apparatus is left running, with a steady flow of water, until all the 
temperatures have become constant: the temperature 0; and 0,, at C and D in 
the bar, and 0, and 0, of the water leaving and entering. The steady rate of flow 
of the cooling water is measured with a measuring cylinder and a stop-clock. 

Calculation. If A is the cross-sectional area of the bar and k is conductivity, 
then the heat flow per second through a section such as S is 

9 S KA Piel 


t 


This heat is carried away by the cooling water; if a mass m of specific heat 
capacity c,, flows through F in 1 second, the heat carried away is mc, (0, — 03). 


Therefore ka” ^ ces V (84 — 04) 


With this apparatus we can show that the conductivity kis a constant over small 
ranges of temperature. To do so we increase the flow of cooling water, and thus 
lower the outflow temperature 84. The gradient in the bar then steepens, and 
(0; —0,) increases. When the new Steady state has been reached, the conductivity k 
is measured as before. Within the limits of experimental error, it is found to be 
unchanged. 

To measure k for a good conductor, use a Jong, thick bar for measurable Q/t and 
temperature gradient. 


about 10cm in diameter ard only a few millimetres thick (Figure 29.7 (i)). It is 
heated by a steam-chest C, whose bottom is thick enough to contain a hole for a 
thermometer. 


roughly proportional to the excess temperature of B ^ 
law). Thus B takes up a steady tem ES See ol 
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the outside is just equal to its gain through D. The rate of loss of heat from the 
sides of D is negligible, because their surface area is small. 

This apparatus is derived from one due to Lees, and simplified for elementary 
work. If we use glass or ebonite for the specimen, the temperature 0, is generally 
about 70°C; 0, is, of course, about 100°C. After these temperatures have become 
steady, and we have measured them, the problem is to find the rate of heat loss 


time 
(ii) (iii) 


Figure29.7 Apparatus for thermal conductivity of a bad conductor 


from B. To do this, we take away the specimen D and heat B directly from C 
until its temperature has risen by about 10°C. We then remove C, and cover the 
top part of B again with the specimen D (Figure 29.7 (ii). At intervals of a 
minute—or less—we measure the temperature of B, and afterwards plot it 
against the time (Figure 29.7 (iii). : ara 
Calculation. (1) While the slab B is cooling it is losing heat by radiation and 
convection. It is doing so under the same conditions as in the first part of the 
experiment, because the felt prevents heat escaping from the top surface. Thus 
when the slab B passes through the temperature 0,, it is losing heat at the same 
rate as in the first part of the experiment. The heat which it loses is now drawn 
from its own heat content, whereas before it was supplied from C via D; this is 
why the temperature of B is now falling, whereas before it was steady. The rate at 
which B loses heat at the temperature 0, is given by: 
PENNE US MEME. A e EDT 
heat lost/second — Mc x temperature fall/second 


i i ity of the slab. 

where M, c are respectively the mass and specific heat capacity o 
(2) To find the e of fall of temperature at 0,, we draw the tangent to the 
cooling curve at that point. If, as shown in Figure 29.7 (iii), its Leg 0, 
would give a fall of a kelvin in b seconds, then the rate of temperature fall is 


a/b Ks !. j E 
(3) We then.have, if A is the cross-sectional area of the specimen, l its 
thickness, and k its conductivity, 
gus. e 
kA XO EN Mc n 
So k can be calculated. 


m. d 
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To measure k for a bad conductor, use a specimen of it which is wide (big area) and - d 


thin (high temperature gradient) for appreciable heat flow. 


Thermal Conduction in Solids 
Metals. Metals are good thermal conductors and good electrical conductors. 
Wiedemann and Franz showed that, at a given temperature, the ratio of thermal 
to electrical conductivity is the same for all metals (p. 698). 

Since electrons are the carriers in electrical conduction, it is considered that 
electrons transport thermal energy through metals. Thus on heating a metal bar 
the free electrons gain thermal energy and distribute this energy by collision 
with the fixed positive metal ions in the solid lattice. 


Poor conductors. These have no free electrons. The transport of thermal energy — ^ 


through solids such as crystals is mainly due to waves. They are produced by 
lattice vibrations due to the thermal motion of the atoms. The waves are 
scattered by the atoms or by defects such as dislocations or impurity atoms and 
so distribute thermal energy to the solid. 

The energy and momentum of the waves can also be considered carried by 
particles (p. 877). These particles are called phonons. Like the waves they 
represent, they travel with the speed of sound. : 


Examples on Tank Lagging and Double Glazing 
1 Hot water in a metal tank is kept constant at 65°C by an immersion heater in the 
water. The tank has a lagging all round of thickness 20mm and thermal conductivity. 
004 Wm! K -! and its surface area is 0-5 m2. 
The heat lost per second by the laggingis 0-8 W per degree excess above the surroundings. 
Calculate the power of the immersion heater if the temperature of the surroundings is 15°C. 


Let 0 = surface temperature of lapping in°C 
Then (0 —15)°C = excess temperature above the surroundings. 
So heat lost per second to surroundings — 0:8 x (0015- "7 (t) 
For conduction through the lagging, 
heat per second = kA X temperature gradient 


= 004 x 0:5 x (65 — 0)/(20 x 1025). : (2) 
In the steady state, (1) and (2) are equal 
So 0-8(0—15) = 0-04 x 0:5 x (65 — 0)/(20 x 1073) 
Solving 0 = 42-8°C 
Substituting in (1), : \ 


power of heater = 0-8 x (428—15) 2 22 W 


heat per unit area through this composite wall to that which would have occurred had a 


es under the same internal and external temperature 
conditions. (Assume that the thermal conductivity of cti 
solid = 063 and 0049 W i it d atcp Y of glass and the poorly conducting 


We can replace the 3mm thick solid (k = 0-049) b i 
l ; : - y a thermally equivalent 
greater thickness of x mm of glass (k, — 0-63). The value of x is given (p. 702) by 
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063 j 
x= 0:049 x 3mm = 38mm 
So total equivalent glass thickness = 2+2+384 = P mm 


If 0, and 0, are the outside temperatures of the respective glass sheets, then, with 
the usual notation, 


1Q 0,—-0, 0,—0, 
LA = pude seats 1 
At ks d ke G98) x 10-3 W 
and for the single glass sheet of thickness 2mm, 
L0: 0 20,7 ac 2 
Fite: he Phe Seals WN AT R 


Dividing (1) by (2), 


2x7 
ratio — oe = 0:05 (approx.) 


Exercises 29A —— —— 
Conduction 


1 A closed metal vessel contains water (i) at 30°C and then (ii) at 75°C, The vessel 
has a surface area of 0:5 m? and a uniform thickness of 4mm. If the outside 
temperature is 15°C, calculate the heat loss per minute by conduction in each case. 
(Thermal conductivity of metal = 400 Wm ' K ') 

2 A uniform metal bar has one end kept at 100°C and the other at 0°C. Draw sketches 
showing how the temperature varies along the bar in the steady state 
(a) when its sides are well lagged, 

(b) when the sides are unlagged, 
(c) if the bar is not uniform but tapers or narrows from t 


Explain your answers in each case. È i 

3 In measuring thermal conductivity of a metal, a long, thick, lagged bar is ed In 
measuring thermal conductivity of a bad conductor such as cardboard, a thin disc 

of large surface arca is used which is nor lagged. i 
Explain the reasons for these practical arrangements. 
4 A metal cylinder, containing water at 60°C, has a thickness of4mm and M 

conductivity 400 Wm ' K ''. It is lagged by felt ot i tid and thermal 
conductivity 0002 W m^ ' K ^ '. The room temperature Is °° = 
Using thé relat Q/t — kAg to find the temperature gradient g for the metal and 


for the felt, show that E í 1 " 
(a) the temperature 0 of the metal-felt interface is practically sogan eee 
(b) the rate of loss of heat by conduction is practically una ect A OWECK- 
cylinder is replaced by à metal of smaller thermal conductivity 
and the same thickness. : i ? 
5 A copper hot water cylinder of length 0m and radius 020 mu ne 
material of thermal conductivity 040 W m ‘Kol. cone m un que bt 
outer surface of the lagging, assuming heat loss Is through the di i to of 
to be supplied at a rate of 025 kW to maintain the water at a stea y tempe 
60°C. í eC L 
bans. that the temperature of the inside surface of pues Bo pln 
6 A double-glazed window consists of two panes of glass Te Sf alass to be 50 times 
by a 10-mm layer of air. Assuming the thermal sod dient in the glass, to 
greater than that of air calculate the ratios 0) Lac Ms reduc prae df 
ter^ perature gradient in the air gap: (ii) temperature Aerenea 


the glass to temperature difference across the air gap. 


he hot to the cold end. 
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Sketch a graph showing how the temperature changes between the surface of the 
glass in the room and the surface of the glass outside, i.e. across the double-glazed 
window, if there is a large temperature difference between the room and the outside. 

Explain why, in practice, the value of the ratio calculated in (i) is to high. (L.) 

7 (a) The diagram (Figure 29A (i) shows a section of a house wall one brick thick, the 
surfaces of the brick being at the temperatures shown. If the thermal 
conductivity of the brick is 06 W m - ' K - ', what is the rate of heat flow per unit 
area (W m *) through the bricks if steady state conditions apply? 

Explain why, under these conditions, the temperature of the outer surface of 
the wall must be greater than the air temperature. At what rate must the outer 
surface be losing heat? 

(b) The diagram (Figure 29A (ii)) shows a section of a cavity wall made up of brick, 
air and brick. The thermal conductivity of air is 0-02 Wm"' K^. E xplain why, 
when steady state conditions apply, the rate of heat flow across cach la yer is the 
same. Assuming this to be the case, draw a sketch graph to show how the 
temperature changes between the brick surface at 20°C and that of 5*C. 


Figure 29A 


Calculate, showing your working, the thick 
of air. Hence, or otherwise, calculate values for 0, 
the bricks, and compare.the rate of heat loss thro 


ness of brick equivalent to 10cm 
and 0,, the inner surfaces of 
ugh the cavity wall with that 


cavity does not produce the 
less, for example, the cavity is filled 


* 
d 
Ef 
8 
a 
E 
S. 
z 
9, 
E 
& 
E 
g 


measured with any accuracy, immense 
mount of heat transferred through the gas in 


Ays ws apparatus used t I 
conductivity of hydrogen, Figure 29B. Pes oue Ae hpr 


VAAVAAIA A 


C 


Figure 29B 
A isa thin Copper disc 15-00 cm in diamete: It i 

temperature of 35-0°C by current J and ebd 

plate held at 15-0°C by cooling water w 


; ed electrically to a constant 
potential difference V. B is a thick copper 
hich flows through it continuously. The 
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lower face of A and the upper face of B are silver plated, highly polished, horizontal 
and 6:00 mm apart. 3 

C is a thick copper lid and guard ring held at 35-0°C by electrical heaters (not 
shown). The temperatures of A, B and C are measured with thermocouples (not 
Shown). The following measurements are recorded in steady state conditions and 
with the apparatus filled with hydrogen: 


l = 10131A  V,=964V 
With the apparatus evacuated and with steady state conditions once more, 
1,202304 V,=196V 


(a) Answer the following: (i) Why is there no net loss of heat from A upwards? 
(ii) Why are the opposing faces of A and B highly. polished? (iii) Why must A 
and B be horizontal? (iv) Why is the diameter of A much larger than the distance 
from A to B? S 
(b) Explain why measurements are made with the space in the apparatus evacuated. 
Calculate values for (i) the energy per second transferred from A to B by 
radiation, (ii) the energy per second transferred from A to B by 
conduction, (iii) the thermal conductivity of hydrogen. ; 
(c) How would you expect the values of /, 15, V,, V; to change if the opposing faces 
of A and B were painted a dull black colour? Explain your answer. (L.) 
Define thermal conductivit y. 
Figure 29C represents, in outline, the apparatus used in Searle's bar method for 
determining the thermal conductivity of copper. 
(a) Why is a thick bar used in this determination? 
(b) Why must it be well insulated except at its two ends? 
(c) Why does one wait for some time before taking readings? 
(d) Does it matter where the thermometers T, and T, are placed along the bar? 
Explain. 


Figure 29C 


(€) One end of the insulated copper bar, which is of length 0-2 m and cross-sectional 
area 12 x 107? m?, is ndn at a steady VMperssu pus cie Mollet 
Which is supplying heat to the bar at the rate of 100 W. Thermometer T, quts 
0-06 m from the hot end and thermometer T; is 0-14 m from the hot 167C. 
cool end, water flows into a circulating coil at 153°C and leaves it d specific 
Taking the thermal conductivity of copper to be 400 W m^ ' K i. Mea 
heat capacity of water 4200J kg - ' K - ', estimate the rate at whi Am 
flowing through the circulating coil and also the reading of each o 
thermometers T, and T}. (0.) " 

The ends of a bar of uniform eid are maintained at saa pene ? Rute 

temperatures, both being above room temperature. Explain how t SA 

Varies along the bar if the bar is 
D ideally lagged, 

unlagged. -4 m? (2-5cm?)is 

_, A bar 0-20 m in length and of cross-sectional area 2:5x 1054o (236m a 

ideally lagged. One "d is maintained at 373 K (100°C) while the erii: st pre 

at 273 K (0*C) by immersion in melting ice. Calculate the rate at w! MEO 
Owing to the flow of heat along the bar. 4 x 
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Thermal conductivity of the material of the bar = 40 x 10? W m^! K ^!, 

Specific latent heat of fusion ofice = 3:4 x 10° Jkg~'. (JMB) A : 

11 Give a critical account of an experiment to determine the thermal conductivity ofa — 

material of low thermal conductivity such as cork. Why it is that most cellular ; 

materials, such as cotton wool, felt, etc., all have approximately the same thermal 
conductivity? 

One face ofa sheet of cork, 3 mm thick, is placed in contact with one face ofa 
sheet of glass 5 mm thick, both sheets being 20cm square. The outer faces of this 
Square composite sheet are maintained at 100°C and 20°C, the glass being at the 
higher mean temperature. Find 
(a) the temperature of the glass-cork interface, and 
(b) the rate at which heat is conducted across the sheet, neglecting edge effects. 
(Thermal conductivity of cork = 63 x 10:?Wm"' K~ ! thermal conductivity 
of glass = 7:2 x 107! Wm"! K^!)(0. & C) 

12. The thermal conductivity 4 for a substance may be defined by the equation 


Identify briefly each term in this equation, and explain the minus sign. 

Write down an analogous equation defining electrical conductivity c, and identify 
briefly each term in your equation. Hence find the units ofc. 

A cylindrical bar of metal has one end maintained at a steady high temperature 
and the other end is at room temperature, Sketch on the same axes, curves showing 
the variation of temperature along the cylinder when its curved surface 
is (i)enclosed ina perfectly insulating jacket and (ii) exposed to air. Explain 
briefly the difference between your curves. 

A domestic hot water cylinder made of 3mm copper sheet has a surface area of 
2m? and is fitted with a 50 mm thick insulating jacket. The water is maintained at 
70°C and the temperature of the surrounding air is 20°C. (iii) Show from the data 
given that the copper makes a negligible contribution to conserving heat. (iv) Find 
the temperature gradient in the jacket. (v)Find the weekly cost of maintaining the 
tank at this temperature, It is not usual to insulate the bottom of a domestic hot 
water cylinder. Why is this so? 

(Thermal conductivities of copper and insulating material are, respectively, J 
eee Wm"'K~! and 8x 10-7Wm-!K>!: electricity cost is 5-1 p per k W-hour.) 
13 Define thermal conductivity and state a unit in which it is expressed. 

Explain why, in an experiment to determine the thermal conductivity of copper 
, using a Searle’s arrangement, it is necessary 
(a) ‘ast ne bar should be thick, of uniform cross-section and have its sides well 
lagged, 
(b) that the temperatures used in the calculation should be the steady values finally 
registered by the thermometers. 4 
Straight metal bars X and Y of circular section and equal in length are joined end 


Y, and the uniform diameter of X is twice that of Y. The exposed ends of X and Y 
are maintained at 100°C and 0°C, respectively and the sides of the bars are ideally — 

lagged. Ignoring the distortion of the heat flow at the junction, sketch a graphto , ~ 
illustrate how the temperature varies between the ends of the composite bar when 
conditions are steady. Explain the features of the graph and calculate the steady ` 


14 Outline an experiment to measure the thermal conductivity of a solid which is a 
Poor conductor, showing how the result is calculated from the measurements. 
Calculate the theoretical Percentage change in heat loss by conduction achieved 
by replacing a single glass window by a double window consisting of two sheets of 
glass separated by 10mm of air. In each case the glass is 2mm thick. (The ratio of 
the thermal conductivities of glass and air is 3:1.) 


Suggest why, in practice, the change would be less than that calculated. (L.) 
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15 Outline, with the necessary theory, a simple method for finding the thermal 
conductivity of a bad conductor. 

Estimate the rate of heat loss from a room through a glass window of area 2m? 
and thickness 3mm when the temperature of the room is 20°C and that of the air 
outside is S°C. 

This estimate is too high because it is based on the assumption that the inner 
glass surface is at room temperature, A better approximation to actual conditions is 
to suppose that there is a thin uniform layer of still air in contact with the inner 

glass surface of the window. In practice, it is found that the rate of loss of heat 

| through this window when the inside and outside temperatures have-the above 
values is only 3kW. Using the suggested approxinfation, find 
(a) the temperature difference between the faces Of the glass. 

| (b) the temperature difference across the air film, 

(c) the thickness of this film. [ 

(Take thermal conductivity of glass to be 12 Wan ^! K ' and that of air 

24x10 ?Wm ?K^*)(L) 
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Radiation 
All heat comes to us, directly or indirectly, from the sun. The heat which comes 
directly travels through 150 million km of space, mostly empty, and travels in - 
straight lines, as does the light: the shade of a tree coincides with its shadow, 


Because heat and light travel with the same speed. they are both cut off at the 


Same instant in an eclipse. Since light is propagated by waves of some kind we 
conclude that the heat from the sun is Propagated by similar waves, and we say 
it is ‘radiated’, 

Measurements have been made which give the amount of radiant energy 
approaching the earth from the sun, called the solar constant. At the upper limit 
of our atmosphere, it is about 80000J m ~2 min` ' or about 1340 W m ~?, | 

At the surface of the earth it is always less than this value because of. 
absorption in the atmosphere. Even on a cloudless day it is less, because the 
ozone in the upper atmosphere absorbs much of the ultraviolet. 

As we show later, more radiation is obtained from a dull black body than 
from a transparent or polished one. Black bodies are also better absorbers of. 
radiation than polished or transparent ones, which either allow radiation to 
pass through themselves, or reflect it away from themselves. If we hold a piece of 
white card, with a patch of black drawing ink on it, in front of the fire, the black 
patch soon comes to feel warmer than its white surround. 


Reflection and Refraction 
If we focus the sun's light on our skin with a converging lens or a concave 
mirror, we feel heat at the focal Spot. The heat from the sun has therefore been 
reflected or refracted in the same way as the light. 


Figure 29.8 Reflection of radiant heat 


If we wish to show the reflection of heat unaccompanied by light, we may use 
two searchlight (parabolic) mirrors, set up as in Figure 29.8. At the focus of one, 


the bulb has therefore been receiving heat from the ball, by reflection at the two 
mirrors. We can show that the foci of the mirrors : Si z 


passed a beam of sunlight through a prism 
Figure 29.9, and explored the Spectr R 
bulb he had blackened. He found th 


s as shown diagrammatically in 
um with a sensitive thermometer, whose 
at in the visible part of the ssectrum the 
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mercury rose, showing that the light energy which it absorbed was converted 
into heat. But the mercury rose more when he carried the bulb into the darkened 
portion a little beyond the red of the visible spectrum. The sun's rays therefore 
carried energy which was not light. 


: Ultraviolet and Infrared 
The radiant energy which Herschel found beyond the red is now called infrared 
radiation, because it is less refracted than the red. Radiant energy is also found 
beyond the violet and it is called ultraviolet radiation, because it is refracted 


more than the violet. 


. 


sunlight 
Se are te infra-red 
i red 
d violet 
`~ ultra-violet 


Figure 29.9 Infrared and ultraviolet (diagrammatic) 


Ultraviolet radiation is absorbed by the human skin and causes sun-burn.. 


More importantly, it stimulates the formation of vitamin D, which is necessary 
for the assimilation of calcium and the prevention of rickets, It is also absorbed 


by green plants; in them it enables water to combine with carbon dioxide to 


form carbohydrates. This process is called photosynthesis. Ultraviolet radiation 


causes the emission of electrons from metals, as in photoelectric cells; and it 
produces a latent image on a photographic emulsion. It is harmful to the eyes. 

Ultraviolet radiation is strongly absorbed by glass —spectacle-wearers do not 
sunburn round the eyes— but enough of it gets through to affect a photographic 
film. It is transmitted with little absorption by quartz. 

Infrared radiation is transmitted by rock-salt, but most of it is absorbed by 
glass. A little near the visible red passes easily through glass—if it did not, 
Herschel would not have discovered it. When infrared radiation falls on the skin, 
it gives the sensation of warmth. It is what we usually have in mind when we 
speak of heat radiation, and it is the main component of the radiation from a hot 
body; but it is in no essential way different from the other components, visible 


and ultraviolet radiation, as we shall now sce. 


Wavelengths of Radiation 

In the section on Optics, we show how the wavelength of light can be measured 
with a diffraction grating—a series of fine close lines ruled on a glass. The 
wavelength ranges from 4-0 x 1077 m for the violet, to 7-5 x 107 ^ m for the red. 
The first accurate measurements of wavelength were published in 1868 by 
ANGSTROM, and in his honour à distance of 10719m is called an Angstrom 
unit (A.U.). The wavelengths of infrared radiation can be measured with a 
grating made from fine wires stretched between two screws of close pitch. They 
range from 7500 A.U. to about 1000000 A.U. Often they are expressed in a 
longer unit than the Angstrom, such as the micron (pm) or the nanometre (nm). 
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lum = 107 ^m = 10* A v, 
I nm = 107? m = I0 A.v. 


We denote wavelength by the symbol 4; its value for visible light ranges from 
400 nm to 750 nm, or 0-4 pm to 0-75 um, and for infrared radiation from 750 nm 
to about 105 nm, or 0:75 um to about 100 um. 

We now consider that X-rays and radio waves also have the same nature as 
light, and so do the y-rays from radioactive substances, For reasons which we 
cannot here discuss, we consider all these waves to be due to oscillating electric 
and magnetic fields. Figure 29.10 shows roughly the range of their wavelengths: 
it is a diagram of the electromagnetic spectrum. I 


MO"? (9-9 19-8 IO OE0:22..1 102 m 
y-rays X-rays EDS] infra-red ( heat) radio waves 
Lupe. - 
violet 4x 10 visible 5 X107? req 


Figure 29.10 The electromagnetic Spectrum 


- Note also the hot parts of the ligh 
(Courtesy of Barr and Stroud Limited) 


t beacon above the aircraft. 
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Detection of Heat (Infrared) Radiation 
A thermometer with a blackened bulb is a sluggish and insensitive detector of 
radiant heat. More satisfactory detectors, however, are electrical. One kind 
consists of a long thin strip of blackened platinum foil arranged in a compact 
zigzag on which the radiation falls (Figure 29.11). 

The foil is connected in a Wheatstone bridge, to measure its electrical 
resistance. When the strip is heated by the radiation, its resistance increases, and 
the ingrease is measured on the bridge. The instrument was devised by 
LANGLEY in 1881; it is called a bolometer, bole being Greek for a ray. 


Figure 29.11 Bolometer strip 


Figure 29.12 Thermopile 


f radiation detector is called a thermopile. Its 
tive force which appears between the junctions 
nction is hot and the other cold. The modern 
the fine wires, as shown 


The other, commoner, type o! 
action depends on the electromo 
of two different metals, when one ju 
thermopile consists of many jun 
diagrammatically in Figure 29.12; t ; 
less in diameter. Their junctions are 2 in discs of tin, about 0:2 mm 

d and mounted 
; the junctions attached to 
. The other, cold, junctions are 


them become t 1 
ured; the discs attached to them to 


shielded from the radiation to be meas 
keep them cool, by inc 
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When radiation falls on the blackened discs of à thermopile, it warms the 
junctions attached to them, and sets up an e.m.f. This e.m.f. can be measured 
with a potentiometer, or, for less accurate work, it can be used to deflect a 
galvanometer, G, connected directly to the ends of the thermopile (Figure 29.12). 


aN 


h ant energy, its intensity should fall off as the inverse square of 
the distance from à point source. We can check that it does so by setting up an 
electric lamp, with a compact filament, in à dark Toom preferably with black 
walls. When we Put a thermopile at different distances from the lamp, the 
deflection of the galvanometer is found to be inversely proportional to the 


Figure 29,14 Verification of inverse Square law 


m» 4s 
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If we wish to do this experiment with radiation that includes no visible light, 
we must modify it. Instead of the lamp, we use a large blackened tank of boiling 
water, A, and we fit the thermopile, B, with a conical mouthpiece, blackened on 
the inside, Figure 29.14. The blackening prevents any radiation from reaching the 
pile by reflection at the walls of the mouthpiece. We now find that the deflection 
of the galvanometer, G does not vary with the distance of the pile from the tank, 
provided that the tank occupies the whole field of view of the cone (Figure 29.14). 
The area S of the tank from which radiation can reach the thermopile is then 
proportional to the square of the distance d. And since the deflection is 
unchanged when the distance is altered, the total radiation from each element of 
S must therefore fall off as the inverse square of the distance d. 


The Infrared Spectrometer 
Infrared spectra are important in the study of molecular structure. They are 
observed with an infrared spectrometer, whose principle is shown in Figure 
29.15. Since glass is opaque to the infrared, the radiation is focused by concave 
mirrors instead of lenses; the mirrors are plated with copper or gold on their 
front surfaces. The sources of light is a Nernst filament, a metal filament coated 
with alkaline-earth oxides, and heated electrically. The radiation from such a 


filament is rich in infrared. 

The slit S of the spectrometer is at the focus of o which. 
collimator. After passing through the rock-salt prism, A, the radiation is focused 
on to the thermopile P by the mirror M,, which replaces the telescope of an 
optical spectrometer. Rotating the prism brings different wavelengths on to the 
slit of the thermopile; the position of the prism is calibrated in wavelengths with 


the help of a grating. 


ne mirror which acts as à 


m] 


1 

LS 
Figure 29.15 Infrared spectrometer 

he galvanometer is proportional 

to the radiant power Carri nd of wavelengths which fall-on 


i i f an organic 
ile. If an absorbing body, such as a solution ol gal 
eec between the source and the slit, it weakens the radiation 


To a fair approximation, the deflection of t 
ied in the narrow 
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passing through the spectrometer, in the wavelengths which it absorbs. These 
wavelengths are therefore shown by a fall in the galvanometer deflection. 


Radiation and Absorption 
We have already pointed out that black surfaces are good absorbers. and 
radiators of heat, and that polished surfaces are bad absorbers and radiators. 
This can be demonstrated by the apparatus in Figure 29.1 6, called a Leslie cube. 
It is a cubical metal tank whose sides have a variety of finishes: dull black, dull 
white, highly polished. It contains boiling water, and therefore has a constant 
temperature. Facing it is a thermopile, P, which is fitted with a blackened conical 


mouth-piece. 


Figure 29.16 C. omparing radiators 


f. 


€ highly polished surface is 
is the best. 


Figure 29,17 Comparing absorbers 
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Leslie’s cube can also be used in an experiment to compare the absorbing 
properties of surfaces, Figure 29.17. The cube, C, full of boiling water, is placed 
between two copper plates, A, B, of which A is blackened and B is polished. The 
temperature differences between A and B is measured by making each of them 
one element in a thermojunction: they are joined by a constantan wire, XY, and 
connected to a galvanometer, by copper wires, AE, DB. If A is hotter than B, the 
junction, X, is hotter than the junction, Y, and a current flows through the 
galvanometer in one direction. If B is hotter than A, the current is reversed. 

The most suitable type of Leslie's cube is one which has two opposite faces 
similar—say grey—and the other two opposite faces very dissimilar—one black, 
one polished. At first the plates A, B are set opposite similar faces. The blackened 
plate, A, then becomes the hotter, showing that it is the better absorber. 

The cube is now turned so that the blackened plate, A, is opposite the polished 
face of the cube, while the polished plate, B, is opposite the blackened face of the 
cube. The galvanometer then shows no deflection; the plates thus reach the same 
temperature. It follows that the good radiating property of the blackened face of 
the cube, and the bad absorbing property of the polished plate, are just 
compensated by the good absorbing property of the blackened plate, and the 
bad radiating property of the polished face of the cube. 


The Black Body 


ea of a perfectly black body; one 
and reflects and transmits none. 
h a body would be the best 


The experiments described before lead us to the id 
which absorbs all the radiation that falls upon it, 
The experiments also lead us to suppose that suc 
possible radiator. 


ade simply by punching a small hole in the lid of 
a closed empty tin. The hole looks almost black, although the shining tin is a 
good reflector. The hole looks black because the light which enters through it is 
reflected many times round the walls of the tin, before it passes through the hole 
again, Figure 29.18. At each reflection, about 80% of the light energy is reflected, 
and 20% is absorbed. After two reflections, 64% of the original light goes on to be 
reflected a third time; 36% has been absorbed. After ten reflections, the fraction of 
the original energy which has been absorbed is 0°8"°, or 0:1. So the closed tin 
with a hole in it is a very good absorber of radiation. 


A good black body can be m 


ake a black body 


Figure 29.18 Multiple reflections mi 


lly enclosed approximates to a black body. And, 
ripae radiator, an almost closed space is the best 


Any space which is 
since a good absorber 
radiator we can find. 
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possible. (The effect of multiple reflections is then to convert the body from 
nearly black to very nearly black indeed.) The sphere is surrounded by a 
high-temperature bath of, for example, molten salt (the melting-point of 
common salt is 800°C). 


ome 
7 Figure 29.19 A black body 


When we speak of the quality of radiation we mean the relative intensities of 
the different wavelengths in it; the proportion of red to blue, for example. The 
quality of the radiation from a perfectly black body depends only on its 
temperature. When the body is made hotter, its radiation becomes not only more 
intense, but also more nearly white; the proportion of blue to red in it increases. 
Because its quality is determined only by its temperature, black body radiation 
1$ sometimes called "temperature radiation’, 


single platinum strip. 
The results of the is ie are shown in Figure 29.21. Each curve gives 


e relative intensitie 
the body. The curves Show that 
wavelength increases, but the intensities of the shorter 


— 
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N 
bolometer 
strip 


Figure 29.20  Lummer and Pringsheim's apparatus for study of black body radiation 


(diagrammatic) 


becomes, as we have already observed, less 


more rapidly. Thus the radiation 
The curve for sunlight has its peak at 


red, that is to say, more nearly white. 
about 5 x 10-7 m in the visible green; from the position of this peak we conclude 
that the surface temperature of the sun is about 6000 K. Stars which are hotter 
than the sun, such as Sirius and Vega, look blue, not white, because the peaks of 
their radiation curves lie further towards the visible blue than does the peak of 
sunlight. 

The actual intensities of the radiations are shown on the right of the graph in 
Figure 29.21. To speak of the intensity of a single wavelength is meaningless. 
The slit of the spectrometer always gathers a ban 
the slit the narrower the band 
band. We express it as follows (‘s’ represents *second"): 

25-1, in band å to 4- A4 = EAA. (1) 
The quantity E; is called emissive power of a black body for the wavelength 4 
and at the given temperature; its definition follows from equation (1): 
energy radiated m ?s^!,in band 7 to A+ AL 
Eus bandwidth, A4 
placed by the word ‘power’, whose 


energy radiated m ^ 


The expression “energy per second’ can be re 


-2in band Ato 4+ A2 
ZIRUAN AUI al 


power radiated m 
E; ERE 


AA 


in watt per m^ per nanometre (10°°m). 
ation (1) is the area beneath the radiation curve 
d 1+ Ad (Figure 29.22). Thus the energy radiated 


those wavelengths is proportional to that area. 


In the figure E; i$ expressed 

The quantity E;AÀ in equ 
between the wavelengths Aan 
per metre? per second between 


722 


Advanced Level Physics = 


22 x107? 


—T = 1650 K 


relative intensity 
o 
-2 
watt metre nm 


O i 110 20 30 40 50  60xio? 
violet -Í | į- red 
visible 


Ayam —— 


Fi igure 29.21 Distribution of intensity in black body radiation 


Similarly, the total radiation emitted per metre? per second over all wavelengths is 
Proportional to the area under the whole curve. 


area = energy 
in band 


Figure 29.22 Definition of E, dm and E; 
m 


: Laws of Black Body Radiation 
The curves of Figure 29.21 can be explained only by Planck’s quantum theory of 
radiation, whhch is outside our Scope. Both theory and experiment lead to three 


generalisations, which together describe well the properties of black body 
radiation: 


Dam. 
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(i) If /,, is the wavelength of the peak of the curve for T (in K), then 


dmT = constant . : 3 . RRP 


The value of the constant is 29 x 107? m K. In Figure 29.21 the dotted line is the 
locus of the peaks of the curves for different temperatures. 
The relationship in (2) is sometimes called Wien's displacement law. 
(ii) If E; „is the height of the peak of the curve for the temperature T, then 
BOE d ae 
(iii) The curve showing the variation of E; with Aat constant temperature T in 
Figure 29.21 obeys the Planck formula 
Ei See 
ATE Ae —1) 
where c, and c, are constants. 


Stefan's Law À 
If E is the total energy radiated per metre? per second at a temperature T, which 
is represented by the total area under the particular E; — À curve, then 
——— PAPE 


E=oT* 


where c is a constant. This result is called Stefan's law, and the constant c is 


called the Stefan constant. Its value is 


o =57x 107?W m^? K^* 
So in Figure 29.21, which shows four E; — 4 graphs at different temperatures A, 
the total area below the graphs should be proportional to the corresponding 


value of T*. 
The energy per second or power P radiated by an area A of a black body 


radiator is thus given by sso wo coL a a T 
p= AoT* 


where P is in watts. This is illustrated in the examples which follow. 


Examples on Stefan's Law of Radiation 


1 The tungsten filament of an electric lamp has a length à 
6x 105m. Fhe power rating of the lamp is 60 W. Assuming the radiation from the 


filament is equivalent to 80% that of a perfect black body ra 
temperature, estimate the steady temperature of the fila 
107*Wm^?K'*) 


When the temperature is steady, 
power radiated from filament = 
+08 x 57% 1078 x2nx 3x 107 


power received — 60 W 
5x05x T* = 60 


since surface area of cylindrical wire is 2nrh with the usual notation. 


60 14 
3 E UE a 15 
«T (ixi tae 10 ;) 
= 1933K 
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2 The solar constant, which is the energy arriving per second at the earth from the sun, 

is about 1400 Wm~?. Estimate the surface temperature of the sun, given that the sun's 

radius — 7 x 105km, the distance of the sun from the earth = 1-5 x 10* km and Stefan 
4 


Suppose T is the kelvin temperature of the sun's surface. Then 
total energy per second radiated from sun's surface = Ag T^ = 4nr,?g T* 


since the sun's surface is Anr,? ifr, is its radius, 

This energy falls all round a sphere of radius ry where ro is the radius of the 
earth’s circular orbit round the sun. Since the area of the sphere is 4zrj?, the 
energy per second falling on unit area 


Meca x 4nr,?c T^ = E = 


4nr,? fo 
2 
So (5) cT* = 1400 
ro 
. 8\2 

Hence 4 1400 x 15 x 10' 

57x 1078 7x 10° 
So T = 5800K (approx.) 


Consider a black body at a temperature of T, where T, is the temperature of the 
room or enclosure containing the body. Since the body is in temperature 
equilibrium, the energy per second it radiates must equal the energy per second 
it absorbs (see also Prevost's theory of exchanges, p- 726.) If A is the surface area 


energy per second radiated = ¢4 Tt 


So the energy Der second absorbed from the surroundings or enclosure = ¢AT»*. 
Now suppose the black body X is heated electrically by a heater of power W 


Ms and finally reaches a constant temperature T. In this case, from Prévost's 
theory, Ag 


energy per second from heater, W = het energy per second radiated by X 


The net energy per second radiated by X= 6AT^— G4 Tot, since cAT,* is the 
energy per second absorbed from the Surroundings, as we showed before. So 
SI IBI CD Nn eer n 


Examples on Radiation 
1A metal sphere with a black surface and radins 30mm, is cooled to — 73°C (200K) 
and placed inside an enclosure at a temperature of 27°C (300 K). Calculate the initial rate 
of temperature rise of the sphere, assuming the sphere is a black body, (Assume density of 


metal = 8000 kg m `3 Specific heat capaci "em i=. , 
constant = 57x 10 * Wm -2K-4) “pacity of metal = 400Jkg 'K`!, and Stefan 


Energy per second radiated by sphere = c A( T —T,*) 


where A is the Surface area 4ny2 
To = 300K. Since the temperature 


of the sphere of radius r, T = 200K and 
of the surroundings is greater than that of 
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the sphere, the energy per second, Q. gained from the surroundings is given by 
Q = c.4nr? .(300* — 200$) 
The mass m of the sphere — volume x density = $nr°p, where p is the density. 
If c is the specific heat capacity of the metal, and 0 is the initial rise per second of 
its temperature, then 


Q — mcü — Arr pci = gánr (300* — 200*) 


Dividing by 4z*?, and then simplifying, 
o = 203008 —2007)x3 
rpc 
5:7 x 1073 x (300* — 2007) x 3 
30 x 10? x 8000 x 400 
= Q012K s^! (approx) 
e earth, assuming it is in radiative equilibrium with 


2 Estimate the temperature T, of th 
the sun. (Assume radius of sun, r, = 7X 10° m, temperature of solar surface = 6000 K, 


distance of earth from sun == 4:5 x 10! m.) 


Power radiated from sun = ¢ X surface area x qu 
= ox 4ar? xT." 
2 


a s 
Power received by earth = end x power radiated by sun 


since zr,? is the effective area of the earth on which the sun’s radiation is 
incident normally, Figure 29.23, and Ax R? is the total area on which the sun’s 
radiation falls at a distance R from the sun where the earth is situated. 


Now power radiated by earth =o.4nr,?. a oi 


Assuming radiative equilibrium, 


Figure 29.23 Example 


power radiated by earth = power received by carth 
2 
The 


zer Te = c Ann! TEX agi 


Cancelling r, and simplifying, then 


T. - T. X Ls 
Satay: 4R? 
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7x10* ) 2 
lio ( 15x iori 


= 290K 


Note that the calculation is approximate, for example, the earth and the sun are 
not perfect black body radiators and the earth receives heat from its interior. 


Prévosi's Theory of Exchanges 
In 1792 Prévosr applied the idea of dynamic equilibrium to radiation. He 
asserted that a body radiates heat at a rate which depends only on the nature of 
its surface and its temperature, and that it absorbs heat at a rate depending on 
, the nature of its surface and the temperature of its surroundings. When the 
temperature of a body is constant, the body is losing heat by radiation, and gaining 


(i) (in) 


Vy neut Mem 


Figure 29.24 | llustrating Prérost's theory of exchanges 


, Figure 29.24 shows a simple experiment to demonstrate Prévost's theory. A 
high vacuum, electric lamp is carefully put into a can of water (Figure 29 24(i)). 
The temperature of the lamp’s filament is found by nieasuring its resistance. We 
find that, whatever the temperature of the water, the filament comes to that 
temperature, if we leave it long enough. When the water is cooler than the 
filament, the filament cools down; when the water is hotter, the filament warms 


temperature of B. We conclude that radia 
also on A. even though A is ata higher tem 
equilibrium at the temperature of B wh 
radiation at equal rates 
Now let us suppose that, 


perature. Thus A and C each come to 
en cach is absorbing and emitting 


after it has reached equilibrium with B, one of the 
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mS 


bodies, say C, is transferred from B to a cooler evacuated enclosure D (Figure 
29.25 (i)). It loses heat and cools to the temperature of D. Therefore it is radiating 
heat. But if C is transferred from B to a warmer enclosure F, then C gains heat 
and warms up to the temperature of F (Figure 29.25 (ii)). It seems unreasonable 
to suppose that C stops radiating when it is transferred to F. It is more 
reasonable to suppose that it gozs on radiating but, while it is cooler than F, it 
absorbs more than it radiates. 


\ 
©- 
» 


F, warmer thon B 


D, cooler than B 


() (ii) 


EN LONE IL EC 


MER ae LO D 
Figure 29.25 Illustrating Prévost's theory 


al Emissivity: Kirchhoff s Law 
Most bodies are coloured; they transmit or reflect some wavelengths better than 
others. We can now see that, because they absorb them weakly, they must also 


radiate them weakly. To show this, consider a narrow band of wavelengths 
between 4 and À+ A4. The energy falling per m? per second on the body, in this 
band, is E,AA where E; is the emissive power of à black body in the 
neighbourhood of 2, at the temperature of the enclosure. If the body absorbs a 
fraction a, of this, we call a; the spectral absorption factor of the body, for the 

} ody emits as much radiation In the 


wavelength 4. In equilibrium, the b 
neighbourhood of 4 as it absorbs. So 
energy radiated = 4 ,E;M watts per m* 


We define the spectral emissivity of the body e;, by the equation 


energy radiated by body in range 410 À* AM 


e2 = energy radiated in same range, by black body at same temperature 
energy radiated by body in range Ato At AA d jE; AL 
= e SAIL RE E,M. 
e=a : 


law due to Kirchhoff: 


The spectral emissivity of à body. w a ae wave 
absorption factor for the same wavelength. : 
Kirchhoff's law is not easy to demonstrate by experi 


shows a red pattern on à blu 
heated in a furnace. 
many coloured nine n aO 
shows two photographs 0 a i € 
shows aP the other by its own light when heate 


of about 1100 K (right). 


1 
Thus (1) 


Equateay pase length is equal to its spectral 
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Figure 29.26 Photographs showing how 


a decorated plate appears (left) by reflected light 
at room temperature 


and (right) by its own emitted light when inc andescent at about 1100 K 


ates a giver wavelength strongly, 
» can be made with sodium vapour (see 


The process of absorption b 


y sodium vapour—or any other gas— is not, 
however, the sam i 


abs à solid. When a solid absorbs 

radiation, it turns it into heat—j inetic energy of its molecules 

Tt then Te-radiates it in all wz in very long ones, because the 

Solid is cool. When a v; its characteristic wavelength, 

Owever, its atoms are e € the absorbed energy, in the 
Same wavelength (589-3 


White, weakened 
in 589.3 nm 


p e y e  Exercises 29B 
ciue y uc 

Radiation 
1 Expl 


ain why a body at 1000 K js ‘ted hot’ whereas at 2000 K it is white hot’. (C.) 
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10 


HI 


The silica cylinder of a radiant wall heater 1s 0-6 m long and has a radius of 5 mm. If 
itis rated at 1-5 kW estimate its temperature when operating. State two assumptions 
you have made in making your estimate. (The Stefan constant, 

8-6x10 ?Wm^?K *)(L) 

What is a black body radiator? Draw a diagram of a simple laboratory form of black 
body radiator. 

Sketch roughly the energy distribution among the wavelengths of 
(a) a black body radiator, 

(b) a non-black body radiator and state the main differences. 
Explain the difference between the total radiation E of a given black body and the 
intensity of radiation E; and state a law which each obeys. 

Write down the units of E and £;. 

What is the ratio of the energy per second radiated by the filament of a lamp at 
2500K to that radiated at 2000 K, assuming the filament is a black body radiator? 

The filament of a particular electric lamp can be considered as a 90% black body 
radiator. Calculate the energy per second radiated when its temperature is 2000 K if 
its surface area is 10 5 m2. (Stefan constant = 57 x 10: 5Wm ?K *) 7 
The sun is a black body cf surface temperature about 6000 K. If the sun's radius is 
7 x 10° m, calculate the energy per second radiated from its surface. 

The earth is about 1-5 x 10?! m from the sun. Assuming all the radiation from the 
sun falis on a sphere of this radius, estimate the energy per second per metre” 
received by the earth. (Stefan constant = 57 x 10 *7Wm^?K 4) 

Sketch graphs showing the distribution of energy in the spectrum of black body 
radiation at three temperatures, indicating which curve corresponds to the highest 
temperature. If such a set of graphs were obtained experimentally. how would you 
use information from them to attempt to illustrate Stefan’s law? (L.) 

Describe briefly how you would compare the thermal radiation emitted by a body 
at different temperatures. 

How would you show that x matt 

other surfaces? (L.) 
An unlaggcd, thin walled copper pipe of diam 
temperature of 40 K above that of the surroun: 
unit length of the pipe if the temperature of the surroun 
constant, g, is 567 x 10 * Wm 7K *. s n 

State two important assumptions you ave made. (L. g 
a oich duc " istributi c energy radiated by a black body 
(a) Sketch graphs showing the distribution of th $ Pa aes aphaca 


with wavelength, for three temperatures. Label 
How is the total energy radiated by the body related to these graphs? i : 
A perfectly black sphere maintained at a temperature of 373 K in an enclosure a 
0 K radiates heat at a rate of 200 W. At what rate es the black sphere radiate in 
the following cases? (i) Its radius is doubled; other factors remain Tn 
wach i The temperature of the sphere is raised to 746 K: um AM 
remain unchanged. (iii) The temperature of the enclosure is raised to : 
other factors remain unchanged. A F ; 
What would be the net rate of heat loss of the original sphere if the enclosure 
were also at a temperature "ide sy pam 
Explain your answers in each of the above. er j ; 
If te um k assumed to be a poi bias pi a (enna inall 
lirections, a calculation of its equilibrium em 2 Dru. 
approkidfeeis 250 K. In fact the equi Were » the earth’s surface 
is considerably higher than this. Ex plain why this 18 SO. V7. 
(i) What is mes be a black eu ci) Sketch eures to pluck body a 
iM bibe aid of a diagram, describe à black-body source 
7 ived at normal incidence on the ^ 
p heec accen that the Earth and the me ed ir en ar and 
act as black bodies, and that atmospheric d nets of the Earth's orbit 


black surface is a better radiator of heat than 
eter 2-0 cm carries water at a 


ding air Estimate the power loss per 
dings is 300 K and the Stefan 


(b 


(c 


(a 
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around the Sun to be 1-5 x 10"! m, the Stefan-Boltzmann constant c to be 
57x10 * Wm? K^*, and the speed of light c in vacuum to be 30 x I0 ms" t. 
The surface area of a sphere of radius r is 4nr2.) (i) Show that the power output 
per square metre of the Sun’s surface is 75 x 10 Wm 7 (ii) Calculate the 
Surface temperature of the Sun. (iii) Estimate the rate of loss of mass of the Sun 
in kgs~' due to conversion of mass to energy. (iv) Estimate the mean surface 
temperature of the Earth, assuming that it intercepts solar energy as a disc and 
re-radiates it uniformly from the whole oí its spherical surface. (O.) 

12 


T = 5800 K 


T 
[ 
i 
! 
1 
[i 
t 
i 
! 
1 
à 
1 
i 


Lets Sie 


les nm a 


b ASI 
NORTE Sa e eL OC HEP DRER NEU UON TP 
Figere 29D 


Figure 29D shows how E J, the energy radiated per unit area per second per unit 
wavelength interval, varies with wavelength 4 for radiation from the Sun's surface. 
Calculate the wavelengths 7,.,. at which the Corresponding curves peak for 2 
(a) radiation in the Sun's core where the temperature is approximately 15 x 10° K. 
and 
(b) radiation in interstellar space which corresponds to a temperature of 
approximately 2-7 K. 
(You may use the relation Amax X T = constant.) 
Name the part of the electromagnetic spectrum to which the calculated 
wavelength belongs in each case. (L.) 
13 Explain what is meant by the Stefan constant, defining any symbols used. i 
À sphere of radius 2:00 cm with a black surface is cooled and then suspended in à 
large cvacuated enclosure the black walls of which are maintained at 27°C. If the 
rate of change of thermal energy of the sphere is 1853s ^! when its temperature Is 
—73'C, calculate a value for the Stefan constan. (J M B.) 

14. Give an account of Stefan's law of radiation, explaining the character of the 
radiating body to which it applies and how such a body can be experimentally 
realised. 

If each square cm of the sun's surface radiates energy at the rate of 
63x 10° Js”! cm? and the Stefan Constant is 57 x 1078 W m ^? K “4, calculate the 


temperature of the sun's surface in degrees centigrade, assuming Stefan's law applies 
to the radiation. (L..) 


I5. As the temperature ofa black body rises, wh 
(a) the total energy radiated from it and 
(b) the energy distribution among the wavelengths radiated? 
Illustrate (b) by suitable graphs and explain how the information required in (a) 
could be obtained from these graphs. 
Use your graphs to explain how the appearance of the body changes as its 


temperature rises and discuss whether or not it is possible for a black body to 
radiate white light. 


The element of an electric fire with an output of LOkW, i i $c 
and 15cm in diameter. Calculate its t 


black body. (The Stefan constant = 5:7 x10°8W m=? K ee) 


at changes take place in 
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16 How can the temperature of a furnace be determined from observations on the 
radiation emitted? 
Calculate the app 


Sun's radius: 7-04 x 10* km Distance from earth; 1472 x 107 km. 


Solar constant: 1400 Wm 2, Stefan constant: 7 x 10: 5Wm^K' *(N) 


17 Explain what is meant by 
(a) a black body, 
(5) black bod y radiation. 
State Stefan's law and draw a diagram to show how the energy is distributed 


against wavelength in the spectrum of a black body for two different temperatures. 
Indicate which temperature is the higher. 
A roof measures 20 m x S m and is blackened. If the temperature of the sun’s 
surface is 6000 K, Stefan's constant = 5:72 x 105 W m72K “4, the radius of the sun 
is 7-8 x 10 m and the distance of the sun from the earth is 1:5 x 10!! m, calculate 
how much solar energy is incident on the root per minute, assuming that hall is 
in passing through the earth’s atmosphere, the roof being normal to the suns 


(0. & C.) 
18 What is Prévost's Theory of Exchanges? Describe some ph 


or practical importance to which it applies. 

A metal sphere of I em diameter, whose surface acts as a black body, is placed at 
the focus of a concave mirror with aperture of diameter 60 cm directed towards the 
sun. If the solar radiation faliing normally on the earth is at the rate of 
0-14 watt em ~? Stefan's constant is taken as 6 X 10 *Wm ?K~ “and the mean 
temperature of the surroundings is 27°C, calculate the maximum temperature which 
the sphere could theoretically attain, stating any assumptions you make (O&O) 

19 (a) State Prévost's theory of exchanges 
Discuss the observation that an o 
colder than its surroundings. 
(b) The series of graphs given in the 
unit surface area of a black bedy ts 
at various temperatures. 


rent temperature of the sun from the following information: 


nomenon of theoretical 


bject will not of its own accord become 
w thc power radiated trom 


Figure 29E shows ho ! 
rum of its radiation 


distributed over the spect 


| Power per 
unit area n 
wavelength 
element AX 
| 
8000K 
7000K 
6000K 
5000K 
Wavelength, À 
Lee dy E E S inno E RIE, As (ier. 28 
Figure 29E ‘ 
Assuming that such graphs had heen obtained enpor rents) pow could they 
j i Stelan's ta iation? 
be used to verify «he validity of Stefan's aw of ra ist ; MAY 
(c) Explain with a outline of experimental details, how the te mperature OF à bright 
sti ier thi x termined. ; 
star (Oh gp cout en fwo hot. solid spheres made of the 


Z [ 
(d) Compare the CMe veu faces. where the radius of sue sphere s four 


sd aterial and with similar surfa! DUE AN 
eye aet and when the kelvin temperature of the large sphere he that 
of the small one. (Assume that the temperature ot the spheres 8 59 high thu 

absorption from the surroundings may be ignored Ys) 


30 

Further Topics in Heat: Kinetic 
Theory, Real Gases, 

Thermodynamics 


In this chapter we deal in more detail with (1) the internal energy 
of a gas and its mean free path on kinetic theory, (2) the laws 
about real gases and critical temperature, (3) topics in 
thermodynamics— work done by a gas in expansion, the 
adiabatic equation proof, the Carnot cycle, and the concept of 
entropy. 


Kinetic Theory of Gases 


Thermal Agitations and Internal Energy 

The random motion of the molecules ofa gas, whose kinetic energy depends upon 
the temperature, is often called the thermal agitation of the molecules. And the 
kinetic energy ofthe thermal agitation is called the internal energy of the gas, which 
we discussed earlier on p. 668. 

The internal energy of a gas depends on the number of atoms in its molecules. 
A gas whose molecules consist of single atoms is said to be monatomic: for 
example, chemically inert gases and metallic vapours, Hg, Na, He, Ne, A. A gas 
wiih two atoms to the molecule ts said to be diatomic: O,, H}, N,, Cl;, CO. And 
a gas with more than two atoms to the molecule is said to be polyatomic: H;O, 
Os, H,S, CO,, CH,. The molecules of a monatomic gas we may regard as points, 
but those of a diatomic gas we must regard as ‘dumb-bells’, and those of a 
polyatomic gas as more complicated structures (Figure 30.1). A molecule which 
extends appreciably in space--a diatomic or polyatomic molecule—has an 
appreciable moment of inertia. It will therefore have kinetic energy of rotation, 
as well as of translation. A monatomic molecule. however, must have a much 
smaller moment of inertia than a diatomic or polyatomic: its kinetic energy of 
rotation can therefore be neglected 


eae 

| | 
[e] 

Hg H H NS | 

e : o—e H H | 

O) monatom.c vi) diatomic (i) polyatomic | 

Hg Ha H2C | 


Figure 30.1 Types of gas molecule 
Figure 30.2 shows a monatomic molecule whose velocity c has been resolved 
‘to Hs components u,v, w along the 5. y, z axes: 
egg 


he v. y. z axes are called the molecules degrees of freedom: they are three 


Li 
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directions such that the motion of the molecule along any one is independent of 
its motion along the others. 


Figure 30.2 Components of velocity 


If we average the speed c, and the components u, v, w, over all the molecules in 
a gas, we have 
Caw ty +w? 
And since the molecules do not pile up in any corner of the vessel containing the 
gas, their average velocities in all directions must be the same. We may therefore 
write 


=v awe She 


so u 
The average kinetic energy of a molecule of the gas is given by (p. 686). 4 


imc? =3kT 


Therefore the average kinetic energy of a monatomic molecule. in cach degree of 
freedom, is 
imi? = jme? = mw? = KT 


Thus the molecule has kinetic energy J& T per degree of freedom. 


Rotational Energy 

Let us now consider a diatomic or polyatomic gas. When two of its molecules 
collide, they will, in general, tend to rotate, as well as to deflect each other. In 
some collisions, energy will be transferred from the translations of the molecules 
to their rotations; in others, from the rotations to the translations, We may 
assume, then, that the internal energy of the gas is shared between the rotations 
and translations of its molecules. 

To discuss the kinetic energy of rotation, we must first extend the idea of 
degrees of freedom to it. A diatomic molecule can have kinetic energy of rotation 
about any axis at right-angles to its own. Its motion about any such axis can be 
resolved into motions about two such axes at right-angles to each other, Figure 
30.3 (i). Motions about these axes are independent of each other, and a diatomic 
molecule therefore has two degrees of rotational freedom. A polyatomic 
molecule, unless it happens to consist of molecules all in a straight line, has no 
axis about which its moment of inertia is negligible. It can therefore have kinetic 
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energy of rotation about three mutually perpendicular axes, Figure 30.3 (ii). It 
has three degrees of rotational freedom. 


f (i) (ii) 


Figure 30.3 Rotational energy of molecules 


We have seen that the internal energy of a gas is shared between the 
translations and rotations of its molecules. Maxwell assumed that the average 
kinetic energy of a molecule, in cach degree of freedom, rotational as well as 
translational, was 3k T; This assumption is called the principle of equipartition of 
energy; experiment shows. as we shall find, that it is true at room temperature 
and above, At very low temperatures, when the gas is neat liquefaction, it fails. 
At ordinary temperatures, then. we have. 

SET BIE ENER 


average k.e. of monatomic molecule = E T (trans.); 
F 3 2 5 
average k.e. of diatomic molecule = 2% T (trans.) + 2 KT (rot.) — 2 KT; 
Y 3 3 6 
average k.e. of polyatomic molecule = * T (trans.) + 2 KT (rot.) = 2" T. 
Interna! Energy of a Gas 


From the average kinetic energy of its molecules, we can-find the internal energy 


ofa mole of gas. Its internal energy, U, is thc total kinetic energy of its molecules' 
random motions; so 


U = N4 x average k.e. of molecule 


since there are N, molecules per mole where N , is the Avogadro constant. For a 
monatomic gas, therefore, 


3 
U = Z NAKT (monatomic) 


The constant k is the gas constant per molecule; the product N 4k is therefore the 
gas constant R for one mole. So the internal energy per mole is 


U-ÀRT (monatomic) ; : k : (1) 
Qu ee a fokOsu IU ecu er SR 
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Similarly, for | mole of a diatomic gas. 


5 5 
U-SMAT-SRE 0 0 5 020 


Similar relations to (1) and (2) also apply to the internal energy of unit mass 
(1 kg) of a gas. In this case U = 3rT/2 (monatomic) and U = 5rT/2 (diatomic), 
where r is the gas constant per unit mass. 


Molar Heat Capacities : 
We have seen that the internal energy U of a gas, at a given temperature, depends 
on the number of atoms in its molecule. For 1 mole of a monatomic gas its value 
is, from equation (1), 


USART F 1 x AC UR ne CA) 


The molar heat capacity at constant volume is the heat required to increase 
the internal energy of 1 mole of the gas through 1 K. So. from (1), 


3 
C, -R 


—— aas 
at constant pressure is therefore 


The molar heat capacity of a monatomic gas 
(p. 679) 
o e RI ST a er. que cr E Le 


3 5 
Cy = Cyt R - 9RER - 58 


Ratio of Molar Heat Capacities _ 
Let us now divide C, by Cy, their quotient is called the ratio of the molar heat 
capacities, and is denoted by » (p. 672). 
For a monatomic gas, its value is 


Similar relations apply to the principal specific heat capacities of a monatomic 
gas. In this case, we have. if r is the gas constant per kg, 


5 c 
cy = 5h 6p T 3^ andyz 7.73 


For a diatomic molecule, from equation (2), 


5 (ii) 
iu REET hea AUAM + 
U-5R 
— O nt M c NE i 
5 
So PIC ER 


and 
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(cin 
Hence p= = m 1-40 
5 
Similarly, we find that the principal specific heats of a diatomic gas are given by 
, b ri j 
cy=srand ch = zr soy = <P = 1-40 


2 Cy 
In general, if the molecule of a gas has f degrees of freedom, the average kinetic 
energy of a molecule is f x $kT (p. 733). So 


SRT 


Uen 


f 
"LS 
GA d 
and ye bg. A ‘ (iii) 
‘Dep ie f 
2 


The ratio of the molar heat capacities of a gas thus gives us a measure of the 
number of atoms in its molecule, at least when the number is less (han three: This 
ratio is easy to obtain by measuring the Speed of sound in the gas. The poer 
agreement between the observed and theoretical values of y for some of the 
polyatomic gases shows that. in its application to such pases, the theory is 
oversimple. P 


Mean Free Path 
Although gas molecules move with high speeds such as several hundred metres 
per second, it still takes some time for two gases, initially separated, to diffuse 
into each other. This is due to numerous collisions which a molecule makes with 
other molecules Surrounding it. Although the distance moved between 
Successive collisions is not constant, we can consider the molecules of a gas under 
given conditions to have some average mean free path, À. 

Molecules have size. As an approximation, suppose a molecule in a gas is 
represented by a rigid sphere of diameter G, and let us assume that a molecule 
moves a distance | white other molecules remain stationary. Then molecules such 
as A and B, situated at a distance c from C, are those with which C just makes a 
collision, Figure 30.4. C: onsequently C makes a collision with all those molecules 
Whose centres lie inside a volume za?l. 


Figure 30.4 Mean free path of molecule 
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Suppose n is the number of molecules per unit volume in the gas. Then the 
number of collisions = the number of molecules in a volume z?l. 


distance moved — l 
number of collisions nno’l 
K 1 
VUE ERE AAE AE AAO Ne (1) 


Since the molecules are not stationary as we haveassumed but moving about in all 
directions, the chance of a collision by a molecule is greater. Taking this into 
account, the mean free path can be shown to be We less than that given in(1). Thus 


lias EN Place fe ean apa yap) 


anno? 


The relation in (2) shows that the mean free path 4 decreases in inverse 
proportion to the number of molecules per unit volume, n, or the pressure of the 


gas. 


A= 


Calculation of Mean Free Path 
Suppose that, for hydrogen, c = 3x 10 !? m approximately. At a standard 
pressure of 760mmHg, a mole of the gas (2g) has 6x 1073 molecules 
approximately (the Avogadro constant) and occupies a volume of about 224 


litres or 22:4 x 107° m?. Then, from (2), 

224x107? 
J2x6x 1022 x zx 9 x 107 ?? 
= 9x 10^ êm (approx) 


th of hydrogen molecules at standard atmospheric 
peed, the average distance travelled 
1 we see that a molecule makes 


Thus the mean free pa! 
pressure is about 10^ 7 m. Since the mean s 


per second, of the molecule is about 2 x 10?ms^ 
about 2 x 10!? collisions per second. ; 

At extremely low pressures the mean free path becomes comparable with the 
dimensions of the container and no meaning is then attached to the term ‘mean 
free path’ of the molecules. 


Viscosity of Gas . 
The viscosity of a gas is due to a transfer of momentum by molecules moving 
between fast and slow gas layers. On kinetic theory, the coefficient of viscosity n 
ofa gas can be shown to be given by the formula 


d 3 
” gimme (3) 


of the pressure of the gas w i 
considered as one piece of sound evidence 


leads to the relation in (3). 
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Exercises 30A 
Kinetic Theory 
The kinetic energy of translation of 1 mole of an ideal monatomic gas is given by 
3RT/2. Show that the molar heat capacities of the gas at constant volume and 
constant pressure respectively are 3R/2 and 5R/2. 
A diatomic gas has three translational degrees of freedom and two vibrational 
degrees of freedom. Show that the molar heat capacity at constant volume is 5R/2 
and that the ratio of the two molar heat capacities is 1-4. 
What is an adiabatic change? 
A cylinder contains compressed air at thirty times atmospheric pressure and at 
room temperature (300 K). The tap is opened so that air quickly escapes. Find the 
temperature of the air remaining in the cylinder when the pressure inside reaches 
atmospheric pressure. What assumptions have you made? (y for air = 1-4) (W)) 
2 moles of oxygen at 27'C are compressed isothermally from a volume of 0-40 m? to 
0:10 m?. Assume R = 8:3J mol"! K^ ', calculate the work done on the gas. What 
amount of heat is given up by the gas in this change? Explain your answer. 
Anidealgas (i) expands adiabatically and then (ii) expands isothermally. 
Explain what happens in each case to 
(a) the internal energy and 
(b) any heat exchanges. 
Write down gas equations which apply to the changes (i) and (ii), and apply 
the first law of thermodynamics to (a) and (b). 
Argon has a molecular diameter about 3 x 10^ !? m. The mean free path of the 
molecules is given by 4 = 1/(,/2n07n), wheres is the mean free path, c is the 
molecular diameter and n is the number of molecules per unit volume. 
Estimate the mean free path in one mole of argon at standard pressure when its 
volume is 224 x 107? m?, assuming the Avogadro constant = 6 x 102? mol” !. 
nd the main assumptions on which the kinetic theory for an ideal gas is 


In what follows, the ideal gas equation p = fnm (c?) may be assumed. Do not 
deduce it. 


A gas consists of 5 molecules having s; in m s ^!) of 100, 600, 700, 800 and 
1000. Find (c?». soe — 
. Write down an expression, containing only terms from the above equation, which 
is proportional to the temperature of an ideal gas. If the speed of each molecule is 
doubled, by what factor is the temperature changed? 

Show how Avogadro's law may be predicted from the above. 

Show that the molar heat capacity at constant volume, for an ideal gas, is} R 

Deduce, with careful explanation, an expression for the mean free path 4 between 
molecular collisions in a gas. How does 4 vary with (i) pressure, when the 
temperature is kept constant, and (ii) temperature, then the pressure is kept 
constant? (W) 
(a) List the assumptions which are made in establishing the simple kinetic model of 

an ideal gas. Indicate which of these assumptions may not be justified for a real 


gas. 
(b) Van der Waals’ equation of state for one mole of a real gas is written as 


(ron - ar 


(i) Explain the significance of the terms a/V? and bin this equation. (ii) with 
the aid of suitable sketch graphs relating p and V, Qi pfe the predictions of this 
equation with those of the ideal gas equation pV = RT (See next section) 


(d 
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where n is the number of molecules per unit volume and ø is the molecular 
diameter. 
Helium at 273 K (assumed an ideal gas) is introduced into a previously 
evacuated tube of length 0-40 m to such a pressure p that helium molecules, on 
average, traverse the length of the tube without colliding with each other. 
(Take the volume of one mole of helium molecules at a temperature of 273 K 
and a pressure of 10° Pa to be 22 x 107 3 m?, the molecular diameter c of helium 
atoms to be 2:6 x 10 7? m, and the Avogadro constant N4 to be 
60x 10?? mol. !) 
Calculate: (i) the number of helium molecules per unit volume under these 
conditions; (ii) the number of helium molecules per unit volume at 273 K 
temperature and 10° Pa pressure: (iii) the pressure p of the helium. (0.) 
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Real Gases, Critical Phenomena 

An ideal gas is one which obeys Boyle's law (pV = constant at constant 
temperature) and whose internal energy is independent of its volume. No such 
gas exists but at room temperature and moderate pressures, many gases 
approach the ideal closely for most purposes. 

We shall now consider the behaviour of real gases. We shall then appreciate 
better the relationship between liquid, vapour, and gas, and we shall see how 
gases such as air can be liquified. 


Andrews' Experiments on Carbon Dioxide . 

In 1869 Andrews made experiments on carbon dioxide which have become 
classics. Figure 30.5 shows his apparatus. In the glass tube A he trapped carbon 
dioxide above the pellet of mercury X. To do this, he started with the tube open 
at both ends and passed dry gas through it for a long time. Then he sealed the 
end of the capillary. He introduced the mercury pellet by warming the tube, and 
allowing it to cool with the open end dipping into mercury. Similarly, he 
trapped nitrogen in the tube B. 


carbon 
dioxide 


carbon 
dioxide 


nitrogen 


Figure 30.5 Andrews’ apparatus for isothermals of carbon dioxide at high pressures 


Andrews then fitted the tubes into the co, ; E ined 
i pper casing C, which contain 
water. By turning the screws S, he forced water into the tower parts of the tubes A 
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When the screws S were turned far into the casing, the gases were forced into 
the capillaries, as shown on the right of the figure, and greatly compressed. From 
the known volumes of the wide parts of the tubes, and the calibrations of the 
capillaries, Andrews determined the volumes of the gases. He estimated the 
pressure from the compression of the nitrogen, assuming that it obeyed Boyle’s 
law. Air was also used in place of nitrogen. 

For work above and below room temperature, Andrews surrounded the 
capillary part of A with a water bath, which he kept at a constant temperature 
between about 10°C and 50°C. 


p-V Curves of Carbon Dioxide, Critical Temperature 
Andrews' results for the pressure (p)-volume (V) curves at various constant 
temperatures, called isothermals, are shown in Figure 30.6. 

Let us consider the one for 21-5*C, ABCD. Andrews noticed that, when the 
pressure reached the value corresponding to B, a meniscus appeared above the 
mercury in the capillary containing the carbon dioxide. He concluded that the 
liquid had begun to form. From B to C, he found no change in pressure as the 
screws were turned, but simply a decrease in the volume of the carbon dioxide. 
At the same time the meniscus moved upwards, suggesting that the proportion 
of liquid was increasing. At C the meniscus disappeared at the top of the tube, 
suggesting that the carbon dioxide had become wholly liquid. Beyond C the 
pressure rose very rapidly; this confirmed tha: the carbon dioxide was wholly 


liquid, since liquids are almost incompressible. 


toot 
oot 


gas 


critical point 


P, atm 


60 


40 


V, arbitrary units 


Figure 30.6 Andrews’ isothermals for carbon dioxide 


Thus the part CBA of the isothermal for 21:5°C is a curve of volume against 
pressure for a liquid and vapour, showing saturation at B. And the curve GFE is 
another such isothermal, for the lower temperature 13 1C. s 

ly shows a point of 


The isothermal for 311°C has no extended plateau; it mere 1 
bserved no meniscus; he 


inflection at X. At that temperature, Andrews 0 

concluded that it was the critical temperature. The isothermals for temperature 
above 31-3°C never become horizontal, and show no 
tical, no change from gas to liquid can be seen. 
even when the 


breaks such as B or F. 


At temperatures above the cri 
The isothermal for 48:1°C conforms fairly well to Boyle’s law; 
gas is highly compressed its behaviour is not far from ideal. 
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The point Xin Figure 30.6 is called the critical point. The pressure and volume 
(of unit mass) corresponding to it are called the critical pressure and critical 
volume; the reciprocal of the critical volume is the critical density. 


Gases and Vapours, Continuity of State 

We can now see the importance of Andrews' experiments. A gas above its critical 
temperature can not be liquefied by pressure. Early attempts to liquefy gases such 
as air, by compression without cooling, failed; and the gases were wrongly called 
‘permanent’ gases. We still, for convenience, refer to a gas as a vapour when it is 
below its critical temperature, and as a gas when it is above it. The critical 
temperature of nitrogen is — 147°C (126 K). So nitrogen must be cooled below 
— 147°C to liquefy it by pressure. Air has a critical temperature of —190°C 
(183 K) and oxygen a critical temperature of — 118°C (153 K). 

Andrews’ experiments also helped to illustrate the continuity between the 
liquid and gaseous states of a substance. Thus carbon dioxide is a gas above 
31-1°C, As shown in Figure 30.6, carbon dioxide can exist below 31:1°C as a 
liquid or as a vapour or as a mixture of liquid and vapour. One can also go 
directly from vapour to liquid along the line GP and then along PQ. 


E 


2:0 


PV, arbitrary units 


ae EA L PEDES 
o 50 — 100 150 200 250° 
P, atmospheres 


h. s 
Figure 307. Isothermals for carbon dioxide, as PV/p curves, at various temperatures. The 
` smalldotted loop passes through the ends ofthe vertical parts. The large dotted loop is the locus 
of the minima of pV 


Figure 30.7 shows some of the isothermals for carbon dioxide obtained by 
Andrews over a wide temperature range, this time with pV plotted against p 
Corrections were made for the departure of nitrogen from Boyle's law. The 
Vertical parts of the isothermals below the critical temperature of 314°C 
correspond to the change from the gaseous to the liquid state or to saturated 
vapour. If the gas obeyed Boyle's law, pV = constant at constant temperature, 
the graph of pV against p would be a straight horizontal line. At the highest 
temperature shown, this is most nearly true. 


Departures from Boyle's Law at Hi 
at High Pressure 
In 1847 Regnault measured the volume of various Auk at pressures of several 
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atmospheres. He found that, to halve the volume of the gas, he did not have quite 
to double the pressure on it. The product pV, therefore, instead of being constant, 
decreased slightly with the pressure. He found one exception to this rule: 
hydrogen. By compressing the gases further, Regnault found the variation of pV 
with p at constant temperature, and obtained results which are represented by 


^ pv = constant 


pV, arbitrary units 
o o 
Oo © 
[e] 
o 
N 
PM UN 
RUN 
(\ A 
st 


- —AuA—P Ll ea 
o 60 200 300 400 500 
p, atmospheres 


Figure 30.8 Isothermals for various gases, at room temperature and high pressure 


the early parts of the curves in Figure 30.8. The complete curves in the figure 
show some of the results obtained by Amagat in 1892. $ 


Reai Gas Laws, Boyle Temperature - 
The results for real gases in Figure 30.7 can be expressed by the general relation 


pV-— A4 Bp Cp +-+ 


where A, B, C are coefficients called ‘virial coefficients’ which are functions of 
temperature. At moderate pressures the gas obeys the relation 


ae 


pV =A+Bp á 
= RT, that is, all real 


AEN By) 
to a good approximation. At very low pressures, pV 
Ne obey ie same gas law. In these conditions the volume of the rhe dup 
themselves is negligible and the attractive forces between them are nd igi n" : 
the law, in fact, is that for an ideal gas. oe iig A used 

asure é ated to zero pressure in accu : t 
measurements are extrapol p Ed Papae aiu 4 


= 2 i s that the coeffi 
pv Aa BE S uio B is negative for some gases such as 


of the pV graph. Figure 30.8 shows that 
S eoi dine or oxygen and positive for others such as DORR From n 
gradient at p = O in Figure 30.7, we see that the value of B becomes less negative 
as th ‘ature rises. : * : 
s poe Particular temperature Ty called the jue o i shag oo 
i ximation, Figure 30.8, inset. Or T. 
for moderate aa Ete pe Ile! to the axis of p, as showh in Figure 


as, the curve would be a straight line paralle! tc p. ni 
30.8. Below the Boyle temperature, the pV against p curves have a minimum, as 


Sy 
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From this relation we see that B represents a volume. Comparing this with the 
van der Waals equation, in which the term (V — b) occurs, then B is roughly equal 
to the volume of the gas molecules themselves. Suppose 1 mole of a particular 
gas has a value B of 3x 1075 m?. Since the Avogadro constant is about 
6x 10?? mol ^ £, then roughly 


3x10^5 
6x 1075 
The linear size of a molecule is of the order of the cube root of its volume. So an 
estimated size = (5 x 107 ?9)!! = 4x 10^ !? m. 

If required, we can expand van der Waals' equation to find a more exact 


relation for the coefficient B in terms of the constants a and b. Removing the 
brackets from the equation, then 


volume of 1 molecule — mox10-7?m* 


a ab 
y= TT Lun 
pV—bp+ ;^ RI 


b 
or pV = RT+bp— 7; 


hr the approximation pV = RT, then 1/V = p/RT. Substituting for 1/V and 


a ab 
VERT b—-—— |p + p? 
z +(b ar)? gaa? 
Comparing this relation with pV = A+Bp+Cp?+..., we see that 
a ab 
B-b——— ——— 
RT and C RT 


The Boyle temperature T, is the temperature when a real gas obeys the ideal gas 
laws (p. 743). From pV = A+ Bp, this occurs when B = 0 since A = RT. So, 
from above, the Boyle temperature is given by (b—a/RT;) = 0, or Ty = a/bR. 
So T, can be calculated when the constants a, b and R are known. 


| Isothermals of Real Gas 
"m A graph of pressure p against volume V at constant temperature is called an 
isothermal or isotherm. Figure 30.9 (i) shows some isothermals for an ideal gas, 


; p 


_-critical 
temperature 


-low T 


v V 
| i) (ii) | 


Figuie 30.9 Isothermals Jor ideal and van der Waals gases 
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which obeys the perfect gas law pV — RT. Figure 30.9 (ii) shows a number of 


isothermals for a gas which obeys van der Waals’ equation, 


(p+a/V°XV — b) = RT. 

At high temperatures the isothermals are similar. As the temperature is 

baie the isothermals in Figure 30.9 (ii) change in shape. One curve 

E a point of inflexion at C, which corresponds to the critical point of a real gas. 
e isothermals thus approximate to those obtained by Andrews in his 


experiments on actual gases such as carbon dioxide, described on p. 740. 


Below this temperature, however, isothermals s 
using van der Waals equation. These are unlike t 
real gases, because in i i ith the volume, 
which is impossible. However, an actual isothermal in this region corresponds to 
a straight line EF, as shown. Here the liquid and vapour are in equilibrium (see 
p. 741) and the line EF is drawn to make the shaded areas above and below it 


equal. Thus van der Waals’ equation rou, 
below the critical temperature it must be 


above the critical temperature but 
modified considerably. Many other gas equations have been suggested for real 


gases but quantitative agreement is generally poor. 
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Real Gases, Critical Temperature 


1 (a) Under what conditions would you expect the behaviour of a real gas to differ 
from that of an ideal gas? State and explain which assumptions of the kinetic 

theory are invalid under these conditions. 
Sketch graphs, using the 


(b) What is meant by the critical temperature ofa gas? 
same axes, to ShOW the variation of pressure with volume for à fixed mass of 
hermal conditions: (i) well above the critical 


carbon dioxide under isot 
temperature, (ii) at the critical temperature, (iii) below the critical 
temperature. 
(c) For the graph of (b)(ii) descri 
increased for the range drawn. (JMB.) 
2 Oxygen can be liquefied by first allowing the gas to expand very rapidly (to reduce 
its temperature to below 154 K) and then applying sufficient external pressure to it. 
(a) Explain why a sudden expansion can lead to cooling. 
(b) What is the significance of the temperature 154 K? (L.) 


3 Define critical temperature. 


be the changes which occur as the pressure is 


Figure 30A 


Figure 30A shows the form of the relationship between the pressure and volume 
dioxide at three different temperatures. 


for isothermal changes in volume of carbon 


748 


Advanced Level Physics 


Explain qualitatively, using kinetic theory, 

(a) the rise in pressure from A to B, 

(b) the constancy of the pressure from C to D, and 

(c) why the pressure at E and F is greater than the pressure at C and D. Explain the 
energy interchanges which would take place in going from A to B and from C to 
D. 


Ifthe carbon dioxide were in a glass container, so that its condition could be seen, 
what would be observed as it was taken (i)alongthepath CD,and  (ii)along the 
path indicated from 10°C to Y and then to Z? (L..) 

What are the conditions under which the equation pV = RT gives a reásonable 

description of the relationship between the pressure p, the volume V and the 

temperature T of a real gas? 

Sketch p—V isothermals for the gas-liquid states and indicate the region in which 
pV = RT applies, Indicate the state of the substance in the various regions of the 
p-V diagram. Mark and explain the significance of the critical isothermal . 

Discuss a way in which the equation pV = RT may be modified so that it can be 
applied more generally. Explain and justify on a molecular basis the additional 
terms introduced. Discuss the success of this modification. (L.) 

(a) Draw a fully labelled diagram of the apparatus used in Andrew's experiments to 
investigate the relationship between the pressure p and the volume V for a fixed 
mass of a real substance over a range of pressures to produce a change of state, 
and for several different temperatures. Explain carefully how the pressure was 
varied and how corresponding values of p and V were determined. 

(b) Sketch a graph of the results obtained with this apparatus with pV as ordinate 
and p as abscissa for three temperatures; one above, one below and one equal to 
the critical temperature. Indicate on your graph the corresponding isothermals 
you would expect for an ideal gas. 

(c) (i) Which assumptions of the kinetic theory ofan ideal gas need to be modified 
forarealgas? (ii) Show how these modifications lead to an equation of state 
for a real gas diflerent from that for an ideal gas. (JM B.) 

(a) Explain what is meant by an ideal gas. 


„What properties are assumed for the model ofan ideal gas molecule in deriving 
the expression 


p=4pc? (1) 
where the symbols have their usual meaning? 
(b) How is pressure explained in terms of the kinetic theory of gases? 
Describe carefully, using diagrams where necessary, but without detailed 
mathematical analysis, the Steps in the argument used to derive equation (1). 
(c) Show that for a fixed mass of ideal gas at constant temperature, equation (1) can 
be written pV = A where A is a constant. 


For some real gases, the Pressure can be described in terms of the equation 
PV +B) = A (2) 


where B is also a constant for a fixed mass of the gas at a particular temperature. 

Show that equation (2) implies a pressure less than the value predicted for an 

ideal gas. Suggest a reason for this in molecular terms. (L) 
Describe experiments in which the relation between the pressure and volume of a 
gas has been investigated at constant temperature over a wide range of pressure. 
Sketch the form of the isothermal curves obtained. 
, Explain briefly how far van der Waals’ equation accounts for the form of these 
isothermals. (L.) 
Describe, with a diagram, the essential features of an experiment to study the 
departure of a real gas from ideal gas behaviour. 


Aris freehand, labelled sketches of the graphs you would expect to obtain on 
plotting 


(a) pressure P against volume V. 


, 


(b) PV against P for such a gas at its criti 


cal temperature and at one temperature 
above and one below the critical tem sé p 


perature. 


" —— ee 
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Explain van der Waals' attempt to produce an equation of state which would 
describe the behaviour of real gases. 
Show that van der Waals' equation is consistent with the statement that all gases 


approach ideal gas behaviour at low pressures. (0. & C) 

(a) With pressure p as ordinate and volume V as abscissa, draw sketch graphs of 
p-V isothermals for a real gas indicating (i) the region in which the gas 
approximately obeys Boyle's Law, (ii) the critical isothermal, (iii) the region 

in which the gas liquefies and gas and liquid are in equilibrium. Justify your 


answers in each case. 

(b) At high pressure, the equation of state is modified from that of an ideal gas so 
that it becomes pV = A+ Bp. Explain (i) how 4 depends on the temperature 
and (ii) why Bis related to the size of the gas molecules. 

Ina particular experiment on 1 mole of oxygen, the value o 

202 x 10- * m*. Estimate the volume of the oxygen mol 


constant N 4 = 603 x 10°* mol ' (IMB) 


f B was found to be 


lecule. The Avogadro 
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Thermodynamics, Entropy 


Work Done in Reversible Isothermal Expansion 

The heat taken in when a gas expands isothermally and reversibly is the heat 
equivalent of the mechanical work done. If the volume of the gas increases by a 
small amount AV, at the pressure p, then the work done is (p. 666) 

AW = pAV 
In an expansion from V, to V;, therefore, the work done is 

^V, 

W={dW= | pdV 


Wu 


T 
Assuming we have 1 mole of gas, p = T 


^V. V 7 
so w=] pav =| ars. = RTI (7) 
V V V V, 


The heat required, Q, is therefore 


Q-W- arin( 7?) 


Equation of Reversible Adiabatic 
Consider one mole of the gas, and suppose that its volume expands from V to 
V-- AV, and that an amount of heat AQ is supplied to it. In general, the internal 
energy of the gas will increase by an amouni AU, and the gas will do an amount 
of external work equal to pAV, where p is its pressure. The heat supplied is equal 
to the increase in internal energy, plus the external work don: 
AQ=AU+pAV . ; ; 9 SU 


The increase in internal energy represents a temperature rise, AT. We have seen 
already that the internal energy is independent of the volume, and is related to 
the temperature by the molar heat capacity at constant volume, C, (p. 678). 
Therefore A 


AU = CAT 
Equation (1) becomes 
AQ = CAT + pAr . : à 3 . (2) 


Equation (2) is the fundamental equation for any change in state of one mole of 
an ideal gas. 


For a reversible isothermal change, AT = 0, and AQ — pAV. 
For a reversible adiabatic change, AQ — 0 and therefore 


CoATODAp QE E E) 


To eliminate AT we use the general equation, relating pressure, volume and 


temperature: 


pV =RT 
where R is the molar gas constant. Since both pressure and volume may change, 
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when we differentiate this to find AT we must write 
pAV+VAp=RAT.- 4 500 > (4) 
Pe de C,—Cy) and for AT(=—p.AV/Cy from (3)), and 
CyVAp+C,pAV =0 


or VAp+ypAV =0 (where y= cz) 
v. 

Integrating, [2 +7 I =0 

eis inp+yin V = A 


where A is a constant. 
MOS RA ooo rc nes rums oy 
Therefore, py’ = constant eN ANO) 


This is the equation of a reversible adiabatic; the value of the constant can be 
found from the initial pressure and volume of the gas. 


Camot Cycle Efficiency 


(pa, P Clp, 4) 


| ee A AU ey 


Figure 30.10 Carnot cycle 


———À 


the Carnot cycle ABCD consists of two 


As we saw in an earlier chapter, consi 
as concerned, AB and CD in Figure 30.10, 


reversible isothermal changes in the g 


and two reversible adiabatic changes, BC and DA. 
The heat Q, taken in along AB at a temperature T, = external work done. 


So Q,—- RT, In(V2/V;) - 
Similarly heat Q; given back at T; along CD is 

Qa = RT; In (V/V) « 
V! = constant. So 


(1) 


(2) 


From the adiabatics for BC and AD, p 
ph: UU es paVs: IU 


piVa- Witte psa. yr 
(isothermal AB) and PaVa = P3¥s 


fe 


and 


Since p,V, = piVa 
division we have 


(isothermal CD), by 
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G- 


So KEN n, Me 


: net work done 
ii eficiency ent taken in 


.9-Q. n-r, EB» 
Q; T, 
“aaaea 
using equations (1) and (2) for Q, and Q,, and cancelling, by using equation (3), 
the ratio of the volumes, ; 

From equation (4), we see that it is impossible to obtain 100% efficiency when 
a gas is taken through a cycle. The maximum efficiency is obtained for reversible 
changes, which is an ideal situation. F 

Ina refrigerator or heat pump, heat is transferred from a cold body or ‘sink’ at 
T, to the hotter body or ‘source’ at T,. In this case a motor does work by driving 
a reversible Carnot cycle ‘backwards’, taking in heat from the ‘sink’ and 
pumping it to the ‘source’. 


Entropy 


If a system takes in an amount of heat AQ at a temperature T, its gain in entropy 
AS is defined as 


fee ua——-— — — 


-^22 

^i «d 
For the Carnot cycle in Figure 30.10, at the end of the cycle 

entropy change — % T n š : . : (5) 
From equation (4), we see that 
1-2 _,_h 

9; T, 
so 9: = 9; 

nm 


though the total energy in the Universe 
increases daily. 


: Distribution and Disorder 
In any'System, the more ways there are of achieving a particular distribution, the 
greater will be the probability of that distribution, For example, in tossing four 
coins, there are six ways of arranging two heads and two tails. Since this is 
Breater than the number of ways of arranging any other distribution, tossing four 
Coins produces this distribution a greater number of times than any other. 
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The number of ways W of achieving or getting a distribution is linked to the 
disorder of that system because the disorder increases as W increases. As an 
example, if some steam is released in the corner of a room, it is unlikely that all 
the steam molecules will remain in that corner. This would be low disorder for 
the system of steam and air molecules in the room. In practice, the steam 
molecules spread to other parts of the room and in time distribute themselves 
uniformly throughout the space available. The system of steam and air 
molecules thus increases in disorder as the molecules reach their eventual 


distribution. 


Entropy and Disorder 
We have seen before that the entropy S of a system tends to increase with 
irreversible processes or greater disorder. Boltzmann linked the entropy 5 of a 
system with the number of ways W of obtaining the distribution. From the way S 


S-klhnW 


where k is the Boltzmann constant we met in the kinetic theory of gases (p. 687). 
The Boltzmann equation for S is widely used in a statistical approach to 

changes in entropy of a system. It is particularly useful in systems with a large 

number of particles or entities such as quanta. For example, it leads to the way 


energy is distributed among the atoms in a solid which is heated and to the 
distribution with temperature change of the energy among electrons in metals. 
in several cases. At zero 


The link between entropy and disorder can be seen i 
absolute temperature, a crystal is in equilibrium with all its atoms (ions) at fixed 


sites in the solid. Their energy is the lowest possible. This is therefore perfect 
order, or a disorder or entropy of zero. If the crystal is heated, the atoms now 
vibrate with increased energy and the system becomes more disordered. The 
entropy of the system has increased. If heat is supplied continuously, the solid 
melts at one stage and the ions in the liquid have more disorder than in the solid. 
So the entropy has increased further. When rubber is stretched the coiled 
molecules straighten (p. 169) but the rapid stretching increases the temperature 
of the rubber and produces a net increase in disorder or entropy in the rubber 


molecules. 


Some Calculations of Entropy Change 
1 Isothermal expansion of ideal gas 
If an ideal gas expands isothermally at a kelvin temperature T from a volume V, toa 
1 work done W, since there is no internal 


volume V4, then the heat Q absorbed = external 
energy change of the gas. From our result on p. 750, W = RT In(V/W) = Q. So 


RT In (V//Vi 
entropy increase $ — 2 = RT In (ll) = RIn(V,/Vi) 
If p, is the initial gas pressure and p, the final pressure, then, since 

Pi Vi = PV» VIV, = p/P So 
entropy change — R In (pi/D3) 


At the greater volume V;, the molecules of gas have greater disorder than at 


V. 


om a kelvin temperature 


2 Heated substance 


Suppose a mass m of water of specifié heat capacity c is heated fr 
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T, to T}. At a stage when the temperature reaches a value T, a small amount of heat 6Q 
produces a small temperature rise ôT. So 
; Tdo  [^mcdT 
entropy increase — n ds as > 
= mcIn(T;/T;) 


At the higher temperature T}, the molecules of the water have greater disorder 
than at T. 


3 Liquid to vapour : ; 
Suppose a mass m of water at 100°C boils and forms steam at 100°C. If / is the specific 
latent heat of water at this temperature, then heat Q absorbed = mi. So 


e H wep. ml 
entropy increase = 7. = 35 


In steam, the molecules of water have a greater disorder than in water. 


Exercises 30C 
Thermodynamics 


1 I mole of air expands isothermally at 27°C from a volume of 0-01 m? to 0-04 m’. 
Calculate the work done, assuming R = 8:3 J mol^! K~ t, What heat is taken in by 
the gas? Explain your answer. 

2 Using 4 moles of air and assuming this is an ideal gas, an engine goes through the 
following reversible changes in one cycle: (i) Isothermal expansion from a volume 
of 0-02 m° to 0-05 m3, at 100°C, (ii) at constant volume, cooling to 27°C, 

. (iii) isothermal compression at 27°C to 0-02 m? volume, (iv) at constant volume, 
compression to original pressure, volume and temperature in (i). 
Show these four changes in a p-V diagram. Calculate 
(a) the heat taken in at 100°C, 
(b) the work done by the engine during one cycle, 
(c) the efficiency of the engine, 
(d) the change in internal energy of the air at the end of the cycle, Assume 
R-83Jmol'K-!. 1 K 

3 A Carnot cycle uses an ideal gas as a working substance in reversible changes. 

(i) What is meant by reversible? (ii) Draw a sketch of a Carnot cycle and state what 
happens along each of the four stages (iii) What is the work done in one cycle? 

(iv) Write down an expression for the efficiency of the cycle in terms of temperature. 
How can the efficiency be increased? 

4 Working between temperatures of 27°C and 127°C, an engine does 40 000 J of work 
in a Carnot cycle. Find the amount of heat taken in at the higher temperature, 
assuming no heat losses. 

5 Ina refrigeration unit, a Carnot engine using an ideal gas is driven in reverse by a 
1-kW electric motor of efficiency 80% to freeze water at 0°C. Assuming the working 
temperatures of the engine are 20°C and 0°C respectively, calculate the mass of _ ; 
water frozen in 5 min, assuming no heat losses in the unit and | = 34x 105 Jkg '. 
(Hint Q,/W = Q,/Q, — Q2) = T,(T, — T;), where Q, is heat abstracted from water, 
Q; is the heat given up and W is work done by motor). 

6 Define entropy. 0-2 kg of steam at 100°C condenses to water at 100°C: (i) Is there 
an increase or decrease in disorder of the water molecules? (ii) Calculate the 
entropy change, assuming | (steam) = 2-26 x 105 J kg'!. 


Part 5 
Electrons, Electronics, Atomic 
Physics 


iC lt MINE 
Electrons; Motion in Fields, The 
Cathode-Ray Oscilloscope 


In this chapter, we first discuss how the charge and mass of the 
electron was measured and the properties of the electron. We 
then deal with the parabolic path of electrons in a uniform 
electric field and the circular and spiral path in uniform magnetic 
fields. The cathode-ray oscilloscope and its uses are described in 
the final section. 1 


Basic Unit of Charge: The Electron 


As we discussed earlier, matter has a particle nature—it consists of extremely 
small but separate particles which are atoms or molecules. Helmholtz, an 
eminent German scientist, stated about a century ago that charges were built 
up of basic units, that is, electricity is 'granular and not continuous. He was led 
to this conclusion from studying the laws of electrolysis. 


Particle Nature of Electricity 
In electrolysis, we assume that the carriers of current through an acid or salt 
solution are ions, which may be positively or negatively charged. 
Experiment shows that 96500 coulombs (the Faraday constant) is the 
quantity of charge required to deposit one mole of a monovalent element. The 
number of ions carrying this charge is about 602 x 1023, the Avogadro constant, 
for a monatonic element. So the charge on each of the ions is given by 
96 500/6-02 x 107° or 1:6 x 10^ 19C If 1-6 x 10-1? C is denoted by the symbol e, 
the charge on any ion is then e, 2e, or 3e, etc., depending on its valency. Thus e is 
a basic unit of charge. m 
All charges, whether produced in electrostatics, current electricity or any 
other method, are multiples of the basic unit e. Evidence that this is the case was 
obtained by MILLIKAN. In 1909, he designed an experiment to measure 
accurately the unit e. His method will be given later. Firstly, however, we describe a 


more direct experiment based on the Millikan method which can be carried out in 
the school laboratory. 


Oil-drop Experiment for Electron Charge 
Materia egerint 


il drops 
ioniser 


(ii) 


(i) 


Figure 31.1 Oil-drop experiment 
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Figure 31.1 (i) shows the principle of the experiment, A variable p.d. V can be 
applied to two circular plates P and Q separated by a small distance d. The 
upper plate P has a small hole in the middle and by means of a spray above it, 
fine oil drops can pass through to the space between P and Q. 

In a darkened room, the drops are illuminated by a light beam and are then 
seen by using a low-power microscope M to focus them. M has a vertical fine 
line in the eyepiece graduated in millimetres, so that the motion of the drop can 
be observed and measured, Figure 31.1 (ii). 

A particular oil drop is then focused so that it is clearly seen. The spray 
produces a charge q on the drop by friction and by altering the p.d. V between P 
and Q, the weight mg of the drop can be exactly balanced by an upward force 
Eq, where E is the electric field strength between P and Q. Since E — V/d, then 


and so = Pree OAS. «4 d) 


Strictly, mg is the weight of the drop less the upthrust on the drop due to the 
surrounding air. The upthrust is equal to the weight of air displaced by the drop 
and is taken into account in the accurate Millikan experiment described shortly. 
Since the air density is very small compared to the density of oil, we may neglect 
the upthrust in this experiment. 3 


Results of Experiment 

The charge q on the same oil drop can be increased by ionising the air between 
the plates, so that the drop picks up more charges from the ions. This is done by 
using an a-particle source from apparatus placed at R in Figure 31.1 (i). Each 
time a new charge is obtained by the drop, the p.d. V is altered until the drop 
becomes stationary. 

When the charge q is varied, suppose the values for V are 150 V, 190 V, 250 V 
and 750 V. From equation (1), since mgd is constant, then q oc 1/V. The values of 
l/Vare given roughly in the Table below: 


P Seres RE Isla nt Qeon actin fiui. ccna reece eran ena 


V 150V 190V 250V 750V 

Uv 66 52 40 L3 x 10-2 
ee ee EE DOD ILIA AN ES OH NOES arf slo 5 

Ratios for 1/V or q 5 4 3 1 


ern ape ee eee 


Using the lowest value of 1/V, which is 1/750 or 1-3, as the ‘unit’ of.charge, the 
different charges on the drop were practically whole numbers 5, 4 and 3 in terms 


of this unit 1. This leads to the conclusion that i iple of a basic oF 
h/odsiibdtal charge. a charge is a multiple o! 


From equation (1), the e val ih os V. Th 
a ue of a charge is given by q = mgd/V. The 
ang of g, d and V are known. The unknown value of m, the mass of the oil 
Top, can be found by allowing the drop to fall under gravity and measuring it$ 
terminal velocity v, using the graduated eyepiece. 


In this case, as shown on p. 110, Stokes’ law for the upward frictional 
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(viscosity) force on the sphere of radius a is F = 6nnav, where n is the coefficient 
of viscosity of air. So, at the terminal velocity (zero acceleration), 

F = mg = 6nnav 
Now m = volume V x density p of oil = 4 3/3, si 
fede ypo ra? p/3, since the v 


———— 


olume of a sphere is 


Simplifying, ; PESE ec 


Knowing n, v, p and g, the radius a of the drop can be calculated from the 
formula. The mass m of the drop — 4na3p/3 and can now be found, So the 
charge q can then be calculated from q — mgd/V. 

Millikan's accurate experiment, which we now describe, shows that the basic 
or smallest value of charge is 1-6 x 107 19C. which is the charge e on an electron. 


All charges are made up of units of e. 


Theory of Millikan’s Experiment 


Millikan first measured the terminal 
charged the oil-drop and applied an electric field to oppose 


now moved with a different terminal vel i 

Suppose the radius of the oil-drop is 4, the densities of oil and air are p and o 
respectively, and the viscosity of air is 1. When the drop, without a charge, falls 
steadily under gravity with a terminal velocity vı, the upward viscous force = 
6nnav,, from Stokes’ law = kv,, where k is 6nya. This is equal to m'g, the 


weight of the drop less the upthrust due to the air. So 
t) 


mig = KOs nro s 
Suppose the drop now gains a charge 4 and an electric field of intensity E is 
applied to oppose gravity and slow the falling drop. The drop then has a smaller 
o E is Eq, then, if the mass 


terminal velocity v2- Since the force on the drop due t 
of the drop has remained constant, 
m'g—Eq = kv; . 4 $ (ii) j 


dq aa IS (ii) 


k 
So q= go? 


the upthrust on 


The weight of the oil-drop = volume x density X 9 dna po: 
the drop due to the air — weight of air displaced — $na*og. So 
mg = weight — upthrust, 


= $na°(p—9)9 = 6nnavy, from (i) 


, -| One y 
za Tp- oy. 
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Since k = 6xna, it follows from (ii) that 


6 9pp, Pr T 
q= mle] (v, =v) . j .. et 


Experiment 
In his experiments Millikan used two horizontal plates A, B about 20cm in 
diameter and 15cm apart, with a small hole H in the centre of the upper plate, 
Figure 31.2. He used a fine Spray to 'atomise' the oil and create tiny drops above 


constant temp. bath 


Figure 31.2 Principle of Millikan's experiment 


H, and Occasionally one would find its way through H, and would be observed 
in a low-power microscope by reflected light when the chamber was brightly 
illuminated. The drop was seen as a pin-point of light, and its downward 


thousand volts across the plates A, B, and its intensity E was known, sincè 
E = V/d, where V is the p.d. between the plates and d is their distance apart. 
Millikan found that the friction between the drops when they were formed by 
the spray created electric charge, but to give a drop an increased charge an X-ray 
tube was operated near the chamber to ionise the air. In elementary laboratory 


experiments, increased charges may be obtained by using a radioactive source to 
lonise the air. 


3 Results 
In his experiment, Millikan found that, when an oil-drop gained charges, the 
velocity change, v, — v,, varied by integral multiples of a basic unit. Now the 
charge q is Proportional to (v, — v2), from (ii), for a particular drop. Consequently 
ti e charge is a multiple of some basic unit. So a particular charge consists of 
grains’ or multiples of this basic unit. 
From equation (iii) it follows that when v,, va, E, p, a and y are all known, the 


of drops, that the charge q was always a simple multiple of a basic unit, about 


had discovered the existence of the electron, a particle inside atoms which 


pop LY ds charge —e (p. 772). Millikan concluded that the charge e was 


Electrons: Motion in Fields, The Cathode-Ray Oscilloscope 761 
Example on Falling Oil Drop in Electric F ield 
Calculate the radius of a drop of oil, density 900kgm-?, which falls with a terminal 
velocity of 29 x107*ms^* through air of viscosity 18x10-5Nsm^7. Ignore the 
density of the air. 
If the charge on the drop is — 
apart (e = 16x 107 !* C) 


3e, what p.d. must be applied between two plates $ mm 


When the drop falls with à terminal velocity, force due to viscous drag — 
weight of sphere. With the usual notation, if p is the oil density, we have 


6xnav = volume x density x g = $na? pg 
. yv ox18x10 3x29x10 ^ 
iro 7x 90098 


= 16x 107°m 4 (1) 


since g = 9-:8ms^?. E 
Suppose the upper plate is V volt higher than the lower plate when the drop is 
stationary, so that the electric field intensity E between the plates is V/d. Then 


upward force on drop = EX 3e — weight of drop. 
JLEx3e = $na? pg 
4ra? 
p. 
a 4na? pgd 
9e 
Ant x (1-6 1075) x 900 x 5x10 ?x98 
» 9x16x10- ? 


d 
7 


-1576V 


Nowadays a hot cath: of electrons. This may 
consist of a fine tungsten wire © d toa high temperature 

i Metals contain free 
If the temperature of 


M eS 


Maltese 
cross 


fluorescent 
screen 


sharp 
shadow 


lines 


Figure 31.3 Electrons travel in straight 
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the metal is raised, the thermal velocities of the electrons will be increased. The 
chance of electrons escaping from the attraction of the positive ions, fixed in the 
lattice, will then also be raised. Thus by heating a metal such as tungsten to a 
high temperature, electrons can be ‘boiled off. This is called thermionic emission. 

Figure 31.3 shows a tungsten filament C inside an evacuated tube, When 
heated by a low voltage supply, electrons are produced, and they are accelerated 
by a positive voltage of several thousand volts applied between C and a metal 
cylinder A. The electrons travel unimpeded across the vacuum past A, and 


produce a glow when they collide with a fluorescent screen and give up their 
energy. 


P of Cathode Rays or Electrons 
Before they were known to be tiny particles carrying a small charge e, beams of 
. electrons were called cathode ra ys because they came from the cathode inside the 
tube producing them. 
Fast-moving electrons emitted from a heated cathode C produce a sharp 
shadow of a Maltese cross on the fluorescent screen, as shown in Figure 31.3. 


Thus the electrons travel in straight lines. They also produce heat when incident 
on a metal—a fine piece of platinum glows, for example. 


flow of negative charge 


a“ 


magnetic magnetic 
field force field 


Conventional current (* ve charge) 


force 


Figure31.4 Deflection Shows electrons are negatively charged 


has been negati i ite rod 
and fur. As soon as the electron: EE Nem honie 
Showing that an extra negative 
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for testing electron charge 


Figure31.5 Perrin tube. Direct method 
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Electron Motion in Electric and Magnetic Fields 


Gravitational fields such as those round the Earth and the Sun affect the motion 
of masses in these fields. Similarly, electric and magnetic fields affect the motion 
of charged particles which enter these fields. A study of the motion has led to 
many useful applications, such as ‘electron lenses’, and to the discovery of 
unknown particles inside the nucleus of an atom. 

First we consider the electric field and then the magnetic field. 


Deflection in an Electric Field 
Suppose a horizontal beam of electrons, moving with velocit y v, passes between 
two parallel plates, Figure 31.6. If the p.d. between the plates is V and their 
distance apart is d, the field intensity E = V/d. Hence the force on an electron of 
charge e moving between the plates = Ee = eV/d and is directed towards the 


electron 
beam 


V 


Figure 31.6 Deflection in electric field 


Since the electricity intensity E is vertical, no horizontal force acts on the 
electron entering the plates. Thus the horizontal velocity, v, of the beam is 


motion and the path of the projectile is a parabola (p. 15). 
In a vertical direction the displacement, J = hat”, where a = acceleration = 
force/mass = Ee/m, if m, is the mass ofan electron and t is the time. 


1E i 
I= i? Pr -—. c0 
e 


In a horizontal direction, the displacement, x = vt 
Eliminating t between'(i) and (ii), we obtain 


fór the motion, where E Ince e and m, are constant, we can 
; IS à constant l to Ee/2m,v?. This is 

the equation for a parabola. So the path is a parabola Eda de hs 
by: S electron Just passes the plates, x = p. The value of y is then 
/2m,02. Outside the Plates or field, the beam then moves in a straight 
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line, as shown in Figure 31.6. The time for which the electron is between the 

plates is D/v. Thus the component of the velocity vı, gained in the direction of 
the field during this time, is given by 

q ; Ee D 

v, = acceleration x time = — x — 

m. v 


Hence the angle 0 at which the beam comes out from the field is given by: 


v mg 5 mW 


As the reader can verify, we can also write tan 0 = y/4D, where y is the vertical 
displacement produced. i 

The energy of the electron is increased by an amount of mvj? as it passes 
through the plates, since the energy due to the horizontal motion is unaltered. 
This energy increase is equal to force x distance, where the force — Ee and the 
distance in the direction of the force — the vertical displacement of the electron 


in the field direction. 


When an electron moves horizontally into a uniform vertical electric field it 
describes a parabolic path. The horizontal motion of the electron is not affected by 
the field. (Compare masses in gravitational field.) A charge gains energy when it 
moves in the direction of an electric field. 


moves in the direction of An HEN D E 


Example on Electron Motion in Electric Field 

locity of 10x 10’ ms” 1 enters midway between 
tes, Figure 31.7. P and 
lied between them. Caiculate V if the 


beam is deflected so that it just grazes the edge of the low plate Q. (Assume ejm, = V8x 10 


Figure 31.7 Example 


y y 
Electric intensity between plates, E — 272x104 


^ E ios 
Downward acceleration on electron, 4 = hass Me 


Ee 
; 2 2 
So vertical distance, y = Jat = qu t 


5x10? . 5x 107 ?s, since the horizontal 


But y = Icm = 1072m and t = 4,510 
y the vertical electric field a 


nd remains constant. 


velocity is not affected b; 
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1 y -92 | 
So I0 * = 5X ig X 18x10! x (5x 1079) 
Simplifying, V = 89 V (approx.) 
Deflection in a Magnetic Field 


magnetic field of magnitude B acting perpendicular to the direction of motion, 
Figure 31.8. The force F on an electron is then Bev. The direction of the force is 
perpendicular to both B and v. Consequently, unlike the electric force, the 
magnetic force cannot change the energy of'the electron. It deflects the electron but 
does not change its speed or kinetic energy. 


Consider an electron beam, moving with a speed v, which enters a uniform 
uniform field 


B downwards 


electron l 
beam circular 


Ne/ deflection 


is small, the path is a circular arc, 


can turn round in a complete circle, as shown in Figure 31B. Since Bevis the 
centripetal force (towards the centre), 


Be Be 


If the velocity v of the electron decreases continuously due to collisions, for 

_ example, its momentum decreases. So, from i radiu 

of its path decreases and the electron will thus tend to spiral instead of moving in 
à circular path of constant radius. 


Example on Magnetic Field Deflection 
Protons, with a charge-mass-ratio of 1-0 x 108 Ckg: ', are rotated in a circular orbit of 
Tadius r when they enter a uniform magnetic field of 0-5 T. Show that the number of 
revolutions per second, f, is independent ofr and calculate Í. 


Suppose m, is the proton mass and e is the charge. Then, with the usual 
notation, : 
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So pian 


Be 
osz =dnf 


Then È 
f 2nmy 


This result for f shows that it is independent of r. Also, 


05x 1x 10* d 
2x 314 = 8x 10° revs. 


; Specific Charge of Electron by Magnetic Deflection 
The ‘charge per unit mass’ or specific charge of an electron (e/m,) can be 


measured in the school laboratory by a TELTRON tube designed for this purpose, 
Figure 31.9. $ 


ls not shown) 


Figure 31.9 Deflection of electron beam (Helmholtz coii 


ode C which produces an electron 


beam, (ii) an accelerating anode A, (iii) a vertical screen S coated with 


luminous paint, between two plates P, Q not used in this experiment. The screen 
S has horizontal and vertical lines equally spaced and is slightly inclined to the 
uces à luminous glow and its 


be has (i)a hot cath 


jd B perpendicu am 
circular path. The circuit for the 
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Plate 31A Parabolic path of an electron 
beam after entering a uniform perpendicular 
electric field. The upper plate is +ve in 
potential relative to the lower plate. The 
screen, which is coated with a luminous 
paint, has squares marked on it for mea- 
suring the electron deflection in a charge/ 
mass ratio experiment. Helmholtz coils, the 
large circular coils in front ánd behind the 
tube, are used to apply a uniform magnetic 
field to the electron beam. (Courtesy- of 
Teltron Limited) 


Plate 31B Circular deflection of electron 
beam in a uniform magnetic field due to 
Helmholtz coils (not visible). Faster elec- 
trons produce the outer diffuse beam. 

Unlike the electric deflection tube (Plate 
314), this tube has a small amount of helium 
gas inside it. The gas molecules are ionised 
after collision with high-speed electrons 
and emit light. The electron track is thus 
made visible as a fine straight beam before 
the field is applied. (Courtesy of Teltron 

Limited) 


coils is shown in Figure 31.10. The value of B is directly proportional to the 


current J in the coils, which is me: 
means of 


shows that the magnitude of B is given 


B=0 


where N is the number of 
the radius in metres of the 
Experiment. In an experi 
anode A has a high poten 
Q are joined together and k 
fields beyond A, which wo 
A, the beam produces a lu 

A current is now passed 
then deflected along a cir 
current in the coils, the 
Suitable radius of curva: 


turns in each coil, / is the 
‘coils (p. 331), 

ment, the cathode C is heated by a 6:3 V supply. The 
tial V relative to C of 


asured by the ammeter A, and is varied by 
a potential divider D with a battery B connected to it. Calculation 


by, approximately, 


qtoN! 


current in amperes and R is 
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hen an electron beam enters a magnetic field 
field produces the 


oduces the translational motion. 


at an angle to the field. The component oft 
circular motion; the component parallel to the field pr 


Initially the beam passes through the two plates shown, 


electric field. (Cou 


rtesy of Leybold-Heraeus GMB and Co) 


cy Helmholtz coils 


Figure 31.10 Circuit for 


of a convenient point on XZ are then read from the graduations on S. As shown 
on p. 529, r is given by » 
3 Ty 
pc VIA 
ocity of the electrons at the anode A, then, assuming zero 
2 So if V is the anode potential, 


Theory. M v is the vel | 
n in kinetic energy — mv 


velocity at C, their gai 
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The radius r of the circular path XZ of the beam is given by 
2 
EN  . ae 
r 
i we 
From (1) v (£) 
From (2) 0» Br (2) 
m. 


"o mne) 


Cancelling e/m,, Le eA ruv. o9) 


Knowing V, r and B, then e/m, can be calculated. à 

The main errors in the experiment are: (i) the difficulty of measuring the 
radius r with accuracy, (ii) B may not be uniform over the whole region of S, 
(iii) error in the voltmeter measuring V. An error in r or in B would produce 
double the percentage error in e/m, since r? and B? occur in (3) above. 


Mass of Electron 


Modern determinations show that 
f = 1.76 x I0  Ckg-! 
m. 


or Te o pg” 0 kg ct EL 0) 


Now from electrolysis the mass-charge ratio for a hydrogen ion is 
1-04 x 1075 kg C !. 


V. 104 x 1075 kg C-! 


assuming the hydrogen ion carries a charge e numerically equal to that on an 
electron, my being the mass of the hydrogen ion. Hence, with (ii), 


M 1 Ae; 1 
; my L76xl104x 105 — 1830 


Thus the mass of an electron is about two-thousandths that of the hydrogen 
atom. 


Helical Path of Electrons 
Consider an electron P of charge e, mass m, entering a uniform magnetic field B 
ata small angle 0 with velocity v, Figure 31.11. The component v cos @ parallel to 
B produces a translational (linear) motion, since no electromagnetic force acts in 
this case. The component v sin normal to B, however, produces a circular 
motion. So the electron path is a helix (spiral). See Plate 31C, page 768. 
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Figure 31.11 Helical electron path 


g turns, is given 
T is the period of rotation of the electron. For 


The pitch XY of the helix, the distance between neighbourin 


by XY =v cos 0. T, where 
circular motion (see p. 766), 


i0 
mE 
so Tees 
vsind Be 
Hence 2 ge eR!) 
vsinü Be 
So Kia vcorg; r o 2D 


Ifo = 10°ms7!,e/m, = 18x 10! Ckg 5,0 10°, B 2 2x107*T, 
2n x 106 x cos 10° 
then <r 17 
XY = 73x10! x2 10-* rile 


Thomson's Experiment for e/m : 
In 1897, Sir J. J. THOMSON devised an experiment for measuring the ratio 


charge/mass or e/m, for an electron, called its specific charge. 
Thomson’s apparatus is shown simplified in Figure 31.12. C and A are the 
lits are cut in opposite plates at A 


cathode and anode respectively, and narrow $ 
so that the electrons passing through are limited to a narrow beam. The beam 


v (P. |48 -v- El 
iate,” 


defi 
E deflection 


D 


Bi 


(ii) 


E 


ination of €/M. for electron (not to scale) 


min 


Figure 31.12 Thomson's deteri 
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then strikes the glass at O, producing a glow there. The beam can be deflected 
electrostatically by a high voltage battery connected to the horizontal plates P, 

, or magnetically by means of a current passing through two Helmholtz coils 
on either side of the tube near P and Q. 

The magnetic field B is perpendicular to the paper, and if it is uniform a 
constant force acts on the electrons normal to its motion. With B alone, the 
particles move along the arc HM of a circle of radius r, Figure 31.12(i). When 
they leave the field, the particles move in a straight line MG aud strike the glass 
atG. * 

With the usual notation 


2 

mv 

force F= Bev = — 
r 


where e is the charge on an electron and m, is its mass. 


5 de E T ou Eu 


L is about the middle of the magnetic field coils. 

The velocity v of the electron beam was found by varying the p.d. or electric 
field between P and Q until the beam returned to O from its deflected position 
G, Figure 31.12 (ii. The beam now travels undeflected through both the electric 
field E and the magnetic field B. The two fields are sometimes described as 
‘crossed’ fields, because E is vertical and B is horizontal and perpendicular to E. 

Since the downward force Bev = upward force Ee, 


E 
== 


B 


If E is in V m^! and B is in T, then vis in ms^!. Thomson found that v was 
considerably less than the velocity of light, 3 x 105m s !, so that electrons are 
not electromagnetic waves. 

On substituting for v and r in (i), the ratio charge/mass (e/m,) for an electron 
was obtained. 

Until Sir J. J. THomson’s experiment, it was believed that the hydrogen 
atom was the lightest particle in existence. As explained on p. 770, comparison 
with the mass-charge ratio of a hydrogen ion showed that the electron was 
about 1/2000th of the mass of the hydrogen atom. 


Examples on Electron Motion in F. ields 
l An electron beam Passes undeflected with uniform velocity v through two parallel 
plates, when a magnetic field of 0-01 T is applied perpendicular to an electric field between 
the plates produced by a p.d. of 100 V. The separation of the plates is 5 mm. Calculate v- 


For no deflection, 
Bev — Ee 
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———— 
So v= 


.— 
5x10? x 001 


2 Describe and give the theor inee i 
wht y of a method to determine e the elec i 
it ys that all electric charges are multiples of e? Esc vov 
n electron having 450 eV of energy moves at right angles to a uniform m: i 
lectron. 0 agnetic field 
A an dena 1:50 x 107 °T. Show that the path of the electron is a circle t find its 
ius. Assume that the specific charge of the electron is 1-76 x 10! C kg” '(L) 


=2x10°ms~* 


With the usual notation, the velocity v of the electron is given by 
Amv? = eV, where V is 450 V 


om Pe Lorre : (1) 
m. 


E See path of the electron is a circle because the force Bev is constant and 
always normal to the electron path, Its radius r is given by 


ee eee 
r 
2 pde, nC 
hiner Mas = from (1) 
é M mV 
KAAT 2 A 
Now e/m, = 176 x 1011 Ckg , V =450V,B = L5x10^T 


y gosse p ME 
"3 15x10? v 176x 101+ 
248x10 7m 


6 x 107 !5 kg falls vertically in air with a steady velocity 
When a p.d. of 3000 V is applied 


3 A charged oil drop. of mass 
elocity at an angle of 58° to the 


between two long parallel vertical plates 5 mm apart. 

between the plates, the drop now falls with a steady v 

vertical. Calculate the charge Q on the drop. (Assume g = 10ms 
The drop falls with steady velocity due to the viscosity of the air. Neglecting 

the upthrust, if v, is the vertical velocity 

downward force on drop — upward viscous force 

t mg = kv, 

Similarly, when the electric field of intensity E is applied, 

horizontal force on drop = EQ = kv; 


or 


where v; is the horizontal velocity. 


By vector addition, if 0 is the angle to the vertical, 
tan = n EQ 
v, mj 


" 
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V 
im - 05 V m^! 
Now E 1752107 6x1 m 
d EQ 6x 10°Q a 
: Te eM] 
~. tan 58 6x10-15,g = 1070 


“9= SF - 16x 10-19C 


DIU —'ExecHes3A — —  — n 
Electrons 


1 Electrons are accelerated from Test by a p.d. of 100 V. What is their final velocity? 


N 


A beam of protons is accelerated from rest through a potential difference of 2000 V 
and then enters a uniform magnetic field which is perpendicular to the direction of 


w 
= 
an 
E 
o 
i 
- 
3 
ds 
3 
€ 
> 
E 
3 
^ 
Q 
3 
£ 
$ 


Explain (iii) the su bsequent shape of the electron path, (iv) whether the 
speed of the electrons would change, (v) whether the velocity of the electrons 


magneticfield, (ii)the magnitude of the magnetic flux density. 
(c) Ifan electron described a complete revolution in a magnetic field how much 
, energy would it acquire? (e/m = 1.8 x 10! Ckg-1) (JMB) 
5 Give an account of a method by which the charge associated with an electron has 


been measured. 
_ Faking this electronic charge to be — 1-60 x 19-1 °C, calculate the potential 
erence in volt n to be maintained between two horizontal conducting 
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6 Describe an experiment i i 

e CREER puma e determine the ratio of the charge to the mass of electro’ 
(a) the apparatus, 
(b) any necessary electrical circuits, 
and show how the result is calculated from the observations. 

Two plane metal plates 40cm long are held horizontally 3:0 cm apart in a 
va um, one being vertically above the other. The upper plate is at a ential of 
300 V and the lower is earthed. Electrons having a velocity of 1-0 x 10 ms_' are 
ince horizontally midway between the plates and in a direction parallel to the 
-0 cm edge. Calculate the vertical deflection of the electron beam as it emerges from 

the plates. (e/m for electron = 18x 10!! Ckg^ ! ) UMB) 

7 (a) A charged oil drop falls at constant speed in the Millikan oil drop experiment 
when there is no p.d. between the plates. Explain this. 

(b) Such an oil drop, of mass 40 x 10 ! 5 kg, is held stationary when an electric field 
is applied between the two horizontal plates. If the drop carries 6 electric 
charges each of value 1-6 x 107 !? C, calculate the value of the electric field 
strength. (L.) 

8 (a) Describe an experiment to determine the charge to mass ratio of electrons, 
indicating clearly the measurements made. How is the value of e/m calculated 
from them? What information from the experiment indicates that electrons are 

d negatively charged? 


A beam of electrons, travelling with a velocity v in the x-di 
i i vided by applying a 


0)a region of uniform electric field pro 


voltage V between plates A and B, separated by à distance d in the y-direction, 
Figure 31A. The electrons are deflected towards A as shown, the point P (x, y) 


being a point along the trajectory. (i) Ist 
negative with respect to B? (ii) In terms of distance 
between the x-direction and the electron beam.at P. (iii) Prove that the path is 
parabolic, namely y = ax?, and find the value of a. 

The position of the electron source is moved so that the direction of the 
m at point O is now at an angle 0 to the x-direction towards plate 
ged. (iV) Find the distance L along the x-axis at 


which the beam again has y = 0. 
the basis for a velocity selector for electrons. (0. & C. 

9 (a) Explain how a beam of electrons may be uced in a vacuum tube, and 
describe an arrangement by which the beam may be deflected by a magnetic 
field. Draw a diagram showing clearly the directions of the beam, the field and 


the deflection. 
(b) Anelectron moving at velocity v passes simultaneously through a magnetic field 
lectric field of uniform intensity E. It emerges 


of uniform flux density B and an el 
nd speed unaltered. (i) Explain how the fields are arranged to 


with direction a 
achieve this result. (ii) Derive the relationship between v, B and E. 
ight angles to a magnetic field of 


(c) An electron is travelling at 2:0 x 105 m^! at ri ; 
flux density 1:2 x ircle. Uniform circular motion of an 


107 5 T; its path is a ci ] 
electron is accompa! ion of electromagnetic radiation of the 
same frequency as that of the circular motion. 


point O (x — 0, y = 


nied by the emissio 
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speed of electromagnetic waves in air cto be 30 x 108 ms” !) (i) Explain why 
the path of the electron is a Circle. (ii) Calculate the radius of the circle, 


electron? (0.) Wien y 3 
10 Define magnetic flux density (B). Describe how the variation in B along the axis both 


inside and outside a long solenoid carrying a current may be investigated. Sketch a 
graph showing the results you would expect to obtain. 


If the path of the electron is a circle, 
is independent of the Speed of the electron. 


- Outline the experimental evidence for this 
Statement. Formulae may be quoted with. 


the actual numerical values quoted. 
An oil drop of mass 3-25 x 19-15 kg falls vert 
through the air between vertical parallel plates 
000 V is applied to the plates the drop moves 
its path being inclined at 45* to the vertical, Ex 


ically, with uniform velocity, 

which are 2cm apart. When a p.d. of 
towards the negatively charged plate, 
plain why the vertical component of 


Subsequently to one at 37° to the vertical, what conclusions can be drawn? (0. & C.) 
1 


Ina Millikan-type apparatus the horizontal plates are 1-5 cm apart. With the 
electric field Switched off an oi i 


25x107?cms-t. When the field is Switched on the 


drop just remains stationary when the p.d. between the two plates is 1500 V. 
(a) Calculate the radius of the drop. 


/ 


15 


16 


17 
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P ^ many electronic charges does it carry? 
iem po beni = two plates remains unchanged, with what velocity will the 
ifie en it has collected two more electrons as à result of exposure to 
onising radiation? (Oil density = 900 kg m- 3, viscosity of air = 
8x10 5Nsm^?2)(0.& C) $ 
A heated filament and an anode with a smal 
p so that a narrow beam of electrons emerges vel 
ole in the anode. A uniform magnetic field is applied so 


3 circular path ina vertical plane. - 
a) iy hs di agram showing the path of the electrons and indicate the direction of 
h agnetic field which will cause the beam to curve in the direction you have 
Pee Explain why the path is circular. 
: erm an expression for the specific electronic charge (e/m) of the electrons in 
erms of the p.d. between the anode and filament, V, the radius of the circular 
s path, r, and the magnetic flux density, B. 
(c) W hat value of B would be required to give a radius of the electron path of2r, 
assuming that V remains constant? If B is now held constant as its new value, 
a woa value of V will restore the beam to its former radius? 
) Describe and account for the changes in (i)kinetic energy, (ii) momentum 
which an electron undergoes from the instant it leaves the heated filament with 
negligible velocity until it has completed a full circle in the magnetic field. 


(JMB.) 
a electron charge — e ai ed with speed v at right angles 
o a uniform field of flux density B. Show that the electron moves in a circular path 
w also that the time taken 


and derive an expression for the radius o! 
to describe one complete circle is independent of the speed of the electron. 


| hole in it are mounted in an evacuated 
tically upwards from the 
that the electrons describe 


(b 


Electrons are emitted with negligible speed, in vacuo, from a filament F. They are 
between the plates S, and F, 


accelerated by a potential difference of 1200 V applied 

as shown in Figure 31C. The electrons a i i arrow horizontal 
beam by passing, through holes in S, which is at the same 
potential as S,. The electron beam subsequently enters the space between two large 
parallel horizontal plates P; and P, which are 0-02 m apart. The point of entry is 
midway between the plates. The mean potential of P, and P3 is equal to that of S, 
but P, isata positive potential of 150 V with respect of P;. Neglecting the effect of 
gravity and of non-uniform fields near the plate boundaries, ca! 


travelled by the electrons between P, and Pz before they strike P, (0. & C) 
Give an accoun! lue of the charge associated with 


tof an experiment to obtain the và 
the electron. 
beam after being acce 


An electron 
of 5000 V in vacuo is allowed to impinge normally o 
current is SOHA determine the force exerted on the su! 
the electrons to rest. (e = 16x 107 !'* C.) (L) 


lerated. from rest through à potential difference 


na fixed surface. If the incident 
rface assuming that it brings 
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Cathode-Ray Oscilloscope (C.R. O.) 


We now discuss an important type of electron tube, widely used, called a cathode- 
ray oscilloscope. It is called a cathode-ray oscilloscope because it traces a 
required wave-form with a beam of electrons, and beams of electrons were 
originally called cathode rays. 

A cathode-ray oscilloscope is essentially an electrostatic instrument. It 
consists of a highly evacuated glass tube, T in Figure 31.13, one end of which 
opens out to form a screen S which is internally coated with zinc sulphide or 
other fluorescent material. A hot filament F, at the other end of the tube, emits 
electrons. These are then attracted by the cylinders A, and A;, which have 
increasing positive potentials with respect to the filament. Many of the electrons, 
however, shoot through the cylinders and strike the screen; where they do so, the 
zinc sulphide fluoresces in a green spot. On their way to the screen, the electrons 
pass through two pairs of metal plates, XX and YY, called the deflecting plates. 


EM 
brightness focus signal time-base 


-1030v  -1000v -500V O 


Figure 31.13 A cathode-ra ly oscilloscope tube 


The inner walls of the tube are coated with graphite, which is connected to the 
final anode A,. This makes the space between A, and S an equipotential volume 
So that the speed of the electrons is maintained from A, to S. 

The brightness of the light on the screen is controlled by an electrode G in 
front of the filament F. If G is made more negative in potential relative to F, the 
increased repulsive force reduces the number of electrons per second passing G. 


then alter the electrostatic field inside the tube and affect the deflection of the 
beam. Thus, as indicated, the filament F is at a high negative potential relative to 
earth and is therefore dangerous to touch, The filament, electrode G and 


— 1000 V. 


ibas f Deflection; Time-base 
a battery were connected between the Y-plates, so as to make the upper one 
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positive, the electrons in the beam would be attracted towards that plate, and 
the beam would be deflected upwards. In the same way, the uds can be 
deflected horizontally by a potential difference applied between the X-plates. 


fly -back 
| sweep 
* 
a 


time —— 
(i) p.d. applied to (ii) trace of spot on 
X-plates screen 


Figure 31.14 Action of a C.R.O. time-base 


When the oscilloscope is in use, the varying voltage to be examined is applied 


between the Y-plates. If that were all, then the spot would be simply drawn out 


into a vertical line. To trace the wave-form of the varying voltage, the X-plates 


are used to provide a time-axis. A special type of circuit generates a potential 


difference which rises steadily to a certain value, as shown in Figure 31.14 (i), and 
then falls rapidly to zero. It can be made to go through these changes tens, 
This time-base voltage is 


hundreds, thousands or millions of times per second. t j 
applied between the X-plates, so that the spot is swept steadily to the deb and 
i i vides the 


then flies swiftly back and starts out again. 
. On it is superimposed 


the voltage to be examine 

:oined to terminals labelled 
he plates splits the beam into 
nnected to Y, and 


compared. 
Focusing 
To give a clear trace on the screen, the electron beam must be focused to a sharp 
s A, and Az, called the first and second 


spot. This is the purpose of the cylinder: 


anodes. ; 
Figure 31.15 shows the equipotentials of the field. between them, when their 


difference of potential is 500 volts. Electrons entering the field from the filament 
experience forces from low potential to high at right angles to the equipotentials. 
They have, however, considerable m because they have been ac- 


omentum, h i n ae 
celerated by a tential difference of about 500 volts, and are travelling fast. 
xen te field merely deflects them, and, because of its cylindrical 
symmetry, it converges Before they can reach this 
oint, however, they enter the second cylinder. Here t 
5s and the electrons are deflected outwards. However, they are now tra 


the beam towards the point P. ey ca 
he potential rises from the 
velling 
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electrons 


A, Aa 


Figure 31.15 Focusing in an oscilloscope tube by electron lens 


faster than when they were in the first cylinder, because the potential is 
everywhere higher. Consequently their momentum is greater, and they are less 
deflected than before. The second cylinder, therefore, diverges the beam less than 
the first cylinder converged it, and so the beam emerges from the second anode 
still somewhat convergent. By adjusting the potential of the first anode, the 
beam can be focused upon the screen, to give a Spot a millimetre or less in 
diameter. y 

Electron-focusing devices are called electron lenses, or electron-optical 
systems. For example, the action of the anodes A 1 and A, is roughly analogous 
to that of a pair of glass lenses on a beam of light, the first glass lens being 
converging, and the second diverging, but weaker. 


C.R.O. Supplies 
The necessary voltage supplies or circuits for a cathode-ray oscillograph or 
oscilloscope are shown in block form in Figure 31.16. 

1 The power pack supplies e.h.L—very high d.c. voltage for the tube 
electrodes such as the electron lens; h.t.—rectified and smoothed d.c. voltage for 
the amplifiers, for example; and l.t.—low a.c. voltage such as 6:3 V for the valve 
heaters. 

2 Tube controls. The brightness and focus, and correction of astigmatism, 
are controlled by varying the voltage of the appropriate tube electrode. r 

Y- or Input-Amplifier. This is a variable gain linear amplifier which 
amplifies the signal applied to the Y-plates. 

4 Y-shift. This is in the Y-amplifier circuit and shifts the signal trace up or 
down on the screen. 


Input ( Y-) 
amplifier _ 
Y=shift 


mains 
240V 


Power | tube 
“pack controls 


Figure 31.16 Voltage supplies for oscilloscope 
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5 Time-base. This is a ‘sawtooth’ oscillator (p 779). In the oscillator ci i 
ME s t . 779). circuit, 
P feedback can be adjusted with stability control until the oscillator is just re 
Wy running, and the trigger is then applied to ‘lock’ the trace. 
E d igger unit. This applies a triggering pulse to the time-base oscillator 
E rm [- or input-voltage. The time-base frequency is then synchronised 
ocked") with that of the input signal, so that a stationary trace is obtained on 
the screen. 
E n meta amplifier. This amplifies the time-base voltage and applies it to 
e X-plates. The trace can be made to expand or contract horizontally by 
varying the amplification. 
8 : X -shift. This shifts the time-base horizontally to the left or right. 
y Oscilloscope controls are shown in Plate 31D. The voltage sensitivity of the 
-plates is the ‘voltage per cm (or mm) vertical deflection of the electron beam 
and the time-base is the ‘time per cm’ horizontal deflection of the electron beam 
due to the X-plates, so that voltage and time can be measured. 


obtained when the fre- 


double-beam instrument, 
! and the voltage 


Scopex Instruments 


showing the Lissajous figure 
in the ratio 1:3. In this modern 
from 1 uscm 1 to 100 mscm 
1 to 10 V cm! (Courtesy of 


Ltd) 


Plate 31D Oscilloscope display, 
quencies on the X and Y-plates are 
the time-base (X-deflection) ranges 
sensitivity (Y-deflect ion) from 2 mV cm 


Uses of Oscilloscope 
In addition to displaying waveforms, the oscilloscope can be used for measure- 
ment of voltage, frequency and phase, and act as à clock. 


1 A.C, voltage 

An unknown à.C. VO! 
Y-plates. With the time-base switc 
centred and its length then measure 
twice the amplitude or Pu. volage; vo B par 

; nown a.c. voltage V, then o can be found by 

$ elt Hon the same gain, the waveforms of the unknown and po 
voltages, Vo an / can be displayed on the screen The ratio Vo! is then 
obtained from measurement of the respective peak-to-peak heights. 


tage, whose peak value is required, is connected to the 
hed off, the vertical line 0n the screen i5 
d, Figure 31.17 (i) This is proportional to 


y measuring the length corresponding 
proportion. 
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peak 


voltage 
N N A t 
2:4 cm 
(i) 


(ii) (iii) 


Figure 31.17 Uses of oscilloscope 


If a calibrated time-base is available, frequency measurements can be made. 
In Figure 31.17 (ii), for example, the trace shown is that of an alternating 


milliseconds. The horizontal distance on the screen for one cycle is 2-4 cm. This 
corresponds to a time of 5 x 2-4 ms or 12-0ms = 12x 107? seconds, which is the 
period T. 


‘ 1 1 
a T T 


If a comparison of frequencies f,, f, is required, then the corresponding 
horizontal distances on the screen for one or more Cycles are measured. Suppose 


= 83 Hz 


3 Measurement of phase 
The use of a double beam oscilloscope to measure phase difference between 
two a.c. voltages is given on P- 474. With the time-base switched off, in the single 
beam tube one input can be joined to the X-plates and the other to the Y-plates. 
We consider only the case when the frequencies of the two signals are the same. 
An ellipse will then be seen generally on the screen, as shown in Figure 31.17 (iii). 
This is a Lissajous figure (see p. 89). 
The trace is centred, and peak vertical displacement Y2 at the middle O, and 
the peak vertical displacement y, of the ellipse, are then both measured. Suppose 


X-direction, and the y-displacement by y = Yısin(wt +ø), where y, is the 


that wt = 0. In this case, y = y; = y,sin p. Hence sin 9 = y2/y,, from which o 
can be found. See also p. 89. 

The frequencies f, and Ff, of two ac. Voltages can also be com pared by 
connection to the X- and Y-inputs respectively of the oscilloscope. As shown in 
the osdilloscope display in Plate 31D, a Lissajous figure is obtained. Generally, 
if a horizontal line makes n, intersections with the Lissajous figure and a vertical 

‘Jy = ly. So if the frequency ratio VERIS 

2:1, a figure of eight is obtained on the screen. In Plate 31D, the ratio 

x: Jy = 1:3, since n, = 6 and n, = 2. Here the beam moves horizontally through 
one cycle in the same time as it moves vertically through three cycles. 
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4 Useasclock 
In measuring frequency, the time-base i ime i 
| mea Á provides a value of a time interval 
The time is needed in radar for calculating the di 
1 e distance of an 
station or aerodrome. 5 7 eames 


Figure 31.18 C.R.O. as clock 


_ Figure 31.18 illustrates the principle. Using a time-base of 10 microseconds per 
millimetre (10 us mm !), AB is the horizontal trace. A radar signal sent at C to a 
distant plane arrives back at D, 40 mm from C. So the time for the signal to 
travel to the plane and back — 40 x 10 x 1075s = 4x 1074s. Now a radio signal 
travels through space with a speed of 300 000 kms ^ 1(3x 108 ms^!). So 


to-and-fro distance of plane = 4 x 10 * x 300000 = 120km 
and distance of plane = 3 x 120 = 60km 


- RU END ee NERUN ERIC ees Specs ee ee 


to measure the time it takes to send a pulse of charge along a 
cable and back again. Figure 31D shows the appearance of 
ting the original pulse and B the same pulse after 


1 An oscilloscope is used 
200-m length of coaxial 
the oscilloscope screen, A indica 
reflection. 


Figure 31D 
~1, calculate the speed of the pulse along 


to 10V.cm™!. A sinusoidal input is 

lied to give a steady trace with the time base set so that the electron beam 
takes 0:01 s to trave: scen has a total peak to peak height of 
4-0cm and contains 2 com frequency of the 
input signal? (L.) 

3 Whena sine-form voltage of frequency 12 
cathode-ray oscilloscope the trace on the tu 


If the time base speed is set at 10mm ps 


50 Hz is applied to the Y-plates of a 
be is as shown in Figure 31E (i). 


`. 784 
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Figure 31E 


Ifa radar transmitter sends out short pulses, and at the same time gives a voltage 
to the Y-plates of the oscilloscope, with the time-base setting unchanged, the 
deflection A is produced as shown in F igure 31E (ii). An object reflects the radar pulse 
which, when received at the transmitter and amplified, gives the deflection B. What is 
the distance of the object from the transmitter? (Speed of radar waves — 
3x 05 ms^!)(L) 

4 (a) Draw a clear labelled diagram showing the essential features of a single beam 
cathode-ray oscilloscope tube. Explain, without giving circuit details, how the 
brightness and focusing of the electron beam are controlled. 

(b) What is the time-base in an oscilloscope? Sketch a graph showing the variation 
of time-base voltage with time. 
: (c) How would you use an oscilloscope, the time-base of which is not calibrated, to 


measure the frequency of a sinusoidal potential difference which is of the order 
of 50 Hz? 


are controlled. (ii) What is the function of the linear time-base in an 
oscilloscope? (iii) Why is the tube of a cathode-ray oscilloscope always mounted 
inside a metal screen of very high magnetic permeability? Explain how the screen 
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Plate 31C Spiral electron path, produced when an electron beam enters a magnetic field 

at an angle to the field. The component of the velocity normal to the field produces the 

circular motion; the component parallel to the field produces the translational motion. 

Initially the beam passes through the two plates shown, which can be used to apply an 
electric field. (Courtesy of Leybold-Heraeus GMB and Co) 


Figure 31.10 C ircuit for Helmholtz coils 


of a convenient point on XZ are then read from the graduations on S. As shown 


on p. 529, r is given by 


xy! | 
r= 

2y | 

c electrons at the anode A, then, assuming zero f 


Theory. If v is the velocity of th 


velocity at C, their gain in kinetic energy 2 So if V is the anode potenual, 


= ime 
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a eee 
Bstmwek mecs. (1) 


The radius r of the circular path XZ of the beam is given by 


2 
Bev = "= o 
From (1) v? = w(z) 
From (2) v= a) 


2 
So sv (*) =o = (<) 
Me m. 


Cancelling e/m,, age i] EE cm. d3 


Knowing V, r and B, then e/m, can be calculated. k 
The main errors in the experiment are: (i) the difficulty of measuring the 
radius r with accuracy, (ii) B may not be uniform over the whole region of S, 


(iii) error in the voltmeter measuring V. An error in r or in B would produce 
double the percentage error in €/m, since r? and B? occur in (3) above. 


Mass of Electron 


Modern determinations show that 
£ = 176x10! Ckg-! 
m. 


2 Ss e ET MAN . o) 
or : 176 * 1° kgC s : . 


Now from electrolysis the mass-charge ratio for a hydrogen ion is 
1-04 x 1075 kg C !, 
i: ma = 104x107 *kgC-! 
assuming the hydrogen ion carries a charge e numerically equal to that on an 
electron, my being the mass of the hydrogen ion. Hence, with (ii), 
Me _ 1 E 
my 176x104 x10? 1830 


Thus the mass of an electron is about two-thousandths that of the hydrogen 
atom. 


Helical Path of Electrons 
Consider an electron P of charge e, mass m. entering a uniform magnetic field B 
at a small angle 0 with velocity v, Figure 31.11. The component v cos 0 parallel to 
B produces a translational (linear) motion, since no electromagnetic force acts in 
this case. The component v sin @ normal to B, however, produces a circular 
motion. So the electron path is a helix (spiral). Sce Plate 31C, page 768. 
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Figure 31.11 Helical electron path 


The pitch XY of the helix, the distance between neighbouring turns, is given 
by XY = v cos0.T, where T is the period of rotation of the electron. For 


circular motion (see p. 766), 


soia da PE 
so TE ge 
vsinü Be 
Hence T= 2nr L2mm. 
vsind Be 
So 2nm,v cos 0 
XY -vcos0.T— — po 


Ifv = 10°ms~}e/m, = 18x I0!! Ckg ,8— 10°, B=2x10-*T, 
2n x 10° x cos 10° 
then ee ee 17 
XY = 18x10 x2x107* SR 


Thomson's Experiment for e/m 
In 1897, Sir J. J. THOMSON devised an experiment for measuring the ratio 
charge/mass or e/m, for an electron, called its specific charge. 
Thomson's apparatus is shown simplified in Figure 31.12. C and A are the 
cathode and anode respectively, and narrow slits are cut in opposite plates at A 
so that the electrons passing through are limited to a narrow beam. The beam 


v £P. |48 Lys IB 
"TA / S 
pet g m. f 
E deflection 


a 


o scale) 


LIII 
Figure 3112. Thomson ‘s determination of e[m,. for electron (not t 
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then strikes the glass at O, producing a glow there. The beam can be deflected 
electrostatically by a high voltage battery connected to the horizontal plates P, 
Q. or magnetically by means of a current passing through two Helmholtz coils 
on either side of the tube near P and Q. 

The magnetic field B is perpendicular to the paper, and if it is uniform a 
constant force acts on the electrons normal to its motion. With B alone, the 
particles move along the arc HM of a circle of radius ry Figure 31.12 (i). When 
they leave the field, the particles move in a straight line MG aud strike the glass 
atG. * à 

With the usual notation 


k 2 
Mev 
force F = Bev = —“— 
r 
where e is the charge on an electron and m, is its mass. 


xm ELE c . cx 


E 
v= — 


B 


If E is in Vm^! and B is in T, then v is in ms~*. Thomson found that v was 
considerably less than the velocity of light, 3 x 108 ms- ‘so that electrons are 
not electromagnetic waves. 

On substituting for v and r in (i), the ratio charge/mass (e/m.) for an electron 
was obtained. À 

Until Sir J. J. THomson’s experiment, it was believed that the hydrogen 
atom was the lightest particle in existence. As explained on p. 770, comparison 
with the mass-charge ratio of a hydrogen ion showed that the electron was 
about 1/2000th of the mass of the hydrogen atom. 


1 An electron beam passes undeflected with uniform velocity v through two parallel 

plates, when a magnetic field of 0-01 T is applied perpendicular to an electric field between 

the plates produced by a p.d. of 100 V. The separation of the plates is 5 mm. Calculate v. 
For no deflection, 


Bev — Ee 
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So LE 
B dB 
aires. eec 7 et 
3x egre ao m 


2 Describe and give the theory of. i i 
; s y of a method to determine e the el i 
it yes that all electric charges are multiples of e? jp eir ee 
n electron having 450eV of energy moves at right angl i i 
lectro 0 ngles to a uniform magnetic field: 
od density 1-50 x 10 PT. Show that the path of the electron is a circle t find its 
radius. Assume that the specific charge of the electron is 1:76 x 10!! Ckg" '. (L) 


With the usual notation, the velocity v of the electron is given by 
4m.v? = eV, where V is 450 V 
m 
P" aeu iesu al 


The path of the electron is a circle because the force Bev is constant and 
always normal to the electron path. Its radius r is given by 


2 
P 
m.v ml eV 
pees = 
PB cB iem eat 
1 meV 
=P f e 


A 176x101} Ckg- !, V = 450V, B = 15x10-°T 


rot 1 2x450 
“T= 75x 10-3 y 176% 10"* 


—48x107?m 


Now e/me 


rop of mass 6x 10^ 15 kg falls vertically in air with a steady velocity 

part. When a p.d. of 3000 V is applied 

velocity at an angle of 58° to the 
10ms~?.) 


3 A charged oil d 
between two long parallel vertical plates 5 mm aj 
between the plates, the drop now falls with a steady 
vertical. Calculate the charge Q on the drop. (Assume g = 


The drop falls with steady velocity due to the viscosity of the air. Neglecting 


the upthrust, if v; is the vertical velocity 
downward force on drop — upward viscous force 


mg = kv, 


or 
ectric field of intensity E is applied, 


Similarly, when the el 
horizontal force on drop = EQ = kv; 
where v; is the horizontal velocity. " 
By vector addition, if 0 is the angle to the vertical, 
EQ 


v. 
tand=— = 
v, mg 


ih. - 
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Now E= e y= 6x10 Vm 
tan 58° = £o - MIL = 10'°9 
Q- A 16x 1079€ 
Exercises 31A 
Electrons 


1 Electrons are accelerated from rest by a p.d. of 100 V. What is their final velocity? 
The electron beam now enters normally a uniform electric field of intensity 

105 V m !. Calculate the flux density B of a uniform magnetic field applied : 

perpendicular to the electric field if the path of the beam is unchanged from its 

original direction. Draw a sketch showing the electron beam and the two fields. 

(Assume e/m, = 1:8 x 10!! Ckg~!) 

2 A beam of protons is accelerated from rest through a potential difference of 2000 V 
and then enters a uniform magnetic field which is perpendicular to the direction of 
the proton beam. If the flux density is 0-2 T calculate the radius of the path which 
the beam describes. (Proton mass = 1-7 x 10727 kg. Electronic charge = 
—16x 107 1°C.) (L.) 

3 (a) State what is meant by thermionic emission. 

Explain why, in early applications of thermionic emission, tungsten was used 
as the emitting material, while nowadays oxide-coated metals are preferred. 

(b) A potential difference of 2-0 kV is maintained between a heated thermionic 
cathode and a collector electrode in a vacuum, the latter being the more 
positive. Calculate the speed of electrons striking the collector. ) 

Determine the initial rate of rise of temperature of the collector when the | 
potential difference is applied if the electron current is 0-105 mA and the thermal 
capacity of the collector is 2-10J K ^ !. 

(Specific charge of the electron, e/m, = — 1:76 x 10!! C kg^') 

(c) A beam of electrons moving at a speed v is allowed to enter a region where a 
uniform magnetic field of flux density B acts in a direction perpendicular to the 
beam's path. State the magnitude and direction of (i) the force acting on one of 
the electrons (ii) the acceleration of one of the electrons. 

Explain (iii) the subsequent shape of the electron path, (iv) whether the 
speed of the electrons would change, (v) whether the velocity of the electrons 
would change. (L.) 

4 (a) Describe an experiment to determine the ratio of the charge to the mass (e/m) for 

an electron. Show how the result is derived from the observations. ' 

(b) In an evacuated tube electrons are accelerated from rest through a potential 
difference of 3600 V and then travel in a narrow beam through a field free space | 
before entering a uniform magnetic field the flux lines of which are 1 | 
Perpendicular to the beam. In the magnetic field the electrons describe a circular 
arc of radius 0-10 m. Calculate (i) the speed of the electrons entering the 
magnetic field, (ii) the magnitude of the magnetic flux density. 

(c) Ifan electron described a complete revolution in a magnetic field how much 
energy would it acquire? (e/m = 1-8 x 101! Ckg^!)(JMB) 

5 Give an account ofa method by which the charge associated with an electron has 
been measured. 

Taking this electronic charge to be — 1-60 x 10719 C, calculate the potential 
difference in volt necessary to be maintained between two horizontal conducting 
plates, one Smm above the other, so that a small oil drop, of mass 1-31 x 107 !*kg 

With two electrons attached to it, remains in equilibrium between them. Which plate | 

would be at the positive potential? (g =98ms~?)(L) 


Electrons: Motion in Fields, The Cathode-Ray Oscilloscope — .775 


6 Describe an experiment to determine the ratio of the charge to the circ 

Draw labelled diagrams of Rt ipi pr 

(a) the apparatus, 

(b) any necessary electrical circuits, 

and show how the result is calculated from the observations. 

Two plane metal plates 4-0 cm long are held horizontally 30cm apart in a 
vacuum, one being vertically above the other. The upper plate is at a potential of 
300 V and the lower is earthed. Electrons having a velocity of 1-0 x 10" ms" ' are 
injected horizontally midway between the plates and in a direction parallel to the 
4:0 cm edge. Calculate the vertical deflection of the electron beam as it emerges from 
the plates. (e/m for electron = 1-8 x 10!! Ckg` '.) (JMB.) 

7 (a) A charged oil drop falls at constant speed in the Millikan oil drop experiment 
when there is no p.d. between the plates. Explain this. 

(b) Such an oil drop, of mass 4-0 x 10° ! 5 kg, is held stationary when an electric field 
is applied between the two horizontal plates. If the drop carries 6 electric 
charges each of value 1-6 x 10^ !? C, calculate the value of the electric field 
strength. (L.) 

8 (a) Describe an experiment to determine the charge to mass ratio of electrons, 
indicating clearly the measurements made. How is the value of e/m calculated 
from them? What information from the experiment indicates that electrons are 


negatively charged? 


(b) 


Figure 31A 


A beam of electrons, travelling with a veloci x à 
point O (x — 0, y — 0)a region of uniform electric field provided by applying a 


voltage V between plates A and B, separated by a distance d in the y-direction, 


Figure 31A. The electrons are deflected towards A as shown, the point P (x, y 


ty v in the x-direction, enters at 


along the trajectory. (i) Is the potential of plate A positive or 
respect to B? (ii) In terms of distance x, calculate the angle — 
Prove that the path is 


being a point 
negative with 
between the x-direction and the electron beam at P. (iii) 
parabolic, namely y = ax?, and find the value of a. T3) 
The position of the electron source is moved so that the directi on of the 
incoming beam at point O is now at an angle 0 to the x-direction towards plate 
B. The initial speed is unchanged. (iv) Find the distance L along the x-axis at 
which the beam again has y = 0. (v) Explain how this effect could be used as 
the basis for a velocity selector for electrons. (0.& C.) 
9 (a) Explain how a beam of electrons may be produced in a vacuum tube, and — 
describe an arrangement by which the beam may be deflected by a magnetic 
field. Draw a diagram showing clearly the directions of the beam, the field and 


the deflection. j j 

(b) An electron moving at velocity v passes simultaneously through a magnetic field 
of uniform flux density B and an electric field of uniform intensity E. It emerges 
with direction and speed unaltered. (i) Explain how the fields are arranged to 
achieve this result. (ii) Derive the relationship between v, Band E. 

(c) An electron is travelling at 20 x 10* ms- 1 at right angles to a magnetic field of 

flux density 1:2 x 10 5 T; its path is a circle. Uniform circular motion of an 

ied by the emission of electromagnetic radiation of the 


f the circular motion. 


electron is accompani 
same frequency as that o 
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(Take the specific charge of the electron e/m, to be 1-8 x 10!" Ckg^!, and the 
speed of electromagnetic waves in air c to be 30 x l0* ms" ") (i) Explain why 
the path of the electron is a circle. (ii) Calculate the radius of the circle. 

(iii) Calculate the frequency of the circular motion of the electron, | 
(iv) Calculate the wavelength of the electromagnetic radiation emitted and 
identify in which part of the electromagnetic spectrum this radiation lies. 
(v) How would this wavelength be affected by a decrease in the speed of the 
electron? (0.) 
10 Define magnetic flux density (B). Describe how the variation in B along the axis both 
inside and outside a long solenoid carrying a current may be investigated. Sketch a 
graph showing the results you would expect to obtain. 


Figure 31B 


Figure 31B represents a long solenoid in which a steady current is flowing. An 
electron is emitted at P with an initial velocity v in the direction shown. By 
considering the components of y (i) perpendicular to the axis, and (ii) parallel to 
the axis, deduce the path the electron will follow. If the value of v is 20 x 10°ms7! 
and the flux density at P is 3-0 x 107* T, at what distance along the axis will the | 
electron next cross it? (The specific charge of an electron, ¢/m,, may be assumed to 
2] 


11 Show that ifa free electron moves at right angles to a magnetic field the path is a 


_ Ifthe path of the electron is a circle, prove that the time for a complete revolution 
is independent of the speed of the electron. 

In the ionosphere electrons execute 1-4 x 10° revolutions in a second. Find the 
strength of the magnetic flux density B in this region. (Mass of an 
electron = 9-1 x 10-31 kg; electronic charge = 1-6 x 10-19 C)(C) 

12 The electron is stated to have a mass of approximately 1073? kg and a negative 
charge of approximately 1-6 x 107 !? C. Outline the experimental evidence for this 
statement. Formulae may be quoted without proof. You are not required to justify 
the actual numerical values quoted. 


An oil drop of mass 3-25 x 107 !5 kg falls vertically, with uniform velocity, 


subsequently to one at 37° to the vertical, what conclusions can be drawn? (0. & C.) 
13 An electron with a velocity of 10" ms~! enters a region of uniform magnetic flux | 
density of 0-10 T, the angle between the direction of the field and the initial path of 
the electron being 25°. By resolving the velocity of the electron find the axial | 
v helical path. Assume that the motion occurs in a 
vacuum and illustrate the path with a diagram. (e/m = 1-8 x 101! Ckg !)(JMB) 


14 Give an account of Millikan's experiment for determining the value of the electronic 


charge e. 
In a Millikan-type apparatus the horizontal i | 
a 1 u i plates are 1-5 cm apart. With the 
T Lo ibaa offan oil drop is observed to fall with the steady velocity f 
s 


~". When the field is switched on th i itive, the 
drop just remains stationary when the p.d. bet Ceres si 


(a) Calculate the radius of the drop. 


ween the two plates is 1500 V. | | 


15 


16 
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(b) How many electronic charges does it carry? 

(c) If the p.d. between the two plates remains unchanged, with what velocity will the 
drop move when it has collected two more electrons as a result of exposure to 
ionising radiation? (Oil density = 900 kg m~ °, viscosity of air = 
18x 1075 Nsm^2)(0.& C.) 

A heated filament and an anode with a small hole in it are mounted in an evacuated 

glass tube so that a narrow beam of electrons emerges vertically upwards from the 

hole in the anode. A uniform magnetic field is applied so that the electrons describe 

a circular path in a vertical plane. 

(a) Draw a diagram showing the path of the electrons and indicate the direction of 
the magnetic field which will cause the beam to curve in the direction you have 

_ shown. Explain why the path is circular. 

(b) Derive an expression for the specific electronic charge (¢/m) of the electrons in 
terms of the p.d. between the anode and filament, V, the radius of the circular 
path, r, and the magnetic flux density, B. 

(c) What value of B would be required to give a radius of the electron path of 2 r, 
assuming that V remains constant? If B is now held constant as its new value, 
what value of V will restore the beam to its former radius? 

(d) Describe and account for the changes in (ikineticenergy, (ii) momentum 
which an electron undergoes from the instant it leaves the heated filament with 
negligible velocity until it has completed a full circle in the magnetic field. 
(JMB.) 

An electron charge —e and mass m is initially projected with speed vat right angles 

to a uniform field of flux density B. Show that the electron moves in a circular path 

and derive an expression for the radius of the circle. Show also that the time taken 
to describe one complete circle is independent of the speed of the electron. 


17 


.. the electrons to rest. 


Figure 31C 


Electrons are emitted with negligible speed, in vacuo, from a filament F. They are 
accelerated by a potential difference of 1200 V applied between the plates S, and F, 
as shown in Figure 31C. The electrons are collimated into a narrow horizontal 
beam by passing through holes in S, and in a second plate S, which is at the same 
potential as S,. The electron beam subsequently enters the space between two large 
parallel horizontal plates P, and P3 which are 0:02 m apart. The point of entry is 
midway between the plates. The mean potential of P, and P; is equal to that of S, 
but P, isata positive potential of 150 V with respect of P, Neglecting the effect of 
gravity and of non-uniform fields near the plate boundaries, calculate the distance x 
travelled by the electrons between P, and P, before they strike P,. (0. & C) i 
Give an account of an experiment to obtain the value of the charge associated with 


the electron. sone 

An electron beam after being accelerated from rest through a potential difference 
of 5000 V in vacuo is allowed to impinge normally on a fixed surface. ifthe incident 
current is 50 pA determine the force exerted on the surface assuming that it brings 
(e = 16% 10°C) (L) 
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Cathode-Ray Oscilloscope (C.R.O.) 


brightness focus Signal time-base 


PA 
graphite 


-1030vV -500V © 


-1000v 


Figure31.13 4 cathode-ray oscilloscope tube 


The inner walls of the tube are coated with graphite, which is connected to the 
final anode A. This makes the space beiween A; and S an equipotential volume 
So that the Speed of the electrons is maintained from A; to S. z 
The brightness of the light on the screen is controlled by an electrode G in 
front of the filament F. IfG is made more negative in potential relative to F, the 
increased repulsive force reduces the number of electrons per second passing G. 


illustrates a potential divider arrangement for the simple cathode-ray oscillo- 
scope shown. The anode A», tube and screen are earthed; A, has a varying 
voltage for the focus control as explained soon; and the brightness control G has 
a iomas negative potential relative to the potential of F, which is about 
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positive, the electrons in the beam would be attracted towards that plate, 

, and 
the beam would be deflected upwards. In the same way, the id can be 
deflected horizontally by a potential difference applied between the X-plates. 


fly -back 
| sweep 
S 
a 
time —e 
(i) p.d. applied to (ii) trace of spot on 
X-plotes screen 


Figure 31.14 Action of a C.R.O. time-base 


then falls rapidly to zero. It can be made to go through these changes tens, 
hundreds, thousands or millions of times per second. This time-base voltage is 
applied between the X-plates, so that the spot is swept steadily to the right, and 
then flies swiftly back and starts out again. The horizontal motion provides the 
time-base of the oscillograph. On it is superimposed the vertical motion 
produced by the Y-plates. Then as shown in Figure 31.14 (ii), the wave-form of 
the voltage to be examined can be displayed on the screen. 

pe, the two Y-plates are joined to terminals labelled 


In a double beam oscillosco, 
Y, and Y; respectively. An earthed plate between the plates splits the beam into 
two halves. One half can be deflected by an input voltage connected to Y, and 


the other half can be deflected by another input voltage connected to Y ;. With a 
common time-base applied to the X-plates, two tracesycan be obtained on the 
screen and two different waveforms, from Y, and Y; respectively, can thus be 


compared. 


Focusing 
To give a clear trace on the screen, the electron beam must be focused to a sharp 
spot. This is the purpose of the cylinders A, and As, called the first and second 
anodes. 

Figure 31.15 shows the equipotentials of the field. between them, when their 
difference of potential is 500 volts. Electrons entering the field from the filament 
experience forces from low potential to high at right angles to the equipotentials. 
They have, however, considerable momentum, because they have been ac- 
celerated by a potential difference of about 500 volts, and are travelling fast. 
Consequently the field merely deflects them, and, because of its cylindrical 
symmetry, it converges the beam towards the point P. Before they can reach this 
point, however, they enter the second cylinder. Here the potential rises from the 
axis, and the electrons are deflected outwards. However, they are now travelling 


ah >, 
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500 volts 


electrons 


A, Aa 


Figure 31.15 F. ocusing in an oscilloscope tube b y electron lens 


Electron-focusing devices are called electron lenses, or electron-optical 
Systems. For example, the action of the anodes A, and A; is roughly analogous 
to that of a pair of glass lenses on a beam of light, the first glass lens being 
converging, and the second diverging, but weaker. 


C.R.O. Supplies 
The necessary voltage supplies or circuits for a cathode-ray oscillograph or 
oscilloscope are shown in block form in Fi igure 31.16. 

1 The power pack supplies e.h.tL—very high d.c. voltage for the tube 
electrodes such as the electron lens; h.t.—rectified and smoothed d.c. voltage for 
the amplifiers, for example; and 1.t.—low a.c. voltage such as 6:3 V for the valve 
heaters. f 

2 Tube controls. The brightness and focus, and correction of astigmatism, 
are controlled by varying the voltage of the appropriate tube electrode. ; 

Y- or Input-Amplifier. This is a variable gain linear amplifier which 
amplifies the signal applied to the Y-plates. 

4 Y-shift. This is in the Y-amplifier circuit and shifts the signal trace up or 
down on the screen, 


Input (Y-) 


time- base 


Figure 31.16 Voltage supplies for oscilloscope 


P 
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5 Time-base. This is a ‘sawtooth’ oscillator (p. 779). In the oscillator circuit, 
the feedback can be adjusted with stability control until the oscillator is just not 
free running, and the trigger is then applied to ‘lock’ the trace. 

6 Trigger unit. This applies a triggering pulse to the time-base oscillator 
from the Y- or input-voltage. The time-base frequency is then synchronised 
("locked") with that of the input signal, so that a statfonary trace is obtained on 
the screen. : 

7 Time-base amplifier. This amplifies the time-base voltage and applies it to 
the X-plates. The trace can be made to expand or contract horizontally by 
varying the amplification. 

8 X-shift. This shifts the time-base horizontally to the left or right. 

Oscilloscope controls are shown in Plate 31D. The voltage sensitivity of the 
Y-plates is the ‘voltage per cm (or mm) vertical deflection of the electron beam 
and the time-base is the ‘time per cm’ horizontal deflection of the electron beam 
due to the X-plates, so that voltage and time can be measured. 


en A 
RAER ANNELI 


owing the Lissajous figure obtained. when the fre- 
quencies on the X and Y-plates are in the ratio 1:3. In this modern double-beam instrument, 


the time-base (X-deflection) ranges from 1 uscm- 1 to 100mscm ! and the voltage 
sensitivity (Y-deflection) from 2mVcm ! to 10V em 1, (Courtesy of Scopex Instruments 
Ltd) 


Plate 31D Oscilloscope display, sh 


Uses of Oscilloscope 
In addition to displaying waveforms, the oscilloscope can be used for measure- 


ment of voltage, frequency and phase, and act as a clock. 


1 A.C. voltage j ; 

An unknown a.c. voltage, whose peak value is required, is connected to the 
Y-plates. With the time-base switched off, the vertical line on the screen is 
centred and its length then measured, Figure 31.17 (). This is proportional to 
twice the amplitude or peak voltage, Vo. By measuring the length corresponding 


known a.c. voltage V, then Vp can be found by proportion. 
v ATERN using the same gain, the waveforms of the unknown and known 
voltages, Vo and V, can be displayed on the screen. The ratio V/V is then 
obtained from measurement of the respective peak-to-peak heights. 
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A N A ^ 
2:4 cm 


(ii) (iii) 


peak 


d 
(i) 


Figure 31.17 Uses of oscilloscope 


In Figure 31.17 (ii), for example, the trace shown is that of an alternating 
waveform with the time-base switched to the ‘Sms/cm’ scale. This means that 


milliseconds. The horizontal distance on the screen for one cycle is 24 cm. This 
corresponds to a time of 5 x 24 ms or 12.0 ms = 12 x 10 ^? seconds, which is the 
period T. 


; 1 1 
SERE ME EI 
If a comparison of frequencies f,, f, is required, then the corresponding 
horizontal distances on the screen for one or more cycles are measured. Suppose 
these are d,, d; respectively. Then, since f oc 1 /T, 

ALT. d, 

Jas ordi 


= 83 Hz 


3 Measurement of phase 
The use of a double beam oscilloscope to measure phase difference between 
two a.c. voltages is given on P- 474. With the time-base switched off, in the single 


The trace is centred, and peak vertical displacement y2 at the middle O, and 
the peak vertical displacement y, of the ellipse, are then both measured. Suppose 
the x-displacement is given by x =asin wt, where a is the amplitude in the 
x-direction, and the y-displacement by y = Yısin(wt +ø), where y, is the 
amplitude in the y-direction and 9 is the phase angle. When x — 0, sin œt = 0, so 
that wt = 0. In this case, y = Y2 = y,sin o. Hence sing = ¥2/y,, from which 9 
can be found. See also p. 89. 

The frequencies f, and J, of two a.c. voltages can also be compared by 
Connection to the X- and Y-inputs respectively of the oscilloscope. As shown in 
the osdilloscope display in Plate 31D, a Lissajous figure is obtained. Generally, 
ifa horizontal line makes n, intersections with the Lissajous figure and a vertical 
line makes n, oscillations, then f.: y = Ny:n,. So if the frequency ratio Sih = 
2:1, a figure of eight is obtained on the screen. In Plate 31 D, the ratio 

Sy = 1:3, since n, = 6 and n, = 2. Here the beam moves horizontally through 
one cycle in the same time as it moves vertically through three cycles. 
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4 Useas clock 

In measuring frequency, the time-base provides a value of a time interval. 
The time is needed in radar for calculating the distance of an aeroplane from a 
station or aerodrome. 


Figure 31.18 C. R.O. as clock 


. Figure 31.18 illustrates the principle. Using a time-base of 10 microseconds per 
millimetre (10 us mm" !), AB is the horizontal trace. A radar signal sent at C to a 
distant plane arrives back at D, 40mm from C. So the time for the signal to 
travel to the plane and back = 40 x 10 x 1075s = 4x 1074s. Now a radio signal 
travels through space with a speed of 300000 km s 1 (3x 105 ms t). So 


to-and-fro distance of plane = 4 x 107+ x 300000 = 120km 
and distance of plane = } x 120 = 60km 


es lest Aine M ER OICIESS IB Aor ae ie eR eS eee ate, 


1 An oscilloscope is used to measure the time it takes to send a pulse of charge along a l 
200-m length of coaxial cable and back again. Figure 31D shows the appearance of 
the oscilloscope screen, A indicating the original pulse and B the same pulse after 


reflection. 


O 


Figure 31D 


If the time base speed is set at 10 mm us 1 calculate the speed of the pulse along 

the cable. (L.) : te ngas der f 
2 Acathode-ray oscilloscope has its Y-sensitivity set to 10 V cm !. A sinusoidal input is 

suitably applied to give a steady trace with the time base set so that the electron beam 
takes 0-01 s to traverse the screen. If the trace seen has a total peak to peak height of 
40cm and contains 2 complete cycles, what is the r.m.s. voltage and frequency of the 


i ignal? (L. 
M REUS (9 of frequency 1250 Hz is applied to the Y-plates of a 


3 Whenasine-form voltage Z to the [ 
cathode ly oscilloscope the trace on the tube is as shown in Figure 31E (i). 


am. dli 
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Figure 31E 


Ifa radar transmitter sends out short pulses, and at the same time gives a voltage 
to the Y-plates of the oscilloscope, with the time-base setting unchanged, the 
deflection A is produced as shown in Figure 31E (ii). An object reflects the radar pulse 
which, when received at the transmitter and amplified, gives the deflection B. What is 
the distance of the object from the transmitter? (Speed of radar waves — 
3x 105 ms! )(L.) 

4 (a) Drawa clear labelled diagram showing the essential features of a single beam 
cathode-ray oscilloscope tube, Explain, without giving circuit details, how the 
brightness and focusing of the electron beam are controlled. 

(b) What is the time-base in an oscilloscope? Sketch a graph showing the variation 
of time-base voltage with time. 
(c) How would you use an oscillosco 
measure the freq 
of 50 Hz? 


pe, the time-base of which is not calibrated, to 
uency of a sinusoidal potential difference which is of the order 


may be represented by x — 


h focusing and the brightness of the spot on the screen 
are controlled. (ii) What is the function of the linear time-base in an 


oscilloscope? (iii) Why is the tube ofa cathode-ray oscilloscope always mounted 


inside a metal screen of very high magnetic permeability? Explain how the screen 
achieves its purpose. 


(b) Explain in detail how you would use an o: 
waveform ofthe musical note emitted by a clarinet: (ii) to check the frequency 
calibration of an audio sine-wave oscillator at any one chosen frequency (you 


ney of the mains supply is 50 Hz exactly); (iii) to 
measure the r.m.s. value of a sinusoidal alternating current of about 02 A flowing 


scilloscope: (i) to observe the 


6 One sinusoidal voltage alternating at 50 Hz is connected across the X-plates of a 
cathode-ray oscilloscope and another 50 Hz sinusoidal alternating voltage of 


itude is connected across the Y-plates. Sketch what 


SN 


sé 


o lam—-— 800 eee 


poen 
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you would expect to observe on the screen if the phase diference between the 
voltages is 
(a) zero, 
(b) 7/2, 
(c) n/4. 

If the voltage on the X-plates is replaced by a 100 Hz sinusoidal alternating voltage 
of similar amplitude sketch what you would observe on the screen. 

Explain briefly why figures of this type are useful in the study of alternating 
voltages. (J MB.) 
Explain what is meant by 
(a) a linear time-base, 
(b) a sinusoidal time-base, in a cathode-ray oscilloscope. 

The X and Y deflection sensitivities of a cathode-ray oscilloscope are each 
5V cm. A sinusoidal potential difference alternating at 50 Hz and of r.m.s. value 
20 V is applied to the Y-plates of the instrument. A potential difference of the same 
form and frequency but of r.m.s. value 10 V is simultaneously applied to the X- 
plates. Sketch and explain the pattern seen on the oscilloscope when the potential 
differences are 
(a) in phase, 
(b) 90° out of phase. 

Indicate the appropriate dimensions on your sketches. (JM B.) 
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Junction Diode. Transistor 


and Applications 


In this chapter, we consider semiconductors and their 
applications in junction diodes and transistors. We begin with the 
different kinds of energy bands in solids with special reference to 
semiconductors such as silicon and then discuss the electron and 


“hole carriers and their action in junction diodes and transistors. 


Rectifier circuits, amplifier circuits and switching circuits are 
then described. 


Energy Bands in Solids 


As we see later, the allowed energy levels in a single atom are discrete (separate) 
and spaced widely apart. In the solid state, however, as in a crystal, large 
numbers of atoms are packed closely together, and the electrons are influenced 
strongly by the assembly of nuclei. The aliowable energy levels then broaden into 
hands of energy, Figure 32.1 (i). The bands contain allowable energy levels very 
close to each other, as at P. There may also be forbidden bands of energy, as at Q, 


r 


crystal atom 


EE t 


energy 


interatomic distance 
(i) 


Eenduction 
Ini 
ess. 
n conduction 
d forbinen electrons 


ZF Milled) (parti 
insulat filled : 
insulator pure semiconductor 

(room temperature) 


(ii) 


Figure 32.1 Energy bands in solids 
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which electrons cannot occupy. The lowest available energy band is called the 
valence band. The next available energy band is called the conduction band. 

In an insulator, the valence band energy levels are completely filled by 
electrons. The conduction band is empty and the two bands are separated by a 
wide energy gap called the ‘forbidden’ band, Figure 32.1 (ii). This is much greater 
than kT in magnitude where k is the Boltzmann constant (p. 687). The electrons 
in the valence band, like molecules in a gas, have thermal energy of the order kT 
but at room temperature they cannot gain sufficient energy from an applied p.d. 
to move to higher unoccupied energy levels. So the material is an insulator. 

Semiconductors are a class of materials with a narrow forbidden band between 
the valence and conduction bands; the energy gap is of the order kT. At 0K, all 
the energy levels in the valence band are occupied and the material is then an 
insulator. At normal temperatures, howéver, the thermal energy of some valence 
electrons, of the order KT, is sufficient for them to reach the conduction band, 
where they may become conduction electrons. The gap left in the valence band of 
energies by the movement of an electron is called a hole, Figure 32.1 (ii). In 
semiconductor theory, both holes and conduction electrons play an active part, 
as we soon sce. 
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Figure 32.2 Bands in metal 


In metals, however, the valence and conduction bands can overla p, as shown 
diagrammatically in Figure 32.2. The electrons in the overlapping region of 
energy arc conduction electrons. Since there is a large number of conduction 
electrons, metals are good conductors. 


Semiconductors, Electron and Hole Charge Carriers 
Semiconductors have a resistivity about ten million times higher than that of a 
good conductor such as copper. Silicon and germanium are examples of 
semiconductor elements widely used in the electronics industry. 

Silicon and germanium atoms are tetravalent. They have four electrons in 
their outermost shell, called valence electrons. One valence electron is shared 
with each of four surrounding atoms in a tetrahedral arrangement, forming 
‘covalent bonds’ which maintain the crystalline solid structure. Figure 32.3 (i) is a 
two-dimensional ivj;72sentation of the structure, showing diagrammatically four 
silicon atoms, each having four valence electrons round them. 
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Figure 32.5 N- and P-semiconductors 


The conductivity ø of an n-semiconductor increases with temperature from 
very low temperatures to about 250 K as more electron-hole pairs are formed. 
But from 250K to about 650K, o decreases with temperature rise. In this 
temperature range the increase in electron-hole pairs is more than counteracted 
by the increase in the metal lattice vibration, which impedes the motion of the 
carriers. 


P-Semiconductors 

P-semiconductors are made by adding foreign atoms which are trivalent to pure 
germanium or silicon. Examples are boron or indium. In this case the reverse 
happens to that previously described. Each trivalent atom at a lattice site 
attracts an electron from a neighbouring atom, thereby completing the four 
valence bonds and forming a hole in the neighbouring atom. In this way an 
enormous increase occurs in the number of holes. Thus in a p-semiconductor, 
the majority carriers are holes or positive charges. The minority carriers are 
electrons, negative charges, which are thermally generated, Figure 32.5 (ii). The 
impurity atoms are called acceptors in this case because each ‘accepts’ an 
electron when the atom is introduced into the crystal. 


Summarising: In an n-semiconductor, conduction is due mainly to negative 
charges or electrons, with positive charges (holes) as minority carriers. In a p- 
semiconductor, conduction is due mainly to positive charges or holes, with negative 
charges (electrons) as minority carriers. 


P-N Junction 
By a special manufacturing process, p- and n-semiconductors can be melted so 
that a boundary or junction is formed between them. This junction is extremely 
thin and of the order 107? mm. It is called a p-n junction, Figure 32.6 (i). 
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and electrons 


junction 
(i) (id) 


Figure 32.6 n-p junction and barrier p.d. 
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When a scent bottie is opened, the high concentration of scent molecules in the 
bottle causes the molecules to diffuse into the air. In the same way, the high 
concentration of holes (positive charges) on one side of a p-n junction, and the 
high concentration of electrons on the other side, causes the two carriers to 
diffuse respectively to the other side of the junction, as shown diagrammatically 
in Figure 32.6(). The electrons which move to the p-semiconductor side 
recombine with holes there. These holes therefore disappear and an excess 
negative charge A appears on this side, as shown in Figure 32.6 (ii). 

Ina similar way, an excess positive charge B builds up in the n-semiconductor 
when holes diffuse across the junction. Together with the negative charge A on 
the p-side, an e.m.f. or p.d. is produced which opposes more diffusion of charges 
across the junction. This is called a barrier p.d. and when the flow ceases it has a 
magnitude of a few tenths of a volt. The narrow region or layer at the p-n 
junction which contains the negative and positive charges is called the depletion 
layer. The width of the depletion layer is of the order 10^? mm. 


Junction Diode as Rectifier 
When a battery B, with an e.m.f. greater than the barrier p.d., is joined with its 
positive pole to the p-semiconductor, P, and its negative pole to the n-semi- 
conductor, N, p-charges (holes) are urged across the p-n junction from P to N 
and n-charges (electrons) from N to P, Figure 32.7 (i). 

We can understand the movement if we consider the + ve pole of the battery 
to repel + ve charges (holes) in the p-semiconductor and the — ve pole to repel 
the — ve charges (electrons) in the n-semiconductor. Thus an appreciable current 
OA is obtained. The p-n junction is now said to be forward-biased, and when the 
applied p.d. is increased, the current increases along the curve OA. 


forward bias reverse bias 


(i) (ii) (ii) 


Figure 327 Junction diode characteristics 


When the poles of the battery are reversed, only a very small current flows. 
Figure 32.7 (ii). In this case the p-n junction is said to be reverse-biased. This time 
only the minority carriers, negative charges in the p-semiconductor and positive 
charges in the n-semiconductor, are urged across the p-n junction by the battery. 
Since the minority carriers are thermally-generated, the magnitude of the reverse 
current OB depends only on the temperature of the semiconductors. It may also 
be noted that the reverse-bias p.d. increases the width of the depletion layer, 
since it urges more electrons in the p-semiconductor and holes in the n- 
semiconductor further away from the junction. 
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The characteristic (Z-V ) curve AOB in Figure 32.7 (iii) shows that the p-n 
junction acts as a rectifier. It has a low resistance for one direction of p.d., + V, and 
a high resistance in the opposite p.d. direction, — V. 


It is called a junction diode. In the diode symbol in Figure 32.7, the low resistance 
is from left to right (towards the triangle point) and the high resistance is in the 
opposite direction. The junction diode has several advantages, for example, it 
needs only a low voltage battery B to work; it does not need time to warm up; it 
is not bulky; and it is cheap to manufacture in large numbers. 


Full Wave Rectification, Bridge Circuit 
Figure 32.8 (i) shows how four diodes, two D1 and two D2, can be arranged in a 
so-called bridge circuit to measure alternating current using a moving-coil meter 


On the positive half of the a.c. cycle of V, suppose the p.d. has its +ve side 
connected to R. The current then flows through the low-resistance path RSQP 
back to V. On the negative half of the same a.c. cycle, the + ve side of the p.d. is 
now joined to P. So the current now flows through the low-resistance path 
PSQR back to V. 


I4 (meter) average 


d.c. 
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(i) alternating 
current 


Figure 328 Bridge rectifier circuit -a.c. measurement 


So on both halves of the cycle, the current flows the same way through the 
meter M. Figure 32.8 (ii) shows the alternating p.d. V and Figure 32.8 (iii) the 
varying current through M, which has an average positive or direct current (d.c.) 
value. So the meter registers a deflection, and the scale is calibrated in r.m.s. 
values of current or p.d. The r.m.s. value = 1-1 x average value in meter M. 


Full Wave A.C. Voltage Rectification by Bridge Circuit 
In a.c. mains transistor receivers, diodes are used to rectify the alternating mains 
voltage and to produce steady of d.c. voltage needed for the circuits in the 
receiver. 
, Figure 32.9 shows a bridge circuit which produces full-wave rectification four 
diodes are used, and the action is similar to that described for the measuring a.c. 
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Figure 32.9 Bridge rectifier circuit —d.c. voltage from a.c. mains 


with a moving-coil meter. Using a transformer, the mains a.c. voltage between P 
and Q is applied to the circuit. : 

On one half of a cycle, when P is +ve relative to Q, only the diodes D, 
conduct. On the other half of the same cycle, only the diodes D, conduct. In both 
cases the current goes through the resistor R in the same direction. Figure 32.9 (ii) 
shows the varying voltage across R; it is a varying d.c. voltage, so rectification is 
obtained. 

The large (electrolytic) capacitor C is used to produce a large and fairly steady 
d.c. voltage. C charges up to the peak value of the applied a.c. voltage and then 
discharges through R when this voltage begins to decrease. If the discharge takes 
place slowly (which depends on the time-constant CR) then C becomes re- 
charged to the peak value of the voltage again. The charge-discharge process 
takes place continuously and so the voltage across the C-R combination is a 
‘tipple’ voltage as shown diagrammatically in Figure 32.9 (ii). With R alone, the 
average d.c. voltage would only be about two-thirds of the peak voltage. With 
the C-R arrangement, the average d.c. voltage is nearly equal to the peak voltage 
value, which is better, and so this removes (filters) the voltage variation. 


Zener Diode 
When the reverse bias or p.d. is increased across a p-n junction, a large increase 
in current is suddenly obtained at a voltage Z, Figure 32.10 (i). This is called the 
Zener effect, after the discoverer. It'is partly due to the high electric field which 


=V (reverse bias) 


voltage 


(i) (ii) 


Figure 32.10 Zener diode and voltage regulation 
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exists across the narrow p-n junction at the breakdown or Zener voltage Z, 
which drags more electrons from their atoms and thus increases considerably the 
number of electron-hole pairs. Ionisation by collision also contributes to the 
increase in carriers. 

Zener diodes are used as voltage regulators or stabilisers in circuits. In Figure 
32.10 (ii), a suitable diode D is placed across a circuit L. Although the battery 
supply B may fluctuate, and produce changes of current in L and D, if R is 
suitably chosen, the voltage across D remains practically constant over a reverse 
current range of tens of milliamperes at the Zener voltage shown in Figure 
32.10 (i). The voltage across L thus remains stable. 


The Transistor 

The junction diode is a component which can only rectify. The transistor is a 
more useful component; it is a current amplifier. A transistor is made from three 
layers of p- and n-semiconductors. They are called respectively the emitter (E), 
base (B) and collector (C). Figure 32.11(i) illustrates a p-n-p transistor, with 
electrodes connected to each of the three layers. In a n-p-n transistor, the emitter 
is n-type, the base is p-type and the collector is n-type, Figure 32.11 (ii). The base 
is deliberately made very thin in manufacture. The transistor is thus a three- 
terminal device. 


(i) (ii) 


Figure 32.11 Transistors and symbols 


Figure 32.11 shows the circuit symbols for n-p-n and p-n-p transistors. The 
arrows show the directions of conventional current (+ ve charge or hole 
movement) between the emitter E and base B, so electrons would flow in the 
Opposite direction. In an actual transistor, the collector terminal is displaced 
more than the others for recognition or has a dot near it. 


i Current Flow in Transistors 

Figure 32.12 (i) shows batteries correctly connected to a p-n-p transistor. The 
emitter-base is forward-biased; the collector-base is reverse-biased; and the base 
ts common. This is called the common-base (C-B) mode of using a transistor. 
Note carefully the polarities of the two batteries. The positive pole of the supply 
voltage X is joined to the emitter E but the negatite pole of the supply voltage Y 
is joined to the collector C. In the case of a n-p-n transistor, the negative pole of 
one battery is joined to the emitter and the positive pole of the other is joined to 
the collector, Figure 32.12 (ii). In this way the emitter-base is forward-biased and 
the collector-base is reverse-biased. 
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Figure 32.12 Transistor action 


Consider Figure 32.12 (i). Here the emitter-base is forward biased by X, so that 
positive charges or holes flow across the junction from E to the base B. The base 
is so thin, however, that the great majority of the holes are urged across the base 
to the collector by the battery Y. Thus a current Ic flows in the collector circuit. 
The remainder of the holes combine with the electrons in the n-base, and this is 
balanced by electron flow in the base circuit, so a small current Iņ is obtained 
here. From Kirchhoffs first law, it follows that always, if J; is the emitter 
current, 


le fea 


Typical values for a.f. amplifier transistors are: J; = 1-OmA, Ic = 098 mA, 
Ig = 002 mA. 

Although the action of n-p-n transistors are similar in principle to p-n-p 
transistors the carriers of the current in the n-p-n transistor are mainly electrons 
but holes in the p-n-p transistor. Electrons are more speedy carriers than holes 
(p. 789). So n-p-n transistors are used in high-frequency and computer circuits, 
where the carriers are required to respond very quickly to signals. 


Common-Emitter (C-E) Characteristics 

In general, the transistor has an input circuit, for the voltage or current to be 
changed, and an output circuit for the amplified voltage or current, for example. 
In Figure 32.12, the emitter-base (EB) is the input circuit and the collector-base 
(CB) is the output circuit. This is called the common-base mode of using the 
transistor because the base is common to the input and output circuits. The 
transistor can be used in the common-collector or common-emitter mode, as we 
see later. Firstly, however, we need the characteristics of the common-emitter 
circuit, a circuit widely used for amplification. The characteristics help to 
estimate the performance of the common-emitter amplifier. 


Figure 32.13 Common-emitter characteristics 
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Figure 32.13 shows a circuit for obtaining the characteristics of a n-p-n 
transistor in the common-emitter mode. X and Y may be batteries of 1-5 V and 
4:5 V respectively, connected to rheostats P and Q of 1 kQ and 5 kQ which act as 
potential dividers. This enables the basc-emitter p.d, Vee or Va, and the 
collector-emitter p.d., Vcg or Ve to be varied. The p.d. is measured by high 
resistance voltmeters, capable of measuring p.d. in steps such as 50mV. The 
meter for base current, /g, should be a microammeter and for the collector 
current, [c, a milliammeter. Typical results are shown in Figure 32.14(i), (ii) and 
(iii). The input circuit is the base-emitter circuit. The output circuit is the 
collector-emitter circuit. 


Ic Ig Ic] (mA) Ww=4 5V 
x input 
output Je !00uA [inp E 

45v: Opere f 
80 y 
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Wee V — Vez O 100 200 “Tg(uA) 
(i) (ii) (iii) 


Figure 32.14 Output, input and transfer characteristics 


Output characteristic (Ic — Vc. with Ig constant). The ‘knee’ of the curves 
shown in Figure 32.14 (i) correspond to a low p.d. of the order of 02 V. For 
higher p.d. the output current Ic varies linearly with Vcg or Ve for a given base 
current. The linear part of the characteristic is used in a.f. amplifier circuits, so 
that the output voltage variation is undistorted. 

The output resistance r, is defined as AVc/AlIc, where the changes take place 
on the straight part of the characteristic. fo i$ an a.c. resistance; it is the effective 
resistance in the output circuit for an a.c. signal input. It should be distinguished 
from the d.c. resistance, Vc/Ic, which is not required. 

The small gradient of the straight part of the characteristic shows that r, is 
high. For example, suppose Ac = 2 V and Alc = 002 mA = 2x 1075A. Then 
To = 2/2x1075) = 1000000. Ifa varying resistance load is used in the output 
or collector circuit, the high value ofr, relative to the load shows that the output 
current is fairly constant. So the output voltage is proportional to the load 
resistance. 

Transfer characteristic (Ic — Ig, Vc constant). The output current Jç varies 
fairly linearly with the input current T e Figure 32.14 (iii). The current transfer 
ratio f, or current gain, is defined as the ratio Alc/Alg under a.c. signal 
conditions. It should be distinguished from the d.c. current gain, /c//y. From 
Figure 32.14 (ii), 


(10—5)mA 


(200—100) A 50 
B, current gain, is also written h fe» Where 'fe' is forward emitter’. 

Input characteristic (1 — Vp. Vc constant). The input resistance r; is defined as 
the ratio AVg/Alg. As the input characteristic in Figure 32.14 (ii) is non-linear. 
then r; varies. At any point of the curve, ri is equal to the gradient of the tangent 
to the curve and is of the order of kilohms. 


Junction Diode, Transistor and Applications —__797 


Current Amplification in C-E Mode 
In general, the magnitude of fl, AIc/AIpg, for the common-emitter circuit is high, 
from about 20 to 500 for many transistors. So a small change in the base or input 


` current can produce a large change in the collector or output current. 


We can obtain a rough value for fj by assuming that when electrons are 
emitted from the n-emitter towards the p-base, a constant fraction z reaches the 
n-collector where x is typically 0-98 (see p. 795). Thus Ic = alp. Now from 
p. 795, we always have that 


(ete I 


Substituting J; = [c/x and simplifying, we obtain 


In practice, the current gain fi of a transistor may be much higher. 


Voltage Amplification and Power Gain 
As we have just seen, the transistor in the common-emitter mode is a current 
amplifier. To change the output (a.c.) current to a voltage V,, a resistance load R 
must be used in the collector or output circuit. Figure 32.15 shows also 
diagrammatically the base bias (steady voltage) necessary for no distortion of Vj, 
(p. 798). 


Figure 32.15 Voltage amplification and power gain (diagrammatic) 


We can illustrate the voltage amplification in the output circuit by supposing 
that R = 5kQ, the input resistance r; = 2kQ, the input (a.c.) voltage is 10mV or 
0-01 V peak value, and the current gain fj = 50. 

The peak a.c. current I flowing in the base circuit is, from J = V/R, 

001 V e 
e imd -6A 
I, 20000 5x10 
Jd = Bly = 50 x5x 1076 = 25x 1074A 
Z. V = IR = 25 x 1074 x 5000 


= 1:25 V peak 
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-. voltage amplification Ay = D "Bor ^ 125 


Also, power gain — current gain x voltage gain = 50 x 125 = 6250 


Note that the source of power gain is the battery or voltage supply. 


C-E Amplifier Circuit 
Figure 32.16 shows a n-p-n transistor in a simple C-E amplifier circuit. It uses 
one battery supply, Voc. A load, R4, is placed in the collector or output circuit. A 
resistor R provides the necessary bias, Var, for the base-emitter circuit. The base- 
emitter is then forward-biased but the collector-base is reverse-biased, that is, the 
potential of B is positive relative to E but negative relative to C. 


Figure32.16 Simple amplifier circuit 


As we show soon, the common-emitter circuit is very sensitive to temperature 
changes. So if no arrangement is made for temperature stabilisation, the output 
would become distorted when the temperature changed. Silicon transistors are 
much less sensitive to temperature change than germanium transistors and are 
hence used more widely. 

In practice, Figure 32.16 is unsuitable as an amplifier circuit since there is no 
arrangement for temperature stabilisation (p. 799). A more reliable C-E a.f. 


Figure 32.17 dnplilier circuit 


amplifier circuit is shown in Figure 32.17. lis Principal features are: (i) a 
potential divider arrangement. Ry. Ry. which provides the necessary base- 
Vas: (Gyaload R; which produces the output across X, Y; (ira capacitor €, 
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which stops the d.c. component in the input signal entering the circuit; (iv) a 
large capacitor C; across a resistor R3, which prevents undesirable feed-back of 
the amplified signal to the base-emitter circuit; (v) an emitter resistance R3, 
which stabilises the circuit for excessive temperature rise. Thus if the collector 
current rises, the current through R, increases. This lowers the p.d. between E 
and B, so that the collector current is automatically lowered. 


Effect of Temperature Rise on C-E Circuit 
We now explain why the common-emitter circuit is sensitive to temperature 
change. 

When the base current J, is zero, some current still flows in the collector 
circuit in the common-emitter arrangement. This is due to the minority carriers 
present in the collector-base part of the transistor, which is reverse-biased. The 
collector current when Ip is zero is denoted by Icpo and is called the leakage 
current. Since the minority carriers are thermally generated, the leakage current 
depends on the temperature of the transistor. 

In the common-base arrangement in Figure 32.12, the leakage current 
obtained when I; is zero is denoted by I cgo. This is also due to minority carriers 
in the collector-base, which is reverse-biased. Thus, more accurately, we should 
write in place of Ic = alp (p. 797) 


toe ea PAL UI OT eq) 


Now from p. 797, a/(a—1) = fl, so that « = P/B +1). Further, from previous. 
Ig = Ic+ Ip. Substituting in (1) for x and for Ig and simplifying, we obtain 


Ic = Plg +(+ Y) cgo i s $ (2) 


Thus the leakage current /cgo in the common-emitter circuit = (B+ 1)/ cgo. 
The current [cgo also flows in the base-emitter circuit when the transistor is 
operating. A temperature change from 25°C to 45°C, which would increase 
the current Ico by 10HA say, would then produce a current 
Icco = (B+ Wego = 50x 10 A = 0:5 mA, assuming fl = 49. This is the increase 
in collector current if the temperature rose to 45°C from 25°C. The relatively 
large current change would have an appreciabie effect on the output in the 
collector circuit; for example, it could lead to a distorted output in an a.f. 
amplifier circuit. 

On this account the C-E circuit, which is very sensitive to temperature change, 
must be stabilised for excessive temperature rise. 


C-E Amplifier, Phase Change 
Figure 32.18 (i) shows a basic amplifier circuit with a n-p-n transistor, a base 
resistance Ry of 50kQ to limit the base current to a suitable value, a load 
resistance R, of 4kQ in the collector circuit, and a supply voltage Vcc of 9 V. 


The input circuit is the whole base-emitter circuit. So the input voltage Vj is 
connected to this circuit. 

The output circuit is the whole collector-emitter circuit. Note carefully that the 
output voltage V, is always the voltage between the collector C and the emitter E 
terminals or earth. This is the voltage which is passed to another transistor circuit if 
this is required. So you should remember that V, = Fer. as shown in Figure 
32.18 (i). 


The potentiai difference or ‘potential diop’ across the resistance R) = JUR; 
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Figure 32.18 C-E amplifier. Saturation and cut-off 


Since Voc is the supply voltage, the output voltage V, is 

Vo = Ver = Woe cGRegiys 4 ooo ed AD 
Suppose [c = 2mA, R, = 4kQ = 4000Q, then potential drop = 2 x 10^? x 
4x10? = 8V. If Vcc = 9 V, then V, = 9—8 = 1 V. 

From equation (1), we also see that when [ç increases because the input 
voltage V, increases, the output voltage V, decreases. Similarly, if Ic decreases 
because V, decreases, then V, increases. So the input and output voltages are 180 
out of phase or in antiphase. 


D.C. Amplifier 
When the transistor is used as a switch in computer circuits, the input voltage V; 
is a d.c. voltage. Suppose V, is 20V in Figure 32.18(i) and the amplification 
factor or d.c. gain is 50 for the transistor, Neglecting the relatively small base- 
emitter resistance compared with the large base resistor Rp of 50kQ, 


base current, Ig = V/Rg = 20/50x10?) 24x10^^A  . (9 
So collector current, Ic = 50x Ig = 50x4x107* 22x10? A. (2 


To find the output voltage V, or Vcg, we next find the potential drop V across 
the load resistance Ry, of 4kQ. Then 


V-IcRp-2x107x400-58V . . . B 


Since the supply voltage Voc is 9 V, V, = 9—8 = 1 V. So an input V, from 0 to 
2V produces an output switch from 9 V (when V, = 0) to 1 V. In practice, the 
base-emitter voltage is also taken into account. 


Saturation and Cut-off 
The maximum or saturation current Is in the output or collector circuit will be 
obtained when the output voltage is zero. 
A potential drop of about 9 V across the load resistance Ry of 4kQ will make 
V, or Vcg zero because the supply voltage Vec is 9 V. So 


saturation current Is = V/R = 9/4000 = 225 x 107? A = 225mA 
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Although the base current /g may rise, the collector current remains at its 
saturation value. 

If no current flows in the collector circuit, that is, 1¢ = 0, then we have cut-off. 
In this case there is no potential drop across R}. So V, = Veg = 9 V. 

At cut-off, Ig = 0. Figure 32.18 (ii) illustrates saturation and cut-off values. 
The small collector current at J, = O is due to minority carriers in the transistor. 


Examples on D.C. and A.C. Transistor Amplification 
1 InFigure32.19, the transistor is just saturated with an input d.c. voltage V. If the gain is 
100, calculate K. Neglect the base-emitter resistance and p.d. 


Figure 32.19 Calculation on transistor 


Since the transistor is just saturated, the output voltage Vcg = 0. So potential 
drop across R, = 6 V. 


^. Ic = 6/6000 = 1/1000 = 1 mA 

^d = 10/100 = 1 mA/100 = 1x 107 5A 
Now Ig = Vi/Rp 

<. V, = Ig x Rg = 1x 107$ x 40000 = 04V 


2 Figure 32.20 shows a simple form of silicon common-emitter amplifier. When the 
collector-emitter voltage Vct is between + 1 V and +9 V, the collector current is about 100 
times the base current and the base-emitter voltage Var is about 0:7 V. 


Figure 32.29 Common-emitter ampligice 
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Calculate (i) the basecurrent J,and the voltage Vogin thecircuit, (ii) the voltage gain if 
the input (base-emitter) a.c. resistance is 20002, (iii) the largest (limiting) peak value of the 
input ac. voltage if Vog varies between 2-2 V and 8-2 V for linear amplification 


(i) [g. Since Vgg = 0-7 V, p.d. across 500 kQ resistor = 9—07 = 83V 


So lr 1-66 x 107 5A = 171A (approx) 
Vcg. So [c = 100 1g = 100 x 1:66x 1075A = 1:66x 107? A 
Thus p.d. across 3kQ = I.R = 1-66 x 107? x 3000 = 498 V 
So Vcg = 9 V —498 V = 4 V (approx.) 
(ii) Voltage gain. If V, is input, a.c. base current is 
os M y 
>= R, 2000 
So a.c. output J, = 1007, = 100 x 5 = id 
2000 20 
Thus a.c. output V, = IR = XX 3000 = 150 V, 
So voltage gain — % = 150 


Plate 32A An engineer engaged in designing the layout of an integrated circuit. The X 

and Y co-ordinates at the top of the screen refer to the position of the white tracking cross 

seen in the centre. The cross is moved. by the light pen held by the engineer. (Courtesy of 
Mullard Limited) 
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(iii) Largest input voltage. Since Vcg varies between 2:2 V and 82 V, peak value 
of voltage across collector load 3 kQ is 


V, = 4(8:2-2:2) =3V 
Since gain = 150, peak value of largest input voltage V, is given by 


3V 1 
Worse Re V RON 
Transistor Switch 


In addition to its use as a current amplifier, the transistor can be used as a switch 
in computer circuits. Millions of switching operations are needed daily in 
working computers, so swift switches are required. On this account n-p-n 
transistors are preferred. Here the charge carriers are mainly electrons, which 
have a much greater speed for a given voltage than holes or p-charges. 

The basic circuit, shown in Figure 32.21 (i), consists of a n-p-n transistor 
connected in the common-emitter mode, with a resistance R in the output or 
collector circuit as we have aiready discussed. 

A typical output voltage (V,)-input voltage (V,) characteristic of the circuit is 
shown in Figure 32.21 (ii). At very low input voltages the output voltage is 
practically +6 V, the supply voltage Vcc for the circuit. At input voltages of more 
than a fraction of a volt, however, the output voltage is nearly zero. This is 
explained shortly. 


Figure 32.21 Transistor switch 


Sine Wave Input, Amplifier Use 
This type of transistor can be used 
(a) to change a sine wave to a square wave and 
(b) to amplify a.c. voltages. 

Suppose the input V, isa sine wave voltage of peak value 6 V, Figure 32.21 (iii). 
For a large part of the +ve half cycle, V, will be greater than --0:4 V. So the 
output voltage V, will be practically zero along PQ. When V, is less than +0:4 V 
aud negative on the — ve half of the cycle, V, will be practically a constant high 
voltage RS as shown. So the output V, is roughly a square wave voltage. 

To use the transistor as an amplifier, the output voltage V, must have the same 
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waveform as the input a.c. voltage V;. This time the straight inclined line AB of 
the characteristic in Figure 32.21 (ii) must be used. So, as shown, 
(a) the base bias should correspond to the midpoint M of AB, a bias equal to 
OX or about 02 V, and 
(b) the input voltage to be amplified must have a peak value not greater than XB 
(0-1 V), otherwise the output waveform is distorted during part of the input 
cycle. 
In this and other a.c. amplification, it can be seen that the input voltage V, is 
180° out of phase, or antiphase, to the output voltage V,. 


States of Transistor 
We can explain the characteristic curve in Figure 32.21 (ii) by noting that, if J, is 
the collector current flowing for a particular input voltage, the output voltage V,, 
or Vp, is less than the supply voltage Vcc by the potential drop across R, which 
is I, R. Thus 


EVER Heoi pi kad c1) 


In general, J, depends on the base current J p and this is governed by the base- 
emitter or input voltage V. 

Suppose V, is very low or practically zero. Then I. is practically zero, and the 
transistor is said to be ‘cutoff. From equation (1), we can see that the output 
voltage V, is then practically equal to Vcc or high, as shown in Figure 32.21 (ii). 
Conversely, suppose V, is high so that the transistor is 'saturated', so Ic is very 
high. The p.d. across R is then large and so the output voltage is practically zero 
from equation (1), as shown in Figure 32.21 (ii). 

Thus depending on the input voltage, the transistor can switch between two 
states—cutoff, or saturation. The output voltage then switches between two 
levels, + Vcc (high) and Practically 0 (low). In the special type of computer circuits 
known as logic circuits or logic gates, the binary digits ‘1’ and '0' can be 
represented by + Voc and 0 respectively, or by 0 and + Voc, by this switching of 
States. It should be noted that the transistor acts ‘non-linearly’ in this case, 
whereas it acts ‘linearly’ in amplifiers as, for example, along AB in Figure 32.21 (ii). 


Gates 
We can now show briefly how a transistor circuit can provide a useful logic gate. 
Figure 32.22 shows the circuit for an INVERTER or NOT gate. It consists of 
a transistor in the common-emitter mode connection, with an appropriate load 


Figure 3222 INVERTER (NOT) gate 
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resistance R and base resistance r4. Suppose the input is a ‘1’, for example, + Voc 
volt. A high base current then flows in r4, and as explained before, the transistor 
becomes saturated and the output V, is ‘0’. Conversely, if the input is ‘0’ (zero 
volt), the transistor is cutoff and the output V, is + Vcc or ‘1’. Thus the output is 
always the inverse or opposite of the input. This is shown in a so-called ‘truth 
table’ in Figure 32.22. 

Transistor circuits can provide a number of other useful logic gates, as we 
discuss more fully in the next chapter under Digital Electronics. 


Exercises 32 


1 (a) Why does the electrical conductivity of an intrinsic semiconductor increase as 

the temperature rises? 

(b) Introducing certain impurities into semiconducting material also increases its 
electrical conductivity. Describe briefly either an n-type or a p-type 
semiconductor and explain why this increase in conductivity occurs. (L.) 

2 Asemiconductor diode and a resistor of constant resistance are connected in some 
way inside a box having two external terminals, as shown in Figure 32A. When a 
potential difference V of 1-0 V is applied across the terminals the ammeter reads 
25 mA. If the same potential difference is applied in the reverse direction the 
ammeter reads 50 mA. 

What is the most likely arrangement of the diode and the resistor? Explain your 
deduction. Calculate the resistance of the resistor and the forward resistance of the 

diode. (L.) 


Figure 32A Figure 328 


The circuit in Figure 32B shows four junction diodes and a resistor R connected to 
a sinusoidally alternating supply. Sketch graphs showing the variation with time 
over two cycles of the supply of 

(a) the potential of C with respect to A, 

(b) the potential of B with respect to A, and 

(c) the potential of B with respect to D. (L.) 

4 (a) (i) Explain the origin of holes in intrinsic semiconducting materials. What is the 
process by which holes participate in current flow? (ii) Explain how the 
presence of the donor impurities in an n-type semiconducting material raises the 
number of free electrons per unit volume without increasing the number of 
mobile holes per unit volume, 

(b) 


Depletion iayer 


TRN en 


Figure 32C 


Pa 
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Figure 32C shows two kinds of semiconducting material, p-type and n-type, in 
contact. What is the important characteristic which distinguishes the depletion 
layer from the rest of the assembly? 
Explain the effect on the depletion layer of applying a small potential 

difference (about 01 V) across XY (i) if X becomes negative with respect to Y, 
(ii) if X becomes positive with respect to Y. Hence explain the rectifying action of 
a p-n junction. 

(c) 


Figure 32D 


Figure 32D shows a half-wave rectifying circuit connected to a resistor R 
through a switch S. The graph shows how the current / in resistor R varies 
with time. Write down the source of the current inR (i) during the periods L, 
(ii) during the period M. Calculate the maximum reverse bias potential 
difference the diode D must be capable of withstanding when the switch S is 
open. (L.) 

5 Figure 32E shows transistor which should operate the relay when the switch is 
closed. If the relay works at a current of 8 mA, calculate the value of Ry which will 
just make the relay operate. The direct current gain of the transistor is 80, and 
assume the base-emitter resistance is negligible here. 


Rha iirc Mae 2i 


Figure 32E Figure 32F 


6 (a) Show that, in Figure 32F, a small change in the input p.d., à V, is accompanied 
by a change in the output P.d., ÓV,,.., given by 


Vas =~ Ft, 


where £ is the current gain of the transistor. Assume that the p.d. between the 
base and emitter is constant. 


(b) With Vig = Oand R, removed, a resistor, R}. is connected between P and the 
Positive (+9 V) rail. If R, = 1kQand B = 150, the output p.d. Vou, = 45V. 


Junction Diode. Transistor and Applications 


Assuming the p.d. between base and emitter to be zero, calculate (i) the 
collector current, (ii) the base current, (iii) the resistance R. (JM B.) 


7 Figure 32G shows an arrangement for investigating the characteristics of a 
transistor circuit. The input voltage V, is varied using the potentiometer, P, The 


corresponding output voltage V, is shown graphically in Figure 32H. 


Figure 32H 


Figure 32G 
The circuit is to be used as an alternating voltage amplifier. The input voltage 
must first be fixed at a suitable value by adjusting P. 
(a) Suggest the most suitable value for this fixed input voltage, explaining your 
answer. 
(b) A sinusoidally alternating voltage of amplitude 0-5 V is superimposed on this 
fixed voltage. What will be the amplitude of the output voltage variations? Will 


the output variations be sinusoidal? Justify your answers. 
(c) Sketch one complete cycle of the output voltage which would be obtained if the 


amplitude of the superimposed sinusoidal voltage were increased to 1-5 V. 
(AEB, 1983.) 
8 Inthe transistor circuit shown in Figure 321, R has a resistance of 150kQ, R; has a 
resistance of 750 Q, and the direct current gain of the transistor is 80. 


Figure 321 
Assuming that there is a negligible potential difference between B and E, calculate 


(a) the base current Fp; 

(b) the potential difference between the collector and emitter. (AEB, 1984.) 

9 (a) Explain why, when a p-n junction diode is connected in a circuit and is reverse 
biased, there is a very small leakage current across the junction. How will the 
size of this current depend on the temperature of the diode? : 

(b) Sketch the output characteristic (/- against Vog) for a typical n-p-n transisvor in 
common-emitter mode. Suggest typical values for / and Vor on the axes and 
indicate how the base current varies over the family of curves. 

Explain with the aid of the characteristic the meaning of the terms 
(i) saturation, and (ii) cut-off, applied to the silicon transistor in the circuit in 


Figure 32J Figure 32K 
Figure 32). What bias conditions exist at the transistor junctions when it is in 
each of these states? 


(c) The input voltage to the circuit in part (b) is varied in the way shown on the 
graph in Figure 32K. Copy this graph and on a sketch graph drawn to the same 
scale show how the output voltage, V. varies with time. 

Given that the d.c. current gain for this silicon transistor, hg, is 80 and that 
Rc = 1-5kQ, determine a value for Ry if the transistor is to saturate for a 
minimum input V, equal to 30 V. ( L.) 

10 (a) (i) What are p-type and n-type semiconductor materials? (ii) Describe the 
charge flow that takes place when a junction is formed between p-type and n- 
type material, and hence explain how such a junction car act as a rectifier. 

(iii) With the help ofa circuit diagram, describe how you would investigate the 
characteristic of a p-n junction diode. Sketch and explain the results that would 
be obtained for both forward and reverse bias voltages. (iv) Junction diodes 
made from certain materials will emit red light when forward biased above a 
threshold voltage. Suggest an explanation of this. 

(b) Draw a circuit suitable for amplifying a small alternating input voltage without 
distortion which uses a n-p-n transistor in its common-emitter mode. Explain 
the functions of the individual components. (O.) 
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Analogue and Digital Electronics 


Analogue Electronics 


In analogue electronics we deal with circuits which process d.c. or 
a.c. signals, such as those in radio or television or in oscillators. In 
such circuits we have a continuously varying signal. The main 
circuit used is the operational amplifier (opamp) and this is the 
‘building block’ we use in this section. We shall see that the opamp 
can be used asaninverting,non-inverting and summing amplifier, in 
oscillators, in switching devices and as an integrator. 


Amplifiers, Voltage Gain 

As we have seen, a single transistor can be used as an amplifier. Most practical 
amplifiers, however, use a combination of transistors. In this section the 
amplifiers contain many transistors and are called operational amplifiers or 
opamps for short. 

We shall be concerned with the voltage gain of opamp circuits to be discussed 
later. If the input voltage to a circuit is Va and the output voltage is Vou, the 
voltage gain is defined as: 


V, 
Voltage Gain = =- 

Via 
BEDROOM dh a apadt eie lT Nee TE EU 
The input and output voltages can be a.c. or d.c. and may be measured with a 
cathode-ray oscilloscope. 


Opamps i 
Opamps are amplifiers built from many transistors and other circuit 
components. They can amplify a voltage from zero frequency (d.c.) up to very 
high frequencies. In practice the range of frequencies is often controlled by 
external components, especially capacitors. 


mif Cats (E Diad OUR DELE AL Ll 

The opamp is a differential amplifier, that is, the output is directly proportional 
to the difference in voltage between the two inputs of the opamp. The two inputs are 
the ‘non-inverting inpet" (+) and the ‘inverting input’ (—). The function of the 
inputs will be explained later. 


Figure 33.1 shows the symbol for the opamp: 


Inverting input 
output 


Non-inverting input 


Figure 33.1 Opamp symbol 
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Function of Opamp 


If an opamp is connected as in the simplified circuit of Figure 33.2, it acts as a 
non-inverting amplifier. This means that the output is the exact, amplified copy of 


m rcr? cr: e E CR MR E 
OUTPUT 
INPUT 
Va Vout 
RER i ear ce oaa 


Figure 33.2 . N on-inverting amplifier 
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the input äs shown in Figure 33.3. So the output voltage Vu is in phase with the 
input voltage Vp. 


Vin Mout 
t/s t/s 


Figure 33.3 Output voltage in phase with input voltage (non-inverting amplifier) 


If however the amplifier is connected as shown in Figure 33.4, it is said to be 


amplified copy of the input, as shown in F. igure 33.5. So V,a is 180° out of phase 
or im antiphase with V. 


Vin OUTPUT 
Vut 


AAR T endi E a a i CNRC CNN" 


Figure 33.4 Inverting amplifier 


Vin Your] 


| t/s t/s 


Figure 33.5 Vou in antiphase to V,, (inverting amplifier) 
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If an opamp were to be connected as shown in Figures 33.2 and 334, the ratio 
Vout/Vin would be very large. We call this the open-loop gain. Ideally it is infinite, 
for reasons we see later, although in practice the gain isabout 10*. In most practical 
uses of the opamp, the gain is limited by negative feedback. 


Negative Feedback 
‘Negative feedback’ is said to occur when a little of the output signal is fed back 
to the inverting input. As we saw in Figure 33.5, the output is 180° out of phase 
with the input. So the feedback reduces the signal that the amplifier has to 
amplify and therefore reduces the gain. The amount of the output fed back is 
controlled by a resistor R, as shown in Figure 33.6. Resistor R, serves a function 
that will be explained in the next section. 


Vin 
S 
Vin 


Vout! 


Vout 


Figure 33.6 Negative feedback — input and output voltages 


As we see later, there are several advantages in using negative feedback, for 
example: 


1 Amplifiers with almost infinitely variable gain can be produced using one 
standard opamp circuit. 

2 The use of negative feedback improves the range of frequencies that the 
amplifier will amplify and improves stability. 


Some Opamp Characteristics 

In order to calculate the gain of any given opamp circuit, it is necessary to know 
a little more about the characteristics of an opamp. These are: 

1 Thercisa very high impedance between the + or — input and ground. Ideally 
this impedance is infinite but in practice it is something like 2 MQ. The high 
impedance means that no current (in practice very, very littie current) will flow 
into or out of the inputs when a voltage is applied, so there is no éflect on the 
input circuit when connected to the opamp. é 

2 Since the gain of the actual amplifier is so high, and remembering that the 
amplifier amplifies the difference between the — and the + inputs, the slightest 
difference in voltage between the — and + inputs will make the output voltage 
go to its highest value, which is the voltage of the power supply. This is called 
the saturation value (Vs) of the output as the output can go no higher, If the 
supply voltage is 15 V and the open-loop gain of the amprifier is 105, then a 
difference in voltage of 15 V/105, which is 150V, will produce saturation. We 
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shall see later that with such smail differences in voltage between the inverting 
and non-inverting inputs, the output voltage can swing from about +15 V to 
about —15 V or the other way. Figure 33.7 illustrates the relationship between 
input and output voltage. 

Thus for our amplifier to be ofany use, the — input must beat virtually the same 
voltage as the + input, Now in the inverting amplifier circuit the + input is 
connected to earth or ground which is also 0 V, so the — input must be alwa ys 
virtually at the same voltage. The — input is known as a virtual earth. 


Saturation occurs when output voltage reaches supply voltage, +15 V or — 15V. 
Very small voltage difference between inverting and non-inverting terminals 
produces saturation because gain is high. 


Figure 33.7 Output voltage variation with input voltage. V; = saturation value 


Gain of Inverting Amplifier 
We are now ina Position to calculate the gain with negative feedback. 


Earth 


Figure 33.8 Gain with negative feedback 


Referring to Figure 33.8, since the — input is at earth potential (virtual earth) 
Current through R, wiil be Va/Ri. 
he current th ugh R, will be Vou Ro. 
ut since the input impedance of the amplifier is very high, no current can flow 
to the — input. The sum of the currents at junction X must be equal to zero 
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(Kirchhoff's law). So whatever current goes into junction X through R, must 
leave the junction through R;. 


2 Vin/Ry + Voy/Ro = 0 
D Vin/Ry = —Vou/R2 
^ Vout! Vin = —R,/R, = Gain 


So gain of this inverting amplifier = — R;/R; 


The minus sign indicates that the output is inverted. Notice that the gain of the 
amplifier is independent of the open-loop gain of the opamp. Since the gain 
depends only on the external components R; and R3, the gain is not affected by 
any changes that may take place inside the opamp, such as a change in gain due 
to temperature change. So the negative feedback provides stability. 


Gain of Non-Inverting Amplifier 
A similar argument can be applied to a circuit for a non-inverting amplifier. 
With a non-inverting amplifier, the input has to be applied to the + input but 
the feedback has to be applied to the — input. The circuit needed is shown in 
Figure 33.9. The fraction of the output signal to be fed back to the input is 
determined by the potential divider R, and R>. 


Ra 
V, 
Va m 
R 
N ie oi 
Figure 33.9 Gain of non-inverting amplifier 
The fraction of V,,, sent to the inverting (—) input is Vj, where 
ie Lu EL peo, 
(Ri R5) 
The voltage difference between the two inputs = Vr, where 
Vr = Vig WES X duis ue) 
Vy is the voltage actually amplified by the opamp. 
Now Vom =AoxVe . : : 


where A, is the open-loop gain of the opamp (see p. 811). Substituting for Vy 
(2) using (3), then 


Ld Y= Vou/ Ac 
and Vi = Vin—Vour/Ao 
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Substituting for Vin (1) using (4), 


y, — You _ Vou X Ry 
Suo S RIS R3) 


gym Ry L 
* Vin = Vou (rc +) 
<- Gain = V/V = (Ry +R3)/R, 
since A, is typically about 105 and 1 /A, is negligible. 


So gain of this amplifier = 1 + (R,/R;) 


As with the inverting amplifier, the gain depends only on the values of R, and R, 
and is independent of the open-loop gain of the opamp. 
For example: If R, = 1 kQ and R, = 100kQ 
Gain = 1+100/1 = 101 
VR, = 10kQand R, = 10kQ 


Gain = 1410/10 = 2 ‘ 


Practical Opamps 
Most practical opamps are integrated circuits, They are usually made as a 8-pin, 
dual-in-line package. The pin connections have become standard so that 


a = 
offset null —]1? 8 
inverting input (-)— 2 7h-+v. 
non-inverting input (+) 6I— output 
-V4 St offset null. 


el IN SEPAN 


Figure 33.10 Opamp connections 


An opamp is slightly unusual in its requirements for a power supply. It requires a 
dual, balanced supply, as shown diagrammatically below. 


TA ISV) +V is positive with respect to the centre 0 V line and 
oer SOR 4] has a maximum of about 15 V for most opamps. 
TW 15-V) -V is negative with respect to the centre 0 V line and 
must have the same magnitude as the + V. 
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0 V is connected to earth or ground. The potential difference between — V and 
+V will be 2V. By convention, once the power supply has been established, the 
connections from the opamp to the power supply are not shown in the circuit 
diagram but are assumed to be made. Figure 35.12 shows an opamp connected 
as an inverting amplifier with power supply connections 4- Vs and — Vs. 


Offset Voltage 

In practice, due to manufacturing tolerances, even when there is no signal 
applied to the input the internal components of the opamp may supply a small 
differential voltage to the inputs, Even if this voltage is small, the gain of the 
opamp results in a large offset voltage being present at the output, which should 
be at exactly 0 V under no signal conditions. In many circuits, this offsct voltage 
at the output does not matter but for d.c. circuits it must be removed and this is 
achieved by using the two ‘offset null’ terminals of the opamp as shown in Figure 
33.11. The 10 kQ potentiometer is adjusted until the output is at exactly 0 V with 
no signal present at the inputs. 


-=V 


Figure 33.11 Offset voltage 


A Practical Inverting Amplifier . yi 
The simplified circuit shown earlier in Figure 33.8 for an inverting amplifier 
needs some small modification. A resistor, R, needs to be connected between the 
+ input and 0 V, Figure 33.12. R; should be equal to the sum of R, and R, in 


Ov 


Figure 33.12. Inverting amplifier 
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parallel in order to keep the inputs balanced as far as possible. In this circuit, the 
power supply connections + Vs and — Vs are shown although these connections 
will be omitted in following circuits. 

The input impedance of this circuit is determined by the value of R,. Since the 
— input is virtual earth, the input is effectively connected across the parallel 
combination of R, and the (very large) input impedance of the opamp itself. The 
advantage of this circuit is that the input impedance can be varied to suit the 
preceeding stage. 


Output of an Opamp 
So far, little has been said about the output of an opamp. The output is taken 
between the 0 V and the output terminal of the opamp circuit. Ideally the output 
impedance is zero which means that the opamp can deliver an infinitely large 
current to the load or circuit connected to it. In practice this cannot be the case. 
The opamp can typically deliver a current of about 5 mA which means that the 
minimum load is about 2 KQ. 


Voltage Follower 


Figure 33.13 Voltage follows 


Hus advantages of the non-inverting amplifier circuit discussed on page 813 are 

that 

(a) the output is'not an inverted copy of the input and 

(b) since the + input is not a virtual earth, the input impedance of this circuit is 
high, typically 50 MQ. 

A further application of this circuit is shown in Figure 33.13. Here the output 
is connected directly to the inverting input so that the feedback is 100*/. The gain 
is now 1 (R; —0 and R, = infinity in the expression gain = 1+ (R;/R,). 
derived previously.) So Vow follows V, exactly. This is why the circuit is called a 
voltage follower. : 

At first sight this does not appear to be useful. But 
(a) the input impedance is very high so that practically no current is taken from 

the circuit connected to the input and 
(b) the output impedance is low so that a current can be supplied to the 
following circuit or stage. So the voltage follower is used as a buffer between 
a high impedance (low current) circuit and a low impedance (high current) 
circuit. 
pue ee nf. AD ee eR ane ee 
Voltage follower: output directly connected to input so 100°, feedback and Vou 
follows F,, exactly. Can act as a buffer connecting high and low impedance circuits. 
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Frequency Response of Opamp Circuit 

The gain of an opamp depends on frequency. A graph of gain against frequency 
is shown in Figure 33.14 for a typical opamp. With no feedback that is, open- 
loop gain, the gain drops rapidly from 105 at low frequencies to 1 at very high 
frequencies. This situation is clearly not ideal since amplifiers generally require 
the gain to be constant at all frequencies. However, as the negative feedback is 
increased and the overall gain becomes lower, the gain remains constant over a 
wider range of frequencies and so the frequency response of the amplifier is 
improved. 


r^ 
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Frequency 


; Figure 33.14 Frequency response of opamp circuit 


Opamp as a Summing Amplifier : 
One of the most frequent uses of an opamp is in audio pre-amplifiers and mixers. 
An opamp can be used to add any number of signals or voltages and the circuit is 
called a summing amplifier. Figure 33.15 shows a simple summing amplifier to 
add three voltages, V,, V5, V3. 


Figure 33.15 Opamp as summing amplifier 
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Point X is a virtual earth and therefore the input currents into point X are: 
Vi/Ris V2/R3, Vj/Rs 


and the feedback current = V,/R4 
So V/R, t V;/Ry +V3/R3 +Vo/R4 = 0 
since all the currents at a junction must add to zero. 
R R R 
MEA wedge tg xls um T) 


So the output voltage, V,, is the sum of the three inputs- with each input 
multiplied by a factor R,/R, where R is the corresponding input resistance. 
Suppose V, = 1 V, V, = 2 V, V, = 3 Vand R, = R, = R, = R, = 10 KQ. 


Then, from (1), Output V, = —6 V 


The minus sign for V, indicates that V, is antiphase to the inputs (p. 810). 

This result applies to a.c. or d.c. voltages. It is especially useful for a microphone 
mixer since we do not want one microphone to affect another. It might also be 
necessary to change the gain of the amplifier for different inputs, in which case R ,, 
R, and R, can be varied. 


Positive Feedback, Square Wave Oscillator or Astable Multivibrator 
As we have seen, negative feedback reduces the differential voltage at the input. 
But if some of the output is taken back to the + (non-inverting) input, any | 
change in the output will tend to increase the differential voltage at the input, 
since the output voltage will be in phase with the input voltage (page 810). The 
output voltage will then quickly reach the saturation voltage, + Vs which is the | 
supply voltage. If the opamp circuit is designed to make the output switch | 
continually from + Vs to — Vs, and from — Vs to + Vs an oscillating output | 
voltage is obtained. Figure 33.16 shows a circuit with positive feedback which 
produces square wave oscillations and acts as an astable multivibrator. 


Figure 33.16 Oscillatory circuit —astable multibrator 


To explain the action of this circuit, suppose the capacitor C, is initially 
uncharged and that the output voltage V, has its maximum positive value (+ V) 
due to a small differential voltage at the inputs. 
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A fraction (V3) of V, is fed back to the non-inverting input: 
V> = (V, x RS RU 


But V, is also fed back into the inverting input through R,. So C,. which is 
initially uncharged, starts to charge up through R, towards + V and the voltage V, 
then rises exponentially with time, as shown in Figure 33.17 (a). After a time which 
depends on ihe (ime constant C, x R, V, reaches a value higher than V,; 
whereupon the output of the opamp switches over so that the output is — V. as 
shown in Figure 33.17 (b). The positive feedback encourages the opamp to switch 
quickly since V; then drops, making V, much lower than V, and so forcing V, to go 
negative even more quickly. 

C, now discharges and starts to charge in the opposite direction until. V, 
becomes lower than Vz. The opamp then switches back again so that V, becomes 
positive (+ V) again. The cycle is then repeated. Figure 33.17 (a) shows how the 
voltage Vj varies with time and Figure 33.17 (b) shows how the output voltage K, 
varies with time. The periodic time of the multivibrator is given by: 


T = 2C,R, In(-2Rj,Ry3) 
the proof of which i» beyond our scope 


Periodic time (T) 


y Figure 33.47(2) Variation of V , with rime 
Figure 33.17(b) Variation of V, — square wave 


A Practical Astable Multivibrator 
The circuit in Figure 33.18 gives component values to construct an astable 
multivibrator from an opamp. 
The periodic time T = 
2% O01 x 1075» 100 x 10? In(1 +2 x 100 x 103/10 x 10?) = 0-061s. 
Therefore frequency = 1/T = 16 Hz. 
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Oscillator, square-wave or astable multivibrator: (1) Negative feedback from 
C, — R, provides charge-discharge voltage. (2) Positive feedback from potential 


Figure 33.18 


divider provides switching. (3) Period 7 depends on C iR, and feedback resistance 
ratio. 


Sine Wave Oscillator 
An oscillator based on a circuit originally due to Wien can provide 2 sine wave 
output. 
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Figure 33.19 Sine ware oscillator 


The necessary circuit is shown in Figure 33.19. The positive feedback is 
provided hy th. Wien bridge network, Cj, C3, Ky, Ry. The particular property of 
the Wien bridge is that the voltage fed back to the + input is only in phase with 
the outpui at One frequency (f) given by: 


J = 1/(22RC) 


if C, = C,=C and R, = R, = R. Thus positive feedback is only present at 
frequency f and the circuit will oscillate at this frequency provided that the 
overall gain of the amplifier is about 3, The overall gain is provided by resistors 
Rand R4. To give a gain of about 3, R, = 2R,. 

In practice. in a simple circuit, R; is a 6V 006A lamp and R, is about 
50 ohms. This arrangement prevents the output saturating at any stage, since if 


eure Tareas I| 
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Vou becomes ioo large, the current through the lamp increases. The lap then 
heats up and its resistance increases, so decreasing the gain of the amplifier, 


Opamp as Voltage Comparator, Switching Circuit 
Without any feedback, av opamp can be used as a voltage comparator. Figure 
33.20 illustrates the principle. R, and R, form a potential divider between -- V 
and +V. The relative valucs of R, and R, will determine the voltage at the non- 
inverting input (Y) of the opamp. The voltage at (Y) is a relerence voltage; 

If the inverting input —) of the opamp is at an even slightly higher voltage 
than the non-inverting input ( +), then the output will be at the maximum 
negative (-- V). As soon as the voltage of the inverting input (— ) falls below that 
of the non-inverting inpu: ( +), or the voltage of the + input rises above that of 
the — input, the output immediately switches to the maximum positive (+ V). 

A known reference voltage is applied to the + input. If the voltage on the 
input is below the reference voltage. the output is + V. If the voltage on the 
input is above the reference, then the output is, — V. This is especially useful in 
circuits that are required ie detect a changing level of voltage and switch al a 
specific level. 


Figure 33.20 Switching circuit with LDR 


In Figure 33.20 another potential divider is formed by the light dependent 
resistor (LDR) and R3. As the light level becomes lower, the resistance of the 
LDR increases and the voltage on the inverting input falls until it is below the 
reference voltage at Y set by the potential divider R, and R. At this point the 
output, which had been at — V, switches rapidly to -- V. This switching could be 
used to operate a relay. The whole circuit might then be used to switch on a 
street light. ; 4 

The circuit in Figure 23.20 is called a ‘voltage comparator because it 
compares the voltage V at X with the voltage V y at Y. Ir Vx is higherthan Vy, then 
a high negative output is obtained. If Vy is less than Vy, a high positive output is 
obtained. "PR 

The light level at which switching occurs can be altered by adjusting the 
reference voltage. The LDR can also be replaced by a thermistor to detect a pre- 
determined temperature and perhaps sound an alarm if a fire occurs and the 
temperature rises above a pre-set value. A thermistor is a resistance which varies 
with temperature; usually the resistance decreases with increasing temperature 
So the voltage V, relative to V, will alter as the temperature rises or falls. 
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Switching circuit: Vy (— input) from potential divider with LDR (lighting control) or 
thermistor enpera control). Vy fixed by another potential divider. If LDR or 
thermistor resistance changes, output switches between — Vs and +Vs, the 
supply voltage, and relay operates. 
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Opamp as Integrator 


In certain circumstances, for example an analogue computer, a circuit is needed 
that will provide an output that is the integral of the input voltage, A basic 
integrator circuit is shown in Figure 33.21. 


= 
£ 


—— OV 


Figure 33.21 Opamp as integrator 


Point X is a virtual earth as explained previously. The p-d. across R is V, and 
the p.d. across C is V, 


out: 

As before, the total current into point X must be equal to the total current 
leaving point X. 

The current into point X = | 1 = V,,/R. 1, is the current out of point X and is 
equal to the charging current for capacitor C. 


dQ Ca¥. 

S == = put 

3 M dr 

But since 1,+1,=0 

then V,,/R = —CdV,,,/dt uc RA SSE ERY 


If we integrate this expression: 
(/RO) f V, dt = — fdr, 


out 
which gives: 


Vou = —(I/RC)f Vnd. ; #9 (2) 

Thus the output voltage is Proportional to the integral of the input voltage. 
If the input is a pulse as shown in Figure 33.22 (a), the output will be as shown 
in Figure 33.22 (b). We can sec this from equation (1). Here Vin is constant, Figure 


33.22 (a), and so 
dV /dt = —V/CR =—k, 


where k is a constant. So Vow Varies linearly with time t and has a negative 
gradient as shown. 


Figure 33.22 (a) Input pulse (b) Integral of input 


From equation (2), one example of the use of the circuit would be to integrate 
an input proportional to the speed of a car, so as to give an output proportional 
to the distance covered. 

When using an opamp as an integrator, any initial variation of the input from 
zero will cause an output which will be integrated. The output will thus tend 
to drift slowly towards saturation even before the signal to be integrated has 
been connected. It is therefore necessary to use the offset-null adjustment 
described earlier to remove any small output offset. 


Examples on Opamp Circuits 
| What is the output voltage of the opamp circuit of Figure 33.23? 
1 

+4V k 

Vout 
1 

-3V 

ov 
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Figure 33.23 Example on summing amplifier 


This is á summing amplifier and therefore the output is given by: 
-h=* VR 
18x10?x4 18x 10° x(—3) 
10x10 + 2x10 — 
=72-45=27V 
So o = —2:7V (V, is antiphase to +4V input) 


2 Inthe circuit shown in Figure 33.24, at time t = 0 the capacitor C = ! pF is uncharged 
and the output voltage (V,,,)is + 14 V. At a later time the voltmeter connected to the output 
shows that V,,, has changed to — 14 V. Calculate the time at which VY, changesfrom + 14 V 
to —14 V. 
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Figure 33.24 Example on switching 


Initially, Vou = +14V 
_ 10x 10? 
P 20x 103 
The voltage V, is the voltage across the capacitor C of 1 HF, which is in series 
with the 1 MQ across the voltage V, initially at 14 V. The time-constant of the 
circuit = CR = 1x 07x 1x 106 = 1s. 
So Va = kulle "R= 14(1—6-5) 
When J, is just greater than Vj. or 7 V, Vou, will switch to — 14 V. So time t when 
this happens is given by 


x14V 27V 


7 = 14(1—e-7!) 
from which —7=—14e™ 
So t —1n(14/7) = In2 = 0-69 s 


Exercises 33A 


1 In the opamp circuit shown in Figure 33A, R and S are resistances, 
Writedown (i)the gain, (ii) the phase difference between the input and output 
voltages. Why is X a ‘virtual earth’? 
Explain why the currents in R and S are equal. 


Figure 334 : Figure 33B 


2 Calculate the gain of the circuit in Figure 33B and draw sketches showing roughly 


the input and Output voltages if the input voltage is a square wave voltage varying 
from 0 to 0:5 V. 
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Draw an inverting amplifier circuit with component values which give about the 
same gain as Figure 33B. 
3 Figure 33C shows a summing amplifier. One of the input voltages V, is 0:55 V and 
the other is V,. Calculate V, if the output voltage is 0-9 V. 


Figure 33C Figure 33D 


4 In Figure 33D, the output voltage V,,, is a square-wave voltage of amplitude 0:44 V. 
Calculate the amplitude of the input voltage and draw a sketch of it. 
5 Figure 33E shows an opamp circuit whose power supply is +15 V and —15 V. 
What is the gain of the circuit. Prove the formula used. 
Sine waves of frequency 1 kHz and amplitude 
(a) 100 mV and then 
(b) 1 V are applied to the input. In each case sketch the input and output 
waveforms, and comment on them. 


Figure 33E Figure 33F 


- 


e 
6 The circuit in Figure 33F shows the opamp used as a voltage comparator. The 
resistance of the thermistor shown decreases with increasing temperature. With the 
resistor cold, the output voltage is at maximum — 15 V, the power supply being 
+15 Vand —15 V. 
(a) What is the voltage at the inverting input of the opamp? 
(b) What voltage would the non-inverting input have to reach for the output to 
switch to maximum positive + 15 V? wi 
(c) What would be the resistance of the thermistor at this point? MEN 
7 When an input voltage of constant value V is applied to the circuit in Figure 33G, 
the capacitor C becomes charged at a constant rate by current through R. If the 
output voltage is V,, show that, ift is the time, 


V/R =—CdV,/dt 
Using this relation, calculate the rate at which the output voltage 


V, = 04 V, R = 50 kQ and C = 0-2 pF. Draw a sketch of V, against t, 
use of this circuit for one part of a cathode-ray oscilloscope. 


changes when 
and suggest a 
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(a) open-loop gain, 
(b) closed-loop gain, 

(c) negative feedback, 

(d) off-set voltage. 

An amplifier with negative feedback has an improved frequency response 
compared with an amplifier without feedback. Draw sketches of frequency response 
curves which illustrate this improvement, labelling the axes. 

9 Figure 33H shows a circuit for an electronic thermometer. The thermocouple 

Benerates an e.m.f. between the terminals X and Y of 50 HV per K temperature 

difference between its junctions. The thermocouple is connected to the non- 

inverting input of an operational amplifier and feedback is provided by the resistor 

of resistance R,to the inverting input. 

(a) State what is meant by an inverting input and a non-inverting input. State the 
type of feedback used in this circuit and explain how it functions. 

(b) The voltage gain of this amplifier is given by 


Vout R, 
E eed 3 
Wo E 


ĦR,= 100kO and R, = 1 KQ, calculate the reading on the voltmeter when 
there is a temperature difference of 100 K between the junctions of the 
thermocouple. 


(c) The thermometer is to be used to measure body temperatures over the range 


deflection when measuring a temperature of 45°C, Explain why you would 
expect the value of R; to be very much greater than the value of R, in this 


E 


Figure 33H 


In the above circuit P, Q, Rand S form part of a Wheatstone bridge network in 
which an operational amplifier circuit is used to detect the difference between the 


H 


Figure 331 


voltages V, and V;, Figure 331. (i) The output voltage in this circuit, Vo, is given by 
V, = A(V, — V;) where A is the open-loop gain of the amplifier and V, must lie 
between 9 V and —9 V. Show that, if A = 90000, then V, should be either 9 V or 
—9 V if the difference between V, and V, exceeds 100 pV. (ii) If the resistances P 
and Q are each 10 kQ and R is the resistance of a variable standard resistor, outline 
how you would use the arrangement to determine the resistance S, which is of the 
order of a few kQ. (iii) A typical centre zero galvanometer has a resistance of 40 Q 
and is graduated in divisions of 0-1 mA. If you were to choose between such a meter 
and the above operational amplifier as a null detector, which would you choose, 
and why? (JMB.) 

Explain what is meant by voltage gain and negative feedback in relation to electronic 
circuits. 


Figure 33) shows a circuit containing an ideal operational amplifier where the 
point P is usually referred to as a virtual earth. Explain what you understand by 
virtual earth in this context and hence derive an expression for V, in terms of V, and 
the values of the circuit components. jur 

The current, I, through a certain device varies with applied potential difference, V, 
according to the relation 


I 1,68 
where I, and k are constants. If R, is replaced by this device, write down an 
expression for the feedback current in terms of V2. Hence show that V, is given by 
the expression 
V, = 1/kin(Vj/Rylo) 
What is the possible advantage of this type of amplifier over a linear amplifier when 
a wide range of input signal amplitudes must be displayed? (C.) 
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Digital Electronics 


Unlike analogue electronics, which deals with continuous signals, digital 
electronics is concerned with electrical signals that can be either ON or orf, No 
other situation, for example ‘HALF on’, can possibly be recognised. 
In digital circuits, the ‘on’ or ‘I’ state can be represented as a high voltage (with 
respect to the grounded negative of the power supply). Thus in a typical circuit, 
| ‘1’ or ‘on’ would be represented by a voltage of +5V or ‘Hion’ and a '0 or 
'oFF' would be represented by a voltage of 0 V or ‘Low’. In this way, digital 
f signals or numbers in binary can be recorded in a circuit without confusion. 
| Digital circuits are designed to process digital signals and there are a number 
of standard ‘building blocks’ available called logic gates, from which complex 
| digital circuits can be built. For example, as shown later, they can be used in a 
| simple burglar alarm. We shall show how logic gates are used in adding binary 
digits, in memory circuits and in the binary counter. 


| : Logic Gates 
Logic gates are generally made in the form of an integrated circuit. Several gates 
i can then be made in one package, called a 'dual-in-line (dil package, Figure 
33.25, Each gate will have one or more inputs and one output. A power supply is 
needed which is often 5 volts. 


The Nor gate is the simplest of all logic gates as it has only one input and one 


a 
——— n MÀ «| 
Figure 33.25 Integrated circuit. 2-input Nano gate 
NOT Gate or INVERTER 
output, It. changes the input A so that a "1" input becomes a '0' output at Q and a 
0" input becomes a ‘I’ output. In electronics, American standard symbols are 
commonly used, as shown in Figure 33.26. 


The action of logic gates is most easily represented by means of a TRUTH TABLE. 


| Input (A) [Output (Q)] 
Fs midi pef aii 


Figure 33,26 vorgate 


The truth table tor a NOT gatc is shown in Figure 33.26. The function of the Nor 
( aber gate can be represented briefly by A(A bar) = Q or in words, ‘not A 
equals Q'. 
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AND Gate 
An AND gate can have any number of inputs but only one output. For 
simplicity, we deal with a two-input AND gate, Figure 33.27. An AND gate gives a 
high output (1) ifinput A AND input Bare both high (1); otherwise the output is low 
(0). See Truth Table. > 


Figure 33.27 axo gate 


As we stated earlier, a burglar alarm might be required to sound if it is dark 
AND à door is opened. A simple electronic circuit could give a high voltage in the 
dark and a switch on the door could be arranged to give a high voltage when it is 
opened. These signals are then fed to an AND pate and the output used to sound 
an alarm, as shown in Figure 33.28. If either input A or B is 0, the output Q is low 
(0) and the alarm will not sound. If input A and input B are both 1, the output Q 
is high (1) and the alarm does sound. 


Figure 33.28 Burglar alarm witi anD gate 


NAND (NOT AND) Gate 
Electronically, it is easy to make a gate which is equivalentto an AND gate 
followed by a Nor gate. The combination is given its own symbol and called a 
NAND (NOT AND) gate. Notice how the symbol is the same as for the AND gate but 
with a small circle at the output. This small circle is always taken to indicate a 
eo INVERTER Operation, The truth table for the NAND gate is shown in Figure 


Figure 33.29 «4s» gate 
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As well as being a very useful gate in itself, the NAND gate is widely used 
because all other gates can be constructed using only NAND gates. For example, if 
a NOT gate is needed, it can be made from a NAND gate in two ways: 

(a) One input such as A is permanently tied (connected) high, so that A is 1 in the 
truth table, Figure 33.30(i). In this case the only lines possible are lines 3 and 4, so 
if B is high, the output Q is low (0) and if B is low, Qis high (1). 


(ii) 


Figure 33.30 — vorgate from Nann gate 


(b) Bothinputs may be tied (connected) together so that inputs A and B must both 
be high or low together, Figure 33.30 (ii). This means that only lines 1 and 4 of the 
truth table are possible and so, if A and B are both high, Q is low; and if A and B are 
both low, Q is high. However this method is not good electronic practice and 
should not be used. 


OR Gate 
An OR gate can have any number of inputs but for simplicity we shall consider a 
two-input OR gate. An OR gate gives a high output (1) if either input A or B, 
Figure 33.31, or both are high (1), otherwise the output is low (0). The truth 
table shows the function of the or gate. ‘ 


Figure 33.31 or gate 


An or gate could be used if a gardener wanted an alarm to sound when the air 
temperature in his greenhouse fell below 0°C or rose above 30°C. Two sensors 
such as thermistors could be a rranged so that either sensor gave a high input (1) 
x anor gate, as, for example, in Figure 33.32. The output would then trigger an 
alarm. 


below O?C 


Figure 33.32 Application of or gate 
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A NOR gate is equivalent to an or gate followed by a Nor gate (INVERTER), that is, 
all the outputs of the or gate are inverted (changed from 0 to 1 or 1 to 0). The 
truth table for the Nor gate is therefore opposite to the or gate as you should 
verify, Figure 33.33. 


Figure 33.33 won gate 
Logic Gates Using NAND Gates 


NAND gates can be used to construct all other logic gates such as OR, AND, NOR and 
NOT. Figure 33.34 shows three NAND gates that are equivalent to an OR gate. 
Figure 33.35 shows four NAND gates which are equivalent to a NOR gate. This can 
be seen from the truth tables, where Q,, Q,, Q are the outputs for the or gate and 
Q., Q4, Q;, Q are the outputs for the Nor gate. 


+V 


Figure 33.35 won gate from NAND gates 
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NOR gates can be used in a similar way to construct all other gates, AND, NAND, 
OR, NOT. 


Exclusive OR (EOR) and Exclusive NOR (ENOR) 
These last two logic gates are rather more specialised than those already 
discussed. The EOR gate gives a high output if EITHER input A or input B but 
NOT BOTH are high, otherwise it gives a low output (Figure 33.36 (a). The ENOR 
gate is the exact opposite (Figure 33.40 (b). The truth tables and symbols are 
shown below. 


Figure 33.36 (a) EXCLUSIVE OR (FOR) gate (b) EXCLUSIVE NOR (ENOR) gate 


It is also possible to construct an Eon gate using only NAND gates. Examination 
of the truth table for an ror gate shows the output of an Eor to be the AND of th: 
„outputs of an or and a NAND since only in lines 2 and 3 of their truth tables do 
both or and AND both give a high (1) output and the AND of two 1’s is 1. This 
gives a clue to the final arrangement of NAND gates needed, which is shown in 
Figure 33.37 with a truth table. 


Figure 33.37 ion gate from Nann gates 
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Logic gates: Not (input 0, output 1; input 1, output 0). 

AND (output 1 if inputs 1 and 1). NAND (output 0 if inputs 1 and 1). 

or (output 1 if inputs A or B or both 1). Nor (output 0 if A or B or both 1). 
EOR (output 1 if A or B but not both 1). 

NAND gate inputs connected together — Nor gate. 

All gates can be made from all Nann or all Nor gates. 


Central Heating Control Using Logic Gates 
All the logic gates described can be connected together in various combinations 
to perform an endless variety of functions. These may range from simple control 
of traffic lights to arithmetic and data processing. One example is the use of logic 
gates in the control of a central heating system. The boiler might need to be on 
ift (i) The timeswitch is on AND the room thermostat is on or (ii) There is a 
frost outside. 
The logic combination for this would be as in Figure 33.38. 


Timeswitch 


Room 
thermostat 


Frost 
thermostat 


Figure33.38 Central heating control using aNd plus on gates 


The truth table shows how the output Q of the anp gate is combined with the 
input to the or gate to make the boiler work correctly. As shown in Figure 33.39, 
page 834, this circuit could be redrawn using three NAND gates In place of the 
AND and OR gates. The truth table shows the outputs Qi, Q, and the output Q 
to the boiler. 1 i ! 

The truth tables in Figures 33.38 and 33.3) contain mainly those lines 
showing the conditions for the boiler to be ‘on’. 


Half-Adder and Full-Adder d. 
Another example of the use of logic gates is to add together two Binary digiTS 
(BITS). In binary addition, 0+0 —0, 0+1 = 1, 1+0=1 and 1+1 = 10. In 
computers, binary addition has to be carried out very frequently and the circuit 
to do this addition with two bits (binary digits) is called à HALF-ADDER. A 
half-adder is shown in Figure 33.40. It consists of an EOR gate and an AND gate. 
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Figure 33.39 Central heating control using only NAND gates 


The truth table for an EOR gate on page 832 gives the addition or sum of the 
binary digits at A and B; the AND gate gives the carry digit. For example, if we’ 
. add 1+1 in binary, the sum is 0 and 1 is carried to the next line. 


Figure 33.40  Half- Adder 


In order to add other binary numbers, a circuit is needed that will add three 
bits together; two bits and the càrry from the previous two bits. To add three bits 
at a time such as 1+1+1 for example, we need a FULL-ADDER. A full-adder 
consists of two half-adders and an OR gate, as shown in Figure 33.41. The truth 
table shows the sum digit and the carry digit for the three inputs A, B, C. 

In order to add two 4-bit numbers, four full-adders are needed. 


Bistable Circuit, Flip-Flop 
We now deal with circuitry in which the output is determined not only by the 
bh at a particular time but also by previous inputs. 
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Figure33.41 Full-Adder 


The bistable is one such circuit. As shown in Figure 33.42, it has two NAND 
gates N1 and N2, linked in a special way. The output of N, provides an input for 
N, and the output of N, provides an input for N,. This circuit is known as a 
BISTABLE Or à FLIP-FLOP because it has two stable states and it can be switched or 
‘flipped’ between the two states, which are discussed shortly. Such circuits are the 
building blocks of computers. 

The circuit has two inputs called ser (S) and reset (R) and two outputs, (Q) 
and (Q), called ‘Q’ and ‘not Q’. Q is the complement of Q, so if Q = 1, Q = 0, and 
fQ=0,Q=1. 


Figure 33.42  Bistable circuit 
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The truth table shows how the circuit works. Suppose the input S = 1. Then 
S = 0 is the input to the NAND gate N,. Suppose that the other input to the N, 
gate is also 0. Then the output Q of N, = 1 (see truth table). 

Now suppose the input R = 0. Then R = 1. Now the input for the nann gate 
N; from N, is also 1. So the output Q of N, = 0. 

So the output | for N, provides the input 1 for N;, and the output 0 for N, 
provides the input 0 for N,. The circuit, then, is in a stable state with S = 1 and 
R = 0. With the output Q = 1, the circuit is said to be set. 

By the same argument, the truth table shows that further changes to S have no 
effect on the output Q (or Q) until a change is made so that R — 1 and S — 0. 
Then the Q output changes to 0 and Q to 1 and the circuit is said to be RESET. 
This can also be shown to be stable state. Since it has two stable states, the circuit 
is called a bistable. 

The truth table shows that if R = S = 0, there is no change. If R = S = 1, both 
Q and Q are 1, which is not desirable, and this situation is avoided. 

The circuit is known as a sr FLIP-FLOP. The flip-flop is able to store one sit of 
information at Q such as 1 or 0. It therefore acts as a ONE-BIT MEMORY, since once 
Q has been made 1, it will stay 1 until S and R are changed. A computer can 
‘read’ the output Q at any time and find the output that has been stored. A 
computer will have a large number of flip-flops as its memory. 


Clocked SR FLIP-FLOP 
A modification to the above circuit can provide a third input for a ‘clock’ circuit. 
Theclock (CK) sends out rectangular pulses which rise and fall from low (0)to high 
(1) and back again at regular intervals. The low to high transitions occur at equal 
time intervals. Figure 33.45 on page 837 shows clock pulses. Inputs to S and R 
will only affect the outputs Q and Q when the clock input is high. This is known 
as a CLOCKED SR FLIP-FLOP and is shown diagrammatically in Figure 33.43. 


Symbol: CK 


Figure 33.43 Clocked sr flip-flop 


Binary Counter 
A combination of these flip-flops can be used to make a binary counter. Two 
modifications of the clocked sr flip flop are needed. Firstly, the output Q must 
change state only as the clock pulse changes from low to high. If this is not done, 
the binary counter will not work correctly. This so-called ‘edge triggering’ is 
achieved by circuitry which we do not need to discuss. 

Secondly, and importantly, the sr flip-flop must be made into a T-type flip- 
flop or ‘toggle’ flip-flop, so called because the output ‘toggles’ or switches state 
ith each clock pulse, as we shall see later. The symbol for a T flip-flop is shown 

Figure 33.44. This has a chain of four flip-flops, each with input T and with 


= 


Analogue and Digital Electronics ——— 637 


outputs Q;, Q2, Q;, Q4 respectively which are connected to light emitting diodes 
A, B, C, D. A LED will light or be on when the output Q is HIGH or 1. 

In the T flip-flop, there is no S input and the output Q changes state on each 
rising edge (0 to 1 transition) of the clock pulse. Some flip-flops change state on 
the falling edge of the clock pulse: There is a RESET (R) input and this causes Q 
to go to 0 irrespective of the state of the clock. 


Four-Bi: Binary Counter 

We can now show how the four T flip-flops in Figure 33.44 act as a four-bit 
binary counter, that is, a counter with foür binary digits which will record the 
number of incoming clock pulses. The Q output of the first flip-flop is connected 
to the toggle input T of the second flip-flop, the Q output of the second flip-flop 
is connected to the toggle input of the third flip-flop and so on. The outputs Q;, 
Q2, Q3, Q provide the binary digits A, B, C, D. The R connections on all four 
flip-flops are connected together so that a 1 on the combined reset inputs will 
reset the counter to 0000 regardless of the clock. 


r- 


Figure 33.44 Four-bit binary counter 


Figure 33.45 illustrates how the clock pulses or inputs affect the outputs Q;, 
Q2 Q3, Q4 of the flip-flop chain. 

‘At the start, suppose that the outputs are all set to 0. As the first clock pulse 
rises from 0 to 1, Q, changes from 0 to 1 and so LED A is now on. At this stage, 
Qı = 1, Q: = 0, Q, = 0, Q, = 0. So the binary digit recorded is 0001 reading 
from D (the Most Significant Bit) to A (the Least Significant Bit). 


Cock pusses [EL [EL LRL [S] SLIPL fE BI fA lL fl) FL RI Bl Fe 
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L3; Vahl. Gh ch p beant? Fonte "ALT 
4 
(t/2*)Q, : my SCO AE 


O10! 100! MOL 515 
-5 =9 
Figure 33.45 Input clock pulses and binary outputs 
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When the second clock pulse rises from 0 to 1 in a similar way, Q, changes 
from 1 to 0 and therefore Q, changes from 0 to 1. This provides the toggle for the 
second flip-flop and thus Q, changes from 0 to 1 as shown. LED B is now on while 
LED A is orr. The counter now records 0010 reading from D to A; which is 2 in 
decimal notation. 

We can now see that if the frequency of the incoming clock pulses is f; the state 
of Q, changes at a frequency of f/2, Q, at a frequency of f/2?, Q, at a frequency 
of f/2* and Q, at a frequency of f/2*. This continual division by 2 shows that the 
chain of flip-flops can act as a binary counter. At the fourth incoming clock 
pulse, for example, Q, —0, Q, 20, Q, = 1, Q,=0. The binary number 
recorded reading from D to A (most significant bit to least significant bit) is 0100. 


Numberof | Outputs — | 


Read binary from Q, to Q, 


The Table shows how the states of the outputs Q » Q3, Q3, Q4 record in binary 
the incoming clock pulses. Figure 33.45 iliustrates some binary recordings. The 
four-bit counter must be reset after the fifteenth pulse as the maximum count for 
a four bit counter is 0 to 15 (0000 to 1111 in binary), which is 16 pulses. 


Example on Alarm Circuit 
A householder wants a circuit that will sound an alarm if it is dark and a door is opened 
or a 'panic button' is pressed. À circuit can be constructed to give a ‘high’ (1) in the dark 
and a ‘low’ in the light (0) and a door switch will give a ‘low’ (0) when the door is open 
otherwise it gives a ‘high’ (1). The panic button gives a ‘high’ (1) when pressed. 


The first stage is to construct a truth table for the dark and door switches. 
Using 1 for high and 0 for low gives the following truth table: 
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This is the condition for the alarm. 


The output looks a little like an AND gate output except that the door input 
would have to be a 1 for an AND gate to be possible. If we try inverting the door 
input we get the following truth table: 


This is the condition for the alarm. 


The truth table above is the truth table for an AND gate (the lines are not in the 
usual order). The arrarigement of gates would therefore be as in Figure 33.46. 

The final condition can be met with an or gate. The panic button gives a high 
when pressed, therefore the truth table would be: 


Output of first yor) 
Panic button circuit Alarm 


These are the alarm conditions. 


r 


Figure 33.46 First stage of alarm circuit 


Therefore the complete circuit looks like Figure 33.47. 


Figure 33.47 Final alarm circuit 


840: 
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We can see this is a solution because the alarm is sounded if it is dark AND a 
door is opened or a ‘panic button’ is pressed. 


Exercises 33B 
(The following symbols are used in the Exercise) 


AND [D nor- >o or >na > nor D 


Figure 33K 


1 Draw the circuit symbol for a two-input AND gate. 
An exclusive-or gate is one where the output is high only when one or other but 
. not both of the two inputs is high. Write out the truth table for this gate. (C.) 
2 Figure 33L shows inputs X, Y, Z toa system of logic gates. Draw a truth table 
showing the outputs P and Q and the final output R. 
Draw a NAND gate system equivalent to all the nor gates. 


Figure 33L Figure 33M 


3 Figure 33M shows a system of logic gates. Draw a truth table showing the outputs | 
P, Q and R. 


4 Construct a truth table for the arrangement of Nann gates shown in Figure 33N. 


Figure 33N 


5 Design circuit that will give the truth table shown. 


6 Drawa system of 
(a) Non gates, and then 
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(b) Nann gates, which can produce (i)an AND gateand (ii) an or gate. 

7 Figure 330 shows two nann gates followed by a nor gate. Construct a truth table 
showing the outputs P, Q and R. 
Fe system is equivalent to one gate G with inputs X, Y, Z and output R. What is 


Figure 330 Figure 33P 


8 Figure 33P shows a system of logic gates. Construct a truth table showing the 
outputs P, Q and R. p 
From the truth table, what inputs X and Y will produce a high output (1) at R? 
9 The waveforms of inputs A and B to a logic gate are shown in Figure 33Q (a) and 
(b). In each case copy the inputs and show beneath them the output waveform at Q. 


Figure 33Q 


10 Figure 33R shows two nann gates with feedback from each output. Construct a 
truth table starting with X = 1, Y = 1, P = 0 and show that the outputs P and Q 


have two stable states. 


Figure 33R 


11. Four nann gates can produce an For ( Exclusive-or) gate. Draw a sketch of the 
system and construct a truth table to verify your answer. : 
12 Show how a full-adder is produced, starting with a half-adder. Explain your answer. 
13 Ina car, a red warning light comes on when the ignition is switched on ifthe door is 
not closed properly, or the seat belt is not fastened, or both door and seat belt are 
not properly secured. y y 
(a) online the truth table, showing the door and seat belt inputs to a logic pie 
system as high (1) if each is properly secured and low (0) if not properly secured, 
the ignition input as high (1) if switched on and low (0) if off, and the red warning 
light, the output, as high (1) ifon and low (0) if off. 


14 


15 
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(b) Then draw a suitable logic gate system for operating the red warning light. 

A big saw for cutting wood at a timber store is designed to operate by switching on 

an electric motor only when a safety guard is lowered completely round the saw. In 

this case a green light comes on when the motor is switched on. If the safety guard is 
not lowered, a red lignt comes on when the machine is switched on. 

(a) Construct a truth table for a logic gate system showing the motor switched on as 
high (1) input and off as low (0) input, the safety guard input as high (1) when 
lowered and low (0) when not lowered, and the outputs high (1) for switching on 
the lights and low (0) for not switching. 

(b) Draw a logic gate system showing how the green and red lights can be operated 
as required. 


(ii) 


Figure 33S 


Figure 33S (i) shows an input clock pulse to a toggle flip-flop and nor gate, followed 
by a Nor gate. The output Q of the flip-flop changes from low to high or from high 
to low when the input pulse (Figure 33S (ii) goes only from low to high. 

The circuit should operate the red (R), amber (A) and green (G), lights, which go 
on only with a high (1) input, in British traffic sequence. Draw sketches showing 

(i) the input clock pulse, | (ii) below it the corresponding outputs X, Y and Z, 

. (iii) the sequence or order of the lights R, A and G obtained from your X, Y and Z 
graphs (show R, A, Gon the graphs). 

(a) A light emitting diode (LED) which is connected to the output of a logic gate is 
required to light when the output is logic | (+5 V). For this to be achieved a 
forward current of 10 mA together with a forward p.d. of 2-0 V is required. Draw 
4 circuit diagram to show how the ten is connected and calculate the value of 


A any additional component required. 


Figure 33T 


The symbol shown in Figure 33T represents a T or toggle flip-flop circuit. The 
small circle on the clock input indicates that toggling occurs when an input 
pulse goes from logic | to logic 0. The output Q can be set to logic 0, i.e. cleared, 
by momentarily connecting the clear input to a zero voltage line. With the aid of 
a truth tal.: for input and outputs, explain whatis meant by the toggling action 
of this circuit. 

- The clock pulses shown in Figure 33U are applied to the flip-flop circuit. 
Using the same time scale as Figure 33U, sketch the outputs from Q and Q. 


© (¢) Draw a diagram to show how four of the circuits shown in Figure 33T can 


connect together to make a four-bit binary counter to count upwards from zero. 
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4 Figure 33U 
Show on your diagram where you would connect four Leps to indicate the 
binary count, labelling them A to D with A being the least significant bit. 

The clock pulses shown in Figure 33U are fed into the input of the four-bit 
counter after its outputs have been cleared. Using a common time scale, show by 
means of graphs how the output signal from each of the four flip-flops varies 
between logic 0 and logic 1 for nine input pulses. (JM B.) 


Miscellaneous Electronics Questions 

17 Draw an amplifying circuit for which the voltage gain is S. 

The output signal may carry more power than the input signal. What is the source 
of this power? E 
Explain, with reference to your circuit, the term ‘negative feedback" (L.) 

18 (a) Construct a truth table for each part of the circuit outlined by a dotted box (as 
shown below). For values of the inputs at A and B give the corresponding values 
at each labelled point in the circuit and hence identify the logic gate equivalent 
of each box. t 

State the function of the complete circuit and distinguish between the two 
outputs. 


inputs 


Figure 33V 
(b) Draw a circuit diagram showing how two NAND gates 
simple bistable latch or sr flip-flop. 
Show the two inputs, S and R, connec! 
allows either S or R to be grounded (connected to t 
power supply). (JMB. Part Qn) * 
19 (a) Draw a circuit diagram of an operational amplifier use 


can be used to construct a 


ted to a two-way selector switch which 
he negative terminal of the 


d in the inverting mode 
as a summing amplifier with two inputs. Show that, if the input resistors ol 
resistance R, and R, respectively are of equal magnitude and the feedback 
resistor has resistance R p, the output voltage V,,, is given by 

R 
Vac — L (Vis) 

R, 


out — 


where V, and V, are the voltages applied to the two inputs. —— 
Show how fou would modify the summing amplifier so that it would accept 
Itages. Explain your 


positive input voltages but ignore negative input vo! 


modification. LU 1i 
i Q draw another circuit diagram, giving 
(b) Taking the values of R, and R, to be 5k viii 


component values which would multiply the sum of positi t 
=2 but would divide the sum of negative input voltages by —2. Explain your 
genres = +3V,(ii)V, = +2Vand 


Calculate V,,, when (i) V, = +2 V and V; 
V= —8V. Under what circumstances would the outpur voltage not have the 


expected value? (J MB.) 


34 
Photoelectricity, Energy Levels, 
X-Rays, Wave-Particle Duality 


In this chapter, we first deal with photoelectricity and the 
Einstein photon theory. We then discuss the energy levels in the 
atom and their application to spectra, X -rays and their 
properties, the de Broglie formula and the wave-particle dualit y. 


Phofoelectricity: Particle Nature of Waves 


Photoelectricity 
In 1888 Hallwachs discovered that an insulated zinc plate, negatively charged, 
lost its charge if exposed to ultraviolet light. Later investigators such as Lenard 
and others showed that electrons were liberated from a zinc plate when exposed 
to ultraviolet light. Light thus gives energy to the electrons in the surface atoms 


of the metal, and enables them to break through the surface. This is called the 
photoelectric effect. 


Zinc 
P 
* ^ 
* -— 
+ u-v 
G 


leaf stays open 
(i) (ii) 


leaf fails 


Figure 34.1 Photoelectric demonstration 


Figure 34.1 (i) shows diagrammatica| 
photoelectric effect. The surface of a zinc plate P was rubbed with emery paper 
until the surface was clean and bright. P was then insulated and connected to the 
cap of a gold-leaf electroscope G, as shown, and given a positive charge by 
induction. Some of the charge spread to the leaf which then opened. 

In a dark room, P was exposed to ultraviolet radiation from a small lamp L 
Placed near it. The leaf Stayed open. However, when the experiment was 


leaf slowly collapsed, Figure 


lly a simple demonstration of the 


repeated with the plate P charged negatively, the | 
34.1 (ii). ` 


back to P. When P is negatively charged, 


h ow repelled away from the plate. So P 
loses negative charge and the leaf slowly falls. - 
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Velocity or Kinetic Energy of Photoelectron 
In 1902 Lenard found that the velocity or kinetic energy of the electron emitted 
from an illuminated metal was independent of the intensity of the particular 
incident monochromatic light. It appeared to vary only with the wavelength or 
frequency of the incident light. 

Further, for a given metal, no electrons were emitted when it was illuminated 
by light of wavelength longer than a particular wavelength, called the threshold 
wavelength, no matter how great was the intensity of the light beam. But as soon 
as the metal was illuminated by light whose wavelength was lower than the 
threshold wavelength, electrons were emitted. Even though the light beam was 
made extremely weak in intensity, it was estimated that the electrons were 
emitted about 107° second after exposure to the light, that is, practically 
simultaneously with exposure to the weak light. 


Classical or Wave Theory 
On the wave theory of light, the so-called classical theory, these results are very 
surprising. If we assume light is sent out in waves from a source, the greater the 
intensity of the light the greater will be the energy per second reaching the 
illuminated plate. So the classical theory can explain why the number of 
electrons emitted increases as the light intensity increases. 

But it can not explain the result that the velocity or kinetic energy of the 
emitted electrons is independent of the intensity of the incident light beam. On 
the classical theory, the greater the intensity of the beam, the greater should be 
the kinetic energy of the emitted electrons because the energy per second 
reaching the plate increases with the intensity of the light. | 

Further, on the classical theory electrons should always be emitted by light of 
any wavelength if the incident light beam is strong enough. Experiment, 
however, shows that however intense the light beam, no electrons are emitted if 
the wavelength is lower than the threshold values. 


Experiments show that: (1) the maximum energy of the emitted electrons is not 
proportional to the light intensity, and that (2) electrons are not emitted for all 
wavelengths, which contradicts the classical (wave) theory, of light. 
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Quantum Theory of Radiation, Planck Constant 
In 1902 Planck had shown that the experimental observations in black-body 
radiation could be explained on the basis that the energy from the body v 
emitted in separate packets of energy. Each packet was called a Us ppl ? 
energy and the amount of energy E carried was equal to hf, where f 5 e 
frequency of the radiation and h was a constant called the Planck constant. So 


EZM Iu en ie) 


is i m iation. Until Planck's quantum theory, it was 
Heise nn and not in separate packets 


considered that radiation was emitted continuously 

of energy. Since h = E/ f, the unit of h is joule second or Js. Measurements of 

radiation showed that, approximately, h — 6:63 xdd5 Je. 1075 m can be 
The quantum of energy carried by radiation of wavelength 3 x ARR 

calculated from E = hf. Since f = c/A, where c is the speed of electromagn' 


waves, about 3 x 10? ms" !, 
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So E = hf = 663 x 107 ** x 10!* = 66 x 107?? J (approx.) 


Work Function 

The minimum amount of work or energy necessary to take a free electron out of 
a metal against the attractive forces of surrounding positive ions is called the 
work function of the metal, symbol wo. The work function is related to thermionic 
emission since this phenomenon is also concerned with electrons breaking away 
from the metal. 

The work functions of caesium, sodium and beryllium are respectively about 
19eV, 20eV and 3-9eV. 1eV (electronvolt) is a unit of energy equal to 1 
electron charge e x 1 volt, which is (p. 197) 


L6x107!?Cx1V =16x 107195 
So the work function of sodium, wọ = 2eV = 2x 1-6x 1079 = 32 x 107!9J 


Einstein's Particle (Photon) Theory 


In 1905 Einstein suggested that the experimental results in photoelectricity could 
be explained by applying a quantum theory of light. He assumed that light of 
frequency f contains packets or quanta of energy Af. On this basis, light consists 
of particles, and these are called photons. The number of photons per unit area of 
cross-section of the beam of light per unit time is proportional to its intensity. But 
the energy of a photon is proportional to its frequency and is independent of the 
light intensity. 


Let us apply the theory to the metal sodium. Its work function Wo is 2-0 eV or 
32x10 !*J. According to the theory, if the quantum energy in the incident 
light is 3:2 x 107*J, then electrons are just liberated from the metal. The 
particular frequency f, is called the threshold frequency of the metal. The 
threshold wavelength 45 = c/ fo. 

We can now calculate f; and 4, for the metal sodium. Since E = hfo = Wo, 


wo 32x 10719 


= — = -z 4 14 
h= gsx i7 48x 10^ Hz 
1 3x10 
So TUS LER -3 
Ao f^ 48x 105 62x10^7^m 


Thus electrons are not liberated from sodium if the incident light has a frequency 
less than 4-8 x 10'* Hz or a wavelength longer than 62 x 10-7 m. This agrees 
with experiment. 


s Einstein's *hotoelectric Equation 
Using Einstein's theory, a simple result is obtained for the maximum energy of 
the electrons liberated from an illuminated metal. 

Ifthe quantum of energy hf in the light incident on a metal is say 42 x 10^ !?J, 
and the work function wo of the metal is 3:2 x 10- !? J, the maximum energy of the 
liberated electrons is (42 x 1071? 32 x 107 !?) or 1-0 x 107 !? J because Wo is 
the minimum energy to liberate electrons from the metal. The electrons with 
maximum energy come from the metal surface, as we have already stated. 
Owing to collisions, others below the surface emerge with a smaller energy. 

We now sce that the maximum kinetic energy, Ems, OF imr. of the emitted 
electrons (photoelectrons) is given generally by : ; 
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Pate Wo ieee) ary cet cy ee NIO 
So AL BAH oc E UB. I oar A ANE 


Equation (ii) or (i) is called Einstein's photoelectric equation. 


Examples on Maximum Energy and Threshold Frequency 
Sodium has a work function of 2:0eV. Calculate the maximum energy and speed of the 
emitted electrons when sodium is illuminated. by radiation of wavelength 150 nm. 
What is the least frequency of radiation (threshold. frequency) for which electrons are 
emitted? (Assume /—66x107?Js, e@=—-16x10 °C, m —91x10-?! kg. 
c=3x108ms"!) : 


66x 1073* x 3x 108 
150 x 107° 
-132x107!?J 
So maximum kinetic energy = hf — wọ = 132x 10719J—2x 16x 10719] 


(1) Incident photon energy = hf = hs = 


1010S 19ers odi 
Thus + Ames? = 10718 i 
2x10779 0 
So LARES 91x19 57 STA 10' 
= 1-5 x 10°msa onde (ii) 


(2) The threshold frequency is given by hf, = Wo. So 
Wo 2xL6x10.? 
fo= y= 66x i107 
= AB x 10) Hz — aneen vaar se) 


Measuring Maximum Kinetic Energy, Stopping Potential 
The maximum kinetic energy of the liberated photoelectrons can be found by a 
method analogous to finding the kinetic energy of a ball moving horizontally. In 
Figure 34.2 (i), the moving ball is made to move up a smooth inclined plane 
each time the slope of the plane is increased from zero. At one inclination the ba 


retarding p.d. 


ind 
m VT. 


0 (ii) 


Figure 34.2 Stopping potential 
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will just reach the top of the plane. In this case the kinetic energy, 4mv’, at the 
bottom P is just equal to the potential energy mgh at Q. Knowing the height h of 
Q above P, the kinetic energy is equal to mgh. 

Figure 34.2(ii) shows an analogous electrical experiment using a potential 
‘hill’ whose gradient can be varied. Here a varying p.d. V is applied between the 
plates A and C inside an evacuated glass tube, and the potential of A is negative 
relative to C. This means that when photoelectrons are liberated from C, they are 
acted on by a retarding force. 

When C is illuminated by a suitable beam, the photoelectrons liberated have a 
varying kinetic energy as we have previously explained. If the negative p.d. V 
between A and C is very small, many electrons can reach A from C. As V is 
increased negatively, however, the current J recorded on the meter M decreases 
because fewer electrons have energies sufficient to overcome the retarding force. 


Ata particular negative value V, the current / becomes zero. This is the value of 
the negative p.d. which just stops the electrons with maximum energy from 
reaching A. V, is called the stopping potential. Since an electron would lose an 
amount of energy given by charge x p.d. in moving from C to A, we see that 


Emax = ¢ V, 


So eV, is a measure of the maximum energy of the emitted photoelectrons. 


Verifying Einstein’s Equation, Measurement of h 
Figure 34.3 illustrates the basic features of a laboratory apparatus for 
investigating photoelectricity. It contains (1) a photoelectric cell X, which has 
inside it a photosensitive metal C of large arca, the cathode, and a collector A of 
the electrons, in a vacuum, (2) a potential divider arrangement Y for varying the 
p.d. V between the anode A and cathode, C, and (3) a d.c. amplifier for measuring 
a small current. 


n 


incident 2| 
lit ——54—— 


ü 
colour 
filter 


Figure 34.3 Photoelectricity experiment: eV, = hf— wo 


As shown, À is made negative in potential relative to C. The photoelectrons 
emitted from C then experience a retarding p.d. The p.d. V is increased 
negatively until the current becomes zero and the ‘stopping potential’, V,, is then 
read from the voltmeter. i 


m pure filters, the frequency f of the incident light can be varied and the 


D 
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corresponding value of V; obtained. Figure 34.4 (i) shows some typical results. 
For different wavelengths 4;, 22, 45, the respective stopping potentials V, (when 
I = O)are Vi, Vj, V3. The shortest wavelength A, (greatest frequency) required the 
highest stopping potential V,. 


M 
(stopping 
potential) 


Qy gradient 
=h/e 
a 
P. 
"Www O V fo 


(i) (ii) 


Figure 34.4 Results of experiment 


The values of V, are now plotted against the corresponding frequency f of the 
incident light. Figure 34.4(ii) shows the result. A straight line graph PQ is 
obtained. Now from Einstein’s photoelectric equation, eV, = hf — wo. So 


h. Wo 
yon e 
Thus from Einstein’s theory, the gradient a/b of the line PQ is h/e, or 


a 
h-ex- 


b 


Knowing e, the electron charge, h can be calculated. Careful measurement ie 
carried out by Millikan gave a result for h of 626 x 107 **Js, which wa Tr 
close to the value of h found from experiments on black-body Duet 
confirmed Einstein’s photoelectric theory that light can be considered to 
i hotons) with energy hf. 

NR FO in FL 344 (i) also enables the threshold e aed h: ma AA 
work function wọ to be found. From eV, = hf —wo, We we - jd Ma pies 
V, = 0. So f = Wo/h = fo. Thus the intercept of PQ with me requen 2 

the value of fọ. The work function can then be calculated from Wo = Mo. 


Experimental Results ae 
Figure 34.5 (i) shows the results when a metal such as ee nas 
monochromatic light of a given wavelength 4 which is pis ide s the stopping 
for the metal. When the retarding p.d. — V is increased De Ch tensity. This 
potential V, is the same for a beam of low intensity and one of ia 7 iven metal 
is because eV, = hf — wọ = hc/A—Wo, and 2 and wọ are constant for ag 


and wavelength. PA ; í 

Figure 345 (i) also shows that when V is positive, (i) all the quw cos 
are now collected so that the current is constant, and | MO has twice the 
intensity produces more electrons than one of low intensity. 
intensity of P, the current I is twice as much. 


í ith i i iven 
Figure 34.5(ii) shows how the current / varies with intensity for a g! 
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^ constant 


intensity _ ABC f 
(ii) (iii) 


Figure 34.5 Photoelectricity results 


wavelength 4 below the threshold value. The number of electrons emitted is 
proportional to the intensity and a straight line graph is obtained. 

‘Figure 34.5 (iii) shows the results when the stopping potential V, is plotted 
against the frequency f for three different metals caesium (Cs), potassium (K) 
and beryllium (Be). The respective threshold frequencies A, B, C are different 
because the metals have different work functions; but the slope of the three 
straight line graphs is the same since the slope is given by h/e (see p. 849) and h 
and e are constants. 


; Example on Stopping Potential 
Caesium has a work function of 1-9 electronvolts. Find — (i)its threshold wavelength, 
(ii) the maximum energy of the liberated electrons when the metal is illuminated by light 
of wavelength 4-5x 1077m, ^ (ii) the stopping p.d. (1 electronvolt = L6 x 107 nét 
h266x1073*J5, c= 30x408 ms !). 

(i) The threshold frequency fo is given by hf; = Wo = 19x 1-6 x 107 ak fe 


Now threshold wavelength, 45 = c/ fo 


_ 3x 10? x 66 x 10734 
~ 19x 16x 107%? 
-65x10 7m 
(ii) Maximum energy of liberated electrons = hf — wo, where fis the frequency 
of the incident light. But f = c/A. 
hc 
;, max. energy = 7-— Wo 


_ 66x 10-74 x 3x 10° 
45x107 
=1-4x 107195 


(iii) The stopping potential V, is given by e¥=14x10~'°J. Since 
e= 16x 107'9C, 


—19x 16x 107 !? 


| 14x 10719 


—TY6x10797 0:9. V (approx.) 
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Photo-emissive and Photo-voltaic Cells 
Photoelectric cells are used in photometry, in industrial control and counting 
operations, in television, and in many other ways. : 


Cu;0 
N 
2 
a 
E 100 
I] 
© 
2 
E 
ey 
du 1 2 3 
electrons Ls light-flux, lumens ——7 
(i) construction (ii) characteristic 


Figure 34.6 A photo-voltaic cell 


Photoelectric cells of the kind we describe on p. 848 are called photo-emissive 
cells, because in them light causes electrons to be emitted. Another type of cell is 
photo-voltaic, because it generates an e.m.f. and can therefore provide a current 
without a battery. One form of such a cell consists of a copper disc, oxidised on 
one face (Cu;O/Cu), as shown in Figure’34.6(i). Over the exposed surface of the 
oxide a film of gold (Au) is deposited, by evaporation in a vacuum; the film is so 
thin that light can pass through it. When it does so it generates an em.f. in a way 
which we cannot describe here. d 

Photo-voltaic cells are sensitive to visible light. Figure 34.6 (ii) shows how the 
current from such a cell, through a galvanometer of resistance about 1009, 
varies with the light-flux falling upon it. The current is not quite proportional to 
the flux. Photo-voltaic cells are obviously conyenient for photographic exposure 
meters, for measuring illumination in factories, and so on, but as measuring 
instruments they are less accurate than photo-emissive cells. Wim 

Solar batteries are photo-voltaic cells in series. Large panels of suital i 
semiconductor material are attached to satellites and form solar batteries which 
work when sunlight falls on them. Electrical apparatus inside the satellite is 


connected to the batteries. 


meter 


Cds 


light A 
(i) te (ii) 


en 34.7 (i) A selenium cell. (ii) Circuit for CdS lightmeter 
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Photo-conductive Cells 

A photo-conductive cell is one whose resistance changes when it is illuminated. 
A common form consists of a pair of interlocking comb-like electrodes made of 
gold (Au) deposited on glass (Figure 34.7 (1)). Over these a thin film of cadmium 
sulphide (CdS) is deposited. In effect, the material forms a large number of strips, 
electrically in parallel. The resistance between the terminals, XY, falls from about 
10MQ in the dark to about 100 in bright light. 

` “This is the basis of a light dependent resistor (LDR). As explained previously on 
p. 821, an LDR can be used ina switching circuit for street-lighting, for example, 
and as a light-sensitive cell for use in exposure meters of cameras, as shown in 


Figure 34.7 (ii). 


Exercises 34A 
Photoelectricity 


1 When light is incident on a metal plate electrons are emitted only when the 
frequency of the light exceeds a certain value. How has this been explained? 

: The maximum kinetic energy of the electrons emitted from a metallic surface is 

1-6 x 107 !? J when the frequency of the incident radiation is 7-5 x 10'* Hz. Calculate 

the minimum frequency of radiation for which electrons will be emitted. Assume 

that Planck constant = 6:6 x 10° ?*Js. (J M B.) 

2 When light of frequency 5-4 x 10'* Hz is shone on to a metal surface the maximum 
energy of the electrons emitted is 1-2 x 10^ 19 J, If the same surface is illuminated 
with light of frequency 6:6.x 10'* Hz the maximum energy of the electrons emitted is 
2:0 x 10719 J. Use this data to calculate a value for the Planck constant. (L.) 

3 | (a) State the main conclusions of Millikan's photoelectric experiments. 

(b) Light of wavelength 0-4 um strikes the surface of potassium metal whose work 
function is 22 eV. What is the greatest kinetic energy that a photoelectron can 
have? 

(Planck constant h = 6.6 x 10° 3* J s; Speed of light in vacuo 
¢ = 30x 108ms~!;e = — 16 x 107 '° C)(W) 

4 When a photon of energy E falls on a metal surface an electron may be emitted. 
Write down, and explain, an equation connecting photon energy, the work function 
d» of the metal and the maximum kinetic energy of the electron. 

Why, for photons of a given energy, are electrons emitted with a range of 
velocities? In what circumstances are no electrons emitted? (A EB, 1983.) 

5 Explain the terms photoelectric threshold frequency and work function used in 
connection with the photoelectric effect. 

A photoelectric cell consists of a conducting plate coated with photo-emissive 
material and a metal ring as current collector, mounted in vacuo in a transparent 
envelope. Graphs are plotted showing the relation between the collector current / 
and the potential V of the collector with respect to the emitter, for the following 
cases (Figure 34A): 

A. Emissive material illuminated with monochromatic light of wavelength 4. B. 


co » o 


Figure 34A 
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As A, but the intensity of the incident light has been changed. C. As A, but the 

koe ofthe light has been changed. D. As A, but the emissive material is 

iflerent. 

Explain the general form of curve A. In what way do curves B,C,D (i) resemble 

A, (ii) differ from A? What explanation of the differences can be offered? (0. & C.) 

Describe and explain one experiment in which light exhibits a wave-like character 

and one experiment which illustrates the existence of photons. 

Light of frequency 5:0 x 10'* Hz liberates electrons with energy 2:31 x 107 !?J 
from a certain metallic surface. What is the wavelength of ultra-violet light which 
liberates electrons of energy 8:93 x 10 +° J from the same surface? (Take the velocity 
of light to be 3-0 x 105 ms ', and Planck constant (h)te be 662 x 1073*J s.) (L.) 

(a) A photocell has an anode and cathode made of the same material. When the 
cathode is illuminated with monochromatic light of constant intensity 
photoelectrons are released. Sketch a graph showing how the current in the cell 
varies as the potential of the anode is varied, the cathode being earthed. Include 
negative and positive values of anode potential on your graph. 

(b) Explain why the graph has the form you sketch. (JM B.) 

When a metallic surface is exposed to monochromatic electromagnetic radiation 

electrons may be emitted. Apparatus is arranged so that 

(a) the intensity (energy per unit time per unit area) and 

(b) the frequency of the radiation may be varied. — ^ 

If each of these is varied in turn whilst the other is kept constant, what is the effect 
on (i) the number of electrons emitted per second, and (ii) their maximum speed? 
Explain how these results give support to the quantum theory of electromagnetic 
radiation. 

The photoelectric work function of potassium is 20 eV. What potential difference 
would have to be applied between a potassium surface and the collecting electrode 
in order just to prevent the collection of electrons when the surface is illuminated 
with radiation of wavelength 350 nm? What would be’, (iii) the kinetic energy, and 
(iv) the speed, of the most energetic electrons emitted in this case? (Speed of 
electromagnetic radiation in vacuo = 30 x 10* ms- ! electronic charge 
= — 1-6 x 107 1? C, mass of electrons = 9-1 x 107?! kg, Planck constant 
= 66x107?*Js)(L) ; X 
(a) The Einstein equation for the photoelectric effect can be written 

hf = 4mv? + 
(i) Explain the meaning of each term in the equation and how it relates to 4 
Einstein’s explanation of the photoelectric effect. (ii) What does Einstein's 
explanation imply about the nature of light? * — j / 

(b) Figure 34B shows the apparatus used in an experiment to investigate the 
photoelectric effect. Light falls on the photo-sensitive surface of a photocell, 
and the kinetic energy of the fastest moving emitted electrons can be measured 
by increasing the voltage provided by the 


battery until no current flows. The 


999 = 
F3 © 


[dme 
stopping voltage, V 


oS 
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results obtained for monochromatic light of various frequencies are shown 

graphically below. 

* (i) The graph indicates that there is a frequency below which no electrons are 

emitted. Why is this? (ii) When the frequency is 5:5 x 10'* Hz, the required 

stopping voltage is 0:43 V. Given that the electronic charge is — 1-6 x 10-27; 

estimate the kinetic energy of the fastest moving electrons emitted by light of this 

frequency. Justify your answer. (ii) Use the graph to obtain a value for the Planck 
constant, explaining carefully how you obtain your result. (iv) State and explain 
the effect, if any, of increasing the intensity of the light on the experimental 

observations and on the graph. (AEB, 1984.) 

10. Einstein's equation for the photoelectric emission of electrons from a metal surface 
can be written hf = 4mv?+¢@, where ġ is the work function of the metal, and 
consistent energy units are used for each term in the equation. Explain briefly the 
physical process that this equation represents. Outline an experiment by which you 
could determine the values of h (or of h/e) and $. 

For caesium the value of ó is 1:35 electronvolts. 

(a) What is the longest wavelength that can cause photoelectric emission from a 
caesium surface? 

(b) What is the maximum velocity with which photoelectrons will be emitted from a 
caesium surface illuminated with light of wavelength 4-0 x 10 7m? 

(c) What potential difference will just prevent a current passing through a caesium 
photocell illuminated with light of wavelength 4-0 x 10 " m? (e = 1-6 x 107 '? C, 
m-—9x107?! kg, h = 66x 10 ?*Js) (0.) 

11 Describe an experiment to measure the Planck constant using the photoelectric 
effect. 

A strip of clean magnesium ribbon, surrounded by a cylinder of copper gauze 
maintained at a positive potential of 6-0 V with respect to the magnesium, is 
connected to the input of an amplifier which measures the p.d. across the resistor R 
as shown in the Figure 34C. 
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Figure 34C 


When the magnesium is illuminated with mercury light of wavelength 254 nm the 
amplifier detects a current flowing in R. State the origin of this current. 
ea the energies of photons of mercury light of wavelengths 254 nm and 

nm. 

Using these values and the data at the end of the question, describe and explain in 
detail what you would observe when each of the following experiments is carried 
out separately. 

a) The polarity of the 6:0 V battery is reversed. 
) The mercury lamp is moved farther away from the magnesium ribbon. 
(c) Aer selects mercury light of wavelength 546 nm in place of that of wavelength 
nm. 
(d) The e.m.f. of the battery is increased to 10 V. 
(e) The magnesium ribbon is replaced by a strip of copper. (The photoelectric work 
function of magnesium = 4-5 x 10 !? J (2-8eV) The photoelectric work function 
of copper = 8:1 x 10° '° J (5-05eV) Planck constant = 66 x 107?^Js) (0. & C.) 
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Quantisation of Energy, Energy Levels 
In 1911, Bohr proposed that an atom has a number of separated energy values or 
energy levels. These levels are characteristic of the particular atom so that a 
hydrogen atom, for example, has different energy levels to a nitrogen atom. 

An important point in the theory, given later, is that an atom can not have any ` 
energies between these levels. We say that the energy is not continuous but 
‘quantised’ in definite amounts. In an analogous way, a building has different 
floors from the ground floor upwards but no floors or levels between, . 

The energy of an atom is the energy of its electrons, which are moving round 
the positively-charged nucleus. These electrons therefore 'occupy' one of these 
separated energy levels. 

The energy level values are expressed in terms of a number n, which can only 
be a whole number such as n — 1, 2, 3 and so on. n is called the quantum number 
for the particular energy level, as we now see for the hydrogen atom. 
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Hydrogen Energy Levels 
nz mE M RD O (ionisation) 
-0.54eV(-0.9 x 1079 J) £/5? 
E s 4 -0.85 (-145x107'9 J) Eva? 


-4.51 (-2.4x10719 J) Eg/3* 
Balmer 
(visible)___339  (-5.4 x 10-9) 9/22 


Lyman 
E E -136 (-21.8x 107" J) E71 


Figure 34.8 Energy levels of hydrogen 


Figure 34-8 shows roughly some of the energy levels of the hydrogen aromi i 
electronvolts (eV) and in joules (J). The quantum numbers n = 1, 2,..., po si 
left correspond to values used to calculate the energy values. The qu ia 4 
n = 1, is —13-6eV (—21:8 x 107 !? J) and this is the lowest energy (^ 9M 
the-hydrogen atom is most stable. The higher energy levels are all ca js a n 
from the formula —136eV/n?, where n= 1,2,3,4,5... respectively, 
illustrated i iagram. Ac 

When an ak it raised from the ground state to any of its higher janie 
levels, it is said to be in an excited state. The excitation energy ned to gta 
hydrogen atom from the ground state E, or —13-6eV to its energy level Ez 
—L5teV 


= E,— Ep = (- 1-51) —(— 13:6) = 1209 eV 


Lae ee) s 
The energy levels increase to the value 0, which is the ionisation level. When the 


electron or atom is given an amount of energy equal to the nanon iu m 
electron is just able to become a ‘free’ electron. From the dae c leva () 

ydrogen, the energy from the ground state (— 13-6eV) to the 10 Saran 
is 13-6 eV, which is the ionisation energy. If the electron is given a gr 
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of energy than the ionisation energy of 13:6eV or 21:8 x 107!? J, such "as 
22:8 x 1071? J, the excess energy of 1-0 x 10^ !? J is then the kinetic energy of the 
free electron outside the atom. In general, the free electron can have a continuous 
range of energies. Inside the atom, however, it can have only one of the energy 
level values characteristic of the atom. 


Electromagnetic Radiation and Energy Change 


When an atom is excited from the ground state to a higher energy level, it 
becomes unstable and falls back to one of the lower energy levels. This energy 
change occurs for any system. It becomes unstable at a higher energy than its 


normal energy value and tends to fall back to its stable state. So the excited atom 
may reach, for example, a level corresponding to n — 2 in Figure 34.8 and then 
fall back to the ground state where n — 1. 

Bohr proposed that the decrease in energy when the fall occurs is released in 
the form of electromagnetic radiation. Now from quantum theory, the energy in 
radiation of frequency f if hf, where h is the Planck constant (p. 845). So if the 
atom falls from the first energy level E; to the ground energy level E, after it was 
excited, the radiation emitted is given by 


hc 
E\— Ey = hf =— 


where c is the speed of electromagnetic waves in a vacuum or air and / is the 
wavelength of the radiation. 


Emission Spectra of Hydrogen 
We can now calculate the wavelength of the emitted radiation when the 
hydrogen atom is excited from its ground state (n — 1) where its energy level Eo 
is —21:8 x 10719 J to the higher level (n = 2) of energy E, — 54x 10 !?J, and 
then falls back to the ground state. 
Since E, — Ey = hf = hc/A, then, using standard values, 


MS hc 66x 107?* x 3 x 108 
X. E,—Eg  (—5:4x 107 19)—(—21-8 x 10212) 


= 66x3 x 10734+8+19 


164 
=1:2x1077m 
This wavelength is in the ultraviolet spectrum. 

Suppose we now calculate the wavelength of the radiation emitted from an 
energy level —2:4x 107!?J (n = 3) to —5:4 x 107 +° J (n = 2). This is an energy 
change E of 3:0 x 107 !? J. Now from 4 = hc/E used above, we see that 4 oc VE 
since h and c are constants. This means that the smaller the value of the energy 
change E, the greater is the wavelength. We have just shown that 4 — 
12x10 7 m when E = 164 x 107!^J. So, by proportion, for E = 30x 10^ aA 
Ais given by 

À _ 164x107 19 
12x10°7m — 3-0x 10-9 
. 12x 1077 x 16-4 
3-0 
This wavelength is in the visible spectrum. 


So A —66x1077m 
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Excitation and lonisation Potentials 
The energy required to raise an atom from its ground state to an excited state is 
called the excitation energy of the atom. If the energy is eV, where e is the electron 
charge, V is known as the excitation potential of the atom (p. 856). 

The ground state energy level = —13:6e V and the energy level E, = 
—0-85e V for hydrogen. So the excitation energy from the ground state to 
E, —(—085)—(—13:6) = 1275e V. The excitation potential is then 12:75 V. 

If the atom is in its ground state with energy Eo, and absorbs an amount of 
energy e} which just removes an electron completely from the atom, then V is 
said to be the ionisation potential of the atom. The potential energy of the atom is 
here denoted by E», as the ejected electron is so far away from the attractive 
influence of the nucleus as to be, in effect, at infinity. E, is taken as the ‘zero’ 
energy of the atom, and the lower energy levels are thus negative. The ionisation 
potential V is given by E,, — Ey = eV, or by — Eo = eV. In the case of the hydrogen 
atom, Ey = —13:6eV. So the ionisation energy = 13:6eV and the ionisation 
potential V = 13-6 V. 


Emission Line Spectrum 
H n green- 
agi violet blue blue red 
(glow) 
4102 4340 4861 6563(nmor 
seh 10? m) 
(ii) 


Figure 34.9 Emission line spectrum 


Gases such as hydrogen, neon or carbon dioxide can be placed inside a sabes 
discharge tube at low pressure, as shown in Figure 34.9 (i) When the Vm 
electrodes A and B at the ends of the tube are connected to a high voltage suc! M 
1000 V, a discharge or light column is obtained between A and B. When the lig t 
from hydrogen or neon gas is examined using a diffraction grating, the ou 
spectrum is seen to consist of well-defined E apii serae shown in 
Figure 34.9 (ii). This type of emission spectrum is calle : : 
As they eds cole the discharge in the gas, some electrons UA 
sufficient energy to excite atoms to a higher energy level. When the wine A to 
a lower energy level, the excess energy is emitted as sega erip à me 
previously explained. The visible line spectrum of hydrogen marn $ ne = 
energy. Each line has a particular frequency or wavelengt i9 ine iia 
change = hf. The fact that the lines are separated is experimental evi 
existence of separate or ‘quantised’ energy levels in the atom. 


Types of Emission Spectra | 
Emission spectra are classified into line, band ot continuous spectra. Line spectra 


are obtained from atoms in gases such as hydrogen or neon E: Jon pressure in a 
discharge tube, Plate 34A shows the line spectrum of the gas krypton. 
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Gases such as carbon dioxide in a discharge tube produce a band spectrum. 
Each band consists of a series of lines very close together at the sharp edge or 
head of the band and farther apart at the other end or tail, Figure 34.10. Band 
spectra are essentially due to molecules. The different band heads in a band 
system are due to small allowed discrete energy changes in the vibrational energy 
of the molecule. The fine lines in a given band are due to still smaller allowed 
discrete energy changes in the rotational energy of the molecule. 


AMET TL 


un 
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Plate 34A Line Spectrum (atoms). Part of the Spectrum of the gas krypton-86 in the range 
0-65 um (650 nm) to 0-55 um (550 nm). The wavelength in a vacuum of the specified radiation 
shown is used in a definition of the metre. (Crown copyright. Courtesy of National Physical 


mum 


Figure 34.10 Diagrammatic representation of band spectra (molecules) 
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Figure 34.11 — Continuous spectrum from a solid or liquid glowing white hot 


The spectrum of the sun is an example of a continuous spectrum, and, in 
general, these spectra are obtained from solids and liquids. Figure 34.11. In these 
states of matter the atoms and molecules are close together, and the energy 
changes in a particular atom are influenced by neighbouring atoms to such an 
extent that radiations of all different wavelengths are emitted. In a gas the atoms 
are comparatively far apart, and each atom is uninfluenced by any other. The gas 
therefore emits radiations of wavelengths which result from energy changes in 
the atom due solely to the high temperature of the gas, and the line spectrum is 
obtained. When the temperature of a gas is decreased and pressure applied so 


that the liquid state is approached, the line spectrum of the gas is observed to 
breaden out considerably. 
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Absorption Spectra 


The spectra just discussed are classified as emission spectra. There is another 
class of spectra known as absorption spectra, which we shall now briefly consider. 

If light from a hot source having a continuous spectrum is examined after it has 
passed through a sodium flame ata lower temperature, the spectrum is found to be 
crossed by a dark line; this dark line is in the position corresponding to the bright 
line emission spectrum obtained with the sodium flame alone. The continuous 
spectrum with the dark line is naturally characteristic of the absorbing substance, 
in this case sodium, and it is known as an absorption spectrum. An absorption 
spectrum is obtained when red glass is placed in front of sunlight, asit allows only a 
narrow band of red rays to be transmitted. 


Filament — Sodium 


dark (sodium wavelength) 


Figure 34.12 Absorption spectrum of sodium (diagrammatic) 


Figure 34.12 shows how the absorption spectrum of sodium can be obtained. 
An over-run tungsten filament emits a continuous spectrum of light which is 
incident on a glowing sodium vapour lamp. The sodium lamp emits only visible 
yellow light. The light from the lamp passes through the hot sodium to a 
diffraction grating and the resulting spectrum is seen through a spectrometer 
telescope. . 

A darkened line is seen in the yellow part of the continuous spectrum. Also, 
when the sodium lamp is removed, the dark line becomes bright yellow. The 
dark line is the absorption spectrum of sodium. It has the same wavelength as 
the emission spectrum of sodium. Generally, an absorption sper. i 
characteristic of the absorbing substance, so unknown elements can be identifie 
from their absorption spectrum. 

We now explain absorption spectra. 


Absorption Spectra of Sun, Fraunhofer Lines dios 
Atoms can absorb energy in a number of ways. In a flame, inelastic he in 
with energetic molecules can raise atoms to higher energy levels. Ina i 1 rge 
tube, inelastic collisions with bombarding electrons can raise atoms to hig! 


energy levels. E= hf is 
7 . If the photon energy ; 
An atom can also übebrl ene y iom Dac des levels, the photon will 


ju i xcite an atom to one-of its high e p 
hae Rr o it returns to the ground state the excited atom bet bo 
wavelength as the photon but equally in all directions. So the vd e ^s 
radiation in the direction of the incident puts Lc adl A dark lint 

seen whose wavelength is that of the absorbed photon. — 

Absorption of pho explain the dark lines in the sun's visible Reus e 
Observed by Fraunhofer. The sun emits a continuous spectrum enon 
Vaporised elements in the outer or cooler parts of the sun's icu pires 
those photons which have the same frequency or energy to excite 
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energy levels. The sun's spectrum is now darker at wavelengths characteristic of 
the elements in the sun's atmosphere. Since absorption spectra are always 
characteristic of the absorbing elements, these elements can be identified from 
their absorption spectra. In this way we know that elements such as iron exist in 
the sun. 

In the sun's atmosphere, hot gases such as hydrogen are already excited to a 
higher energy level by collision with atoms. The absorbed photons are thus able 
to excite the atoms to still higher energy levels, which are in the sun's visible 
oye So the Fraunhofer (dark) lines are present in the visible spectrum of 

sun. 

Normally, however, hydrogen is in the ground state, corresponding to the 
energy level — 13-6eV (p. 855). The next higher energy level is about —3-4eV. 
This is a relatively high energy ‘jump’ of 10-2 e V and corresponds to a photon in 
the ultraviolet. Visible light has photons of energy less than 34 eV (see p. 846). So 
photons in visible light are not able to be absorbed by hydrogen atoms in their 
normal or ground state. Consequently hydrogen is transparent to visible light. 
So if a wide band of wavelengths is passed through hydrogen, only those 
wavelengths in the ultraviolet would produce absorption lines. 


Spontaneous and Stimulated Emission 
As we have seen, an atom may undergo a transition between energy states if it 
emits or absorbs a photon of the appropriate energy. When an atom in the 
ground state, for example, absorbs a photon and makes a transition to a higher 
energy state or level, the photon is said to have ‘stimulated’ the absorption. The 
Pie cannot increase its energy 'spontaneously', that is, in the absence of a 
photon. 

We might expect that the atom in its higher energy state would emit a photon 
spontaneously, that is, the probability of emission would be independent of the 
number of photons present in the environment of the atom. In 1917 Einstein 
proved, however, that this is not the case. The probability per unit time that an 
atom will decay to a lower energy state and emit a photon is the sum of two 
terms. One is a spontaneous emission term. The other is a ‘stimulated emission’ 
term, which is proportional to the number of photons of the relevant energy 
already present in the environment of the atoms. Further, the photon produced by 
stimulated emission is always in phase with the stimulating photon. 


M? The Laser 
This idea led to the invention of the laser. (The word ‘laser’ is short for light 
amplification by stimulated emission of radiation.) 


mirror 


helium-neon mirror 


Figure 34.13 Gas laser 
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Figure 34.13 shows the basic features of a gas laser. A helium-neon gas 
mixture (carbon dioxide gas is also used) is contained inside a long quartz tube 
with optically plane mirrors at each end. A powerful radio-frequency generator 
is used to produce a discharge in the gas so that the helium atoms are excited or 
‘pumped up’ to a higher energy level. By collision with these atoms, the neon 
atoms are excited to a higher energy level so that a ‘population inversion’ is 
obtained, that is, there are a much greater number of atoms in the higher energy 
level than in the ground state, Any stray photon, with energy equal to the 
difference in energies of the higher level and ground state, will stimulate many of 
the large population of excited atoms to fall from the higher energy level to the 
ground state. Repeated reflection at the silvered mirrors at the ends of the tube 
will multiply the number of photons rapidly. So strong stimulated emission is 
obtained and an enormously powerful burst of light or pulse of light is produced. 
The light pulse from a laser is: 

(i) monochromatic light because all the photons have the same energy (E — Eo) 
above the ground state and hence the same frequency (E — Eo)/h, where h is the 
Planck constant; rA 

(ii) coherent light because all the photons or waves are in phase; 

(iii) intense light because all the emitted waves are in phase or coherent. If the 
photons or waves were out of phase or incoherent, the resultant intensity would 
be the sum of the individual intensities and this is proportional to n x a”, where n 
is the number of waves and a is the amplitude of each wave. Since the waves are 
in phase, however, their total amplitude is na. Hence the resultant intensity is 
proportional to (na) or na? This intensity is greater by a factor n than that 
obtained from incoherent waves, such as those from an ordinary lamp filament.. 
Since n is very large, this leads to an enormous increase in intensity. 


Bohr's Theory of Hydrogen Atom 
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Figure 34.14  Bohr's theory of hydrogen atom 


We conclude with a brief account of Bohr's theory of the hydrogen atom, which 


first gave important new ideas about atoms. ipud 

Bohr ieee one electron of charge —e and mass m, moving es pup 4 
and acceleration v?/r in an orbit round a central hydrogen nucleus of c mA 
(Figure 34.14) In classical physics, charges undergoing aT 
radiation and, therefore, they would lose energy. On this baste pe dips 
would spiral towards the nucleus and the atom would collapse. ultple M Wn, 
suggested that in those orbits where the angular momentum isa ado aped 
the energy is constant. Twelve years later, de Broglie proposed (gea de 
such as the electron may be considered to behave as a wave o! 
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À — h/p, where h is the Planck constant and p is the momentum of the moving 
particle. 

If the electron can behave as a wave, it must be possible to fit a whole number 
of wavelengths around the orbit. In this case a standing wave pattern is set up and 
the energy in the wave is confined to the atom. A progressive wave would imply 
that the electron is moving from the atom and is not in a stationary orbit. 

If there are n waves in the circular orbit and 4 is the wavelength, 


"n 


ni-2mr . ^ 3 $ À (i) 
s12 annis ohio uelis , h ^ ; (ii) 
n p m 
So mor = nn s , $ Y f (iii) 
Š 2n 


Now mv x r is the moment of momentum or angular momentum of the electron 
about the nucleus. So equation (iii) states that the angular momentum is a multiple 
of h/2n. The quantisation of angular momentum is a key point in atomic theory. 

In Figure 34.14, the electron moving round the nucleus has kinetic energy due 
to its motion and potential energy in the electrostatic field of the nuclear charge 
+e. Bohr calculated the total energy E of the electron in terms of its charge, 
mass, orbital radius and the number A which quantises the angular momentum. 
Thus for circular motion, (see p. 50) 


mv?/r = force on electron = e?/Anegr? 9). (1) 
Y +e e 
Also potential energy of electron — x-e=— 
4n&gr 4neéor 
2 
and kinetic energy of electron = 4mv? = Lime from (1) 
S8zeor 
e? 
So total energy ofelectron, E = — (2) 
Bregor 


Using equations (iii) and (1), v can be eliminated to find r. From (2) we then 
obtain 


me* | 


E, (quantum number n) = — —— —.— 
n (q um r n) TETE 


(3) 


The ground state, minimum energy Eo, corresponds to n = 1. If E is the energy 
value of a higher level corresponding ton = nj, then 


me* 1 
BSB D diis. 
Eo 8e? h? ( =) à : à i (4) 


Bohr assumed that if the atom moves from a higher energy level to.a lower 
level, the difference in energy is released in the form of radiation of energy hf, 
where h is the Planck constant and f is the frequency of the radiation. So 


E-E, = hf = hc/A. 


where 4 is the wavelength of the radiation, since c = fÀ for the electromagnetic 
wave of speed c. From the values of the energy, Bohr was able to calculate the 
elength emitted and this agreed with the experimental value obtained. 
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Spectral Series of Hydrogen 
Before Bohr’s theory of the hydrogen atom it had been found that the 
wavelengths of the hydrogen spectrum could be arranged in a formula or series 
named after its discoverer. The visible spectrum was the Balmer series, the 
ultraviolet was the Lyman series and the infrared was the Paschen series. 
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Figure 34.15 Energy levels and spectra of hydrogen (not to scale) 


Bohr's theory of energy levels accounted for all the series. As shown in Figure 
34.15, the hydrogen spectrum is obtained simply by using different numbers for n 
in calculating the energy levels. The ultraviolet series, for example, is obtained 
when the energy of the atom falls to the lowest energy level Eo corresponding to 
n = 1; the visible spectrum is obtained for energy falls to a higher level 
corresponding to n = 2; and the infrared spectrum is obtained for energy falls to 
the higher level when n — 3. See also Figure 34.8. : bib 

From Figure 34.15, the energy change E for the ultraviolet series is greater 
than for the visible spectrum. Since E — hf, the frequency of ultraviolet radiation 
is greater than visible radiation. Wavelength, 4, is inversely-proportional to f 
since c = f 4. Hence the ultraviolet wavelengths are shorter than those in the 


visible spectrum. 


Bohr's theory of the hydrogen atom was unable to predict the energy levels in 


complex atoms, which had many electrons. Quantum or wave cxi i e 
beyond the scope of this book, is used to explain the spectral frequencies o! t t: 
atoms. The fundamental ideas of Bohr's theory, however, are still une x 
example, the angular momentum of the electron has quantum cia Lud 
energy levels of the atom have only allowed separated values characteristic o 


atom. 
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Energy Levels of Atoms 


pectrum. Describe a suitable 
hydrogen. 

ble energy levels of the 

be used to account 


1 (a) Explain briefly what is meant by an emission s 

source for use in observing the emission spectrum ofh 

(b) Figure 34D, which is to scale, shows some of the possi £ 
hydrogen atom. (i) Explain briefly how such a diagram cai 
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for the emission spectrum of hydrogen. (ii) When the hydrogen atom is in its 
ground state, 13:6 eV of energy are needed to ionise. it. Calculate the highest 
possible frequency in the line spectrum of hydrogen. In what region of the 
electromagnetic spectrum does it lie? (The frequent range of the visible spectrum 
is from 4 x 10'* Hz to 75x 10!*Hz.) (iii) A number of transitions are marked 
on the energy level diagram. Identify which of these transitions corresponds to 
the lowest frequency that would be visible. 


* 
Energy/eV 


Figure 34D 


(c) The wavelengths of the lines in the emission spectrum of hydrogen can be 
measured using a spectrometer and a diffraction grating. If the grating has 500" 
lines per cm, through what angle would light of frequency 4-6 x 10!* Hz be 
diffracted in the first order spectrum? 

(LeV = 1:60 x 107 !? J. The Planck constant = 6:6 x 10-247 s. Speed of 
light = 3:00 x 105ms^ +.) (L3 

Figure 34E shows three energy levels for the atoms of a particular substance, the 

energies being in electronvolts (eV). A beam of electrons passing through this 

substance may excite electrons from the various energy levels. What is the minimum 
potential difference through which the beam of electrons must be accelerated from 

Test to cause any excitation between two of these levels? At what speed would these 

"o be travelling? (Mass of an electron = 9:0 x 10-?! kg. 1eV = 1-6 x 10? J.) 

L. 


Energy/eV 


EM 


Figure 34E 


Explain why a glowing gas, such as that in a neon tube, gives only certain 
veu d of light and why that gas is capable of. absorbing the same wavelengths. 
Describe briefly the Bohr model for the hydrogen atom. 

What were the important assumptions that Bohr made which led to energy 
levels? Figure 34F shows some of the energy levels for the hydrogen atom. 
(i) Define the electron volt. (ii) Why are the energies given negative values? (iii) In 
which of the levels is the electron nearest to ti. nucleus, and why? (iv) Which level 
corresponds to the ground state? (v) What is the ionisation energy for atomic 


hydrogen? (vi)How might the atom be changed from state e to state c? 
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(vii) Discuss whether, as the result of the transition in (vi), the speed of the electron 
goes up or down. (W.) 

Describe an experiment which provides evidence for the belief that a quantity of 
electric charge is always a multiple of a fundamental unit of charge. Explain how, 
starting from the measurements made in this experiment, you would calculate the 
value of this unit. 

The ground state of the electron in the hydrogen atom may be represented by the 
energy — 13:6eV and the first two excited states by —3-4eV and —1-5eV 
respectively, on a scale in which an electron completely free of the atom is at zero 
energy. Use this data to calculate the ionisation potential of the hydrogen atom and 
the wavelengths of three lines in the emission spectrum of hydrogen. : 

(Charge of the electron = — 1:6 x 10 +° C. Speed of light in a vacuum = 
3-0 x 10®ms~!. The Planck constant = 6:6 x 10° ** Js.) (L) 

What are the chief characteristics of a line spectrum? Explain how line spectra are 
used in analysis for the identification of elements. 

Figure 34G, which represents the lowest energy levels of the electron in the 
hydrogen atom, specifies the value of the principal quantum number n associated 


Energy/eV 


€ Band 


Figure 34G 


i i |, measured in 
with each state and the corresponding value of the energy of the level, ed 
electronyolts. Work out the wavelengths of the lines associated with the transitions 
A, B, C, D marked in the figure. Show that the other transitions that can occur give 
rise to lines that are either in the ultra-violet or the infra-red regions of me PR 
spectrum. (Take 1 eV to be 1-6 x 10^ !* J; Planck constant htobe65x1 ; 

c, the velocity of light in vacuo, to be 3 x 10° ms. )(0.) pac. 
(a) The first excitation potential for sodium gas is 2-11 V. Explain t Be MEM 
excitation potential and calculate the wavelength of the corresponding speci 

line. TRY 
Describe and explain what happens when a parallel beam of white light passes 

through a glass bulb filled with hot sodium vapour. ; A 
(b) Describe briefly the phenomenon known i the made effect and explain 

the terms work function and threshold wavelength. — ad 

The threshold wavelength for a clean sodium surface is 680nm. Calculate (i) 
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‘work function for sodium, and (ii) the maximum kinetic energy for photoelectrons 

released by light of wavelength 390 nm. (Speed of light in vacuum, 

c = 300 x 105 m s^ !. The electronic charge, e = 1:60.x.107 !* C. The Planck 

constant, h = 663 x 10 ?*J s.) (L.) ‘ 

8 (a) What do you understand by a line spectrum? Show how the existence of spectral 

| series supports the view.that electrons in atoms exist in discrete energy levels. 

(b) Outline the principle of the Franck and Hertz experiment. Give a diagram of a 

suitable apparatus, and describe the results that-would be expected for a gas 
such as xenon. 


~ 
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(c) Some of the energy levels of a mercury atom are shown in Figure 34H. Level 1 is 
the highest level occupied by electrons in an unexcited atom. (Take the electron 
charge eto be — 1-6 x 10 1° C, the speed of light in vacuum c to be 
30x 105 ms" !, and the Planck constant h to be 66 x 10. ?* Js.) (i) Calculate 
the ionisation energy of a mercury atom in electronyolts (eV) and in joules (J). 
(ii) Calculate the wavelength of radiation emitted when an electron moves from 
level 4 to level 2. In what part of the electromagnetic spectrum does this 
wavelengthlie? (iii) State what is likely to happen if a mercury atom in the 
unexcited state is bombarded with electrons with energies 4:0 eV, 6:7 eV, and 
11-0eV respectively. (O.) (Note Franck and Hertz experiment —see Scholarship 
Physics (Heinemann) Nelkon.) 

9 Giveanaccount of the Rutherford-Bohr model of the atom with special reference to 
the arrangement of the extra-nuclear electrons in orbits and shells. Outline some 
experimental evidence in support of your description. 

An electron of energy 20eV comes into collision with a hydrogen atom in its 
ground state. The atom is excited into a state of higher internal energy and the 
electron is scattered with reduced velocity. The atom subsequently returns to its 
ground state with emissio:: of a photon of wavelength 1-216 x 10^? m. Determine 
the velocity of the scattered electron.(e —1:6x 107 '* C; c = 30x 105ms ^" 

h = 6625 x 107?*J s; m (electron) = 9-1 x 107?! kg.) (L.) 
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In 1895, Roentgen found that some photographic plates, kept carefully wrapped 
in his laboratory, had become fogged. Instead of merely throwing.them aside he. 
set out to, find the.cause of the fogging, He traced it.to a gas-discharge.tube, 
which he was using with a high voltage. This tube appeared.to emit a-radiation 
that could penetrate paper, wood, glass, rubber, and even thick aluminium. 
Roentgen could not find out whether the radiation Was a stream of particles or a 
train of waves— Newton had the same difficulty with light—and he decided to 
call it X-rays. : 102.35 : DH c MCA 180 16 


Nature and Production of X-rays x. pue 
We now regard X-rays as waves, similar to light waves, but of much shorter 
wavelength, about 10. "^ m or 0:1 nm. They are produced when fast electrons, or 
cathode rays, strike a target, such as the walls or anode of a low-pressure 
discharge tube. coke EN CT 
In a modern X-ray tube there is no gas, or as little as high-vacuum technique 
can achieve; the pressure is about 10^ 5 mm Hg. The electrons are provided by 
thermionic emission from a white-hot tungsten filament. In Figure 34.16, F is the 
filament and T is the metal target embedded in a copper anode A. A cylinder C 
round F, at a negative potential relative to F, focuses the electron beam on T. 
Because there is so little gas, the electrons on their way to the anode do not lose 


Figure 34.16 - An X-ray tube (diagrammatic). 


any appreciable amount of their energy in ionising ato! 
transformers provide about 6 volts for heating the filame aton 
for aċccierating the electrons. On the half-cycles when the bond Su 

electrons bombatd it, and generate X-rays. On the half-cyd hs hi hem 
negative, nóthing háppens at all. there i$ too little gas in S his SUBE d 
down. Thus the tube acts. in effect, as its ovrt rectifier (p. 791) pr mE 
direct Cürretit between target and filament. bide ent e beim 
electron bombardmenititso great thatthe met be cooled: : 


a 
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is done by circulating oil behind the anode, as shown. The target in an X-ray tube 
may be tungsten, for example, which has a high melting-point. 

So X-rays (waves) are produced by bombarding matter with electrons 
(particles). The production of X-rays is therefore the inverse or opposite process 
to the photoelectric effect, where electrons (particles) are liberated from metals 
by incident light waves. 


Example on Energy in X-ray Tube 
An X-ray tube, operated at a d.c. potential difference of 40 KV, produces heat at the target 
at the rate of 720 W. Assuming 0:5% of the energy of the incident electrons is converted 
into X-radiation, calculate (i) the number of electrons per second striking the target, 
(ii) the velocity of the incident electrons. (Assume charge-mass ratio of electron, 
e[m, = 1:8 x 10!' Ckg™'.) 


(i) Heat per second at target = 99-57; x IV, where I is the current flowing and 
V is the p.d. applied. So 


0:995 x I x 40000 = 720 


720 
Th aigu i a Lek cesi) 
en I 40000 x 0995 0:018 A (approx.) 
So number of electrons per second — : s cx 
z]11x10'7 


(ii) Energy of incident electrons —im,v? = eV 


So o= vst- /2 x 40000 x 1-8 x 10"! 
m, 


e 
-12xl105ms'^! 


Effects and Uses of X-rays 

When X-rays strike many minerals, such as zinc sulphide, they make them 
fluoresce. If a human—or other— body is placed between an X-ray tube and a 
fluorescent screen, the shadows of its bones can be seen on the screen, because, 
they absorb X-rays more than flesh does. Unusual objects, such as swallowed 
safety-pins, if they are dense enough, can also be located. 4-ray photographs can 
be taken with a metal plate in front of the screen. In this way cracks and flaws 
can be detected in metal castings. 

X-rays are also used to investigate the structure of crystals. This important use 
of X-rays is discussed shortly. 


Crystal Diffraction 

The first proof of thé wave-nature of X-rays was due to Laue in 1913, many years 
after X-rays were discovered. He suggested that the regular small spacing of 
atoms in crystals might provide a natural diffraction grating if the wavelengths of 
the rays were too short to be used with an optical line grating. Experiments by 
Friedrich and Knipping showed that X-rays were indeed diffracted by a thin 
crystal, and produced a pattern of intense spots round a central image on a 
photographic plate placed to receive them, Figure 34.17. The rays had thus been 
scattered by interaction with electrons in the atoms of the crystal. The diffraction 
pattern obtained gave information on the geometrical spacing of the atoms. An 
X-ray diffraction pattern produced by a crystal is shown on p. 875. 
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Figure 34.17 Laue crystal diffraction 


Bragg Law 

The study of the atomic structure of crystals by X-ray analysis was started in 
1914 by Sir William Bragg and his son Sir Lawrence Bragg, with notable 
achievements. They soon found that a monochromatic beam of X-rays was 
reflected from a plane in the crystal rich in atoms, a so-called atomic plane, as if 
this acted like a mirror. $ 

This important effect can be explained by Huygens’ wave theory in the same 
way as the reflection of light by a plane surface. Suppose a monochromatic 
parallel X-ray beam is incident on a crystal and interacts with atoms such as A, 
B, C, D in an atomic plane P, Figure 34.18 (i). Each atom scatters the X-rays. 
Using Huygens' construction, wavelets can be drawn with the atoms as centres, 
which all lie on a plane wavefront reflected at an equal angle to the atomic plane 
P. When the X-ray beam penetrates the crystal to other atomic planes such as Q, 
R parallel to P, reflection occurs in a similar way, Figure 34.18 (ii). Usually, the 
beam or ray reflected from one plane is weak in intensity. If, however, the 
reflected beams or rays from all planes are in phase with each other, a strong 
reflected beam is produced by the crystal. 


P: crystal 

lee B c DE atomic 

crystal atomic planes 
plane 


(i) (ii) 


Figure 34.18 Reflection (diffraction) at crystal atomic planes 
Suppose, then, that the glancing angle on an atomic plane ABCD is ae 
crystal is 0, and d is the distance apart of consecutive parallel atomie p ye 
Figure 34.18 (ii). The path difference between the rays E $ ) i 
(2) = LM +MN = 2LM = 2dsin 0. Thus a strong X-ray beam is reflected w 


2dsin 0 = n4 


is is known as Bragg s law. 


Where Ai i 1 values. Th 
ere Ais the wavelength and n has integra gle is increased from zero, 


Hence, as the crystal is rotated so that the glancing an 
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and the beam reflected at an equal angle is observed each time, an intense beam 
is suddenly produced for a glancing angle 0, such that 2d sin 0, = 4. When the 
crystal is rotated further, an intense reflected beam is next obtained for an angle 
6, when2dsin 0; = 24. Thus several orders of diffraction images may be observed. 

The intense diffraction (reflection) images from an X-ray tube are due to X-ray 
lines characteristic of the metal used as the target, or ‘anti-cathode’ as it was 
originally known. The more penetrating or harder X-ray lines emitted from the 
metal are called the K lines; the less penetrating or softer lines are called the L 
lines. The wavelength of the K lines are shorter than those of the L lines, so that 
the frequencies of the K lines are greater than those of the L lines. The X- 
radiation from some metals thus consists of characteristic lines in the K series or 
L series or both. 


Moseley's Law 
In 1914 Moseley measured the frequency f of the characteristic X-rays from 
many metals, and found that, for a particular type of emitted X-ray such as K,, 
whose origin is explained later, the frequency f varied in a regular way with the 
atomic number Z of the metal. When a graph of Z v. f? was plotted, an almost 
perfect straight line was obtained, Figure 34.19. Moseley therefore gave an 
empirical relation, known as Moseley's law, between f and Z as 


f =a(Z—by 


where a, b are constants. 


Z 


Figure 34.19" Moseley's law 


Since the regularity of the graph was so marked. Moseley predicted the 
discovery of elements with atomic numbers 43, 61, 72 and 75, which were missing 
from the graph at that time. These were later discovered. He also found that 
though the atomic masses of iron, nickel and cobalt increased in this order, their 
positions from the graph were: iron (Z = 26), cobalt (Z = 27) and nickel 
(Z = 28). The chemical properties of the three elements agree with the order by 
atomic number and not by atomic mass. Rutherford’s experiments on the 
scattering of a-particles (p. 897) had shown that the atom contained a central 
nucleus of charge +Ze where Z is the atomic number, and Moseley's 
experiments confirmed the importance of Z in atomic theory. 


Explanation of Emission Spectra 
Since the frequency of the X-ray spectra.of elements is related to Ze, the charge 
on the nucleus, Moseley's results showed that the radiation was due to energy 


ehanges of the atom resulting from the. movement. of electrons close to. the 
ucleus. 
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We now know, in fact, that:the electrons in atoms are in groups which have 
various energy states, These: groups are called "shells". Electrons nearest the 
nucleus are in the so-called K-shell. The next group, which are furtheraway from 
the nucleus, are in the:so-called:L shell. The M: shell is farther from the nucleus 
than the L shell. Electrons farther from) the nucleus have greater energy: than 
those nearer, since more work is needed to move them farther away. So electrons 
in the L shell have greater energy than those in\the K shell; electrons in the M 
shell have greater energy than those in the L shell. 

In the X-ray tube, energetic electrons bombard the metal target and may eject 
an electron from the innermost shell, the K shell. The atom is then raised to an 
excited state since its energy has increased, and it is unstable. An electron from 
the L shell may now move into the vacancy in the K shell, so decreasing the 
energy of the atom. Simultaneously, fadiation is emitted of frequency f, where 
E = energy change of atom = hf. Thus f = E/h, and as E is very high for metals, 
the frequency f is very high and the wavelength is correspondingly short. It is 
commonly of the order of 10? m (1 nm) or less. The K series of X-ray lines is due 
to movement of electrons from the L (K line) or M (K line) shells to the K shell. 

X-ray spectra are thus due to energy changes in electrons close to'the nucleus of 
metals. In contrast, the opticalspectra of the metals'is due to energy changes in 
the outermost shell of the atom. Here the energy changes are about 1000 times 
smaller. So the frequencies of the optical lines are about 1000 times smaller, that 
is, their wavelengths are about 1000 times longer than those of X-rays. 


Continuous X-ray Background Radiation, Minimum Wavelength 
The characteristic X-ray spectrum from a metal is usually superimposed ona 
background of continuous, or so-called ‘white’, radiation of small intensity. 
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Figure 3420 ^ X-ray characteristic lines and background | 
Figure 34.20 illustrates the characteristic lines; K4, rach eri n ies 
continuous background of radiation for two. values of p.d.» pages eh 
volts, across an X-ray tube. Ipshould be noted that (i) the (adie en 
characteristic lines are independent of the p.d.—they are Ag SiE 
métal; and. (ii the background of continuous radiation ewe 
wavelengths which slowly diminish in intensity, but as the waveleng i 
they are cut off sharply, asat'Aand Bu 9 19> 
When the bombarding electrons collide wi 
Most of their:energy-is-lost'as heat. A little:e 1 
electromagnetic radiation; Here the frequencies are gr 
Notation, and the numerous energy changes produce 
in Figure 34.20. ovs 


th the metal atoms in the target, 
nergy is also lost in the form of 
ven E = hf with the usual 
the background radiation 
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The existence of a sharp minimum wavelength at A or B can be explained only 
by the quantum theory. The energy of an electron before strikin g the metal 
atoms of the target is eV, where V is the p.d. across the tube. If a direct collision is 
made with an atom and all the energy is absorbed, then, on quantum theory, the 
X-ray quantum produced has maximum energy. 
ong GU EOECBeOGUNGUTUSDENKUNNECREDESOCC PS 


WS hfna = eV 
Smax ce H (i) 
c ch h 
Auta m zs Ww s . : : (ii) 
Verification of Quantum Theory 


These conclusions are borne out by experiment. Thus for a particular metal 

target, experiment shows that the minimum wavelength is obtained for p.d.s of 
40kV and 32 kV at glancing angles of about 3-0° and 3-8° respectively. The ratio 
of the minimum wavelengths is hence, from Bragg's law, 


A, _ sin3-0° 


PN BENTA 0-8 (approx.) 
From (ii), Amin oc 1/Vusing quantum theory. 
(Eu C82 
2734397 08 


With a tungsten target and a p.d. of 30kV, experiment shows that a minimum 
wavelength of 0-42 x 10~!° m is obtained, as calculated from values of d and 0. 
From (ii), 


= _ ch _ 30x 108 x 6-6 x 10734 
meV 1-6 x 10- #9 x 30000 
= 0-41 x 107!°m 


using c = 30x 105 ms^!, h = 66x107?^7s, e = 16x 107!?C, V = 30000 V. 
This is in good agreement with the experimental result. 


m 


X-Ray Absorption Spectra 
X-rays are absorbed by metals. The coefficient of absorption can be expressed by 
a relation of the form I = I,e~**, where Io is the incident intensity of the X-ray 
beam, / is the transmitted intensity, x is the thickness of the metal sheet and 4 is 
the linear coefficient of absorption. The absorption can also be expressed by the 
relation J = Io e^"", where u, the mass absorption coefficient, = 4/p, p is the 
density of the metal, and m is its mass per unit area. 

Figure 34.21 shows how the coefficient of absorption jt varies with the 
wavelength of the X-ray beam. Absorption occurs when the X-ray photons 
possess sufficient energy to knock out an electron from the K-shell. In this case 
the collisions are inelastic. At a particular wavelength A, however, the collisions 
become elastic and in this case the X-ray photons lose no energy. So the 
coefficient of absorption now drops sharply, as shown. A similar explanation 
concerning the L,M and other shells accounts for the discontinuity at the 
wavelength 4; and other wavelengths. 


Photoelectricity, Energy Levels, X-Rays, Wave-Particle Duality 


873 


Figure 34.21 X-ray absorption spectra 


Exercises 34C 
X-Rays 


1 (a) Explain briefly why a modern X-ray tube can be operated directly from the 

output of a step-up transformer. 

(b) An X-ray tube works at a d.c. potential difference of SOkV. Only 0:4% of the 
energy of the cathode rays is converted into X-radiation and heat is generated in 
the target at a rate of 600 W. Estimate (i) the current passed into the tube, 

(ii) the velocity of the electrons striking the target. (Electron mass = 
9.00 x 10?! kg, electron charge = —1:60x 10. "° C) (N.) 

2 Ina modern X-ray tube electrons are accelerated through a large potential 
difference and the X-rays are produced when the electrons strike a tungsten target 
embedded in a large piece of copper. ° 
(a) What is the purpose of the large piece of copper? 

(b) Describe the energy changes taking place in the tube. 

(c) If the accelerating voltage is 40 kV, calculate the kinetic energy of the electrons 
arriving at the target, and determine the minimum wavelength of the emitted X- 


rays. A 
(Electronic charge = — 1-6 x 107 !* C. Planck constant = 66 x 10 74 J s. Velocity of 
7 ! +) (AEB, 1984.) 
11m, Find (i) the minimum X- 
and (ii) their photon 


electromagnetic waves = 30 x 10* ms 
3 Molybdenum K, X-rays have wavelength 7x10" 
ray tube potential difference that can produce these X-rays, 
energy in electronvolts. 
(The electronic charge, e = — 1:6 x 10^ 19 C: the Planck constant, 
h = 66x 107+ J s; speed of light, c = 3x 10* ms !)(W.) 
4 Drawa labelled diagram of a modern X-ray tube. How may 
(a) the intensity, 
(b) the penetrating power, of the X-rays be controlled? 
An X-ray tube is operated with the anode potential of 10kV and an anode 


current of 150 mA. (i) Estimate the number b spion itang m bene os 
second. (ii te of production of heat at the anode, stati 
second. (ii) Calculate the rate of produ heat at he emitted X-ray spectrum 


assumptions made. (iii) Describe the characteri: epis 

and account for any special features. (Electron charge e = 160 x 10 19 C; Planck 

constant. h = 663 x 10-34 Js; speed oflight,c = 300x 10°ms (C). : 

5. Describe the properties of X-rays and compare them with those of ultra-violet 

radiation. Outline the evidence for the wave nature of X-rays. d fis the 
The energy of an X-ray photon is hf joule where h= 663 x10 sia the 

frequency in hertz (cycles per second). X-rays are emitted from a target "n n 

by electrons which have been accelerated from rest through 10" V. Calcu e 

minimum possible wavelength of the X-rays assuming that the Moses E 

energy is equal to the whole of the kinetic energy of one electron. (Charg 

electron = 1:60 x 107 +° C; velocity of electromagnetic waves In 


vacuo = 300 x 105 m s^!) (O. & C.) 
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8 Inan X-ray tube the current through the tube is 1-0mA and the accelerating 

(i) the number of electrons striking the anode per 
second, (ii) the speed of the electrons on striking the anode assuming they leave 
the cathode with zero Speed, (iii) the rate at which cooling fluid, entering at 10°C, 


radiation. (Electronic charge = 1-6 x 107 !? C: mass of electron = 9:1 x 107?! kg: 
Specific heat capacity of liquid = 20x 103) kg“ K=) (AER, 1982.) 


X-ray spectrum and label its principal features, Explain briefly, at the atomic level 


List briefly four experimental properties of X-rays; mentioning in each case that 
character of X-rays which is responsible for the property concerned. 
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Electron Diffraction .. A g: 
We have seen, how the.waye.nature of X-rays has, been established by X-ray 
diffraction experiments, as illustrated in. Figure 34.22 (i). Similar experiments, 
first performed by Davisson and Germer, show that streams of electrons produce 
diffraction patterns;and so these particles also show wave properties, see Figure 
34.22 (ii). Electron diffraction is now as useful a research tool as X-ray diffraction. 


rom 


(ii) 


875, 


by.a crystal. (ii) Electron diffraction 


i i) X-ray di ion rii duced i 
Figure 34.22 (i) X-ray diffraction rings proi A T 


rings produced by a thin gold film. Similarity 


A TELTRON tube used for demonstrating electron diffraction is shown 
diagrammatically in Figure 34.23. A beam of electrons strikes de “4 ce td 
which is extremely thin, and a diffraction pattern, consisting of dec ating 
the tube face. Sir George Thomson first obtained such a cage es idler 
a Very thin gold film, Figure 34.22 (ii). If the voltage V on the ano p 
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electron 
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Figure 34.23 Electron. diffraction tube 
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the velocity, v, of the electrons is increased. The rings are then seen to become 
narrow, showing that the wavelength 4 of the electron waves decreases with 
increasing v or increasing voltage V. 

If a particular ring of radius R is chosen, the angle of deviation $ of the 
incident beam is given by $ = 26, where 0 is the angle between the incident beam 
and the crystal planes, Figure 34.24. Now tan $ = R/D, and if $ is small, 
$ = R/D to a good approximation. Hence 0 = R/2D. If the Bragg law is true for 
electron diffraction as well as X-ray diffraction, then, with the usual notation, 
2dsin0 = nd. 


SAcsindxcdaR, : A i 3 (i) 


N electron 
crystal atomic diffraction 
plane ring 


Figure 34.24 Theory of diffraction experiment 


On plotting a graph of R against 1/,/V for different values of accelerating 
voltage V, a straight line graph passing through the origin is obtained. Now 
dme? = eV, or 1/,/V oc 1/v, where v is the velocity of the electrons accelerated 
from rest. Hence, from (i), the electrons appear to act as waves whose wavelength 
is inversely-proportional to their velocity. This is in agreement with de Broglie’s 
theory, now discussed. 


De Broglie's Theory 
In 1925, before the discovery of electron diffraction, de Broglie proposed that 


A = E ; : : : : (ii) 


where 4 is the wavelength of waves associated with particles of momentym p, and 
his the Planck constant, 663 x 10-34 J s. The quantity h was first used by Planck 
in his theory of heat radiation and it is a constant which enters into all branches 
of atomic physics. It is easy to see that de Broglie’s relation is consistent with the 
experimental result obtained with the electron diffraction tube. Here the gain in 
kinetic energy of the electrons is eV so that 

ima? = eV 


where v is the velocity of the electrons, assuming they start from rest. Thus 
v = J/ 2eV/m, and hence 


p — mj = A/2eVm, 
P omv /2eVm, 


We can now estimate the wavelength of an électron beam. Suppose 
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V =3600V. For an electron, m=9-1x107*4kg, e=1:6x107!9C, and 
h= 66x107?*J5. f 
PE h A 66 x 10734 
J2eVm, | /2x 16x 1071? x 3600 x 9-1 x 107 3! 
-22x107!!m 


This is about 30000 times smaller than the wavelength of visible light. On this 
account electron beams are used in electron microscopes. These instruments, 
which use ‘electron lenses’, can produce resolving powers far greater than that of 
an optical microscope. T 


Wave Nature of Matter 

Electrons are not the only particles which behave as waves. The effects are less 
noticeable with more massive particles because their momenta are generally 
much higher, and so the wavelength is correspondingly. shorter. Since 
appreciable diffractiori is observed only when the wavelength is of the same 
order as the grating spacing, the heavier particles, such as protons, are diffracted 
much less. Slow neutrons, however, are used in diffraction experiments, since the 
low velocity and high mass combine to give a momentum similar to that of 
electrons used in electron diffraction. The wave nature of -particles is important 
in explaining a-decay. 


Wave-Particle Duality i 
From what has been said, it is clear that particles can have wave properties, and 
that waves can sometimes behave as particles. As we saw in the photoelectric 
effect, electromagnetic waves appear to have a particle nature. Further, y-rays 
behave as electromagnetic waves of very short wavelength but on detection by 
Geiger-Müller tubes, which count individual pulses, they behave as particles (see 
p. 884). It would appear, therefore, that a paradox exists since wave and particle 
structure appear different from each other. E. 
Scientists gradually realised, however, that the dual aspect of wave parc e 
properties are completely general in nature. All physical quantities P e 
described either as waves or particles; the description to choose is entirely : 
matter of convenience. The two aspects, wave and particle, are linked throug! 
the two relations 
E-hf; ph 


i icle description. On 
On the left of each of these relations, E and p refer to a particle 1 
the right, f and å refer to a wave description. Note that the Planck constant 1s 


i ity i i fact which can be 

the constant of proportionality in both these equations, à ^ vs 
i instein" ial Theory of Relativity. Further, from the 

Meere te oportional to the energy and the 


equations, the frequency of the me " pr DA 
wavelength is inversely proportional to the momentum, . r d 
In the case of a photon of frequency f, we have À - c[f. Thus E = hf am 
p = h/À = hfc = Efc. Hence 
E = pc = mc? | 
n 
So, as a particle, the mass of a photon is Efe? or hf /c". About ee 
investigated the scattering of X-rays (high-frequency pho ao E a particle 
showed that the experimental results agreed with the assump 


4 ial. 
of mass hf /c? collided elastically with an electron in the atom of the materi 
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. Wave-Particle 
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(Assume A = 665c103*]s e —L6x1071? C. m= D-10799 kg TÈ 30 ms 
ROEN unless other values are-given) - 


1 Calculate the wavelength associated with the following objects: (i) electron moving 
vig With velocity of 105 ms, (ii) bullet ofmass.0:01 kg with velocity 400 m s7 €, 

n. i) sprinter of mass 60 kg with velocity 10m s~*. E 

2" "Thé atómic Spacing in a thin metal film is of the order 10- 1° m. For diffraction of an 


1} 


‘O électron’ beam, what order or velocity is required?! 759 
Calculate the accelerating voltage to produce this velocity. 

3 A parallel beam of electrons moving with velocity v is incident normally on a thin 
graphite film of atomic spacing d= 1-2)10519 m. The/beam is diffracted through 
an angle @ of 11°, where 2d sin 0 = 2, the wavelength value. 

Calculate (i) the wavelength, (ii) the velocity v, (iii) the accelerating voltage 
: heeded to produce this velocity. 

4- Electrons are accelerated byap.d.of (i)100V, (ii) 400 V. Calculate the 
wavelength associated with the electrons in each case. 

5. When an electron beam accelerated bya p.d. V is incident normally on a thin metal 
film, several diffraction rings are seen ona luminous screen, If V increases, explain 
why the radius of the rings decrease and the brightness of the rings decrease. 

6... An X-ray photon has a wavelength of 3:3 x:10- 19 m. Calculate the momentum, 


mass and energy of the particle associated with the photon, which moves with a 
velocity c. 


7 Explain what is meant by 
(a) excitation by collision, 
(b) ionisation by collision. 
Light or X-radiation may be emitted when fast-moving electrons collide with 
atoms. Using atomic theory, explain in each case how the radiation is emitted. 
Write down two differences and one similarity between optical emission spectra 
and X-ray emission spectra produced in this way. 
Electrons are accelerated from rest through a p.d. of 5000 V. Calculate the* 
wavelength of the associated electron waves. (Use h = 66x 10-34Js, 
e = 16x 1071°C, m = 9-1 x 10-31 kg.) 


g with moving electrons, light or X- 
tly be emitted. For each type of radiation, state typical 
tom which must be absorbed and explain in atomic 


(i) the resultant energy of the electrons in eV; (ii) the 
on waves; . (iii) the maximum energy and the 
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S o aon 
Radioactivity, Nuclear Energy 


In this chapter, we first discuss radioactive detectors and 
counters and the properties of a- and f-particles and }-rays 
emitted by disintegration of the nucleus. We follow with half-life 
and its application in radioactive atoms. The discovery of the 
nucleus," proton and nucleon number, isotopes and the mass 
spectrometer are then discussed. The final part of the chapter 
describes nuclear energy and the. Einstein mass-energy 
application, and the principles of nuclear fission and fusion and 
the nuclear reactor. 


Radioactivity 
In 1896 Becquerel found that a uranium compound affected a photographic plate 
wrapped in light-proof paper. He called the phenomenon radioactivity. We shall 
see later that natural radioactivity is due to one or more of three types of 
radiation emitted from heavy elements such as uranium whose nuclei are 
unstable. These were originally called «-, $- and y-rays but æ- and fl" rays' were 
soon shown to be actually particles. 

a- and f-particles and y-rays all produce ionisation as they move through a 
gas. On average, a-particles produce about 1000 times as many ions per unit 
length of their path as fi-particles, which in turn produce about 1000 times as 
many ions as 7-rays. There are numerous detectors of ionising radiations such as 
qa- and f-particles and y-rays. We begin by describing two detectors used in 
laboratories. 


Plate 35A 0 Radioisotopés in Medicine. At Edinburgh Royal Infirmary, the patient has been 
givenadoseof lodine-13 which concentrates inher kidneys) The two counters shown'measure 
the'build-up of activity in.the-kidrieys: T wo graphs, one for each kidney, showonthée vevorder 
above the patient's head how thé concentration of Ladine-1 31 variesi i noie y. 

Copyright United Kingdom Atomic Energy Authority. 
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Geiger-Müller Tube 


A Geiger-Miiller (GM) tube is widely used for detecting ionising particles or 
radiation. In one form it contains a central thin wire A, the anode, insulated from 
à surrounding cylinder C, the cathode, which is metal or graphite-coated. The 


tube may 
positive p: 


have a very thin mica end window, Figure 35.1(i). A is kept at a 
otential V such as + 400 V relative to C, which may be earthed. 


r- 


protective gauze 


thin^mica end 
window 


argon (+ halogen gas) S 


NW 


to amplifier 


(i) and counter 


Figure35.1 (i) Principle of Geiger-Müller tube (ii) Count rate and voltage characteristic 


particle or radiation through the tube. 


Figure 


35.1 (ii) shows how the count rate of a GM tube varies with the anode 


voltage V. Along BX, after ionisation by collision starts, not all particles entering 


Che anode wire A in the GM tube must be thin, so that the charge on it produces 
intense electric field E close to its surface (E is inversely-proportional to the 


-ion pair, produced by an ionising particle or 


radiation, is then accelerated to high energies near the wire, thus producing, by 
collision with gas molecules, an ‘avalanche’ of more electron-ion pairs. 
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Solid State Detector 
A solid state detector, Figure 35.2, is made from semiconductors. Basically, it has 
a p-n junction which is given a small bias in the non-conduction direction (p. 
791). 


solid state 


pre-amplifier 


Figure35.2 Solid state detector 


When an energetic ionising particle such as an «-particle falls on the detector, 
more electron-hole pairs are created near the junction. These charge carriers 
move under the influence of the biasing potential and so a pulse of current is 
produced. The pulse is fed to an amplifier and the output passed to a counter. 
The solid state detector is particularly useful for a-particle detection. If the 
amplifier is specially designed, B-particles and y-rays of high energy may also be 
detected. This type of detector can thus be used for all three types of radiation. 


Dekatron Counter, Ratemeter 
As we have seen, each ionising particle or radiation produces a pulse voltage in 
the external circuit of a Geiger-Müller or solid state detector. In order to 
measure the number of pulses from the detectors, some form of counter must be 
used. ; 

A dekatron counter consists of two or more dekatron tubes, each containing a 
glow or discharge which can move round a circular scale graduated in numbers 
0-9, together with a mechanical counter, Figure 35.3. Each impulse causes the 
glow in the first tube, which counts units, to move one digit. The circuit is 
designed so that on the tenth pulse, which returns the first counter to zero, a : 


[———————————— —— 
mechanical counter deter 


dekatron 
reset 
Switch 


f voltage switch for 
to detector control voltage 
——— 


Figure35.3 Dekatron counter 


Count/Off 
switch 


Pulse is sent to the second tube. The glow here then moves on one place. The 
s Ond tube thus counts the number of tens of. pulses. After ten pulses are sent to 
€ second tube, corresponding to a count of 100, the output pulse from the 
Second tube is fed to the mechanical counter. This, therefore, registers the 
Ddreds, thousands and so on. Dekatron tubes are used in radioactive 
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experiments because they can respond to a rate of about 1000 counts per second. 
This is far above the count rate possible with a mechanical counter. 

In contrast to a scaler, which counts the actual number of pulses, a ratemeter 
gives directly the average number of pulses per second or count rate. The 
principle is shown in Figure 35.4. The pulses received are passed to a capacitor 
C, which then stores the charge. C discharges slowly through a high resistor R 
and the average discharge current is recorded on a microammeter A. The greater 
the rate at which the pulses arrive, the greater will be the meter reading. The 
meter thus records a current which is proportional to the count rate. 


count 
R ount rate 


input 


Figure 35.4 Principle of a ratemeter 


A switch marked ‘time constant’ on most ratemeters allows the size of C to be 
chosen. If a large value of C is used, the capacitor will take a relatively long time 
to charge and correspondingly it will be a long time before the average count 
rate can be taken. The reading obtained, however, will be more accurate since 
the count rate is then averaged over a longer time (see below). For high accuracy, 
a small value of C may be used only if the count rate is very high. 


í Errors in Counting Experiments 
Radioactive decay is random in nature (p. 887). If the count rate is high, it is not 
necessary to wait so long before readings are obtained which vary relatively 
slightly from each other. If the count rate is low, successive counts will have 
larger percentage differences from each other, unless a much longer counting 
time is use 3. 

The accuracy of a count does not depend on the time involved but on the total 
count obtained. If N counts are received, the statistics of random processes show 


that this is subject to a statistical error of +,/N. The proof is beyond the scope 
of this book. The percentage error is thus 


A AS 10d 


N MA 


If 10% accuracy is required, JN = lÜand hence N = 100. Thus 100 counts must 
be obtained. Ifthe counts are arriving at about 10 every second, it will be necessary 
to wait for 10 seconds to obtain a count of 100 and so achieve 10% accuracy. Thus a 
ratemeter circuit must be arranged with a time constant (CR) of 10 seconds, so that 
an average is obtained over this time, If, however, the counts are arriving ata rate of 
1000 per second on average, it will be necessary to wait only 1/10th second to 


achieve 10% accuracy. Thus the 1-second time constant scale on the ratemeter will 
be more than adequate. 
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Existence of a-, B-particles and y-rays 

The existence of three different types of emission from radioactive sübstances 

can be shown by experiments such as those now outlined. 

1. (a) When a radium-224 source S, is placed above a spark counter, which 
consists of a wire W close to an earthed metal base B, sparks are obtained 
between W and B, Figure 35.5 (i). If a sheet of thin paper is now introduced 
between S, and W, the sparks stop. à 


fs, 


P w 

BDE EE / 

Ksi 
B 


(i) 


Figure 35.5 Detection by. (i) spark counter (ii) GM tube 


(b) The radium source S; is now placed in front of a GM tube connected to a 
counter C (or ratemeter) through a low-noise pre-amplifier A, Figure 35.5 (ii). 
The count rate is measured and the paper P is then introduced between S, and 
the GM tube. Practically no difference in the count rate is observed. 

We thus conclude that there is a type of radiation from S, which is detected by 
a spark counter but is absorbed by a thin sheet of paper— these are a-particles. 

2. There are other types of radiation which do not affect a spark counter but 
affect a GM tube. We can show this by placing a strontium-90 source S; so that 
its radiation is shielded from the GM tube by a lead platc about 1 cm thick, 
Figure 35.6. The count rate is then extremely low. A strong magnetic field B, in a 
direction perpendicular to the radiation, is now introduced beyond the lead as 
Shown. When the field B is directed into the paper, the count rate increases. So 
the magnetic field has deflected the radiation towards the GM tube, which then 
detects it. 

We conclude that there is a type of radiation which can be deflected by a 
strong magnetic field but is absorbed by lead 1 cm thick — these are f-particles. 


p 
GM tube 
e - Cy ‘shadow’ 


Figure 35.6 Deflection of B-particles by magnetic field 


3. repeat the experiment in Figure 35.6 with the radium source S, in 
reyes pen the lead does not cut out all the radiation; some passes 
through it to the GM tube. But as before, there is an increase in the count rate 
when the magnetic field B is used as shown. So the radium source ch ad $- 
particles together with a third type of radiation which goes through 1cm 
thick lead. o 

(b) Usinga asa source S directly in front of a GM tube as cba 35.5 
(ii), the count rate is high. We can cut out any x-particles emitted by placing a 


ih a 
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thin sheet of paper between S and the GM tube. But using a fairly thick lead 
plate between S and the GM tube, the count rate continues to be high. Further, a 
magnetic field B between the lead and the GM tube makes no difference to the 
count rate. This type of radiation is called y-rays 
Conclusion. There are at least three different types of emission from radioactive 
sources: (1) A type recorded by a spark counter and cut off by thin paper—a- 
particles. 

(2) A type recorded by a GM tube, cut out by lead, and deflected by a magnetic 
field — f.-particles. 

(3) A type recorded by a GM tube, not cut out except by very thick lead, and 
not affected by a magnetic field—y-rays. 
~ Further experiments show that the particles or radiation from most other 
radioactive sources fall into one of these three classes. 


ticles 
It is found that a-particles have a limited range in air at atraospheric pressure. 
This can be shown by slowly increasing the distance between a pure «-source and 
a detector. The count rate is observed to fall rapidly to zero at a separation 
greater than a particular value, which is called the ‘range’ of the a-particles. The 
range depends on the source and on the air pressure. 


a-source 
cn ape in 
to pre- solid state ‘ tube 
amplifier detector Magnetic field PUMP 
into paper 


Figure 35.7 Charge on an a-particle 


Using the ^pparatus of Figure 35.7, it can be shown a-particles have positive 
charges. When there is no magnetic field, the solid state detector is placed so that 
the tube A is horizontal in order to get the greatest count. When the magnetic field 
is applied, the detector has to be moved downwards in order to get the greatest 
count. This shows that the a-particles are deflected by a small amount 
downwards. By applying Fleming’s left-hand rule, we find that particles are 
Positively charged. The vacuum pump is needed in the experiment, as the range 
of -particles in air at normal pressures is too small. 


Nature of «-particie 

Lord Rutherford and his collaborators found by deflection experiments that an 
a-particle had a mass a^out four times that of a hydrogen atom, and carried a 
charge + 2e, where e was the numerical value of the charge on an electron. The 
relative atomic mass of helium is about four. It was thus fairly certain that an a- 
particle was a helium nucleus, that is, a helium atom which has lost two electrons. 

In 1909 Rutherford and Royds showed conclusively that a-particles were 
helium nuclei. Radon, a gas given off by radium which emits «-particles, was 
collected above mercury in a thin-walled tube P, Figure 35.8. After several days 
Some of the a-particles passed through P into a surrounding vacuum Q. After 


helium 
spectrum 


reservoir 
— 


Figure 35.8 Rutherford and Royd's experiment on a-particles 


about a week, the space in Q was reduced in volume by raising mercury 
reservoirs, and a gas was collected in a capillary tube R at the top of Q. A high 
voltage was then connected to electrodes at A and B. The spectrum of the 
discharge was observed to be exactly the same as the characteristic spectrum of 


helium. 


and 
By deflecting f-particles with perpendicular magnetic and electric fields, their 
charge-mass ratio could be estimated. This is similar to Thomson's experiment, 
p. 771. These experiments showed that B-particles are electrons moving at high 
speeds. Generally, fi-particles have a greater penetrating power of materials than 
a-particles. They also have a greater range in air than a-particles, since their 
ionisation of air is relatively smaller, but their path is not so well defined. 

Using a strong bar magnet, it can be shown that B-particles are strongly 
deflected by a magnetic field. The direction of the deflection corresponds to a 
stream of negatively-charged particles, that is, opposite to the deflection of a- 
particles in the same field. This is consistent with the idea that f-particles are 
usually fast-moving electrons. 

The nature of y-rays was shown by experi 
phenomena are obtained in this case, which suggest that y-rays are 
electromagnetic waves (compa! 5 
lengths, by special techniques with crystals, 
wavelengths of X-rays and of the order 10-!! m. y-rays can penetrate large 
thicknesses of metals, but they have far less ionising power in gases than $- 
particles. 1 

If a beam of y-rays is allowed to pass through a very strong magnetic ficld no 
deflection is observed. This is consistent with the fact that y-rays are 
electromagnetic waves and carry no charge. 


Inverse-square Lo fory Toye we iii 
If y- lectromagnetic radiation undergo negligible 
rr eis ip p bot ly as the square of the 


absorption in air, their intensity 7 should vary inverse 
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pure y -source 


to scaler 
L 


Figure35.9 Inverse square law for y-rays 


distance between the source and the detector. The apparatus shown in Figure 
35.9 can be used to investigate if this is the case. A suitable y-source is placed at a 
suitable distance from a GM tube connected to a scaler, and the intensity inside 
the tube will then be Proportional to the count rate C. 

Suppose D is the measured distance from a fixed point on the y-source support 
to the front of the GM tube. To obtain the true distance from the source to the 
region of gas inside the tube Where ionisation cccurs, we need to add an 
unknown but constant distance h to D. Then, assuming an inverse-square law, 


I oc 1/(D +h)?. Thus 
1 1 


Dtho——a—— 


vive 


A graph of Je is therefore plotted against D for varying values of D. If the 
inverse-square law is true, a straight line graph is obtained which has an 
intercept on the D-axis of —h. Note that if I is plotted against 1/D? and h is not 
Zero, a straight line graph is not obtained from the relation I oc 1/(D +h)?. 
Consequently we need to plot 1 Jt against D. 

If a pure fi-source is Substituted for the y-source and the experiment is 
repeated, a straight-line graph is not obtained. The absorption of -particles in 
air is thus appreciable compared with y-rays. 


Abso 
A GM tube and counter or ratemeter can be used to investigate the absorption 
of y-rays or f--particles by metals, using equal thicknesses of thin sheets of lead 
for y-rays and of aluminium Sheets for B-particles, 
Figure 35.10(i) shows roughly the results obtained in either case; the count 
rate C decreases with n, the number of sheets, along a curve. In the case of the £- 
particles, however, the count tate C reaches an alomost constant low value (not 


0 ü (i) 


Figure 35.10 Absorption of radiation by metal plates 
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shown) as n becomes bigger. The log C result in Figure 35.10 (ii) shows that 
I=" 


where / is the intensity of the beam after passing through a thickness t of the 
metal, Zo is the incident intensity, and ris a constant which depends on the metal 
density. 


Half-life and Decay Constant 

We now consider the laws governing the rate of disintegration of radioactive 
atoms. These laws lead to the identification of atoms and to useful applications. 

Radioactivity, or the emission of a- or B-particles and »-rays, is due to 
disintegrating nuclei of atoms (p. 899). The disintegrations obey the statistical 
law of chance. Thus although we cannot tell which particular atom is likely to 
disintegrate next, the number of atoms disintegrating per second, dN/dt, is 
directly proportional to the number of atoms, N, present at that instant. Hence: 


where A is a constant characteristic of the atom concerned called the 
radioactivity decay constant. The negative sign indicates that N becomes smaller 
when t increases. Thus, if No is the number of radioactive atoms present at a time 
t = 0, and N is the number at the end of a time t, we have, by integration, 


1 


Thus the number N of undecayed atoms left decreases exponentially with the 


time t, and this is illustrated in Figure 35.11. 


Figure 35.11 Radioactive decay with time 


i joacti i he time taken for the 
The half-life T, of a radioactive element is defined as t for 
atoms to Dind md 1 half their initial number (see Figure 35.11), that is, in a 
time T,;z the radioactivity of the element diminishes to half its value. So if No is 
the initial number of atoms, from (i). 


4h. — 
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Taking logs to the base e on both sides of the equation and simplifying, 


1 0-693 E 
ix T, minim iid 2 SERE - . (d) 


— OOO sl 
The half-life varies considerably for different radioactive atoms. For example, 
uranium has a half-life of the order of 4500 million years, radium has one about 
1600 years, polonium about 138 days, radioactive lead about 27 minutes and 
radon about 1 minute. 

The half-life is the same even if we start with different numbers of 
disintegrating atoms. So 8 x 10° atoms decay to 4 x 10° atoms in the half-life 
time T, and these decay to 2 x 10° atoms in the same time T,;2. A decay from 
8x 10° to 1 x 105 atoms takes place in a time 3T, 2 (note that 8/1 = 2%). A decay 
' from No atoms to N,/32 takes place in a time 57; ,, since 1/32 = 1/25. 

The rate of nuclear disintegration or decay of an element, also known as its 
activity, is now measured in the SI unit of the becquerel, symbol Bq. A rate of 
nuclear disintegration of 5000 per second is 5 kBq. 


Measurement of Short and Long Half-Life 
The half-life of radon-220, a radioactive gas with a short half-life, can be 
measured by the apparatus shown in Figure 35.12(i. C is a metal can or 
lonisation chamber containing a metal rod P insulated from C. B is à suitable d.c. 
supply such as 100 V connected between P and C, with a d.c. amplifier M joined 
in series as shown. This type of meter can measure very small currents. 
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equal interváls of time t such as 15 seconds. A graph of In 7 against t is then 
plotted from the results and a straight line AB is drawn through the points. 
Figure 35.12 (ii). Now I = Ioe ^, since the number of disintegrations per second 
is proportional to the number of ions produced per second and hence to the 
current I. Taking logs to the base e, 

In7 2 In15—Àt 


So the gradient a/b of the straight-line AB is 4 numerically and this can now be 
found. The half-life T;,2 is given by Ti2 = 0-693/A and so it can be calculated. 

For a substance with a long half-life such as days, weeks or years, We can 
proceed as follows. Firstly, weigh a small mass of the specimen S, m say. If the 
relative molecular mass of S is M and S is monatomic, the number of atoms N in 
a mass m is given by 


N eq x 603 10%? 


using the Avogadro constant. R 
Secondly, determine the rate of emission, dN/dt, all round the specimen S by 
placing S at a distance r from the end face, area A, of a GM tube connected to à 
scaler. Suppose the measured count rate through the area A is dN’/dt. Then the 
count rate all round S, in a sphere of area 4nr?, is given by 

ON _ 4m? aN 

dt A. dt 
Since dN/dt = —åN, the decay constant can be calculated as N and dN/dt are 
now known. The half-life is then obtained from Ti;2 = 0-693/4. 


Carbon Dating : 
Carbon has a radioactive isotope 14C. ]t is formed when neutrons react with 
nitrogen in the air, as below. The neutrons are produced by cosmic rays which 
enter the upper atmosphere and interact with air molecules. 


14N 4n > SC 1H 


ioactive i 14C is absorbed by living material such as plants or 
Tutos fas ed ae: ide. The amount of the isotope absorbed is 


activity of the radioactive isotope in living 
gram. The half-life of the isotope is 


perdes f the isotope is a 

When a t dies, no more o! c 
dead or bie plants or vegetation, which were Id toi ago, 
contain the radioactive isotope buti i c od 
atoms. Measuring the activity of the isotope in ancient eh x similar iu te 
materials can provide information about its age, à met nown as carbon 
le, suppose the measured activity 


dating. For examp! ii 
is 14 counts per minute per gram. Then, from I = Jo€ > 


the base e on both sides we obtain 


—0305 = —At 
ay « 


Taking logs to 


OM LL Ls c. t Advirilled TeverPhysics E oa 


d p = 0305 
[e] " ONT 
" 0-693 0:693 
il pnt ME 
Tj,  5600y 
; 0:305 x 5600 y 
Hence t= STEN TT ARNS 2465y 


So the ancient wood is about 2500 y old. By carbon dating the ancient material, 
Stonehenge in England was found to have a date of about 4000 years. 

The following examples will show how to apply half-life values and to 
calculate the number of disintegrations per second or rate of decay (activity) after 
a given time. We shall need to use: 


1 Rate of decay (dN/dt) = — AN (N = number of disintegrating atoms) 


2 N-N,e or I=I,e7* 
0-693 
3 T,;- i 
cui en Brie S bus adi if aib s is poo. 
Examples on Half-life 


15h = 3x30 min = 3 x half-life of source 
So at beginning of 1-5 h, count rate = 2 X2x2x5s^! — 40s"! 
1 


1 
=- R = initi. 
9 x 360s 9* initial rate 


-". Intensity of radiation = 9% initial intensity at 20m 
i " 1 j 3 
But intensity oc q where d is the distance 
<. new distance = 3 x initial distance = 60m 


2 Lanthanum has a stable isotope '*?La and radioactive isotope '??La of half-life 
1:1 x 10? years whose atoms are 0-175 of those of the stable isotope. Estimate the rate of 
decay or activity» of '3%La with- lkg of: "La. (Assume. the Avogadro 
constant = 6 x 10? mo] !.) 


Decay rate = LAN satire om (1) 


where / is the decay constant and N is the number of atoms in 13813. Now 
23 
number of atoms in 1 kg (1000 g) of 13°La = 6x 10^ x 1000 


139 
Since 0-1% = 10-3, then 


-3 
number of atoms in '38La, N = EL Ex 6x 10%? 
T 9 139 
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Also, eres M. x 
TUTTI 1019 x 365 x 24 x 3600, 
From (1), dN p 0:693 x 6x 102? ies 
dt G. x 1019 x 365 x 24 x 3600 x 139 
= 8600s! 


3 Ata certain instant, a piece of radioactive material contains 10!? atoms. The half-life 


of the material is 30 days. 
(1) Calculate the number of disintegrations in the first second. (2) How long will elapse 
before 10* atoms remain? (3) What is the count rate at this time? 


(1) We have N = Noe“ 


dN À 
ON Longe tain 
di o AL 
Hence, when N = 10'?, dN’ api? 
dt 
Now r= — USE eg 


. number of disintegrations per second 
12 ‘4 
x .107x0693.— 55, 10° 
30 x 24 x 60 x 60 1 
(2) When N = 10*, we have 


10* = 10'2e ^^, so 10-8 =e" 


Taking logs to base 10, 


+ —g =—Arloge 
pales bea Ne 
-t= 3 loge 0-693 loge 
= 791 days (approx) 
dN 
ace z = ÀN : 
(3) Since di 


0:693 
z. number of disintegrations per hour ^ 35, 24 x 104 = 9:6 


Cloud Chambers j 
We conclude with a brief account of the cloud chamber, which can be used for 
detecting or photographing ionising particles and radiation. C. T.R. Wilson s 
cloud chamber, invented in 191 1, was one of the most useful early inventions for 


studying radioactivity. It enabled photographs to be taken of g- or [I- particles or 


-rays. ni 
l Basically. Wilson's cloud chamber consists ofa chamber containing saturated 
water or alcohol vapour. Figure 35.1 3(i) illustrates the basic principle of a cloud 
chamber C which uses alcohol vapour. An excess amount of liquid alcohol is 
placed on a dark pad D on a piston P. When the piston Is moved down quickly: 
the air in C undergoes an adiabatic expansion and cools. The dust nuclei are all 


The drops are illuminated, and photographed by light scattered from them. 
a-particles produce short continuous straight trails, as shown at the top of 
Figure 35.13. P-particles, which have much less mass, produce longer but 


View from above saturated 


feit with 


ata low temperature of about — 50°C by dry ice (solid carbon dioxide) packed 
below ai Vapour thus diffuses continuously from the top to the bottom of the 


the same, Showing that the a-particles Were all emitted with the same energy. 
Sometimes two different lengths of tracks are obtained, Showing that the a- 
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|. What is meant by the half-life of a radioactive element? Draw a labelled sketch of 
the relation N = Noe“ to illustrate your answer. 
_ The initial number of atoms in a radioactive element is 6-0 x 107° and its half-life 
is 10h. Calculate 
(a) the number of atoms which have decayed in 30 h, 
(b) the amount p energy liberated if the energy liberated per atom decay is 

"Ux . 

2 A point source of alpha particles, a tiny mass of the nuclide ?51Am, is mounted 

70cm in front of a GM tube whose mica window has a receiving area of 30cm?, 


Figure 35A. The counter linked to the GM tube records 54 x 10* counts per 
minute. Calculate 

(a) the number of disintegrations per second within the source, and 

(b) the number of 755Am atoms in the source. 

(The decay constant, À, for 24!am = 480x 107 "ts! )(L) 


3 Pisa beta-emitter with a decay constant of 56x 107s '. Fora particular 
application the initial rate of disintegration must yield 4:0 x 107 beta particles every 


second. What mass of pure 73P will give this decay rate? (C.) 

4 A mixture of I'3! (half-life 8 days) and 12? (half-life 2:3 hr) has an activity of 5 k Bq. 

After 12 days the activity is 1 k Bq. What proportion of the 5k Bq was due to 1 
(The activity of the products of disintegration 


5 Whatdo you understand by radioactivity and ha 
show how the number of radioactive atoms ofa given element (expressed as a 
percentage of those initially present) varies with time. Use a time scale extending 


The isotope 19K, with a half-life of 1-37 x 10° years, decays to THA, which is 
stable. Moon rocks from the Sea of Tranquillity show that the ratio of these 


atoms is 1/7. Estimate the age of these rocks, stating 
lue of 1/4 for this 


ratio. By means of your graph, ( 
n which the law of radioactive decay Is based. 


What is meant by the half-life of a radioactive substance? — 
A small volume dioactive isotope of sodium 


had an activity of. 12000 disintegrations per minute when it was injected into the 
bloodstream of a patient. After 30 hours the activity of 1-0 cm? of the blood was 


found to be 0:50 disintegrations per min [ 
f blood in the patient. (J MB.) 


taken as 15 hours, estimate the volume o 

7 Listthechicf properties of a-radiation, [i-radiation and »-radiation. Describe a type of 

Geiger-Müller tube that can be used to detect all three types of radiation. If you 
were supplied with a radioactive preparation that was emitting all three types of 
radiation, describe and explain how you would use the tube to confirm that each of 


them was present. 
A radon Cac Rn) nucleus, of mass 36 x 1 


particle of mass 67x 10°27 kg and energy 88x10 'J. 
the values of the mass number A and the atomic number Z for the 


(a) Write down 


0725 kg, decays by the emission of an «- 


resulting nucleus. 


894 
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10 


Advoncea Level Physics 
E Se SET Reet r Áo 
(b) Calculate the momentum of the emitted a-particle. 
(c) Find the velocity of recoil of the resulting nucleus. (0.) ; i 
What is meant by the half-life period (half-life) of a radioactive material? 


equal to 1 microgram is about 12 x 10!?, Assuming that one emission takes place 
per atom and that the approximate density of polonium is 10g cm^?, estimate the 
number of atoms in 1 cm? of polonium. (N.) 


p.d. across tube/V 


Figure 35B 


working Principle with reference to what happens when an alpha particle enters 
the tube. Explain why there is an upper limit to the rate at which a GM tube can 
detect a-particles. 

How do you account for (i) the sharp rise in the recorded count rate at A, 
(ii) the"plateau' at Band. (iii) the uncontrolled rise in the recorded count rate 
at C? 

State what potential difference you would ch dose for the Geiger counter 
whose response is shown in the graph. Given one £ood rcason for your choice. 
(b) A small amount of ?*Na is smeared on to a card and its activity falls by 87-5% in 
45 h. What is the half-life of 24Na? 

Describe how you would use a GM tube in conjunction with a suitable 
counter to measure the half-life of ?*Na. Explain carefully how the result is 
found from the measurements. 


0-693 
Deca lantz.—— | 5 
( Em iuri) i 


(a) (i) Describe simple tests which could be used to confirm that beta particles are 
emitted, and to check for the presence of gamma radiation. (ii) What will be 
the atomic number and the atomic mass of the new isotope formed by the 
Emission of a beta particle? What will happen to the nucleus of the new isotope if 
a gamma ray photon is emitted? 


(b) (i) What is meant by an ‘energy of 1-5 MeV’, and What form does the energy take 


m : atoms, calculate (i) the 
total energy, in Joules, available from the beta particles emitted from 1 g of the 


isotope; (electronic charge = — 1.6 x 19- 1°C) (ii) the initial rate at which beta 


CIERRE si. 


11 


12 


13 


14 


15 
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particles are emitted from 1 g of the freshly prepared isotope; (iii) the initial 
pogre in watts, available from the beta particles emitted at the rate calculated 
in (11). 

(d) Ithas been suggested that thallium 207 could be used to power the amplifiers 
built into underwater telephone cables. Use the data and your answers to (c) to 
discuss whether the suggestion is worth pursuing. (AEB, 1984.) 

(a) Radium has an isotope 2¢Ra of half-life approximately 1600 years. What is 
meant by the terms isotope and half-life? 

(b) A sample of 22§Ra emits both a-particles and y-rays. State, and account fór, any 
changein (i) nucleon number, A, (ii) proton number, Z, which may occur as à 
result of the emission of these radiations. 

(c) A mass defect of 8:8 x 107 30 kg occurs in the decay ofa 
the energy released. 

Ina given sample it is found that most of the radium nuclei decay with the 
emission of an a-particle of energy 460 MeV and a y-ray photon. What is the 


frequency of the y-ray photon emitted? (Ignore the recoil energy of the decayed 


226Ra nucleus. Calculate 


nucleus.) 
(d) Outline briefly how you could show experimentally that both a-particles and y- 
rays are present in emissions from 7ggRa. 
226 


How is it possible that, witha half-life of 1600 years, 2$Ra occurs in 


measurable quantities in minerals 10° years old? 
(Speed of light = 30x 109 ms" *. The Planck constant — 66» 10:24 Js. 


Electronic charge = — L6 X 1071? C) (L) 
(a) A sample initially consisting of No radioactive atoms of a single isotope. After a 


time t the number N of radioactive atoms of the isotope is given by 
N=N,e" @ Sketch a graph of this equation and show on the graph the 


time equal to the half-life of the sample, Ty,2- (ii) Explain what is meant by the 
disintegration rate of the sample and represent this on the graph at zero time 
and at time T; - State the ratio of these two disintegration rates. (iii) Explain 


the physical significance of the constant 4 in the equation above. 


(b) If you were provided with a small gamma ray source of very long half-life, 
describe the arrangement you would use, and the measurements you woul 
make to investigate the inverse-square law for the gamma rays. Show how you 


would use your measurements to verify this law. (JMB. 
:on of beta particles from a source 


Describe how you would investigate the absorption o 
of long half-life by different thicknesses of aluminium. Sketch a graph of the results 
you would expect ial features of the graph. 


A small source of beta particles is placed on the axis of a Geiger-Miller tube and 
a few centimetres from the window of the tube, State and explain three reasons why 


the observed count ra! rate 
ich the half-life is 130 days, contains in T 


released per disintegration is 80x 
(a) the activity of the source after 260 days have elapsed and 


(b) the total energy released during this period. ) / 
iger-Müller tube. Why are some tubes fitted with thin 


end windows? Why does the anode of a Geiger-Müller tube have to be made of a 


thin wire? 
Explain 
differences between the tracks forme 


particles. Hie z 
A radioactive source has decayed to 1/1 28th of its initial activity after 50 days. 


What is its half-life? (L. y it 

Describe how you could detect and distinguish between beta-radiation and gamma- 
from a radioactive source emitting both radiations. . 

jum is known to contain two isotopes, 42K and 


‘A source of radioactive potassiu con t 
«sion of beta-radiation to stable isotopes of 


the principle of operation of a cloud chamber. Describe and explain the 
d in'such à chamber by alpha and beta 


bot! i 
calcium. Writea transformation equation for one of these decays. 
n front ofa beta-radiation counter and the following count 


The source is P! 
rates, corrected for background, are record: 
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time/hours 0 05 1-0 15 20 25 30 
count rate/min™* 10000 3980 2125 1260 — 955 890 832 


time/hours 40 50 60 70 80 9:0 10-0 


Count rate/min=! ^ 790 750 710 670 630 600 575 


Plot the data ona graph of Ig (count rate/min~') against time/hours, 
From your raph estimate values for 
(a) the halflife of 32K which is the longer lived isotope, 
(b) the half life of 13K which is the shorter lived isotope, 
(c) the initial count rates due to 13K and ?4K, 
(d) the ratio of the amounts of 13K and #$K present in the source at the start of the 
measurements. (0. & C.) 
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Discovery of Nucleus, Geiger-Marsden Experiment 

In 1909 Geiger and Marsden, at Lord Rutherford's suggestion, investigated the 
scattering of a-particles by thin films of metal of high atomic mass, such as gold 
foil. They used a radon tube S in a metal block as a source of a-particles, and 
limited the particles to a narrow pencil, Figure 35.14. The thin metal foil A was 
placed in the centre of an evacuated vessel, and the scattering of the particles 
after passing through A was observed on a fluorescent screen B, placed at the 
focal plane of a microscope M. Scintillations were seen on 
by a-particles. 


B whenever it is struck 


thin metal 
foil 


vacuum 


Geiger and Marsden 


Figure 35.14 Discovery of nucleus 


Geiger and Marsden found that a-particles struck B not only in the direction 


SA, but also when the microscope M was moved round to N and even to P. Thus 
though the majority of a-particles were scattered through small angles, some 
particles were scattered through very large angles. Rutherford found this very 
exciting news. It meant that some a-particles had come into the repulsive field of 


a highly concentrated positive charge at the heart or centre of the atom. 


. Paths of Scattered Particles 

Rutherford assumed that an atom has a nucleus, 

and most of the mass is concen 

metal foil are then scattered through various 

35.15. Those particles very close to the nuc 
angle, since the repulsive force is then very big. 

Rutherford obtained a formula for the number N of a-particles scattered 


in which all the positive charge 
trated. The beam of a-particles incident on à thin 
angles, as shown roughly in Figure 
leus are deflected through a large 


particles Figure 35.16 Rutherford scattering law 


La ay 


Figure 35.15 Thin foil scattering of & 


through an angle 0 by thin metal foil of thickness t and detected at a distance r. 
In a series of experiments using a detector as illustrated diagrammatically in 
Figure 35.16, Geiger and Marsden verified the Rutherford formula and thus 
confirmed the existence of the nucleus. 
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Atomic Nucleus and Atomic (Proton) Number 
In 1911 Rutherford proposed the basic structure of the atom which is accepted 
today, and which subsequent experiments by Moseley and others have 
confirmed. A neutral atom consists of a very tiny nucleus of diameter about 
107!5m which contains practically the whole mass of the atom. The atom is 
largely empty. If a drop of water was magnified until it reached the size of the 
earth, the atoms inside would then be only a few metres in diameter and the 
atomic nucleus would have a diameter of only about 107? millimetre, 
The nucleus of hydrogen is called a proton, and it carries a charge of +e, where 
e is the numerical value of the charge on an electron. The helium nucleus has a 
charge of --2e. The nucleus of copper has a charge of --29e, and the uranium 
nucleus carries a charge of +92e. Generally, the positive charge on a nucleus is 
+Ze, where Z is the atomic number of the element and is defined as the number 
of protons in the nucleus (see also p. 870). Under the attractive influence of the 
positively-charged nucleus, a number of electrons equal to the atomic number 
move round the nucleus and surround it like a negatively-charged cloud. These 
are called ‘extra-nuclear’ electrons, or electrons outside the nucleus. 


Discovery of Protons in Nucleus, Mass (Nucleon) Number 
In 1919 Rutherford found that energetic a-particles could penetrate nitrogen 
atoms and that protons were thrown out after the collision. The apparatus used 
is shown in Figure 35.17. A source of x-particles, A, was placed in a container D 


fluorescent 
screen 


silver foil 


Figure 35.17 Discovery of protons in the nucleus— Rutherford 


from which all the air had been pumped out and replaced by nitrogen. Silver foil, 
B, sufficiently thick to Stop a-particles, was then placed between A and a 
fluorescent screen C, and scintillations were Observed by a microscope M. The 
particles which have passed through B were shown to have a similar range, and 
the same charge, as protons. Figure 35.18 shows the first photograph of a nuclear 
collision, taken by a Wilson cloud chamber. x 

Protons were also obtained with the gas fluorine, and with other elements 
such as the metals sodium and aluminium. It thus becomes clear that the nuclei of 
all elements contain protons. 

The number of protons must equal the number of electrons surrounding the 
nucleus; so that each is equal to the atomic number, Z, of the element. A proton 


m 4h 
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particle. An oxygen nucleus, 


Figure 35.18  Transmutation of nitrogen by collision with a- 
produced at the top centre 


short right-curved track, and a proton, left straight track are 


is represented by the symbol, ;H; the top number denotes the mass number or 
nucleon number A (a nucleon is a particle in the nucleus) and the bottom number 
is the atomic or proton number Z. The helium nucleus such as an a-particle is 
presem by $He; its mass or nucleon number A is 4 and its proton number Zis 

One of the heaviest nuclei, uranium, can be represented by 238U; it has a 
nucleon number A of 238 and a proton number Z of 92. 


Discovery of Neutron in Nucleus 
In 1932, Chadwick found a new particle inside a nucleus, in addition to the 
ied no charge and so 


proton. It had about the same mass as the proton but carrie 

Chadwick called the new particle a neutron. It is now considered that all nuclei 
contain protons and neutrons. The neutron is represen 
has a mass number of 1 and zero charge. 

We can now see that a helium nucleus, 3He, has 2 protons and 2 neutrons, à 
total mass or nucleon number of 4. The sodium nucleus, 2? Na, has 11 protons 
and 12 neutrons, The uranium nucleus, 238, has 92 protons and 146 neutrons. 
Generally, a nucleus represented by AX has Z protons and (A—Z) neutrons. 


Radioactive Disintegration, Uranium Series | 
Naturally occurring radioactive elements such as uranium, actinium and thorium 
disintegrate to form new elements, and these in turn are unstable and form other 
elements. Between 1902 and 1909 Rutherford and Soddy made a study of the 
elements formed from a particular *parent' element. The uranium series is listed in 


the table on page 900. 


Nuclear Reactions, Conservation of Mass and Charge 


The new element formed after disintegration can be identified by considering the 
particles emitted from the nucleus of the parent atom. An a-particle, a helium 
nucleus, has a charge of +2e and a mass number 4. Uranium I, of atomic 
number 92 and mass num from its nucleus of charge 


ber 238, emits an a-particle | 
--92e, and so the new nuc mic number 90 and a mass 


! D «4 


Half-life Particle | 

Element Period (T) emitted |. 
Uranium I 4500 million years x 
Uranium X, 24 days By 
Uranium X, 1-2 minutes By 
Uranium II 250000 years x 
Ionium Th 80000 years ay 
Radiurg Ra 1600 years àù, Y 
Radon Rn 3-8 days [i 
Radium A Po 3 minutes a 
Radium B Pb 27 minutes By 
Radium C* Bi 20 minutes Bora 
Radium C’ Po 16x10~* seconds | « 
Radium C" TI 1-3 minutes B 
Radium D Pb 19 years By 
Radium E i 5 days. p 
Radium F 138 days y 
Lead (stable) 


*Radium C exhibits branching; it produces Radium C’ on B-emission or Radium C" on 


a-emission. Radium D is then produced from Radium C' by a-emission or from Radium 
C" by fi-emission. f 


number 234. This was called uranium X;, and since the element thorium (Th) has 
an atomic number 90, uranium X 1 İs actually thorium. 
We write tliis nuclear reaction as: 


AU > fe^ 


The top numbers of the nuclei are their mass or nucleon numbers. The bottom 
numbers are their atomic or proton numbers, which also represent the charges 
on the nuclei in terms of the numerical value e of the charge on an electron. In 


any nuclear reaction, we always apply the conservation of mass and of charge. | 
So 


1 Total mass (nucleon) number is constant before and after the reaction 
2 Total charge (proton) number is constant before and after the reaction 


We can apply these rules to B-emission from a radioactive nucleus. A f- 
particle is usually an electron of negligible mass and charge —e 
€. Cn rare occasions. icle i 


Let us assume that a B-particle and a y- 


has a nucleon number 234 and a proton n 
as: 


4 
"Th — fe-+234Pq 


Note that the proton number has increased from 90(Th) to 91(Pa). As explained 
later, if a nucleus has too many neutrons for Stability, a neutron changes to a 
proton inside the nucleus and a B-particle is then emitted. 


he uranium series contains isotopes of uranium (U), lead (Pb), thorium (Th) 


a, | 
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bs. à Thomson Mass Spectrometer, Isotopes 

en a chemist measures the density of a gas such as hydrogen or chlorine he 

or she finds the volume and then the masses of all the atoms present in the qas 

AT Individual atoms can not be identified in this measurement. 

S. : d pd J. J. Thomson measured the masses of individual atoms. The 

2 s ue rst ionised in a hot vapour or gas, that is, they were stripped of one 
more electrons to form and ion with a positive charge and which had a mass 

E equal to that of the atom since electrons are very light. 

fe pede E parallel electric and magnetic fields to deflect the fast-moving 

belio Men path. The equation of the parabola is y — kx?, where k is a 

Eu w 5 depends on the charge-mass ratio (Q/M) for that ion. For a given 

Ld x an charge Q, the deflection y 1S greatest for a hydrogen ion, since this 

as the smallest mass, and least for the ion of heaviest mass. 


Figure 35.19 Mass spectrometer. Positive-ray parabolas due to mercury, carbon 


monoxide, oxygen and carbon ions 


Figure 35.19 shows à photograph of some of the parabolic paths due to 
different gas ions. By comparing the deflections obtained in the y-direction, the 
masses of individual ions or atoms can be compared. 
With chlorine gas, two parabolas were obtained which gave atomic masses of 
Thus the atoms of chlorine have different masses but the 


same chemical properties, and these atoms are said to be isotopes of chlorine, In 
of mass 35 as there are of mass 37, 


37)/4, or 35:5, The element xenon 
has as many as nine isotopes. One part in 5000 of hydrogen consists of an isotope 
drogen. An unstable isotope of hydrogen 


isotopes are used in nuclear energy 


Bainbridge Mass spectrometer 
Thomson's earliest form of mass spectrometer was followed by more sensitive 
forms. Bainbridge devised a mass spectrometer in which the ions were incident 
ona photographic plate after being deflected by à magnetic field. 


The principle of the spectrometer is shown in Figure 35.20, Positive ions were 
produced in a discharge tube (not shown) and admitted as a fine beam through 
slits Sy, S5. T ates P, Q, connected to a 


he beam then passed between insulated pl 
battery, which created an electric field of intensity E. ^ uniform magnetic field 
B,, perpendicular to E, was also applied over the region of the plates. 
an ion of charge Q and mass M enters the region 


Velocity selector Suppose 
i the electric force EQ, the two 


with a velocity v- 1f the magnetic force B,Qv = 


D yV Va 
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Figure35.20 Principle of Bainbridge mass spectrometer 


forces cancel each other and so the ion travels undeflected through PQ. The 
velocity v is given by v = E/B, from this equation. Since this value of v does not 
depend on the charge Q or the mass M of an ion, it follows that all ions, even 
though their masses are different, pass through the plates PQ undeflected and 
through a slit S4. This arrangement of perpendicular electric and magnetic fields 
is therefore called a ‘velocity selector’—it only allows ions through S, which 
have the same velocity v equal to E/B, (see page 772). 


Magnetic Analyser The selected ions were now deflected in a circular path of 
radius r by a uniform perpendicular magnetic field Bz, and an image was 
produced on a photographic plate A, as shown. In this case, if the mass of the ion 


is M, 
D Lc EN ID c n 
Mv 
er a S B,Qv 
r 
SSeS SSE eee 
.M rb, 
On ie 
But for the selected ions, v = E/B, from above 
.M rB,B, 
oe Q mri "E V 
EC usc E Lc. Ee a ess 
: mi r 
2C 


for given magnetic and electric fields. 

Since the ions strike the photographic plate at a distance 2r from the middle of 
the slit S}, it follows that the separation of ions carrying the same charge is 
directly proportional to their mass. Thus a ‘linear’ mass scale is achieved. A 
resolution of 1 in 30000 was obtained with a later type ofspectrometer. 


Example on Mass Spectrometer 
Ina mass Spectrograph, an ion X of mass number 24 and charge +e and an ion Y of mass 


2 and charge. + 2e both enter the magnetic field with the same velocity. The radius of the 
Circular path of X is 0:25 m. Calculate the radius of the circular path of Y. 


l From above; 


b N 


M 
ro — 


ns Chromatograph 


Plate 35B Industrial mass spectrometer. Double-focusing by an electrostatic and à 
i le focusing. The 


magnetic field is used, which produces mass and resolution superior to singi 
e ion sources are then 


gas chromatograph (left) separates mixtures into their components. Th 
passed into the front tube (left) to be accelerated by & high voltage. The ions are now 
deflected electrostatically by the analyser at the top and then deflected by the magnetic field 
of the second analyser. The separated ions are collected in the tube at the front. Here they 


are recorded electronically and their masses 4 
analysed are deduced from the readings. (Courtesy of VG Micromass Limited) 
For ion Y, M 22 
Q 2e 
For ion X, Ma 2 
Q 2 
ry 22/2e 11 
S MA E e EN 
T oos Afe 24 
ry = it x 0:25 = 0:11 m (a) rox.) 
Y 724 pprox. 


Einstein's Mass-Energy Relation 
om his Theory of Relativity that mass and energy can 


In 1905 Einstein showed fr 
d from one form to the other. The energy E produced by à change of 


be change 1 
mass m is given by the relation: 
E- mc 


where cis the numerical value of the velocity of light. E is in joule when m is in kg 
the numerical value 3 x 108, the speed of light in metres per second. So 
i ; 


and c has h 
n mass of 18 could theoretically produce 9 x 10'3 joules of energy. 


ih, Ww « 


904. . 1 . ( . Advanced Level Physics 
Now 1 kilowatt-hour of energy is 1000 x 3600 or 3:6 x 105 joules, and so 9 x 10+? 
Joules is 2-5 x 107 or 25 million kilowatt-hours. Consequently a change in mass 
of 1 g could be sufficient to keep the electric lamps ina million houses burning for 
about a week in winter, on the basis of about seven hours’ use per day. 

In electronics and in nuclear energy, the unit of energy called and electron-volt 
(cV) is often used. This is defined as the energy gained by a charge equal to that 
on an electron moving through a p.d. of one volt. So 

leV — L6x107!?J 
The megelectronvolt (MeV) is a larger energy unit, and is defined as 1 million eV. 


“So 1 MeV = 16x 107 13J 


Unified Atomic Mass Unit 
If another unit of energy is needed, then one may use a unit of mass, since mass 
andenergy are interchangeable. The unified atomic mass unit (u) is defined as 1/12th 
of the mass of the carbon atom '2C. Now the number of molecules in 1 mole of 
carbonis6-02 x 10??, theAvogadroconstant. and Sinicecarbonismonatomic, there 
are 6:02 x 10?? atoms of carbon. These have a mass 12 g 


-. mass of 1 atom of carbon 
12° 12 
= 602 x 107 = ^ 602 x 1075 
=12u 


kg 


u= SELLAM k 

~ 12x 602 x 107° Ë 

= 1:66 x 107?" kg (approx.) 
From our previous calculation, 1 kg change in mass produces 9 x 10!9 joules; 
and we have seen that 1 MeV = 1:6 x 107 !5 joule. 
< 1u = 166% 10777 x 9 x 1016 

SEE 16x 10-3 

.. lu = 931 MeV (approx.) . : s $ (1) 


This relation is used to change mass units to MeV, and vice-versa, as we shall see 
shortly. An electron mass, 9:1 x 1073! kg, corresponds to about 0:5 MeV. 


MeV 


Binding Energy 
The protons and neutrons in the nucleus of an atom are called nucleons, The 
work or energy needed to just take all the nucleons apart so that they are 
completely separated is called the binding energy of the nucleus. Hence, from 
Einstein's mass-energy relation, it follows that the total mass of all the separated 
nucleons is greater than that of the nucleus, in which they are together. The 
` difference in mass is a measure of the binding energy. : 

As an example, consider a helium nucleus $He. This has 4 nucleons, 2 protons 

and 2 neutrons. The mass of a proton is 1-0073 and the mass of a neutron is 


1:0087 u. 
„`. total mass of 2 protons plus 2 neutrons = 2 x 1:0073 +2 
-40320u 


:0087 


Pm — uu 
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But the helium nucleus has a mass of 40015 u. 


+, binding energy = Mass difference of nucleons and nucleus 


= 40320-40015 = 0:0305 u 
= 0.0305 x 931 MeV = 284 MeV 


nucleus is binding energy divided by the 
f the helium nucleus, since there are four 
he binding energy per nucleon is then 


The binding energy per nucleon of a 
total number of nucleons. In the case o 
nucleons (2 protons and 2 neutrons), t 
28:4/4 or 7:1 MeV. 


binding energy 
per nucleon, E 


20 60 100 200 2407 


mass number, A 


Figure 35.21 Variation of binding energy per nucleon with mass number 


Figure 35.21 shows roughly the variation of the binding energy per nucleon 
among the elements. Excluding the nuclei lighter than '7C, we can see from 
Figure 35.21 that the average binding energy per nucleon, E/A, is fairly constant 


for the great majority of nuclei. The average value is about 8 Me 


The peak occurs at approximately the iron nucleus 


of the most stable nuclei. ; 
Later we shall use the curve in Figure 35.21 to show that energy 1S produced 


when heavy elements such as uranium undergo fission to form two lighter masses 
or where very light elements such as hydrogen undergo fusion to form a heavier 


element. 


Nuclear Forces and Binding Energy 
Inside the nucleus, the protons repel each other due to electrostatic repulsion of 
like charges. So for the nucleus to be stable there must exist other forces between 
the nucleons. These are called nuclear forces. They have short range, shorter 
than the interatomic distances, and are much stronger than electromagnetic 
interactions. They must provide a net attractive force greater than any repulsive 


electric forces. 
A nucleus with à nucleon (mass) number (N 4- Z) and proton (atomic) number 


Z has Z protons and.N neutrons. When these particles come together in the 
nucleus there is an increase in potential energy due to the electrostatic forces of 
the protons but a greater decrease in potential energy due to the nuclear forces of 
the nucleons. There is therefore a net decrease in the potential energy of all the 
nucleons. 1 his decrease per nucleon is the binding energy per nucleon. 

So when the nucleons come together in the nucleus, there is a loss of energy 


equal to the binding energy. This results in a decrease in mass, from Einstein's 
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mass-energy relation, As we have seen, the decrease in mass is the difference in 
the mass of the individual nucleons when they are completely separated and the 
mass of the nucleus when they are together; the so-called ‘mass defect’, Expressed 
in symbols, the binding energy of the nucleus “+ŽX of an atom X is given by: 


Binding energy 
= mass of N neutrons + mass of Z protons — mass of nucleus ^*Zx 


Energy of Disintegration 
It is instructive to consider, from an energy point of view, whether a particular 
nucleus is likely to disintegrate with the emission of an a-particle. As an 
illustration, consider radium F or polonium, ?;2Po. If an a-particle could be 
emitted from the nucleus, the reaction products would be the a-particle or 
helium nucleus, $He, and a lead nucleus, ?9$Pb, a reaction which could be 


represented by: 
MR bres EI Gg 


Here the sum of the mass numbers, 210, and the sum of the nuclear charges, 
+ 84e, of the lead and helium nuclei are respectively equal to the mass number 
and nuclear charge of the polonium nucleus, from the law of conservation of 
mass and of charge. 

If we require to find whether energy has been released or absorbed in the 
reaction, we should calculate the total mass of the lead and helium nuclei and 
compare this with the mass of the polonium nucleus. It is more convenient to use 
atomic masses rather than nuclear masses, and since the total number of 
electrons required on each side of equation (i) to convert the nuclei into atoms is 
the same, we may use atomic masses in the reaction. These are as follows: 


lead, ?9$Pb, = 205-969 u 

a-particle, 2He, — — 4-004u 

-". total mass = 209-973 u 

Now polonium, ?1?Po, = 209-982 u 


Thus the atomic masses of the products of the reaction are together less than 
the original polonium nucleus, that is, 


248Po — ?05pb + 2He4- Q 
Where Q is the energy released. It therefore follows that polonium can 
disintegrate with the emission of an a-particle and a release of energy (see 
uranium series, p. 900), that is, the polonium is unstable. 
Suppose we now consider the possibility of a lead nucleus, 209 Pb. 
disintegrating with the emission of an a-particle, $He. If this were possible, a 
mercury nucleus, *33Hg, would be formed. The atomic masses are as follows: 


mercury, 783Hg, = 201-971 u 

a-particle, $He, — 4-004u 

-` total mass = 205:975u 

Now lead, *85Pb, = 205-969 u 


Thus, unlike the case previously considered, the atomic masses of the mercury 
] nucleus and a-particie are together greater than the lead nucleus, that is, 


PF —. 
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206Pb4-Q > 206Hg -5He 


where Q is the energy which must be given to the lead nucleus to obtain the 
reaction products. It follows that the lead nucleus by itself is stable to a-decay. 
DE IER ee 


Generally, then, a nucleus would tend to be unstable and emit an a-particle if 
the sum of the atomic masses of the products are together less than that of the 
nucleus; and it would be stable if the sum of the atomic masses of the possible 
reaction products are together greater than the atomic mass of the nucleus. 


Stable and Unstable Nuclei 
Many factors contribute to the binding energy, E, of nuclei and therefore to their 
stability. The a-particle, $Hc, appears to be particularly stable. Figure 3522) 


100 


most stable 
nuclet 


nucleon number, V 
o 
[o] 


o 10 20 30 40 50 60 70 80 
atomic number, Z 


(ii) 


ee eee 
with atomic mass (ii) Most stable nuclei 


' Figure 35.22 (i) Variation of nuclear energy 


for some light nuclei. Peaks occur 


160, 19Ne. Each of these nuclei can be formed by 


eus. 

bility of nuclei is the neutron-proton ratio. 

,N, plotted against the number of 
f 


lei that for light stable nuclei, such as 12C and 
For nuclei heavier than 42Ca, the ratio N/Z increases slowly towards about 1-6. 
o stable nuclei above about Z — 92 (uranium). 


Nuclear Emissions and Nuclear Stability ; 
Unstable nuclei are radioactive. Their decay may occur in three main ways: 
(1) a-particle emission. Y the nucleus has excess protons, and g-particle 


—-— i>, st 
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emission would reduce the protons by 2 and the neutrons by 2, So, generally, if 


A is the nucleon (mass) number and Z is the proton (atomic) number of the atom 
X concerned, then 


2X 2 4-1y 4. iHe 
(2) B~ particle (electron) emission. If the nucl 


stability, the neutron-proton ratio is reduced 
Here a neutron changes to a proton, so 


eus has too many neutrons for 
by f-particle (electron) emission. 


on > IH + _% (electron) 
Hence A remains unchanged but Z increases by 1. 
(3) B* particle (positron) emission. If the nucleus is deficient in neutrons, a 
decay by f* (positron) emission may occur. A proton changes to a neutron: 
tH + jn 49e (positron) 
So A is unchanged but Z decreases by 1. 


The effects of these three types of decays, (1), (2) and (3), on A and Z are 


summarised in Figure 35.23; the boxes indicate diagrammatically unit changes in 
A and Z, 


unstable nucleus 


p* (positron) decays are much rarer since they would result in an increase in N 
and a decrease in Z, thus increasing the ratio N/Z. 


b dm 
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; Artificial Disintegration, Nuclear Reactions 
Uranium, thorium and actinium are elements which disintegrate naturally. The 
artificial disintegration of elements began in 1919, when Rutherford used a- 
particles to bombard nitrogen and found that protons were produced (p. 898). 
Some nuclei of nitrogen had changed into nuclei of oxygen, that is, 
transmutation had occurred, 


From the laws of conservation of mass (nucleon number) and charge (proton 
number) the reaction can be represented by: 


isy He 10 1H 


This reaction is often expressed briefly as 
'4N(a, p) or ‘NG, pio 


Whien means that the incident particle on the *4N nucleus is an a-particle ($He). 
the emitted particle is a proton pH) and the nucleus formed after the reaction is 


170, Similarly, the reaction ?Be(p, a) or 4Belp, a) $Li is 
2Be + }H 2 3He4 $Li 
alton produced nuclear disintegrations by 


accelerating protons with a high-voltage machine producing about half a million 


volts, and then bombarding elements with the high-speed protons. When the 


light element lithium was used, photographs of the reaction taken in the cloud 
chamber showed that two a-particles were produced. The particles shot out in 
opposite direction from the point o i 

air was equal, the a-particles had ini 
the principle ofthe conservation of momentum. 


misiHofHerfHesQ 5000007 gay 


where Q is the energy released in the reaction. 

To calculate Q, we should calcu s of the lithium and hydrogen 
nuclei and subtract the total mass of the two helium nuclei. As already explained, 
however, the total number of electrons requi d to convert the nuclei to neutral 
atoms is the same on both sides of equation i). So atomic masses can be used in 
the calculation in place of nuclear masses. ic masses of lithium and 
hydrogen are 7.016 and 1:008 u respectively, à total of 8.024 u. The atomic mass 
of the two a-particles is 2 x 4004 u or 8-008 u. thus: 


= 8-024 —8:008 =0016u 
= 0016x931 MeV = 14:9 MeV 


itial energy of. 74 MeV, and this theoretical 
osely with the energy of each a-particle measured from its range in 
nt was the earliest verification of Einstein's mass-energy 


energy released, Q, 


Cockcroft and Walton tists to use protons for disrupting 
atomic nuclei after accelerating them by high voltage. Today, giant high-voltage 
machines are built at ic Energy centres for accelerating protons to 
enormously high speeds. 

such as hydroge i ion on the structure of the nucleus. For 
example, the proton itself 


ii, » « 
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Energy from Radioactive Isotopes 
Energy from the decay of unstable radioactive isotopes is sometimes used where 
a continuous, powerful and compact energy source is required. Such isotopes 
have been used to provide power for the batteries of heart ‘pacemakers’ and for 
scientific apparatus used in space vehicles. 

As an example, consider the isotope Po 210. This has a half-life of about 140 
days and emits a-particles each of energy 5:3 MeV. 

Since the molar mass is 210g and the Avogadro constant is about 
6x 107% mol^!, each gram of the isotope contains 6 x 1023/210 = 2:9 x 10?! 
atoms. Thus in one-half-life or 140 days, about 1:4 x 10°! atoms decay. 

These atoms release a total energy (using 1 MeV = 1:6 x 107 !? J) 


= 14x10?! x 53x 6x 107!3J 
= L2 x 10? J (approx.) 
Thus the mean output power per gram 


1:2 x 10? 
= 40 x 24 x 3600 - 00 W (approx) 
During the next half-life period, 140 days, the mean power output will only be 
50 W, since half the remaining atoms decay in this time. 


Energy Released in Fission, Chain Reaction 

In 1934 Fermi began using neutrons to produce nuclear disintegration. These 
particles are generally more effective than x-particles or protons for this purpose, 
because they have no charge and are therefore able to penetrate more deeply into 
the positively-charged nucleus. Usually the atomic nucleus changes only slightly 
after disintegration, but in 1939 Frisch and Meitner showed that a uranium 
nucleus had disintegrated into two relatively-heavy nuclei. This is called nuclear 
fission, and as we shall now show, a large amount of energy is released in this 
case. A 

Natural uranium consists of about 1 part by mass of uranium atoms ?33U and 
140 parts by mass of uranium atoms 738U. In a nuciear reaction with natural 
uranium and slow neutrons, it is usually the nucleus ?35U which is fissioned. If 
the resulting nuclei are lanthanum '$8La and bromine 53Br, together with 
several neutrons, then: 


?33U on > '$8La+ S$Br 4-3Àn (i) 


Now 733U and jn together have a mass of (235-1 + 1:009) or 236-1 u. The 
lanthanum, bromine and neutrons produced together have a mass 


= 148:0 +849 +3 x 1:009 = 235-9 u 
.'. energy released = mass difference 

= 0:2u = 0:2 x 931 MeV = 186 MeV 

= 298 x 10713 J (approx.) 


This is the energy released per atom of uranium fissioned. In 1 kg of uranium 
there are about 


1 
235 


since the Avogadro constant, the number of atoms in a mole of any element, is 


000 
sae X6x10? or 26x 1023 atoms 
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6:02 x 107°. Thus if : à : Ü : 
E dcased us if all the atoms in 1 kg of uranium were fissioned, total energy 
26 x 1023 x 298 x 107"? J = 8x 10! J (approx) 


= 2x 107 kilowatt-hours 


which is the amount of energy given out by burning about 3 million'tonnes of 
"s The energy released per gram of uranium fissioned — 8 x 101? J (approx.). 
ast neutrons are absorbed'or captured by nuclei of U238 without producing 


fission. Slow or thermal neutrons in uranium, however, which have the same 
incident on nuclei of 


temperature as that of the uranium, produce fission when 
U235. About 2:5 neutrons per fission are released. When slowed, each of these 
neutrons produce fission in another U235 nucleus, and so on. Thus a rapid 
multiplying chain reaction can be obtained in the uranium mass, liberating 
swiftly an enormous amount of energy. This is the basic principle of the nuclear 


Figure 35.24 Nuclear research reactor, ZEUS. This view shows the heart of the reactor, 
containing a highly enriched uranium central core currounded by a natural uranium blanket 


for breeding studies 


reactor or pile. As we now describe, graphite can be used to slow down the speed 


of the fast neutrons released in fission. 


Nuclear Reactors 
Figure 35.25 shows, in diagrammatic form, the principle of one type of nuclear 
reactor, used for commercial power generation. 
d in long aluminium tubes, 


Uranium fuel in the form of thick rods are encase! 1 
ed and prevent oxidation of the 


which are air-tight to contain any Bases releas dat 
surrounding fuel. The tubes are lowered into hundreds of channels inside blocks. 


Tate T 
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Figure 35.25 Nuclear reactor principle 


As explained previously, the graphite is needed to moderate or reduce the speed 
of the neutrons released on fission until they become slow or thermal neutrons; 
they can then produce fission on collision with other U235 nuclei. The graphite 
moderator is in the form of blocks of pure carbon arranged in a stack. 

Heavy water (deuterium oxide) has also been used as a moderator. It reduces 
the speed of a colliding neutron to about one-half, whereas graphite reduces the 
speed to about one-seventh. With a graphite moderator the separation of the 
uranium rods is about 20 cm. In this distance the fast neutron makes about 200 
collisions with carbon nuclei and then becomes slow enough to produce-fission 
on collision with a U235 nucleus. The separation of the uranium rods in a water 
moderator is less than in a graphite moderator as the speed of the colliding 
neutron is reduced much more with a deuterium nucleus. 

The power level reached by a reactor is proportional to the neutron flux 
density; this is the number of neutrons per second crossing unit cross-sectional 
area of the reactor. If the neutrons are produced too fast, the reactor may 
disintegrate. Ideally, the neutron reproduction factor should be just greater than 
1 to make the chain reaction self-sustaining. Boron-coated steel rods are used to 
control the rate of neutron production, Figure 35.25. The control rods are 
lowered or raised in channels inside the graphite block by electric motors 
operated from a control room until the neutron reproduction rate is just greater 
than 1, and the reactor is then said to go ‘critical’. In the event of an electrical 
failure or other danger, the rods fall and automatically shut off the reactor. 
Boron atoms have a high absorption cross-section for neutrons and thus capture 
slow neutrons. 

The energy produced by the nuclear reaction would make the reactor too hot. 
A coolant is therefore required. Water and gas such as carbon dioxide have been 
used as coolants. Molten sodium, which has a high value of (specific heat 
capacity x density) and a high thermal conductivity, has also been used as a 
coolant. In a gas-cooled reactor which produces power for the Grid system, the 
hot gas is led from the reactor into a heat exchanger, Figure 35.25. Here the heat 
is transferred to water circulating through pipes so that steam is produced and 
this is used to drive turbines for electrical power generation. 

Finally, it should be noted that if the mass of the uranium is too small, the 
neutrons will escape and a chain reaction is not produced. The critical mass is the 


Radioactivity, Nuclear Energy ——— ——— — — —— 913 


—————— E 


least mass to make a self-sustaining chain reaction. The critical mass for a 
reactor in the shape of a sphere is less than that in the shape of a cube since the 
surface (neutron escape) area is a minimum for a given volume or mass of 
material. Fermi, a distinguished pioneer in nuclear research, made one of the first 
pilot reactors in 1942 in roughly a spherical shape. 

Further details of reactors must be obtained from the United Kingdom 
Atomic Energy Authority or from specialist books. 

A nuclear reactor may contain, 


1 Uranium rods as fuel 

2 Graphite as a moderator of the neutron speeds for the fission process 
3 Boron-coated steel rods to control the neutron reproduction rate 

4 A coolant to reduce the excessive heat produced in the reaction 

S A heat exchanger to remove the heat energy produced 


Energy Released in Fusion 
In fission, energy is released when a heavy nucleus is spit into two lighter nuclei. 
Energy is also released if light nuclei are fused together to form heavier nuclei. 
and fusion reaction, as we shall see, is also a possible source of considerable 
energy. As an illustration, consider the fusion of the nuclei of deuterium, 7H. 
Deuterium is an isotope of hydrogen known as ‘heavy hydrogen’, and its nucleus 
is called a ‘deuteron’. The fusion of two deuterons can result in a helium nucleus. 


3He, as follows: 
?H 4H > 3He-- ón 
Now mass of two deuterons 
=2x 2015 = 4030u 
and mass of helium plus neutron 
= 3:017+1-009 = 4026u 
.". mass converted to energy by fusion 
= 4.030 —4-026 = 0004 u 
— 0.004 x 931 MeV = 37 MeV 
= 37x 16x 107 J = 60x 107J 
~, energy released per deuteron = 30x 107135 


6 x 1026 is the number of atoms in a kilomole of deuterium, 
about 2 kg. Thus if all the atoms could undergo fusion, 


which has a mass of 


energy released per kg 
230x107? x3x 1025] 
= 9 x 1013 J (approx.) 

Other fusion reactions can release much more energy for example, the fusion 
of the nuclei of deuterium, ?H, and tritium, 3H, isotopes of hydrogen, releases 
about 30 x 1013 joules of energy per kg according to the reaction: 

; 2H HH > $He + on 


1n addition, the temperature required for this fusion reaction is less than that 
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needed for the fusion reaction between two deuterons given above, which is an 
advantage. Hydrogen contains about 1/5000th by mass of deuterium or heavy 
hydrogen, needed in fusion reactions, and this can be obtained by electrolysis of 
sea-water, which is cheap and in plentiful supply. 


Fusion and Binding Energy Curve, Thermonuclear Reaction 
In Figure 35.21 (p. 905), the binding energy per nucleon is plotted against the 
mass number of the nucleons or nucleon number. Since the curve rises from 
hydrogen, the binding energy per nucleon of the helium nucleus, $He, is greater 
than that for deuterium, 2H. Thus the binding energy of the helium nucleus, 
which has four nucleons, is greater than that of two deuterium nuclei, which also 
have four nucleons. : 

Now the binding energy of a nucleus is proportional to the difference between 
the mass of the individual nucleons and the mass of the nucleus (the so-called 
‘mass defect’), see p. 904. So the mass of the helium nucleus is /ess than that of the 
two deuterium nuclei. Hence if two deuterium nuclei can be fused together to 
form a helium nucleus, the mass lost will be released as energy. 

The rising part of the binding energy curve in Figure 35.21 shows that 
elements with low mass number can produce energy by fusion. In contrast, the 
falling part of the curve shows that very heavy elements such as uranium can 
produce energy by fission of their nuclei to nuclei of smaller mass number (see p. 
910). 

For fusion to take place, the nuclei must at least overcome electrostatic 
repulsion when approaching each other. Consequently, for practical purposes, 
fusion reactions can best be achieved with the lightest elements such as 
EIOS whose nuclei carry the smallest charges and hence repel each other 

east. 

In attempts to obtain fusion, isotopes of hydrogen such as deuterium, ?H, and 
tritium, 3H, are heated to tens of millions of degrees centigrade. The thermal 
energy of the nuclei at these high temperatures is sufficient for fusion to occur. 
One technique of promoting this thermonuclear reaction is to pass enormously 
high currents through the gas, which heat it. A very high percentage of the atoms 
are then ionised and the name plasma is given to the gas. The interstellar space of 
the aurora borealis.contains a weak form of plasma, but the interior of stars 
contains a highly concentrated form of plasma. The gas discharge consists of 
parallel currents, carried by ions, and the powerful magnetic field round one 
current due to a neighbouring current draws the discharge together (see p. 327). 
This is the so-called ‘pinch effect’. The plasma, however, wriggles and touches the 
Sides of the containing vessel, thereby losing heat. The main difficulty in 
thermonuclear experiments in the laboratory is to retain the heat in the gas for a 
sufficiently long time for a fusion reaction to occur. The stability of plasma is 
now the subject of considerable research. 

It is believed that the energy of the sun is produced by thermonuclear 
reactions in the heart of the sun, where the temperature is many millions of 
degrees centigrade. Bethe has proposed a cycle of nuclear reactions in which, 
basically, protons are converted to helium by fusion in the sun, with the 
liberation of a considerable amount of energy. 
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Figure.35C shows à gold foil mounted across the path of a narrow, parallel beam of 


alpha particles. The fraction of incident alpha particles reflected back through more 


than 90° is very small 


Transmitted 


Incident alpha 
beam 


particle beam 


Figure 35C 


How does this result lead to the idea that an atom has a nucleus 
(a) whose diameter is small compared with the atomic diameter, and 


(b) which contains most of the atom’s mass? (L.) ^ 
When a nucleus of deuterium (hydrogen-2) fuses With a nucleus of tritium 
(hydrogen-3) to give a helium nucleus and a neutron. 2.88 x 10 - !? J of energy are 


released. 
The equation of the reaction is: 


H+H > iHe-eón 


Calculate the mass of the helium nücleus produced. z 
(Mass of deuterium nucleus = 3:345 x 10-27 kg. Mass of tritium p 
nucleus = 5:008 x 10- 27 kg. Mass ofa neutron = 1-675 x 107?" kg. Speed of light ina 


vacuum = 300 x 105 ms" VL.) 
(a) State the results of experiments on the scattering of alpha particle: 


Explain the importance of these results. 
(b) In such experiments explain (i) why the foil should be thin, and point out any 
differences in the results for foils of different materials; (ii) why the alpha 


particles incident on the foil should be in a narrow p: 


scattered alpha particles might be detected. 
which may be assumed to 


(c) An alpha particle travels directly towards a nucleus Ww! 
remain stationary. Describe in qualitative terms how, during the motion, the 
f the alpha particle vary with the 


kinetic energy and the potential energy ol 
separation between the alpha particle and the nucleus. JMB.) 


Explain what is meant by 
(a) the mass defect, 
(b) the binding energy of an atomic nucleus, 

The binding energy of the isotope of hydrogen 3H is greater than that of the 
isotope of helium 3He. Suggest à reason for this. (JMB. 
Define nucleon number (mass number) and proton number (atomic number) and 
explain the term isotope. Describe a simple form of mass spectrometer and indicate 
how it could be used to distinguish between isotopes. 

In the naturally occurring radioactive decay series there are several examples in 

article followed by two p-particles- Show that the final 


which a nucleus emits an &-p: l 
nucleus is an isotope of the original one. What is the change 10 mass number _ 


between the original and final nuclei? (L.) 

Explain the term nuclear binding energy- Sketch a graph showing the variation of 
binding energy pet nucleon with nucleon number (mass number) and show how 
both nuclear fission and nuclear fusion can be explained from the shape of this 


curve. a 
Calculate in MeV the energy liberated when a helium nucleus (He) is produced 


(a) by fusing two neutrons and two protons, and 


s by a thin foil. 


arallel beam; (iii) how the 


p" = 
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(b) by fusing two deuterium nuclei (7H). Why is the quantity of energy different in 
the two cases? 
(The neutron mass is 1-008 98 u, the proton mass is 1:007 59 u, the nuclear masses 
of deuterium and helium are 2:014 19 u and 4-002 77 u respectively. 1 u is equivalent 
to 931 MeV.) (L.) 
7 Usingthe information on atomic masses given below, show that a nucleus of 


uranium 238 can disintegrate with the emission of an alpha particle according to the 
reaction: 


?38U + 734Th+4He 
Calculate 

(a) the total energy released in the disintegration, 

(b) the kinetic energy of the alpha particle, the nucleus being at rest before 
disintegration. 

Mass of *5U = 238:12492 u. Mass of ??*Th = 234-116 50 u. Mass of 
“He = 4:00387 u. 1 u is equivalent to 930 MeV. (JMB.) 
8 Explain briefly what is meant by nuclear fusion. 
Write down the equation for a fusion reaction, making clear what the various 
symbols mean. What is the great difficulty in producing fusion in the laboratory? 
Where in nature does fusion occur continuously? (W.) J 
9 (a) Explain what is meant by the binding energy of a nucleus. For 38Fe, use data = 
selected from the table below to calculate (i) the nuclear mass in unified atomic ] 
mass units u, (ii) the binding energy per nucleon in MeV. 

(b) Sketch a graph of binding energy per nucleon against mass number for the 
naturally occurring isotopes, indicating approximate scales on the axes of your 
graph. Use your graph to explain why energy is released in nuclear fission. 

(c) A possible fusion reaction is represented by the equation 


H+H > X-- in 17:6 MeV 


(i) Identify the nuclide X. (ii) Using data selected from the table below, 
calculate the atomic mass of X in u. 
In the following table the mass of an isotope is given for a naeutral atom of the 
substance and is quoted in unified atomic mass units, u. 1 u is equivalent to 


p" Nr 


931 MeV. 
EE SR es r I cu MNA 
Name electron neutron proton deuterium tritium iron 
Symbol =%e in ip 7H 3H SFE 
Atomic 

mass 000055 10087 10073 20141 30161 559349 


10 In the fusion reaction 3H + 3H = $He+}n, how much energy, in joules, is released? 
(Mass of FH = 3:345 x 10^ 2" kg, ?H = 5:008 x 10-27 kg, He = 6647 x 10-2 kg, 
on = 1675 x 10?" kg, Speed of light = 3-0 x 105 ms 1)(L.) 
11 Given 


733U +n > ,5Rh + !2Ag + 2n 
and > iH Ho $He+A 


(i) explain what is meant by the 235 and 92 in ?33U; (ii) determine x, y, and À; 

(iii) describe the importance of the reactions: (iv) write down a similar equation for 

the fusion of two atoms of deuterium to form helium of atomic mass number 3. 
Given the mass of the deuterium nucleus is 2-015 u, that of one of the isotopes of 

helium is 3-017 u and that of the neutron is 1-009 u, calculate the energy released by 

the fusion of 1 kg of deuterium. If 50% of this energy were used to produce 1 MW of 


electricity continuously, for how many days would the station be able to function? 
(Speed of light c = 3-00 x 108 ms~)(W) 


N 
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12 In the Rutherford a-particle scattering experiment, a-particles of mass 7 x 107?" kg 
and speed 2 x 107m s~ ! were fired at a gold foil. What was the closest distance of 
approach between an 2-particle and a gold nucleus? How could those a-particles 
which made such a closest approach be identified experimentally? 

(The atomic number for gold is 79; the electronic charge is — 16 x 10° °C; 

1/4néy = 9x 10° F^! m) (W) 

13 (a) Explain the meaning of the term mass difference and state the relationship 

between the mass difference and the binding energy of a nucleus. 

g energy per nucleon versus mass number for 

the naturally occurring isotopes and show how it may be used to account for the 

possibility of energy release by nuclear fission and nuclear fusion. 

(c) The sun obtains its radiant energy from a thermonuclear fusion process. The 
mass of the sun is 2 x 103° kg and it radiates 4 x 1022 kW at a constant rate. 
Estimate the life time of the sun, in years, if 0-7% of its mass is converted into 
radiation during the fusion process and it loses energy only by radiation. (1 year 
may be taken as 3 x 107 s.) The speed of light, c = 3x10* ms. (MB) 

14 (a) Z protons and N neutrons are combined to form à nucleus ^* XX. Describe the 

energy changes which occur as the (Z + N) free part 

the concept of binding energy per nucleon which arises in th 

a graph of binding energy nucleon against nucleon number and use this graph 

to explain how the process of nuclear fission and n.clear fusion are possible, an 

the values of nucleon number at which they may occur. 

A typical fission reaction is 

235U+ pn 148La + $3Br+neutrons 


eased in this reaction? What is the importance of 
are the products of lanthanum (La) 
tivity are they 


(b 
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(b 


How many neutrons are rel 
these neutrons in a nuclear reactor? Why 
and bromine (Br) likely to be radioactive and what type of radioac 
likely to exhibit? (L-) 

15 (a) Describe in terms of nuclear structure the three d 
element neon, which have nucleon numbers 20, 21 
io distinguish between these forms chemically? 

A beam of singly ionised atoms is passed through a region in which there are 
an electric field of strength E and a magnetic field of flux density B at right 
angles to each other and to the path of the atoms. Ions moving at a certain 
speed v are found to be undeflected in traversing the field region. Show (i) that 


v= E/Band (ii) that these ions can have any mass. rhs » 
If the emerging beam contained ions of neon, suggest how it might be possible 


to show that all three forms of the element were present. 
(b) Explain what is meant by the binding energy of the nucleus. Calculate the 
4He and 3He. Comment on the difference in 


and explain its significance in relation to the radioactive 


ifferent stable forms of the 
and 22. Why is it impossible 


these binding energie: 
decay of heavy nuclei. (Mass of 1H = 1-007 83 u. Mass of in = 1-008 67 u. Mass 
Mass of {He = 4:003 87u. 1u = 931 MeV.) (L.) 


1€ (a) Sketch, on the same diagram, the paths of three alpha particles of the same 
h are directed towards a nucleus so that they are deflected through 


(i)about 10°, (ii) 90°, (iii) 180° respectively. 4 ; 
ermshow (i) the kinetic 
the alpha particle varies during its path, 


assuming the nucleus remains stationary. 

(c) If, in (b) above. the alpha particle has an initial kinetic energy of 1:60 107 '?J 
> +50 e, calculate the nearest distance of 

approach of the alpha particle t » the nucleus. (Magnitude of electronic charge, 

e= 1:60 x 1077? C, permittivity of free space, go = 10° °/36n or 


^ $85x10- ^ Fm!) (JMB.) 


v 
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Further Topics 


In this section we discuss some basic topics in Energy and Tele- 
communications. Only the core principles are given. For further 
details reference must be made to specialist books. 


Energy 
There are many sources of energy in the World. The chemical energy from 
burning coal, oil and gas, called fossil fuels, is widely used. These fuels are non- 
renewable after they are burnt. Nuclear energy, wind power and wave power 
from the sea are other sources of energy. Wind and wave power are renewable 
sources, 

All our energy comes primarily from solar energy. As stated on page 624; the 
Sun’s ultraviolet rays are absorbed in the green matter of plants and make them 
grow. The plants and trees centuries ago are turned into coal and oil. Water 
power comes from the Sun. Water is evaporated by the Sun and this produces 
the rains which fill the lakes and reservoirs. Wind power also comes from the 
Sun. Unequal heating of air masses world-wide results in wind movement or 
kinetic energy. 

In hot areas of the world, solar energy is collected by large concave mirrors 
and concentrated on water to produce steam to drive turbines, for example. 
Solar energy is also collected by solar panels on the roofs of houses for domestic 
heating purposes. As explained on page 914, the Sun’s energy comes from 
nuclear fusion reactions of the Sun’s elements. 


Nuclear Energy, Fossil Fuels, Geothermal Energy 
We have already described how nuclear energy is used in nuclear reactors for 
generating electrical power (p. 912). Heat exchangers pass the heat produced in 
fission to boilers, which then produce steam to drive the turbines in electrical 
power stations. In coal-fired or oil-fired power stations, these fossil fuels are 
burnt to produce the heat needed for the boilers. 

- Geothermal energy appears to come from nuclear energy changes deep in the 
Earth, which produces hot dry rock. In the United States in California, and in 
the Soviet Union in the Arctic Circle, deep holes are tunnelled into the Earth 
through hot rocks below. A depth of over 10km has been reached. Brine or 
water is pumped under pressure through the holes and hot brine or steam at 
about 350°C can be obtained at the surface. About 24 MW (24 x 10° W) has been 
produced in this way for use in surrounding areas in California. 


Boiler 


Turbine Generator Transformer Grid 


Figure36.1 Electrical power generation 
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Figure 36.1 shows in block form the system needed for generating electrical 
power, which is widely used in industry and the home. The final power output 
depends on the efficiencies of all the machines used. For example: 


(1) Boiler. Owing to unburnt fuel and the heat absorbed by the vessels used, 


only a small percentage of chemical energy of the fuel-air mixture provides 
useful heat for changing water to steam in the boiler. 
(2) Turbine. 
(a) Wasted energy isd 
(b) The Second Law of Thermodynamics 
able. An ideal engine has a maximum efficiency of (T, — T/T; where T; is 
the kelvin steam temperature and T, is that of the condenser for the steam 
condensed during-the cycles. See p. 752. High pressure steam at 500°C or 
773 K, and a condenser at 25°C or 228 K. produces à maximum efficiency = 
(773 —288)/773 = 061 or 61%. With special design, 45%, efficiency may be 
reached in turbines, taking losses into account. 
(3) Transformer. Although losses occur, over 90% efficiency can be reached. 
(4) Grid system. Heat losses due to current are produced in the cables (p. 259). 
These may be reduced in the future, following recent- promising research for 


superconductors at norm 


ue to frictional forces at the moving parts. : 
limits the maximum energy obtain- 


al temperatures using ceramics. 


Blades on a horizontal or vertical axis can be rotated like windmills by wind 
y connecting the axle to turbines, generators can be driven to produce 
High wind speeds near the coast round the British Isles 
produce sufficient power for local areas. In Scotland and the Isle of Man, wind 
turbines provide a back-up for electrical power supplies and saves fossil energy. 
otating vertical 


To estimate roughly the available wind power, Suppose a fastar 
i ing about à horizontal axis O at its 


blade of 20 metres diameter or span 1$ rotating 2! 
centre, and à horizontal wind of 13 ms * (30 mph) is blowing horizontally 
towards the blade. Figure 362. ‘ i 


power. B 
electrical poWer. 


Figure 462 Available wind power 


o the circular area of the rotating blade 


The cylindrical column of air moving t. 
in 1 second has a volume 
$ Lax 102 x13 = 4084m? 
Assuming the density of air is l'3kgm^ ^ the mass per second reaching the 


blade = 4084 x 13 = 5300kg (approx). 
gy per second of the air = pmo” per second 


The kinetic ener : 
= 4x 5300 x 12- 45000057! = 045 MW 


Assuming the velocity of the air is reduced to zero at the blade, 


power would be 045 MW. 


the available 
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If r is the radius of the rotating blade, v is the wind speed and p is the air 
density, then generally 


power available = zr?pv? 


So the available power is proportional to the cube of the wind speed and the 
square of the blade diameter. A calculation involving the mass per second of 
moving air is given on page 26. 

The power extracted by the rotating blade is much less than the available 
power of 0-45 MW. The velocity of the air is not reduced to zero at the blade, as 
we now explain. 


Figure 36.3 (a) Air streamlines and rotor (b) Forces on rotor 


_ Power Extracted, Forces on Rotor 
Power extracted. Figure 36.3(a) shows an ideal situation. The air streamlines 
move with velocity v; through a cross-sectional area Ao some distance from the 
rotor or blade and leave the blade with a final velocity ý, through a greater 
cross-section A,. As we now show, the broadening of the air stream passing 
through the blade is due to a decrease in energy. 

Assuming a steady state and an incompressible fluid, then v, 4, = Uo Ag, since 
the volume per second through each area is the same. See Bernoulli Principle, 
p. 126. So v, is less than vp. The power extracted by the biade is therefore 
(mvo? — 3mv,?), where m is the mass of air per second through the areas. 

Betz showed that the power extracted has a maximum value of about 60% of 
the available power, discussed earlier. The electrical power output is also 
reduced by frictional forces at the turbine and alternator. In design, too, the 
alternator power must be matched to the mechanical power extracted. 

Forces on rotor. Figure 36.3(b) shows a section of the rotating blade looking 
along it towards the axis O. The blade is at small angle fi to the plane of rotation 
Ox and the wind velocity vw at the blade is in the direction Oy of the axis. The 
rotating blade produces an air flow of velocity v4 in the plane of rotation which 
is many times greater than vy. The tip-speed at the end of the rotor is taken as 
numerically equal to v4. 

From the triangle of velocities OPQ, the resultant air velocity or 'relative 
wind’ velocity vp is in a direction OQ at O. As in an aérofoil, the lift force F, on 
the blade is 90° to vg. See p. 128. There is also a drag force Fp on the blade in 
the direction vy of the relative wind velocity. The net force or thrust on the blade 
in the plane of rotation is therefore (Fi cos 0— Fy sin 0), where 9 is the angle 
shown. In design, by varying the shape of the aerofoil and the angle « between 
the blade and the relative wind velocity, the ratio F,/Fy is made as high as 


possible for maximum thrust and hence maximum power output, without the 
blade stalling. 


— . — Further Topics QI RONDE 924 


A modern wind turbine has à high tip-speed to vw ratio; typically 5, and à 
small pitch angle f. In practice, bw is the wind velocity taking into account its 
slowing at the blade and the blade velocity v4 is slightly increased by an induced 
swirl behind the rotating blade. 


. Design of Wind Power Generators 
Wind power turbines have long blades whose cross-sections may be shaped 
similar to an aerofoil. The wind is deflected by the blade and the sideways com- 
iat kg the reaction force causes the blade to rotate about its axis. See also 
age 920. 
MUI CETUR LI 


vertical 


alternator an 


d 
controls 


lhe: (b) 


Figure 36.4 


The two main types of wind turbines are horizontal-axis and vertical-axis 
types. The horizontal-axis turbine has two or more long vertical blades rotating 
about a horizontal axis. Figure 36.4(a). This machine needs turning into the 
ctively, which is a disadvantage in view of 


wind to extract the wind energy effe ; 
the cost of the device needed. The alternator is placed at the top of the 
supporting tower. 

cal and can accept 


axis turbine, the blades are long and verti 

i 36.4(b). This is an advantage over the horizontal- 
axis type. The alternator can be placed on the ground at the base of the tower 
supporting the blades, which is another advantage over the horizontal-axis 
turbine. Due to centripetal forces, there are varying stresses on the blades as they 


rotate. Musgrove of Reading University has overcome the problem of limiting 
the power in very high winds by making the blade in two halves hinged at the 
middle. At high winds an operator tilts the two halves into an arrow-head shape, 


which reduces the stress. 
The design of wind power systems is complex. For example, the generator 
tracted, and sensors and 


power must be matched to the wind power ex 
r wind direction and speed. The 


computers are needed in the control room for 
world’s most powerful wind turbine generator is installed on Orkney at one of 
the windiest places in the British Isles. Built by British Aerospace Wind Energy 
Group, the rotor has a span of 60 metres. It will turn at 34 rev min * at wind 
speeds between ams ‘(15 mph) and 27 ms! (60 mph) and will p. 
of electrical power. Smaller models, with a 20m span, are operating in North 


——i 


922. ^  AgyancedLlevelPhysics 


Devon and in California, United States. An alternative to a large machine is a 
cluster of up to 100 medium machines (about 30m blade diameter and 300 kW 
power) on a so-called *wind farm'. 


Tidal Power 
Tides are due to the gravitational pull of the Moon on the waters surrounding 
the Earth, The pull varies during the monthly cycle of rótation of the Moon 
round the Earth and the tides vary from high to low tide twice per day. 

For using tidal power, it is first necessary to build a dam across the tidal 
region of water. Sluice gates allow water to flow in at high tide. As the tide falls 
the gates are shut and water is allowed to run back through turbines to generate 
electricity. 


Figure 365 Tidal power 


Figure 36.3 shows roughly the rise and fall of the trapped water at high (H) and 
low (L) tide during a 24 h period and the time of operation T of the turbines. 
Suppose the water is trapped in a basin of area 40 km? or 40 x 109 m2, and the 

maximum height of water is 10 m. Then, using water density = 1000 kg m ^? and 
g = 10ms~?, 

weight of water, mg = volume x density x g 

= 40 x 10° x 1000 x 10 = 4x 1012N 
If the maximum height of water above low tide is h, the centre of gravity, is then 
at a height h/2 above low tide. So 
gravitational potential energy change from high to low tide 
$ =mg xh/2 = 4x10 x 10/2 = 210135 


From high to low tide, about 6 hours, ideally the average power obtained would 
be 


2x10 
2 = = 910° W (approx) 


average power = 6x3600s 


= 900 MW 


With system efficiencies taken into account, the available power is much less 
than that calculated, 

In the tidal power system used in the Severn Estuary, the maximum height of 
the tide is about 10m above low tide and the area of water is about 70km? or 
70x 10°m?, Ideally, this produces an energy change of 35% 10!2J over a 
petiod of 6 hours, so about 1500 MW of power is obtained. Tidal power in the 
ee a a between Cardiff and Weston-Super-Mare can produce about 


; bos Wave Power 
Waves in the sea have kinetic and gravitational potential energy as they rise and 
fall. Various systems have been designed to use wave energy and power. 


pN 
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Figure 36.6 Wave power 


To see what order of magnitude of energy and power may be obtained for a 
water Wave, consider an ideal wave with straight wavefronts of width | m. 
Figure 36.61). Suppose it is à sine wave of amplitude | m and wavelength 100 m, 
which we approximate to the rectangular wave in Figure 36.6(ii) for a basic 
treatment. E 

When the wave crest in X falls into à trough at Y. the gravitational potential 
energy of the water changes by mgh, where m is the mass of water and h is the 
change in height of the centre of gravity G; to G;. In this case h = 1 m. Since the 
density of water is 1000kgm - 3 and assuming g = i0ms ^, 


mgh = volume. x density x g X h=(50x1x 1) x 1000 x 10x1 
25x105J 
The wave has kinetic energy as it moves forward in addition to potential energy. 
It can be shown that the kinetic energy of a wave in deep water is equal to the 
potential energy change. So ` 
total energy = 2X 5X 105J = 10*J 


Suppose the Waves have a period of 5s. In this time the water crest returns to 


its original height about the normal water level. So 


6 
intik _ 10°F _ 200000 W = 200 kW. 
time 5s 


This is the power per metre wavefront. Fora 1km or 1000 m wavefront, 


power — 1000 x 200kW — 200MW 


power — 


W. 
The power from à sine wave is much less than this simplified rectangular 
vels with à constant speed, the water 
ich decreases rapidly with depth. 
ve is contained in a depth 4/4, 
i when waves are higher than in summer, 


more wave power is obtained. . : 
scheme will be tested on Islay, an island in the 


Britain’s first wave power : \ 
Hebrides. The oscillating waves will flood into a special chamber and pump air 
to drive a turbine generator. The plant will produce about 200 kW of electrical 


power for a small village at very low-cost. 


py ww 
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Telecommunications 


Optical Fibre Telecommunications 
As we saw on p. 433, a laser is needed to provide a light signal from a 
pulsed electrical input in optical fibre telecommunications. 

A light emitting diode (LED) can also provide a light signal, though it is not 
So intense as the laser. An LED consists of a forward-biased p-n diode made of 
gallium arsenide semiconductor material. As in normal diodes, electrons then 
drift into the p-region and holes into the n-region. The recombination of 
electron-hole pairs produces excess energy which is emitted as light. The 
intensity of the light is proportional to the input current. 

LED's are available in a range of colour, such as red, orange, yellow, green. A 

' Series resistor R is needed to limit the current through an LED and prevent 
damage. Figure 36.5(i). For example, with colour red, an operating current of 
20 mA, and a forward voltage of 2 V at 20 mA, a 400Q resistor would be needed 
with a 10 V supply, as the reader should check. 

Basically, the semiconductor laser is an LED operating at high current. The p- 
and n-regions are made from gallium arsenide and gallium aluminium arsenide. 
Stimulated emission is produced by making the faces of the semiconductor 
optically flat so that some light is reflected back repeatedly as with the gas laser 
(p. 661). 

The semiconductor laser is superior to the LED for telecommunications. The 
light is not only much greater in intensity but the spectral spread is typically 
1 to 2nm compared to a much greater spread using an LED. So low dispersion is 
produced in a fibre cable at high bit rates, which is an advantage. 


reverse- 
bias 


(ii) 


i£ 
Figure 36.7 (i) cep (ü) p-i-n Photodiode 


Photodiode. At the output end of optical fibre communications, a photodiode 
is needed to change the arriving digital light pulses to an output voltage signal 
(p. 43). 


photon energy hf can produce more electron-hole pairs in a crystal lattice. For 
example, visible light of wavelength 550nm has photon energy of about 2:3 eV. 
This is greater than the ionisation energy of silicon, 1-1 eV. 

Figure 36:5(ii) shows the principle of a p-i-n photodiode. It has an intrinsic 
(pure) Silicon layer i between the -layer and n-layer. Effectively this increases 
the size of the depletion layer. Many more electron-hole pairs are then gener- 
ated compared to the normal p-n photodiode and so the current 1, and the 
response to the illumination, are then greater. 

As shown, the diode is reverse-biased. The output voltage V, across the 
resistor R increases with the intensity of illumination, 
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Radio Telecommunications, Aerials 

We now turn to radio telecommunication and the topic of aerials. In a radio 
transmitter, the aerial has the same function as the sounding board in à violin or 
as the resonance tube use 
which generates radio waves, to radiate its energ i 
sounding when held in the hand, only a weak sound i 
sounding tuning-fork is mov 
where 4. is the wavelength of the sou: 
the tube. Waves of large amplitude, stationary Or S 
in the air in the tube (p. 601). 

In the same way, the aeria 
radio source, and adjusted so that standing € 
The radiofrequency waves from the oscillato 
into space. 


Quarter- and Half-Wave Aerials, Standing Waves 


| of a transmitter is coupled to the oscillator or 
Jectrical waves are set up along it. 
r are then most strongly radiated 


displacement 


x/4 x/4\ 


pressure 


(ii) 


w 
wave aerial 


Figure 36.8 Quarter- 


Figure 36.8(i) shows a long vertical wire PQ with an rf. oscillator Q near the 
Q at P. where electrons cannot 


bottom earthed end. A current node is set up OY A 
move, and a cu i ns are free to move. The 
electrons have greatest pressure at F, t 
least pressure at Q which is à voltage node. Figure 36.8(ii) shows the analogy 
with air molecules in a closed pi nance. The displacement curve is 
similar to the current 4/4 curve : 
The aerial and pipe have a length 4/4, where 4 is the wavelength. So PQisa 
arter-wave (4/4) aerial. Medium-wave aerials are generally of the quarter-wave’ 


qu |s 
type. For 200m wavelength, the aerial height is 50m. 


Figure 36.9 Half-wave (dipole) aerials 


al «a 
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On short wavelengths such as television wavelengths, a half-wave or dipole 
aerial is used. Figure 36.9(i). Here the ends P, P' of the aerial are current nodes 


Figure 36.9(ii) shows roughly how the radiation intensity varies round a 
two-dipole or H-aerial, D,, D}. In this so-called polar diagram, the lengths of the 


receiving aerial must be correctly positioned, horizontally or vertically to receive 
the transmitter required.’ 


- Amplitude Modulation 
The energy radiated from an aerial is practically zero when the frequencies are 
below about 15kHz, which is in the audio-frequency (a.f) or sound range. So 
Speech and music cannot be radiated directly. 

Aerials radiate most strongly only high frequencies, which are those known as 
radio-frequency (rf) waves. They may range from very high frequencies such as 
100 MHz (108 Hz), 3cm waves, to 200kHz (2 x 105 Hz), 1500 m waves. For r.f. 
wave calculations, a middle value of 1 MHz(10°) may often be taken. 


.. modulated wave i 
p 
A Ef, 


ne wave, shows that it consists of three different rf. wa 
) Je. each of which can be detected separately, 


S$ — 
o ————— 
o aO 
» o —————— i 
-——D————»————  —————— 


frequency, and (iii) 
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is the much smaller modulating a.f, the three 
(ii) Cf. fas called the upper. sideband 


If f, is the carrier r.f. and fin 
if f, = 1 MHz 


waves have respective frequencies of (i) Y 
iii) (f. — fa called the lower sideband frequency. 


f. is IOkHz or 0-01 MHz, then 


and the highest modulating a. 
= 1:01 MHz 


upper side frequency = fc fs 


and er 
lower side frequency = fief 0:99 MHz 

In practice, the carrier is modulated by all frequencies in the af, range, from high 
to low. This is shown diagrammatically in Figure 36.1 (i). The bandwidth of the 
sidebands transmitted is 20 kHz in this case, from 1-01 to 0:99 MHz. 


f 
overlapping 
CÓ 
| | 4 i 
EE ftf oig 299 999 (00g 
bandwidth kHz kHz 
(ii) 


(i) 


Figure 36.11 (i) Sideband frequencies (ii) Overlapping 


Figure 36.1 1(ii) shows the frequencies X and Y of two transmitting stations 
which are less than 20kHz apart. The carrier X has a frequency of 985 kHz 
(0:985 MHz) and the carrier Y f 1000 kHz (10 MHz). In this 
case some of the upper sidebands of X have the same frequencies as some of the 

i So interference may 


lower sidebands of Y, as shown, and overlapping occurs. ce ma 
‘red from the other. Since, 1n 


occur from one transmitter when reception is re i 
wo broadcasting stations may be separated by about 9 kHz, inter- 
be heard on an 


practice, t 
ference takes place between two powerful stations. It can 
unselective radio receiver. 

AM Radio Receiver 


Figure 36.12 AM radio receiver system 


receiver when amplitude- 


R)-capacitor (C) circuit is 


Figure 36.1 2shows the basicsystem needed for a radio 
ained across C when itis 


modulated (AM) waves arrive at the aerial. The coil (L, 
a tuning circuit. See p. 396. Here a high voltage 1s obt 


tuned to the r.f. wave. 
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The voltage is now passed to a rf amplifier for more amplification, and then 
to a suitable diode detector circuit. A diode conducts only one half. say the 
positive half, of the modulated wave. So the output voltage is a positive r.f, 


An electrical filter circuit cuts off the rf voltage, leaving only the a.f. voltage to 
pass on to an a.f. amplifier. This is finally passed to an a.f. power amplifier, so 
that maximum sound energy is obtained from the loudspeaker, 


At 


Answers to Exercises 


Mechanics 


Exercise 1A (p. 16) 

1 (i) 5s (ii) 62-5 m (iii) 17ms~ 
2 (i) 48 (ii) 20m 

43s 

5 (i)3s (ii) 30m (iii) 72° 

7 (i) 16s (ii) 8868 m; 10 240m 
8 (i) 5ms-? (ii) 1-48 (iii) 3s (v) 225m 

9 (i) 20ms-! (ii) 14:1 ms^* at 45° to OA 
10 (i) 10kmh~! (i) 24km 

1 21 650m, 3125m, 25s, 465m s 
12 B 


1 


1 


Exercise 1B (p. 31) 

1 2000 N, 3000 N 

2 550N, 500N 

3 (i) 600N (ii) 400 N 
4 (i) 10Ns (ii) 100N 
5 20N 

6 25ms^? 
72ms ',4ms_ 
8 i0ms^',20s 
9 200N 

10 (a) (i) 0:38m (ii) 3ms ^ 

(b) (i) 5750N (ii) 5000N 

11 0:9 v, 30° 

12 (aj4ms ^? (b) 71 ms^' 

13 (a) (i) 250m (ii) 4000 N (iii) 20000 N, 

2000N (b)8ms~! 

14 2ms ^? 

15 (i) 49 N (i) 49N (iii) 354ms ^ 
16 8/3ms^!, —A[3ms^' 

17 254ms!, 23° to orig. dir. 


1 


2 


Exercise 1C (p. 44) 

1 1803, 60N s;3s.9m 

2 600J, 6m 

3 (i) 4s (ii) 20m (iii) 10, 10J 

4 (i) 52ms"!,58J Gi) 12ms^',314J 
5 205,15) 

7 10007 

8 125m 

9 4kW, 14kW — — 

10 (i) B, C, E, G (ii) A, D, F,H 

11 ())3ms^? (ii) 45 000 J (iii) 30kW 
12x=4 


13x 2ly-b:7 Lhrak/a@ ply 


15 (a) 03 N (b) O6 W (0) 03 W 

16 2/3 

17 x=2,k=22 

18 m?Hg/(M+m)d 

19 6x105 ms", 212x107 5J 
20 (a) 103 (b) 5J 

21 (i) 400kW (ii) 656 kW 

22 2E (3E less E) 

24 (a) 10m s"! (b) 245, 1265ms^! 
25 (a) 10/3 N (b) 5/9 W (c) 5/8W 
26 1667 N, 833303 


Exercise 2A (p. 56) 
1 (i) 2rads^' (ii) 96 N 
2 (i) 118N (i) 32° 
3 42°, 13450N. 
4 224N, 64N 
5 158N 
6 T3x1075rads^ 1 0068 N 
7 0555 
8 ()23N (ii) 17ms^! 
9 l6revs ! 
10 (i)4:2ms^* (ii) 11 N (iii) 7 N 
11 90N 
12 0675revs- 
13 (à) mgl (b)./2 gl (€) 2 up (d) 3ma 
14 7/7 rads ', 122cm away 
15 (a) 80N(b)8ON 
16 (c) 1-5 
17 ()424ms^' (ii) 4500 N 
(iii) 4743 N at 18° to radius (v) 42° 
18 (ii) p58ms^! (iii) 0:625 m 


Exercise 2B (p. 72) 
1 250N 
202549 
4M"! is 
sy 
6 9910s 
16x 107*kg 
8 99ms^? 

/9 45x 107" rads 
10 (a) 7852ms^' (b) 52505 

11 889N 

12 144 N, 24 5h 

13 (c) 0012 

14 24h 


=3 


930 


15 (c) (i) 7-4kms~', 100 min, 10-8 kms" ' 

(d) 107? 
16 3m, 6:1 

17 (a) 360000 km from earth centre 
(b) 60MJ kg"! 

18 7kms^!, 1:46 x 10!? J, —2:92 x 10'°J 

19 42600km 

20 71x 10!?] 


Exercise 2C (p. 88) 

1 (i)0-05s (ii) 0, 3200 z? cms ^? 
(iii) Sr cms"! 

2 (a)008ms^! (b) 575 

3 (a)25ms^! (b) 790ms ^? 

4 A,D,E,F 

5 (i) 126s (ii) -1 ms^? (iii) 4x 1075J 
(iv)4x 10757 

6 100ms^?,4:5m; 245:1 

7 (a)025ms^! (b) 15:8mJ 

8 02s 

9 0-68 

10 275024J,047ms^! 

12 0445s; 37 cm, 47-6cms ^ !, 740cms ^? 
.13 (a) (i) 20 mm (ii) 025 (iii) 628 mms"! 
" (6)79x 10°25 

14 (i)0-4s (ii) 5NN (iii) 0-005] 

15 0-25 
16 63cm 
17 (a) 243s (b) 0-150J, 0:387 ms"! 

(c) 0:56 (d) 0-067 m 

18 5% 

19 is 
20 8-75 cm, 3:2 rad s +, 90° 277 óms" !, 

875cms^7?, 2:015 N, 1:992 N, 
54 x 1075 J/cycle 


Exercise 3 (p.410) 
1E 


2 (i) 8N m (i) 04N m; 10-1 J 
3 690N, 1390 N 

4 500Nm; 167N 

5 226cm 
7417N,417N 

8 180N, 159N 

9 0:0063 nm from N atom 
10 1710N 

11 (i) 3:2 (ii) 40:9 

12 1-62N 

13 51cm 

14 38cm 

15 773:8 mmHg 

16 W p/o (a) 0:95 (b) 1-19 
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17 (a) 750kg (b) 270kg (c) 042 m s^? 


Exercise 4 (p. 130) 

1 (i) 2000J (ii) 200kgm?s^' 
(iii) 32revs^! 

2 (i) 8rads^' (ii) 25133J 

3 64rev, 8s 

4 SOrads"!,25000J 

5 4revs^! 

6 (i) 2rads^' (ii) 15J 

7 (i)6rads~' (ii) 12N m (iii) 14-3 rev 

8 (i) 22rads^' (ii) 32rads ^! 

9 13x10 *kgm? 

10 18:3rads^! 

11 (a)20rads^? (b) 0:32 N m 

12 73x10^*kgm? 

13 63x 10'?rads^! 

14 (i) 2 x 107 J (ii) 10km 

15 (i) 2304 J, 384 kg m?s ^! (ii) 0-42 N m 
(iii) 92-2 s 

16 21-6rads~* 

17 1-Skgs~! 

18 9ms^! : 

20 1ms !,925x 10* Pa 

21 4ms !,I12kgs^' 

22 (i) 28ms^! (i) 57x 107? m?s^! 


Elasticity, Solid Materials 


Exercise SA (p. 142) 

3 (i) 1/2000 (ii) 10! N m? (iii) 0:025 J 

4()Y 3 

5 64x 105Nm^7,6x1075, 
1:1 x101! Nm? 

6 67N 

7 0-08 mm 

8 0043, 0-085 

9 12x 10®Nm~?, 29-6 N 

10 83x107?J 

11 (a) C:1-25 x 1073, $:075 x 107 5; 
(b) 471N 

12 (a) 20 x 10 Nm? (b) 8x 107?J 

13 (a) 1-5 (b) 6mm, 4 mm (c) 780 N 

14 20ms^' 

15 (a) 23x10 5m (b) 57 x 1075J 

16 (c) (i) 402 x 107? (ii) 803 x 105Nm* 
(iii) 0:21 J 

17 40N,74N 

18 (b) 3:5 m (c) 8kJ (approx.) 
(d) 11 m (approx.) 

19 (a) (i) 2 x 10! Pa (b) (iii) 50 N, 101 

20 (c) (i) 1-44 x 107? m? (ii) 0-098 m 
(iii) 3890 J (iv) 64 x 105 W 


2 
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Exercise 5B (p. 151) 


728x107? m(a)2x 10 Nm? 
(b) 3J (approx.) (c) 1-4 x 10! . 3 mm 
8 (i) 1000N (ii) 8:7 x 10 +m? 


Electricity 


Exercise 6 (p. 208) 


12x10*Vm^', 6x10  '*N 
3125x10^'*C 

5 16x10°'°C 

15x 10°V 

9 3electrons, 19-6ms ? (29) 
11 100V 


E 


12 (a)9 x 10*N C^! (V m^ ') (b) 9000 V 


13 44 kV m^! 

14 (i) 1-41 x 1 N C7", —338x 10? V 
(ii) 0-3 m from —3Q 

17 (a) 1-45 x 107 9 N, 1:45 x 1071! J 

18 1-33 x 107 5 C, 6 x 10° V, yes 


Exercise 7 (p. 236) 
1 02yF, 25x 107*J 
2 (a)9x 107 *C, 18x 107* C; 0-135J, 
027J (b) 6x 10° * C, 6x 107 C; 0-06J, 
0:03J 
3 (a)6x10 5 C(b)3x 1075J 
(c)6x 10° 53; 1x 1075J 
4 133:3 uC, 133-3 pC 
5 (i) 160V (ii) 0-14) (iii) 0-128 J 
6 2/34C,2uC 
7 (a)4V (b) 4uC (c) 8 pJ 
8 339m 
94 
12 (a) 01 C (b) 107?F (c) 5kQ 
13 171 kQ (i)9mJ (ii) 500 pF 
14 1:35 x 107? C, 3 times, 84 
15 (a)2x 10- !! F, (b) 1:2 x 107.300 V 
16 1:13x 105 V m^! (a) 226 V 
(b) 22x 1079 F (c) 565x 1079J 
17 425x107 5A 
18 46x 107 5:1 
19 (a) 107? C (D) 1:35V (c) 698 


Exercise 8 (p. 274) 

1 32V, 102 

2 (i) 0-4A (i) 102 (ii) 12V 

3 5V,0,58V, 48V 

4 144 V,96V;8V, 53V 

5 05A,6Q 

6 (a) 360 0 (b) 096 V 

7 OWLS VOVA L5V. GEV 
8 () 2x 1074A (i) 499 MO 

9 (a) 6V(b)4V 
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10 2 V, 4Q parallel 

11 52x10 ‘ms 

12 64 niin? + 16). 8A, 3/80 

13 X = 20002, 10002. — 

14 (i) 06A,02A, OFA (i) 6 V 
(iii) 58 W (iv) 72W 

15 154V 

16 004A 

17 24 

18 4m, 1 m 

19 (160. 

20 R, = 1670, R, = 1252 

21 (a) 10.(5) 202 or 0050 

22180 

23 (01:5) 1:75 

24 1,1,2kW 

25 36,397; 

26 1875kW 


Exercise 9 (p. 295) 
1 1-53 V, 600cm 
2012A . 
3 11970.3mV 
6 158mV 
7 0825m, 129 V 
9 12,less 
10 60cm, 75cm 
11 9mV, 10160 
12 (a) 1:5 V (b) 1-6 V (c) 3(4)2V 
14 5x107*A,25x 107? V, 19622 
15 0-004 K ^', 50°C . 
16 1490 
17 0367m 
18 1:4:1, 1500s 
21 00037K^' 
22 88x10 ^K ' 
23 53x 107 *K^' 


Exercise 10 (p. 319) 
1 ()02N (ii) 60° 
25A 
3 5x 1072Nm, 25x 107 Nm 
4 10T, PO 
5 [6x 107 ^N 
6 26x 102 m^? 

7218 
8 694A 
9 (a) 10(b) 1/4 

10 3:75 1077* 

11 14 rad, 196mm. 50 pA, 0-162 
12 5260 parallel, 3900 Q series 
13 04T 

14 35x 1075ms- '. BI/Net 


a> . 


15 (a) shunt 0.0125 Q (b) series 9995 Q 
16 24 x 1022 


Exercise 11 (p. 338) 

1 (b) 1x 1075 T (c) 3 x 1075 T, greater 
208A 

3 (b) 04m (c) 1:33 x 10 5N m~! 
4 6x107 5 Naway from X 

6 37x107?V 

7 6cmfrom 12A wire 

8 364A 

9 (i) :6x107*T (ifo 

11 L6x1075Nm^',038N 

12 39mT, 79uNm 


Exercise 12A (p.365) 
3 (a)0(b) O6 V.P 
4 (a)0(b) 0-1 V; 107°C 
5 31V. () 31V (ii) L-6V Gii) 0 
11 (i) Bvd (ii) O (iii) Bvd; (i) (iii) | = Bed/R, 
F = B'vd?/R 
12 uonlA f, 100 unA f. 
13 442revs^! 
14 053 V 
15 1-05V 
18 (i) 0022 f sin2zft (ii) 67-5 Hz 
19 2-4 uW; 28-7 uW, 3:87 V 


Exercise 12B (p. 376) 

1 4mH 

2 25pF 

4 (a)(i) 40A M)LOAs ! (iii)-SAs"! 

(b) 26:8 div. 

5 4uH 

7 (a)25000 V (b 2x 1072 A 

8 (à)4A (b) 2A s^! 


Exercise 12C (p. 381) 
1 (a) 2:5 x 107? Wb (b) 25 x 1075C 
2 (i) 1T (iii) 125x107] 
3 1074C 


Exercise 13 (p. 402) 
1 ()2-1A (i) 21A (iii)3 A 
2 (i) 2A (rm.s) (ii) 0-016 A (r.m.s.) 
(iii) 0-0031 A (r.m.s.) 
3 (i) R, 4V; L,3 V; C,4 V (ii) 5 V 
(iii) 1 V. (iv) 4-1 V: 08W, 0,0 
4 (a) 28:3 V (b) 64 Hz (c) 20 W 
6 05A 
7 (b 78V,62V 
8 (b) O11 H (c) 2. 36:1 
10 31420 
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11 033H 
12 (i) 04 mA, 32uF (ii) 40 mA 
13 5V, 53-1* 

14 greater, 111-8 V, 266*, 11:2 mA, 1-25 W 
15 3750 

16 346A 

20 (a) 01A (b) 3W 

21 6060 

22 R = 19009, C = 506 pF 
23 19900 

24 31:49, 1592.0, 356 Hz 


Exercise 14A (p. 420) 

1.353* 

2418 

3 (i) 26:3° (ii) 564° 

4 (i) 4:8" (ii) 488" (iii) 62:5° 
6 1-60 

7 1:50 

8 (i) 60°04" (ii) 4827 


Exercise 14B (p. 428) 
142 

20—378* 

3 49° 

5 4335 

6 (a) 53° (b) 46° 


Exercise 14C (p. 433) 
4 (a) 61° (b) 51° 
5 (i) 0-4 us (iii) 255 MHz 


Exercise 15A (p. 441) 

1 (i) 12cm, m= 1 (ii) 22cm, m = 3 

2 61cm,06 

3 131, 40cm 

4 5cm 

5 195cm 

6 133cm 

7 (i) 5:1 cm (ii) 22:5 cm 

8 i:82mm, 20cm from 2nd lens, virtual, 
9:t mni 

9 4cm 

10 —15cm 

11 (a) 120cm from conv. lens (b) 92:2 cm 
(c) 2:2 


Exercise 15B (p. 452) 
1 (i) infinity (ii) 20 
3 1125cm 
4 002m 
7 0:0091 rad 
8 7x 107% rad 


9 (a)4(b) 48 

10 5* 

12 f, = 4cm, dia. = 05cm 

13 (a) 22-4 (b) 49 cm dia. 

14 625 x 10? rad 

16 (i) 42cm (ii) 6:5 

15 (b) 9:2 mrad, 2-76 mm, 11 mrad (c) 6 
16 4:2cm. (a) 6 (b) 5 


Exercise 16 (p. 462) 

1 202cm sepn. 

2: 16cm from second lens 
3 32, 88cm 

4 87cm, 46:7 

5 16mm 

6 48mm,2m, —1m 

7 1/15s 

8 68x 10°75 

14 110mm 


Waves 
Exercise 17 (p. 497) 
1042ms^! 
3 (i) 1-33 m (ii) 400 Hz 
4 (i) 51/3 
(ii) y = 0-03 sin 2n(2501 —25x/3) 
(iii) 6cm 
7 3400Hz 
8 10'° Hz 
9 4 max intensity per 3s 
11:3:1352 
12 (i) 1-73A (ii) 15:1 
13 (a) 1/9th (b) 29 cm, 1:03 x 10'° Hz 
14 (i) 100 Hz (ii) 1-7 m (iii) 170ms^ ' 
(iv) x (v) 0-2 sin (40020 + 20nxy7 
15 (a) 330ms^! (P) 66x 107 * ms 
16 330ms^ !, 579 mm 
17:59€ 
19 349ms^! 
20 332ms^'! 
22 680Hz 


Wave Optics 
Exercise 18 (p. 512) 
3 186° 
4 47°10’, 41°48’ to vertical at oil surface 
7 348°, 34% 
9 40x1077m 
11 19 x 107? deg. 
12 3125km, 300 revs ' 
14 6250m 
15 250, 6 x 10* cycles 


Answers fo Exercises 


Exercise 19 (p. 533) 

2 (8x10 7 m; L5 x 107? rad 

4 1:8 x 10? rad, 0064 mm 

6 227x107 5m 

7 643nm 

9 0:34mm 

13 (b) 9:375, 15 (c) 2774 mm, 1536 nm, 
514mm 

14 r5 

15 24 x 10^? rad 

17 10m 

19 5x 107 5m 

20 7:1 x 107^ m, recede 

21 2:11 mm, 4:33 mm 


Exercise 20 (p. 557) 
1 (a) 2:5 x 107? mm (b) 139" (c) 4 
42x10 5m 
6 1376ms^! 
9 97000m~' 
10 1-2 mm, 24 mm from centre 
11 232x107 ^m 
12 2:35 mm, 0-0785 rad 
13 277 mm 
14 600 nm, 285000 m ^ ', 43:27 
15 3; 5895x 10 "^m 
16 (i) 1:78 x 10 ^m (ii) 7:52 x 107m 
(iii) 38-2°, 57-6* 
17 7:0°, £17, 6361". +62:1° 


Exercise 21 (p. 569) 
3675 
6 10mm 


Sound 
Exercise 22 (p. 586) 
5 (a) 4:1. 2500 Hz (5)9:1(0) 1:1 
(e) 12:4 em 
725W 
8 183s 
10 1091, 909 Hz 
11 486 Hz 
12 (a) away (h) 4 x 105 ms" 
13 425H2 
14 514, 545 Hz 
15 12 Hz; 1007, 993 Hz 
16 (i) 66cm (ii) (1)550 (21545 (3600 Hz 
17 29x10 “rads ' 
18 45 132 Hz: 45 265 Hz: 265 Hz: 
002ms^! 


Exercise 23A (p. 605) 
1 (02/2 (ii) 4/4 (iii) 4,2, 567 Hz 
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2 20cm 5 ()2086J kg ' K^' (ii) 1-12 x 105 Pa 
3 (i) 320cms^' (ii) lOcm (iii) 40cm 6 0014m? 
(iv) 1200 Hz 7 (c) 2:45 x 105 Pa (d) 2:5 x 105 Pa, 

4 (a) 0:322 m (b) 0:645 m 2:08 x 105 Pa. 31 strokes 

5 (i) max (ii) O (iii) max (iv) half-max 

6 267 Hz Exercise 27B (p. 676) 

9 +5:2°C 1 1250cm?, 137.5 kPa 

2 1048x 105 N m ?,666K 

Exercise 23B (p. 615) 3 (a) 586 K (b) 101-25 (c) 355J 

1 300Hz 4 222K, 384 mmHg 

2 170Hz 6 4:40 x 105 Pa, 15°C; 7:66 x 10° Pa, 
3 resonance at 115 Hz 228°C 

4 v = /(F/p)/r 

5 239Hz Exercise 27C (p. 681) 

6 —3:2%, +68% 1 13x105, 23-10% Nm 7? 

7 (a) 2m (b) 100 Hz 2 (i)8&3Jmol 'K^' 

8 pluck 1/6th from end 3 (b) 06M J 

9205N. 4 (i) 2000J (ii) 450K (iii) 60J 


6 L:44x 105, 1:03 x IO Jkg ^ ' K~! 
7 83Jmol^' K^ ',259J 


Heat 8 164J 

Exercise 25 (p. 632) 9 (ii) 3:14 x 10* Pa, (iii) 188-6 K. 
1 166°C, 17:0°C 124JK ' mol”! 

3 143°C 10 1:67 

SEC HEC 

6 881°C Exercise 28 (p. 692) 

7 385°C 2 (i) 1732ms ^! (i) 433ms ^! 
8 22-24'C; 0°C, 100°C 3 (i) 1039 ms^' (ii) 900ms ^! 
9 57-6°C 5597ms ! 
10 419-47K 6 (i) 501 ms~! (ii)46x 107 ?? Ns, 

1000s *, 74 x 107 '? Pa 

Exercise 26 (p. 647) (iii) 3-1 x 105 Pa 

1 (i) 12W (ii) 2 W (iii) 600 kg"! K^! 7 021 mmHg 

2 (i) 100s (ii) 0-2 kg 8 (i) S08ms'^' (ii)400-475ms '' 
3 6000Jkg^' K ^ ', 10% 9 461 ms ^ ', 64rads ^! 

4 676 x 107?? J molecule! 10 435x 10'5m^? 

5 57V 12 (a) 1-07 (b) 4/1 (c) 0:87 

6 045W 13 1305ms ^ ', 0°C 

7420Jkg ^ ' K^! 14 Kr 

8 199W,1829Jkg^' K^! 

9 (1) :3W(2)960J kg^ ! K^! Exercise 29A (p. 707) 
10 26x 10° Jkg^ ' K! :5W 1 (i) 4-5 107J (ii) -8 x 10*J 
11 378 x 105 J kg! 551°C 
12 0.0935 kg 7 (a) 90 W m^? (b) 3m, 195°C, 55°C, 
13 3603 K~',0-035kg 1/32 
14 223 x10°Skg-! 8 (i) 0-45 W (ii) 105 W 
15 16x 105] kg! (iii) 0178 W m^! K^' 

i 9 0017 kgs™', 45:9°C, 292°C 

Exercise 27A (p. 664) 10 1-47 x 07 kgs"! 

1 ()24x105N m^? (i)024m? 11 (a) 90°C (b) 57-6 W 

(iii) 0:13 m? 12 iK mm, 137p 
3 Tlkg. 13 89°C 


4 100°C 14 94% 


EE MEME I em 


15 12kW. (a) 375K (b) 1125 K 
(c) 0-18mm , 


Exercise 29B (p. 728) 

2 1070K 

4 244,082 W 

5 4.55 x 1025 W m7, 1600 Wm ^ 
8 190Wm'^! 

9 800 W, 3200 W, 200 W, 0 

10 6023K, 44 x 107? kgs *, 280K 
11 0:19 nm, 1:07 mm 

12 57x10 *?Wm^?K^* 

13 5490'C 

14 1105K 

15 5450°C 

16 56x107J 

17 2140K 

18 4:1 
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Exercise 30A (p. 738) 
3 1135K 
4 6904 J, 69043 
6 9x10^5m 
7 5x105 m? ?, 4 times 


8 (i) -2x 101? m^? (i) 27 x 10?* m^? 


(iii) 0-043 Pa 


Exercise 30B (p. 747) 
9 335x107 m? 


Exercise 30C (p. 754) 

1 34501, 3450 J 

2 (a) 113503 (b) 2220J (c) 20% (4)0 
4 1600007 

5 96kg 

6 12127K^' 


Electrons, Electronics, Atomic 


Physics 
Exercise 31A (p. 714) 
1 6x105ms-!, 17x10? T 
2 33mm 
3 265x107 ms", O1Ks^' 


4 (b) (i) 36x 10^ ms^! (ii) 2x 107? T 


(c) 0. 
5 2006 V 
6 144x 10? m 
742x105*Vm^ 


8 (ii) tan~ (Vex/dm?) (iii) Ve[2dmv? 


(iv) L = dmv? sin 20/Ve 
9 0-93 m, 34x 10° Hz, 870m 
10 023m 
11 05x107*T 


Answers to Exercises — 935 


12. 4e, changes to 2e and 3e 

13 32mm 

14 (a) 15x 107 5m (b)8 
(0625x107 5ms^! 

16 008m 

17 12x1075N 


Exercise 31B (p. 783) 
122x10*ms^! 
2 141 V, 200 Hz 
3 60km 
4 (d) 30° 


Exercise 32 (p. 805) 

2 402, 402 

434V 

5 100kQ 

6 (i) 4:5 mA (ii) 30pA (ii) 300kQ 
7 (a) 5 V (b) 5 V 

8 (a)6x 1075A (b) 54 V 

9 60kQ 


Exercise 33A (p. 824) 

1 (i) S/R (ii) 180° 

2 10 

3 —032V 

402V 

6 (a) 4 54 V (b) 254V(c) 1:03kQ 
7 -40Vs^! 

9 0:505 V, 2 MQ (about) 


Exercise 33B (p. 840) 
7 AND gate 
8X-2LY-0 

16 (a) 300 


18 OR, AND. Half-adder, P = sum, Q = 


carry 
19 (i) — 10 V (ii) +3 V 


Exercise 34A (p. 852) 

1 51x 10'* Hz 

2 67x10% Js 

3 143x107 ?J 

6 20x1077m 

8 15V; (iii) 25x 1077*J 
(iv) T3 x 105ms^' 

9 (ii) 69 x 1072°J (iii)69x 107?*Js 

10°(a) 9 x 1077 m(b) ?9 x 105ms^! 
(c) LTV 

11 78x1077?J,36x 107173 


Exercise 34B (p. 863) 
1 33x 10!5 Hz (c) 19° 
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2 2V,84x 105 ms^! 

4 (v) 136eV 

5 136V 

6 A,B,C, D = 65, 48,43,40 x 1077m 

7 (a) 589 nm (b) 2:93 x 107 !? J, 
247x107 !9?J 

8 (i) 10-4eV, 1-664 x 107!5J. (ii) 317 nm, 
UV 

9 [86x l05ms^' 


Exercise 34C (p. 873) 
1 (00124 (ii) 1-33 x 10° ms^' 
264x107!5, 31x 107! m 
3 177kV, 17-7 keV 
4 (i) 9:375 x 10'5 (ii) 150 W 
520x10^7m 
6 5000:1 
7.8x10!5* Hz 
8 (i) 625 105 (ii) 3 x 10? ms! 
(iti) 3 x I0^ kgs! 
Exercise 34D (p. 878) 
1 (i) 6-6 x 107 !?m (ii) 1-7 x 107?*m 
(iii) 1-1 x 10735m 
2 10 ms^!',136V 
3 (i) 46x 107! m (ii) 14x 10? ms^! 
(iii) 450 V 
4 (i) :2x 107 !?m (ii) 58x 107!! m 
6 22x107?*Ns,67 x 107% kg, 
6x107!5] 
7 17x107!! m 
8 (i) 10*eV (ii) 1:23 x 1071! m 
(iii) 1-6 x 107 #5 J, 124 x 107? m 


Exercise 35A (p. 893) 
1 (a) 5-25 x 107° (b) 2-1 x 10° J 
2 (a) 18:5 x 10* Bq (b) 38 x 105 
3 38x107?g 
4 043:1 
5 41x 10° y, 32x I0* y 
6 6000 cm? 
7 (a) 218, 84 (b) 1-08 x 107 '* Ns 
(c) 1 x 105 ms^' 
8 3:36 x 1077 
9 15h 
10 (a) 207, 82(b) 59x 10 8s"! 
(c)7 x 10° J, 1:7 x 10'*57 413 W 
11 79x 107 '? J, 848 x I0'* Hz 
13 (a) 1°54 x 10? s^! (b 6x 107J 
14 7:14 days 
15 (a) 13:3 h (b) 0:3 h (c) 960, 9040 min ~ ' 
(d)4:1 


Exercise 35B (p. 915) 
2 6646 x 10°27 kg 
6 (a) 28:3 MeV (b) 23:8 MeV 
7 (a) 4:23 MeV (b) 4.16 MeV 
9 (a) (i) 55-9206 u (ii) 8-8 MeV/nucleon 
(c) (i) $He. (ii) 440026 u 
10 28x 107!?J 
11 121, 47, n; 9 x 10? J, 520 days 
12 26x10^'*m 
13 1x10!! y 
14 (b)3 
15 6:78, 2:39 MeV/nucleon 
16 1-44x 107? m 
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Absolute temperature, 655 
zero, 625, 655 
Absorption of radiation, 718, 
728 
radioactivity, 886 
spectra, 728, 859 
A.C. circuits, 382 
Acceleration, 5, 123 
and force, 19-23 
angular, 114 
in circle, 49 
of charge, 861 
of gravity, 7. 20, 62 
Accommodation (eye), 442 
Achromatic doublet, 461 
Adiabatic change, 671 
. sound waves, 495, 497 
curves, 671 
equation, 671, 750 
A.f. amplifier (transistor), 798 
Aerial, 481 
Air breakdown, 194 
Air wedge fringes, 523 
Alpha-particle, 879, 883 
. range of, 884 
. scattering of, 897 
Alternating current, 355, 382 
Alternators, 357 
Ammeter, a.c., 382 
. d.c., 249, 251 
Amorphous materials, 155 
Ampere, 327 
balance, 329 
. circuit law of, 337 
Amplification, wansistor, 801 
Amplifier, inverting, 812 
. non-inverting, 813 
. transistor, 798 
Amplitude, 77, 465, 584 
„a.C, 356, 383 
Analogue electronics, 809 
AND gate, 829 
ANDREWS' experiments, 740 
Angular acceleration, 114-20 
magnification, 443, 451, 456 
momentum, 114 
speed, 48 
Annealing, 162 
Antinode, 479-83 
Aperture, 459 
ARCHIMEDES’ principle, 107 
Armature, 361— 
Artificial disintegration, 898, 
909 


Astable circuit, 818 
‘Astronomical telescope, 443 
Atmospheric pressure, 
Atomic mass, 898 

nucleus, 898 

number, 898 

structure, 898 

unit, 904 
Audio frequency, 572 


AVOGADRO constant, 147, 
659, 757 


B (flux density), 307, 332, 345 


. measurement of, 326, 379 
Back-e.m.f. of induction, 370 
of motor, 363 


BAINBRIDGE spectrometer, 901 


Ballistic galvanometer, 216, 
378 
Balmer series, 863 
Band spectra, 375, 858 
Bands, conduction, 786 
, valence, 786 
Banking of track, 52 
Bar, the, 106 
Barometer, 106 
Barrier p.d., 791 
Base (transistor), 794 
Beats, 573 
BECQUEREL, 879, 888 
BERNOULL''S principle, 126 
Beta-particles, 879 
Bicycle rider, 54 
Binary counter, 8. 
digits, 833, 837 
Binding energy, 904 
Biot and SavarT law, 332 
Bistable, 834 
Blaek body, 719 
radiation. 720 
Blooming, lens, 530 
Bour’s theory, 861 © 
Boiling-point, 662 
Bolometer, 715 
BoLTZMANN constant, 687 
equation, 753 
Bonds, 151. 155 
Boundary, crystal, 158 
Boy e's law, 651 
Boys. G, 61 
BRAGOG'S law, 869 
Breakdown potential, 194 
Break strain, 150 
stress, 135, 160 
BREWSTER'S law, 564 
Bridge rectifier, 792 
Brittle' material, 135, 160 
Brownian motion. 147 
Bulk modulus, 494 


Calibration of thermometer, 
620 


voltmeter, 285 
Calorimeter, 636, 641 
Camera lens, 458 
Capacitance, 215 


. measurement of large. 216 
; measurement of small, 216 


Capacitor, charging of, 212. 
23 
. discharging of, 213. 231 


Capacitor, electrolytic, 218 
mica, 212 
paper, 212 
parallel-plate, 219 
variable, 218 
Capacitors in parallel, 225 
in series, 225 
Carbon dating, 889 
Carnot cycle, 675, 751 
efficiency, 752 
refrigeration, 752 
CASSEGRAIN, 449 
Cathode-ray oscilloscope, 778 
Cathode rays, 762 
Cells, series and parallel, 264 
CELsius temperature scale, 
621 
Central forces, 119 
Centre of gravity, 103 
of mass, 102 
Centripetal force, 51 
CHADWICK, 899 
Chain reaction, 910 
Characteristics of sound, 572 
Charge carriers, 318, 787 
Charge on conductor, 184, 
227 
on electron, 757 
CHARLES" law, 653 
Chromatic aberration, 449. 
461 
Circle. motion in, 48 
Circular coil, 303, 330 
Cladding, fibre, 429 
Clenched fist rule, 304 
Closed pipe, 594 
Cloud chamber, 891 
CockcRorr- WALTON, 909 
Coefficient of viscosity, 109 
Coherent sources, 516 
Cold rolling, 162 
Collector (transistor). 794 
Collimator, 427 
Colours of sunlight, 427 
of thin films, 531 
Common-base circuit, 794 
-emitter amplifier, 797 
characteristics, 795 
power gain, 7 
voltage gain, 797 
Comparison of gach 280 
of resistance, 286 
Components of force, 14 
of velocity, 15 
resolved, 13 
Composite materials, 164 
Compound microscope, 
Concave mirror, 413 
Concentric spherical 
capacitor, 22 
Conductance, 244, 700 
Con in metals, 242, 


938 
through gases (electrical), 
253 


Conduction, thermal 696 
of bad conductor, 704 
of good conductor, 703 
Conductivity, electrical, 700 
Conductors, 177 
Conical pendulum, 53 
Conservation of energy, 40, 
622 


of momentum, 26, 117 
Conservative forces, 39 
Constant pressure 

experiment, 653 

volume gas scale, 625 

thermometer, 625 
Constructive interference, 516 
Continuous flow calorimeter, 
637 

spectra, 427 
Converging lens, 435 
Cooling, correction for, 642 

NEWTON's law of, 644 
Core, fibre, 429 
Corkscrew rule, 303 
Corona discharge, 194 
Corpuscular theory, 505 
Coupe, 449 
Coulomb, the, 187 
Counter, binary, 834 
Couple on coil, 100, 309 
Couples and work, 121 
Covalent bond, 151 
Cracks, 163 
Critical angle, 419, 430 

mass, 912 

temperature (gas), 741 
Crystal diffraction, 868 
Crystalline material, 155 
Current balance, 329 

, electron, 242 

gain, 796 
Current unit, 328 
Current, potentiometer, 285 
Curvature, 507 
Curved mirror, 413 
Cut-off, 800 


DALTON's law of partial 
pressures, 662 

Damped oscillation, 361, 468 

pu gr Duo 
36 


D.c. amplifier, 800 
De BnoaLiE's law, 876 
Decay constant, 887 
series, 900 
Deceleration, 5 
Deformation, elastic, 159 
. plastic, 160 
Degrees of freedom, 733 
Dekatron counter, 881 
Density, 107 
of earth, 68 * 
Depletion layer, 791 
Depth of field, 460 
Destructive interference, 516 
Deuterium, 913 


> 
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Deviations from gas laws, 
742-7 
Dielectric, 212, 222 
constant, 221 
polarization, 222 
strength, 221 
Diffraction at lens, 543 
at slit, 486, 539-43 
, electron, 875 
, microwave, 490 
» X-ray, 869 
Diffraction grating, 549-53 
Diffusion, 688 
cloud chamber, 892 
Digital electronics, 828 
Dimensions, 41 
applications of, 42-4 
Diode, junction, 791 
Dioptre, 508 
Dipole (electric), 222 
Disc generator, 351 
Discharge, capacitor, 213, 291 
Disintegration, nuclear, 899, 
908 
Dislocation, 157 
Dispersion, fibre, 431 
, lens, 461 
» prism, 426, 501 
Displacement (waves), 465, 
472 
Distance-time graph, 8 
Diverging lens, 435 
Division of amplitude, 524 
wavefront, 519 
DOPPLER effect, 575-82 
Double refraction, 564 
Drift velocity, 243 
Ductile material, 135, 160. 
Dust-tube experiment, 603 
Dynamo, 355 


Earth, density of, 68 
. escape velocity, 70 
mass of, 68 
potential of, 68, 199 
Earth's horizontal 
component, 326 
magnetic field, 350 
vertical component, 350 
Eddy currents, 361 
Efficiency (electrical), 268 
EINSTEIN's mass law, 903 
photon theory, 846 
Elastic collisions, 24, 30 
deformation, 159 
limit, 134 
Elasticity, 133 
, modulus of, 136, 194 
Electric field, 190, 764 
flux, 191 
potential, 196 
strength (intensity), 190 
Electrical calorimetry, 636, 
638 


symbols, 244 
Electrolyte, 253 
Reli induction, 

42 n 


waves, 493 


Electromagnetism, 302 
Eiectron charge, 178, 757 
diffraction, 875 
„ejm 767, 771 
lens, 780 
mass, 770 
motion, 242, 764 
orbit, 482, 861 
shells, 871 
-volt, 197 
Electrons, 178, 757 
Electroscope, 179 
Electrostatic fields, 190 
intensity, 190-3 
shielding, 194 
Emitter (transistor), 794 
E.M.F., 261, 266 
, determination, 281 
Emission spectra, 427, 857 
End-correction, 598 
Energy and matter, 896, 903 
Energy bands in solids, 786 
Energy, electrical, 258 
exchanges, 466 
gravitational, 71 
in capacitor, 228, 466 
in coil, 372 
levles (atom), 855 
light, 411 
mechanical, 35 
muclear, 905 
shells, 871 
sound, 584 
Energy in wire, 139 
, kinetic, 37 
. potential, 39 
rotational, 121, 733 
translational, 732 
vibrational, 81. 
Enthalpy, 679 
Entropy, 752-4 
EOR gate, 832 
Equation of state, 658 
Equations of motion, 6 
Equilibrium, conditions of, 
94, 97, 101 
Equipotential, 205 
Errors, counting, 882 
Escape velocity, 70 
Evaporation, 663 
Excitation potential, 857 
Expansion, linear, 131 
of gas, 655 
Explosive forces, 311 
External work, 668, 674 
Extraordinary ray, 565 
Extrinsic semiconductor, 789 
Eye, 442 
Eye-ring, 446 


Falling sphere, viscosity, 109 
Far point of eye, 440 
Farad, 215 
Faraday constant, 757 
FARADAY'S ice-pail 
experiment, 183 

law of induction, 345 
Feedback, energy, 811, 818 
FERMAT principle, 412 
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Field of view of microscope, 
457 
of telescope, 446 
Filter circuit, 793 
pump, 127 
Fine beam tube, 768 
Fission, nuclear, 910 
Fixed points, 625 
FLEMING’S left-hand rule, 305 
right-hand rule, 348 
Flip-flop, SR, 836 
,T, 837 
Flotation, 108 
Fluid, 104 
motion, 126 
Flux, electric, 191 
, magnetic, 345 
Flux density, B, 307, 324, 332, 
379 
-linkages, 346, 378 
f-number, 460 
Focal length of lenses, 436 
Focusing electron, 779 
Force, 19-25, 94, 104 
between currents, 327 
constant, 83 
due to expansion, 139 
on charges, 187, 315 
on conductor, 305 
Forced oscillation, 470 
Fossil fuels, 918 
FRAUNHOFFER S lines, 859 
Free fall, 7, 62 
Free oscillation, 470 
Frequency, 465 
by beats, 573 
by resonance tube, 602 
by sonometer, 612 
fündamental, 594, 596, 609 
Friction, 21-2 
Full-adder, 834 
Fusion, nuclear, 913 
(solid), 646 


GABOR, 554 
Galvanometer, 312 

, sensitivity of, 31 3 
Gamma-rays, 8 

, inverse-square law, 885 

, range, 885 
Gas, 651 

constant, 658 

equation, 25 

ideal, 668, 673 

laws, 651-63 

. mole of, 659 

„real, 740 

thermometer, 625 

velocity of sound in, 495 
Gases, diffusion of, 668 
Gaseous state, 651-63 
Gauss’s theorem, 1 2 
Geiger and MARSDEN, 897 

“MULLER (GM) tube, 880 
Generators, 354, 359 
Germanium, 7! 
Glassy material, 162, 169 
Gold-leaf electroscope, 1 
Graded index, 430 


GRAHAM'S law, 688 

Grains, crystal, 158 

Gravitation, law of, 60 

Gravitational constant, 61 
field strength (intensity). 20, 


potential, 68, 7" 

Gravity, acceleration of, 7, 62 
motion under, 7 

Ground state, 855 


HALE telescope, 447 
Half-adder, 833 
Half-life, 887 
Hall probe, 324 
voltage, 317 
Hardness, 163 
Harmonics of pipes, 595. 597 
of strings, 609 
Heat capacity, 635. 679 
energy, 622 
engine, 674. 751 
losses, 638, 641 
Heating effect of current, 257 
Heavy hydrogen, 913 
Helium, 884, 913 
HELMHOLTZ coils, 331, 334, 
769 
Henry, the, 371 
High tension transmission, 
259 
Holes, 788 
Holography, 554 
Hollow conductor, 183, 192 
Homopolar generator, 3: 
Hooke’s law, 134 
Hot-wire ammeter, 382 
Huvoen’s construction, 502 
Hydrogen atom, 855, 863 
isotopes, 913 
Hydrogen gas thermometer, 


Hysteresis, rubber, 169 


Ice pail experiment, 183 
point, 620 
Ideal gas, 657, 740 
Images in lenses, 436 
Impedance, 393 
Imperfections, 187 
Impulse, 23 
Impurity, ‘metal, 255 
, semiconductor, 7 
Induced charge, 180, 184 


Induction, electrostatic, 180 
Inelastic collisions. 30 
Inertia, 18 
, moments of, ! 14 
Infrared radiation, 7 
spectrometer, 7 
Insulators, 177, 
Integrator circuit, 
Intensity, electric, 
Intensity of sound, 
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Interaction, fields, 308 
Interference (light), 515 

in thin film, 531 

in wedge films, 523 

of waves, 486, 574 
Intermolecular forces, 148, 


energy. 148. 666 
Internal energy of gas. 667, 
732, 7 
work, 667, 744 
Internal resistance of cell, 261, 
2 


International temperature 
scale, 62 
Inverse-square law 
(electrostatics), 187 
(radiation), 716 
Ionic bond, 151 
Tonisation, current, 888 
potential, 
Tons, 855 
Isothermal change, 669-70 
curves, 670, 746 
sound waves, 495 
work, 750 
Isotopes, 901 


JOULE-KELVIN effect, 744 
Joule, the, 35 

Joue heating, 243, 257 
Junction diode, 791 


Kervin scale, 620, 655 
Keper’s laws, 59 
Kilowatt, 36 
Kilowatt-hour, 260 
Kinetic energy. Y 

theory of gases, 683, 732 
KircHHorr’s laws (electricity), 


(radiation), 727 


Laminations, 361 
LAPLACE'S correction, 495 
Laser, 554, 860 
Latent heat, 644-6 
of evaporation, 150, 644 
of fusion, 
Lateral mágnification, 438 
Laue diffraction, 868 
Leakage current, 799 
Lees’ disc method, 704 
Lens, 435 
formula, 438 
of eye, 442 
Lenz's law, 343 
Light dependent resistor, 852 
emitting diode (LED), 924 
Line spectra, 427, 857 
Linear expansivity, 139 
Lines of force, electric, 190-4 
, magnetic, 302-5 
Liquefaction of gases, 742 
Lissasous’ figures, 89, 489, 
782. - 
Liovv's mirror, 531 
jc gates, 828 
Longitudinal waves, 472 
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Lorenz method, resistance, 
353 

Loudness, 581 

Lyman series, 863 


Magnetic fields, 301-5, 323, 
766 


flux, 345 

flux-density, 307, 324 

circular coil, 330 

solenoid, 304, 323 

Straight wire, 303, 336 

materials, 301 

Magnification, angular, 443, 

451 


lateral (linear), 438 
of microscope, 451 
of telescope, 444 
Magnifying glass, 432 
Mains frequency, 355 
Majority carriers, 789 
Mass, 19 
Mass-energy relation, 903 
number, 898 
spectrometers, 901 
Maximum power, 268 
MAXWELL, 303, 691 
distribution law, 691 
Mean free path, 736 
Mean square velocity, 684 
velocity, 686, 692 
Megelectron-volt, 904 
Mer, 165 
Mercury thermometer, 619 
Metals, 133 
Metal conductor, 214, 703 
Metallic bond, 151 
Metre bridge, 292 
Mica capacitor, 212 
MICHELSON’s method (light), 
510 


Microfarad, 215 
Miscroscope, compound, 456 
. Simple, 450 
Microwaves, 487, 490 
MILLIKAN’S experiment, e, 759 
» Photoelectric, 849 
Minimum deviation by prism. 
425 
distance, object-image, 437 
Mirror galvonometer, 312 
Modulation, amplitude, 926 
Modulus of elasticity, bulk, 
494 
YOUNG, 136-8 
Molar gas constant, 658 
heat capacity, 678, 735 
Mole, 659, 734 
Molecular forces, 148-51 
potential energy, 148 
speeds, 685-7 
Molecules, 147, 732 
Moment of couple, 100 
of force, 98 
Moment of inertia, 114 
of flywheels, 123 
Momentum, angular, 116 
linear, 19, 22 
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conservation of angular, 


of linear, 27 
Monomer, 165 
Monomode fibre, 429 
Moon, motion of, 60 
MOSELEY's law, 870 
Motion, NEWTON's laws of, 18 

in circle, 48 
in straight line, 4 
of projectile, 15 
simple harmonic, 75 
under gravity. 7 
Motors, 362 
Mount Palomar telescope, 
447 


Moving-coil ammeter, 311 
galvanometer, 312 
voltmeter, 251, 313 

Multimeters, 250 

Multimode fibre, 429 

Multiplex system, 433 

Multiplier, 249 

Musical interval, 593 

Mutual induction, 375 


NAND gate, 829 
Natural frequency, 470 
Near point of eye, 442 
Negative charge, 178 
feedback, 811 
NEUMANN's law, 346 
Neutral temperature, 274 
Neutron, 899 
-proton ratio, 907 
NEWTON 's law of cooling, 641 
law of gravitation, 61 
laws of motion, 18 
rings, 527 
velocity (sound) formula, 
495 
Newton, the, 19 
Nicot, prism, 565 
Nodes, 478 
in air, 478 
in pipes, 494 
in strings, 609 
Non-inductive resistance, 371 
Non-ohmic conductors, 253, 
791 
NOR gate, 831 
NOT gate, 828 
Normal adjustment, 443 
N-p-n transistor, 794 
N-semiconductor, 789 
Nuclear charge. 898 " 
forces, 905 
mass, 898 
reactions, 899, 906 
reactor, 911 
stability, 907 
structure, 899 
Nucleon, 899 . 
Nucleus, 897 


Objective, microscope, 456 
» telescope, 443, 545 

OrnsrED, 302 

Ohmic conductor, 253 


Ouw's law (electricity), 252 
electrolytes, 253 
Oil-drop experiment, 757 
Opamp, 809 
frequency-response, 817 
inverting, 810, 812 
non-inverting, 810, 813 
summing, 817 
Open pipe, 596 
Operational amplifer, 809 
Optical fibre, 429-33, 449 
instruments, 442 
paths, 517 
spectra, 426, 857 
OR gate. 830 
Orbits, 70 
Ordinary ray, 562 
Oscillation, damped, 468 
electric, 466 
» energy exchanges, 82 
of liquid, 88 
of spring, 811 
» Square-wave, 88 
. undamped, 379 
Overtones, 585 
of pipes, 595, 597 
of strings, 609 


Paper capacitor, 212 
Paraboloid reflector, 413 
Parallel-plate capacitor, 217 
Parallel a.c. circuits, 398 
Parallel forces, 99 
Parallelogram of forces, 95 
of velocities, 11 
Parking orbit, 66 
Particle, nature, 846 
-wave duality, 877 
Pascal, the, 105 
Peak value, 383 
Pendulum. simple, 86 
Period, 77 
Permeability, 325 
relative, 325 
» vacuum, 324 
Permittivity, 188, 223 
relative, 188 
. Vacuum, 187 
PERRIN tube, 762 
Phase angle, 386-99, 467. 518 
Phasor, 390, 467 
Phonon, 706 
Photon, 846 
Photo-cell, 848, 851 
Photodiode, 924 
Photoelasticity, 568 
Photoelectricity, 845 
Pipe. wave in, 591 
Pitch, 573 
Pitot-static tube, 129 
PLANCK constant, 845 
Plane conductor. 193 
mirror, 412 
polarisation, 561 
Plane-progressive wave, 473-7 
Planetary motion, 599 
Plasma, 582 
Plastic deformation, 159 
materials, 160 
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Platinum resistance 
thermometer, 629 
P-n junction, 790 
P-n-p transistor, 795 
Points, action, 181 
Polar molecules, 223 
Polarisation (e.m. wave), 492 
(light), 561 
and electric vector, 566 
by double refraction, 564 
by Polaroid, 561, 567 
by reflection, 563 
Polarisation of dielectric, 222 
Polarising angle, 564 
Polycrystalline, 155 
Polygon of forces, 97 
Polymerisation, 168 
Polymers, 165 
, molecules, 165 
branched, 166 
cross-linked, 166 
linear, 166 
Polythene material, 165 
Positive charge, 178 
feedback, 818 
ion, 901 
Potential difference, 196, 258 
divider, 246 
Potential, electric, 196-202 


Potential energy (mechanical), 


39 
(molecular), 148 
gradient, 203 
gravitational, 39, 68 
Potentiome er, 280-90 
Power (electrical), 258, 268. 
919 
(a.c.), 399 
, mechanical, 36 
of lens. 507 
P-semiconductor, 790 
Pressure, atmospheric, 106 
curves, (sound), 472, 480 
. gas, 683 
liquid, 104-7 
standard, 106 
Prévost's theory, 724-7 
Principal focus, 435 
section, 565 
Principle of Superposition, 
476 


Prism, 422 

deviation by, 423-6 

minimum deviation by, 426 
Probability and entropy, 753 
Progressive Wave, 
Projectiles, 14 
Proportional limit, 134 
Proton, 898 

number, 898 

-neutron ratio, 907 
P-semiconductor, 790 
Pulse voltage, 233, 880 


Quality of sound. 585 
Quantity of charge, 118,213. 
3 


of heat, 635 
Quantisation of energy. 855 


Quantum theory, 845 
of light, 845 

Quark, 909 

Quenching agent. 880 


Radial field, 312 
Radiation (thermal), 712, 718 
laws, 723 
wavelengths, 713 
Radioactivity, 879 
Radio telescope, 546 
Radium, 900 ` 
Range (radioactivity), 885 
Rarefaction, 472 
Ratemeter, 882 
Ratio of heat capacities, 735 
Reactance of capacitor, 387 
inductor, 3' 
Reaction, 25 
Reactor, 911 
Real gases, 740, 743 
image, 412. 437 
Rectification, 791-3 
Rectilear propagation, 543 
Red shift, 581 
Reflection of light, 503 
of sound, 484 
Reflector telescope. 447 
Refraction at plane surface. 
415 
through prism, 422 
wave theory of, 504 
Refraction of sound, 484 
Refractive index, 415 
Refractor telescope. 443 
Relative permeability, 325 
permittivity, 188, 221, 224 
velocity, 12 
Resistance, 243 
absolute method, 353 
low, 287 
Resistance thermometer, 629 
Resistances in parallel, 245 
in series, 2 
Resistivity, 2 
Resolution of forces, 95 
Resolving power, radio 
telescope, 544 
, telescope, 447, 544 
Resonance (sound). 470, 599 
tube, 601 
Resonance, series, 395 
Resonant frequency, 396, 599 
Retina, 442 
Reversibility of light, 412 
Reversible change, 67 
Rigid body, motion of, 114- 
24 


ROENTGEN, 867 
Rolling object, 122 
Root-mean-square current, 
383 

speed, 685 
Rotational dynamics, 1 14 
Rotational energy. 121, 733 
Rubber molecules, 160, 169 
RUTHERFORD, 884, 

and Royps. 884 


index 


941 
Saccharimetry, 568 
Satellites, 59, 62, 71 
Saturated vapours, 662 
Saturation, 800 
Scalars, 4 
Scaler, 881 
Scales of temperature, 619-21 
Scattering law, 897 
Screening, 194 
Search coil, 326 
SEARLE's method, 704 
Secondary coil, 358 

electrons, 880 
Selenium cell, 851 
Self-induction, 370 
Semiconductors, 787 
Sensitivity of meter, 313 
Series a.c. circuits, 393 
Series-wound motors, 364 
Shells, energy, 871 
Shunt, 249 

-wound motors, 364 
Sidebands, 926 
Siemens, the, 244 
Silicon, 787 
Simple harmonic motion, 75, 

465 


pendulum, 86 
Slide-wire bridge, 292 
Slip in metals, 161 
Solar constant, 712 
energy, 712, 918 
Solenoid, 304. 323 
Solid state, 786 
detector, 881 
Sonometer, 611 
Sound, speed in, 474 
Sound waves, 484-8 
Spark counter, 883 
Specific heat capacity, 635 
„constant pressure, 678 
* constant volume, 678 
of liquid, 637 
of solid, 636 
of water, 639 
Spectra, 553, 858 
, hydrogen, 856, 863 
Spectrometer, 427 
Spectrum, hydrogen, 857, 863 
sunlight, 858 
Speed, light, 509 
of sound, 474 
in circle, 48 
Sphere capacitance, 219 
, field due to, 192 - 
Spherical aberration, lenses, 
462 


mirrors, 413 

Spiral, electron, 768 

Spontaneous emission, 860 

Spring helical, 81, 83-6 

Stability, nuclear, 907 

Standard cell, 284 

Starting resistance, motor, 
363 7 


Static bodies. 94 
Staten (standing) waves, 


aerial, 481 
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electron orbit, 482 
light, 480 
pipe. 591 
sound, 592 
string, 591, 608 
Stcam point, 619 
Step-index fibre, 430 
SrEFAN constant, 723 
law, 723 
Stiffness, 160 
Stimulated emission, 860 
Stokes’ law, 109 
Stopping potential, 847 
Straight conductor, 303, 325, 
347 
Strain, tensile, 136 
Strength of materials, 160. 
Stress, tensile, 136 
Stretched wire energy, 139 
Strings, harmonics in, 611 
resonance in, 609 
+ Waves in, 608 
Sun, mass of, 68 
, radiation of, 712 
Superposition principle, 476 
Surface density charge, 185 
Switching circuit, 803, 821 


Telescope, astronomical, 443 
, radio-, 449 
, reflector, 447 
Temperature, 619, 625 
coefficient, 255, 293 
gradient, 697-9 
Tensile strain, 136 
stress, 136 
Terminal p.d., 261-4 
velocity, 109 
Terrestrial magnetism, 350 
Tesla (T), the, 307 
Thermal capacity, 635 
conductivity, 697 
expansion, 139 
insulators, 701 
Thermionic emission, 761 
Thermistor, 294 f 
Thermocouple, 273, 287, 630 
Themodynamic scale, 620 
Thermodynamics, 666 
first law, 667 
second law, 675 
Thermoelectric thermometer, 
630 
Thermoelectricity, 273 
Thermometers, 626-31 
Thermonuclear reaction, 914 
Thermopile, 715 
Thermopiastics, 167 
Thermosets, 167 
THOMSON experiment, e/m,. 
m 


Threshold wavelength, 845 
Tidal power, 922 

Time constant, 232 
Time-base (C.R.O.), 778 
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Toroid, 323 
Torque, 62 

on coil, 309 

rotating body, 44 
Torsion, 62, 312 
Torsional oscillation, 62 
Total internal reflection, 419 
Toughness, 163 
Transformers, 358 
Transistor, 794 

amplifier, 797-802 

switch, 803 
Translational energy; 686 
Transmutation, 899 
Tranverse waves, 471 
Triangle of forces, 97 
Triple point, 620 
Tritium, 913 
Tuning, 396 


Ultraviolet rays, 713 
Ultrasonics, 572 

, medical use, 573 
Uniform acceleration, 6 

velocity, 4 
Unsaturated vapour, 662 
Upthrust, fluid, 107 
Uranium, 879 

fission, 910 

series, 900 


Valence electron, 787 
VAN DE GRAAF generator, 181 
VAN DER WAALS' bond, 151 
equation, 744 
Var our pressure, 662 
Variable capacitor, 218 
Variation of g, 62 
Vectors, 4, IL 
Velocities, addition of, 11 
, subtraction of, 12 
Velocity, angular, 48 
relative, 12 
selector, 772, 902 
terminal, 109 
-time graph, 9 
. uniform, 4 
Velocity of light, 509 
FOUCAULT, 509 
MICHELSON, 510 
Roemer, 509 
Velocity of sound, 488, 494 
in air, 489 
in yas, 493 
in pipe, 602 
in rod, 493 
in string, 608, 613 
Venturi meter, 128 
Vibrating reed switch, 214, 
223 


Vibrations, forced, 470, 599 
in pipes, 601 
in strings, 608 
longitudinal, 472 
resonant, 470, 599 


transverse, 471, 591 
Virtual image, 412 

object, 413, 439 
Viscosity, 109 

falling sphere and, 109 

. gas, 692, 737 
Visual angle, 442 
Volt, 244 
Voltage amplification, 797, 
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comparator, 821 
follower, 816 
gain, 809, 817 - 
Voltmeter, moving coil, 247, 
251, 313 
Volume expansivity, gas, 655 


Watt, 36 
Wattmeter, 314 
Wave, 470 
equation, 475 
in pipes, 594—604 
in strings, 608-14 
nature (particle), 875-7 
power, 922 
properties, 471-9 
theory of light, 501 
velocity, 474 
Wavefront, 501 
and lens, 508 
Wavelength of light, 521, 552 
of sound, 471 
Weber, the, 346 
Weight, 19 
Weightlessness, 64 
WESTON cadmium cell, 284 
WHEATSTONE bridge, 291 
WIEDEMANN-FRANZ law, 706 
Wetn’s law of radiation, 723 
WiLsoN cloud chamber, 892 
Wind power, 919-22 
Wood, 170 
Work, 35 
done by torque, 121 
done by gas, 666, 669, 675, 
750 


hardening, 162 
in stretching wire, 139 
Work function, 846 


X-rays, 867 
„diffraction of, 868 
spectra, 870, 872 


Yield point, 135 
YouNGc's fringes, 519-23 
, modulus, 136-8 
» determination of, 137 


Zener diode, 793 

Zero potential (atom), 855 
(electrical), 199 
(gravitational), 69 

Zeroth law, 622 


Li 


ADVANCED LEVEL 


| some of the ophiopi jor ie lotes Aleve! | 
| syllabuses A new design 
book more attractive 
students, and will dis 
| Level Physics Continggs TO De widely used as | 
| an accurate, reiioDi& ana Comprenensive 
| companion fon level Courses 


— 


Arnold Publishers 


(India) Private Limited 


